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Abstract

This supplementary material complements the main paper with proofs, additional
derivations, Monte Carlo analyses and empirical results. Part A provides compre-
hensive proofs of the main theoretical results in Theorems 2 and 3. Part B contains
additional proofs for other findings highlighted in the main text. Part C discusses
an alternative formulation of the (generalized) censored scoring rules in terms of a
randomization procedure. Part D elaborates on the complications and issues encoun-
tered when applying the censoring approach to distance-sensitive scoring rules. Part
E presents derivations of the results for the semi-local scoring rules as summarized
in Table 1 and specific results for kernel scores. Part F showcases an example of
weighted scoring rules violating the conditions for rendering a local divergence. Part
G presents the Monte Carlo simulation experiments, examining the size and power
properties of Diebold-Mariano statistics based on censored scoring rules and on com-
posite scoring rules following the approach of Holzmann and Klar (2017a). Finally,
Parts H and I contain further details on the model specifications and the underlying
results for the empirical applications.
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A Proofs

A.1 Proof of Theorem 2

We start by showing that the generalized censored scoring rule S♭·,· in Definition 6 is strictly

locally proper relative to (P ,W ,H), assumingW andH satisfy Assumption 1. For clarity of

exposition, we first prove the main ingredients of the proof via two lemmas and a corollary.

We also reintroduce the extended notation for coinciding measures.

Lemma A1. Consider the generalized censored scoring rule defined in Definition 6, based

on the unweighted scoring rule S : P♭×Y → R̄, where P♭ = {F♭w,H,F ∈ P , w ∈ W ,H ∈ H}.

Then ∫
Y
S♭w,H(F, y)P(dy) =

∫
Y
S(F♭w,H, y)P

♭
w,H(dy),

∀w ∈ W, H ∈ H ⊆ P and F,P ∈ P.

Proof. The result follows by rewriting the integral on the left-hand side. Specifically, fix

an arbitrary w ∈ W , H ∈ H ⊆ P and F,P ∈ P . Then

∫
Y
S♭w,H(F, y)P(dy) =

∫
Y

(
w(y)S(F♭w,H, y) +

(
1− w(y)

) ∫
Y
S(F♭w,H, q)H(dq)

)
P(dy)

=

∫
Y
w(y)S(F♭w,H, y)P(dy) +

∫
Y
S(F♭w,H, q)

∫
Y

(
1− w(y)

)
P(dy)H(dq)

=

∫
Y
S(F♭w,H, y)Pw(dy) +

∫
Y
S(F♭w,H, y)P̄wH(dy)

=

∫
Y
S(F♭w,H, y)

(
Pw(dy) + P̄wH(dy)

)
=

∫
Y
S(F♭w,H, y)P

♭
w,H(dy).
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Lemma A2. Consider a class of distributions P, weight functions W and nuisance dis-

tributions H such that Assumption 1 is satisfied. Define the associated class of censored

distributions P♭ = {F♭w,H,F ∈ P , w ∈ W ,H ∈ H} as in Definition 6. Then the equivalence

P♭w,H(E) = F♭w,H(E), ∀E ∈ G ⇐⇒ P(E ∩ {w > 0}) = F(E ∩ {w > 0}), ∀E ∈ G,

holds ∀w ∈ W, H ∈ H ⊆ P and P,F ∈ P.

Proof. “ =⇒ ” We start with the most challenging direction, for which Assumption 1

is of critical importance. Let Ẽ be an element of G satisfying the conditions given in

Assumption 1. First, note that P♭w,H(E) = F♭w,H(E), ∀E ∈ G, implies P̄w = F̄w, since

∀E ∈ G we have

P♭w,H(E) = F♭w,H(E) =⇒ P♭w,H

(
E ∩ Ẽ

)
= F♭w,H

(
E ∩ Ẽ

)
=⇒

∫
Y
(1− w) dP · H

(
E ∩ Ẽ

)
=

∫
Y
(1− w) dF · H

(
E ∩ Ẽ

)
=⇒

∫
Y
(1− w) dP · H

(
Ẽ
)
=

∫
Y
(1− w) dF · H

(
Ẽ
)

=⇒
∫
Y
(1− w) dP =

∫
Y
(1− w) dF,

where we have used the closure of σ-algebras under countable intersections. Then, we can

exploit this equality to obtain, ∀E ∈ G,

P♭w,H(E) = F♭w,H(E) ⇐⇒
∫
Y
w(y)1y∈EP(dy) + P̄wH(E) =

∫
Y
w(y)1y∈EF(dy) + F̄wH(E)

=⇒
∫
Y
w(y)1y∈EP(dy) =

∫
Y
w(y)1y∈EF(dy)

=⇒ P(E ∩ {w > 0}) = F(E ∩ {w > 0}).
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“ ⇐= ” The other direction is straightforward. Indeed, ∀E ∈ G,

P(E ∩ {w > 0}) = F(E ∩ {w > 0}) =⇒
∫
Y
w(y)1y∈EP(dy) =

∫
Y
w(y)1y∈EF(dy)

=⇒
∫
Y
(1− w)dP =

∫
Y
(1− w)dF,

and, consequently, P♭w,H(E) = F♭w,H(E), ∀E ∈ G,∀H ∈ H.

Corollary A3. Consider a class of distributions P, weight functions W and nuisance dis-

tributions H such that Assumption 1 is satisfied. Then, ∀w ∈ W, the generalized censored

scoring rule defined in Definition 6 is localizing ∀H ∈ H.

Proof. Suppose that P(E ∩ {w > 0}) = F(E ∩ {w > 0}), ∀E ∈ G. Then, by Lemma A2,

P♭w,H(E) = F♭w,H(E),∀E ∈ G, whence it follows that S♭w,H(P, y) = S♭w,H(F, y),∀y ∈ Y .

We now turn to the main body of the proof of Theorem 2. The definition of a strictly

locally proper scoring rule (Definition 4) and the underlying concepts it relies on, namely,

a localizing weighted scoring rule and propriety (Definition 1), require us to verify three

conditions. Specifically, ∀H ∈ H: (i) S♭w,H(P, y) must be localizing relative to W , (ii)

S♭w,H(P, y) must be proper relative to P , ∀w ∈ W , and (iii) the ‘if and only if’ statement

in Definition 4. We prove them one by one.

(i) S♭w,H(P, y) is localizing relative to W , ∀H ∈ H, by Corollary A3.

(ii) Fix an arbitrary w ∈ W and H ∈ H. Since P♭
w,H ⊆ P♭, S is strictly proper relative

to P♭
w,H, by which

∫
Y
S(P♭w,H, y)P

♭
w,H(dy) ≥

∫
Y
S(F♭w,H, y)P

♭
w,H(dy), ∀P♭w,H,F♭w,H ∈ P♭

w,H. (A.1)

By definition of the class P♭
w,H ≡ {[P]♭w,H,P ∈ P}, where [·]♭w,H : P → P♭

w,H, denotes the
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map given by the censored measure in Definition 6, this is equivalent to

∫
Y
S([P]♭w,H, y)[P]

♭
w,H(dy) ≥

∫
Y
S([F]♭w,H, y)[P]

♭
w,H(dy), ∀P,F ∈ P , (A.2)

and hence, by Lemma A1, also to

∫
Y
S♭w,H(P, y)P(dy) ≥

∫
Y
S♭w,H(F, y)P(dy), ∀P,F ∈ P . (A.3)

Therefore, S♭w,H(P, y) is proper relative to P by Definition 1.

(iii) Since S is strictly proper relative to P♭ and hence P♭
w,H, ∀w ∈ W , H ∈ H, it also

follows that, ∀w ∈ W , H ∈ H and P♭w,H,F
♭
w,H ∈ P♭

w,H,

∫
Y
S(P♭w,H, y)P

♭
w,H(dy) =

∫
Y
S(F♭w,H, y)P

♭
w,H(dy) ⇐⇒ P♭w,H(E) = F♭w,H(E),

∀E ∈ G, and thus, by Lemma A2,

∫
Y
S(P♭w,H, y)P

♭
w(dy) =

∫
Y
S(F♭w,H, y)P

♭
w,H(dy) ⇐⇒ P(E ∩ {w > 0}) = F(E ∩ {w > 0}),

∀E ∈ G, and hence, by Lemma A1, also

∫
Y
S♭w,H(P, y)P(dy) =

∫
Y
S♭w,H(F, y)P(dy) ⇐⇒ P(E ∩ {w > 0}) = F(E ∩ {w > 0}),

∀E ∈ G, which is the desired ‘if and only if’ statement of Definition 4.

But then, as we have verified each of the listed conditions (i) to (iii), we have shown

that S♭w,H(P, y) is strictly locally proper relative to (P ,W ,H).

The score divergence DS♭
w,H

is a local divergence because S♭w,H is strictly locally proper.
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Finally, we show that DS♭
w,H

is a localized divergence of DS. For all H ∈ H, the map

[·]♭w,H : P → P♭
w,H is such that the original measure F is recovered for w(y) = 1Y(y).

Furthermore, a direct consequence of Lemma A1 is that for all w ∈ W , H ∈ H,

DS♭
w,H

(P∥F) =
∫
Y
S♭w,H(F, y)P(dy)−

∫
Y
S♭w,H(F, y)P(dy)

=

∫
Y
S(P♭w,H, y)P

♭
w,H(dy)−

∫
Y
S(F♭w,H, y)P

♭
w,H(dy),

= DS(P
♭
w,H∥F♭w,H).

Additionally observing that the map [·]♭w,H : P → P♭
w,H is surjective ∀w ∈ W ,H ∈ H, we

conclude that ∀P♭w,H,F♭w,H ∈ P ♭
w,H, ∃P,F ∈ P : DS♭

w,H
(P∥F) = DS(P

♭
w,H∥F♭w,H). Therefore,

DS♭
w,H

is a localized divergence of DS, for all w ∈ W ,H ∈ H.

A.2 Proof of Theorem 3

We start by rephrasing the hypotheses. Since the densities fjt, where j ∈ {0, 1} must

integrate to one on At ∪ Act , the hypotheses imply that these densities integrate to F̄jt :=

Fjt(A
c
t) on A

c
t . Therefore, the implied specification on Act can be summarized as

F̄jt
H̄jt

hjt1Ac
t
= F̄jt[hjt]

♯
Ac

t
, j ∈ {0, 1},

where the unknown densities hjt =
dHjt

dµ
can be seen as infinite-dimensional nuisance pa-

rameters, and H̄jt := Hjt(A
c
t). Explicating the implied assumption on Act in the hypotheses

and phrasing them in terms of a statement about the whole sample distribution leads to
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the equivalent hypotheses

Hj : p(y) = fj(y) :=
T−1∏
t=0

(
fjt(yt+1)1At(yt+1) + F̄jt[hjt]

♯
Ac

t
(yt+1)

)
, j ∈ {0, 1}.

Since the densities fjt are fixed, and the densities hjt are unrestricted under both hypothe-

ses, the class of densities satisfying hypothesis Hj can alternatively be written as

Fj =

{
T−1∏
t=0

(
fjt(yt+1)1At(yt+1) + F̄jt[hjt]

♯
Ac

t
(yt+1)

)
, hj ∈ H

}
, j ∈ {0, 1},

in which H denotes the space of all densities on YT . In terms of the index set of all

observations I = {1, . . . , T}, this space can also be denoted as Y(I) =∏t∈I Yt.

Fixing an α ∈ (0, 1), the aim is to find a uniformly most powerful (UMP) test ϕ∗ of size

α for testing problem (6), i.e., a solution to the maximization problem

max
ϕ∈Φ(α)

Ef1ϕ, Φ(α) = {ϕ : sup
f0∈F0

Ef0ϕ ≤ α}. (A.4)

Now fix an h1 ∈ H so that the distribution under the alternative is completely known.

Given the fact that the hypotheses are, in the end, silent about the shape of the densities

on Act , we conjecture that a UMP test neglects the information about the shape of the

densities on Act , ∀t. If T = 2, for example, and we consider the optimal test on A0 × Ac1,

our intuition is that an optimal test is not concerned about the shape of [h11]
♯
Ac

1
, that is,

the specific values [h11]
♯
Ac

1
(y2) for all y2 ∈ Ac1, but only about the total probability of an

outcome falling into Ac1. In other words, we expect that a solution to problem (A.4) has

integrated out the dependence on the nuisance densities.

Although it is obvious that marginalizing out the (still assumed to be fixed) density
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h1 ∈ H is harmless in terms of power, it is non-trivial that this is an affordable strategy

in terms of size for all h0 ∈ H. Lemma A4 and its proof show that the subclass of tests

disregarding information about the shape of h1 is guaranteed to be size correct. In our

search for the UMP test, Corollary A5 then formalizes the idea that we can restrict our

attention to tests of the conjectured kind.

Lemma A4. Consider testing problem (6) and suppose that the outcomes (yt)t∈IA are in

At, and the remaining T − k, with k = |IA|, observations (yt)t∈IAc in Act . For an arbitrary

but fixed density h1 ∈ H, the test

ψh1 : YT → [0, 1], ψh1 =

∫
Y(IAc )

ϕ∗
h1

∏
t∈IAc

[h1t]
♯
Ac

t
dµ⊗|IAc |,

where ϕ∗
h1

denotes a solution to problem (A.4), is such that ψh1 ∈ Φ(α).

Proof. Due to the integral over Y(IAc), any test ψh1 is constant in arguments varying in

Y(IAc). We can use this observation to simplify the size of a test ψh1 . In particular,

∀h1 ∈ H, we have that

sup
f0∈F0

Ef0ψh1 =

( ∏
t∈IAc

F̄0t

)
sup
h0∈H

∫
YT

ψh1
∏
t∈IA

f0t1At

∏
t∈IAc

[h0t]
♯
Ac

t
dµ⊗T

=

( ∏
t∈IAc

F̄0t

)∫
Y(IA)

ψh1
∏
t∈IA

f0t1Atdµ
⊗|IA|

=

( ∏
t∈IAc

F̄0t

)∫
YT

ϕ∗
h1

∏
t∈IAc

[h1t]
♯
Ac

t
dµ⊗|IAc |

∏
t∈IA

f0t1Atdµ
⊗|IA|

≤
( ∏
t∈IAc

F̄0t

)
sup
h0∈H

∫
YT

ϕ∗
h1

∏
t∈IAc

[h0t]
♯
Ac

t
dµ⊗|IAc |

∏
t∈IA

f0t1Atdµ
⊗|IA|

= sup
f0∈F0

Ef0ϕ∗
h1

≤ α,
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since ϕ∗
h1

∈ Φ(α). Hence, ψh1 ∈ Φ(α).

Corollary A5. Consider testing problem (6) and assume that outcomes yt ∈ At,∀t ∈ IA,

and yt ∈ Act ,∀t ∈ IAc. Let Ψ(α) ⊆ Φ(α) denote the class of size α tests on YT that are

constant in arguments varying in Y(IAc). Then,

max
ϕ∈Φ(α)

Ef1ϕ = max
ψ∈Ψ(α)

Ef1ψ, ∀h1 ∈ H.

Proof. Fix an arbitrary h1 ∈ H. Since Ψ(α) ⊆ Φ(α), we trivially have that maxϕ∈Φ(α) Ef1ϕ ≥

maxψ∈Ψ(α) Ef1ψ. Now suppose that maxϕ∈Φ(α) Ef1ϕ < maxψ∈Ψ(α) Ef1ψ. Then, we can al-

ways define the test ψ̃ =
∫
Y(IAc )

ϕ∗∏
t∈IAc

[h1t]
♯
Ac

t
dµ⊗|IAc |, with ϕ∗ ∈ argmaxϕ∈Φ(α) Ef1ϕ,

satisfying Ef1ϕ∗ = Ef1ψ̃. But, by Lemma A4, ψ̃ ∈ Ψ(α), in which case maxϕ∈Φ(α) Ef1ϕ =

maxψ∈Ψ(α) Ef1ψ̃, contradicting the assumed strict inequality.

For any fixed h1 ∈ H, the reduced optimization problem resulting from Corollary A5

simplifies to a simple versus simple hypothesis in terms of the censored measures dF♭jt,At
=

1AtdFjt + F̄jtdδ∗, allowing us to apply Neyman and Pearson (1933).

Specifically, for any fixed h1 ∈ H, the most powerful test of size α is a solution to the

restricted maximization problem

max
ϕ∈Φ(α)

Ef1ϕ

= max
α∈∆T̄ (α)

T∑
k=0

(Tk)∑
s=1

max
ϕk,s∈Φ(αk,s)

Ef1 (ϕk,s|yt+1 ∈ At, ∀i ∈ IA(k, s) ∧ yt+1 ∈ Act ,∀i ∈ IAc(k, s))

= max
α∈∆T̄ (α)

T∑
k=0

(Tk)∑
s=1

max
ϕk,s∈Ψ(αk,s)

Ef1 (ϕk,s|yt ∈ At,∀i ∈ IA(k, s) ∧ yt ∈ Act ,∀i ∈ IAc(k, s)) ,
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which further simplifies to

max
ϕ∈Φ(α)

Ef1ϕ = max
α∈∆T̄ (α)

T∑
k=0

(Tk)∑
s=1

max
ϕk,s∈Ψ(αk,s)

( ∏
t∈IAc

F̄1t

)∫
Y(IA)

ϕk,s
∏
t∈IA

f1t1Atdµ
⊗T

= max
α∈∆T̄ (α)

T∑
k=0

(Tk)∑
s=1

max
ϕk,s∈Ψ(αk,s)

∫
YT

ϕk,s

T−1∏
t=0

dF♭1t,At

= max
α∈∆T̄ (α)

T∑
k=0

(Tk)∑
s=1

max
ϕk,s∈Φ(αk,s)

∫
YT

ϕk,s

T−1∏
t=0

dF♭1t,At
,

where T̄ :=
∑T

k=0

(
T
k

)
, ϕk,s the test function and IA(k, s) the index set for a combination

(k, s), and ∆T̄ (α) := {α ∈ [0, α]T̄ : ι′
T̄
α = α}, with ιT̄ denoting column vector of ones of

length T̄ . The first equality exploits the fact that the test function can be decomposed into

test functions operating on a single part of the partitioning of the outcome space YT , in

which case the maximization problem can be split into finding an optimal test on each of

the partitioned parts conditional on the amount of size spent on each part and the optimal

distribution of size over the partition of the outcome space. The second equality holds by

Corollary A5, the third equality uses that the optimal test is constant in arguments varying

in Ac :=
∏T−1

t=0 A
c
t , isolating the conditional densities, which integrate to one on Act . The

fourth equality holds by definition of the censored measure and the fifth equality uses that

all tests that are non-constant in arguments varying in Ac map under the censored measure

onto tests that are constant in arguments varying in Ac.

Finally, the result follows by observing that the final maximization problem is equivalent

to finding the optimal test ϕ♭A for the testing problem Hj : p =
∏T−1

t=0 f
♭
jt,At

, j ∈ {0, 1}, for

which ϕ♭A is the UMP test by the Fundamental Lemma of Neyman and Pearson (1933). By

the equivalence, ϕ♭A is, for any h1 ∈ H, also the most powerful test for testing problem (6).

But, since the test ϕ♭A is independent of h1, it is UMP for testing problem (6).
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B Additional Proofs and Derivations

B.1 The censored density

We recall that we are silently working on the measurable space (Y∗,G∗) relative to which

we define µ∗(E) = µ(E ∩ Y), ∀E ∈ G∗. Again, we suppress the superscript ∗.

Since (µ+ δ∗)(E) = 0 implies that both µ(E) = 0 and δ∗(E) = 0, ∀E ∈ G, we have that

both µ≪ µ+ δ∗ and δ∗ ≪ µ+ δ∗. As a consequence,

f ♭w :=
dF♭w

d(µ+ δ∗)
= w

dF

d(µ+ δ∗)
+ F̄w

dδ∗
d(µ+ δ∗)

is the censored (µ+ δ∗)-density of F♭w.

We can simplify this density as follows. Understanding that

dF

d(µ+ δ∗)
=

dF

dµ

dµ

d(µ+ δ∗)
,

we recall from the Radon-Nikodym theorem that dµ
d(µ+δ∗)

is the solution to

∫
Y
1Edµ =

∫
Y
1E

dµ

d(µ+ δ∗)
d(µ+ δ∗) =

∫
Y
1E

dµ

d(µ+ δ∗)
dµ+

∫
Y
1E

dµ

d(µ+ δ∗)
dδ∗.

By the same theorem, the solution to this equation is guaranteed to exist uniquely.

A glance at this equation reveals that a reasonable candidate is 1 µ-a.e. and 0 δ∗-a.s. We

conclude that dµ
d(µ+δ∗)

= 1Y\{∗} is the unique solution for the Radon-Nikodym derivative.

By the same token, we conclude from

∫
Y
1Edδ∗ =

∫
Y
1E

dδ∗
d(µ+ δ∗)

d(µ+ δ∗) =

∫
Y
1E

dδ∗
d(µ+ δ∗)

dµ+

∫
Y
1E

dδ∗
d(µ+ δ∗)

dδ∗,

13



that a reasonable candidate for dδ∗
d(µ+δ∗)

is 0 µ-a.e. and 1 δ∗-a.s. More specifically, we deduce

that dδ∗
d(µ+δ∗)

= 1{∗} is the unique solution for the Radon-Nikodym derivative.

Put together, we arrive at

f ♭w(y) = w(y)
dF

dµ
(y)1Y\{∗}(y) + F̄w1∗(y) = w(y)f(y)1Aw(y) + F̄w1{∗}(y), y ∈ Y ,

where f denotes the µ-density of F. Moreover, given that f ♭w(y) = 0,∀y ∈ Y\Y♭
Aw

, recalling

Y ≡ Y∗, we may alternatively write

f ♭w(y) = w(y)f(y) + F̄w1{∗}(y), y ∈ Y♭
Aw
,

where w(∗) = 0 by construction.

B.2 Proof of Corollary 1

The test based on λ̃(y) is equivalent to the UMP test in Theorem 3, since

λ̃(y) =
T−1∑
t=0

(
LogS♭At

(f1t, yt+1)− LogS♭At
(f0t, yt+1)

)
=

T−1∑
t=0

(
log
(
f ♭1t,At

(yt+1)
)
− log

(
f ♭0t,At

(yt+1)
))

= log λ(y),

and hence λ(y)
>
=
<
c ⇐⇒ λ̃(y)

>
=
<
c̃, with c̃ = log c.
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B.3 Proof of Corollary 2

We show that ϕ♯A is not UMP by constructing a counterexample in which the power of ϕ♯A

is strictly smaller than that of ϕ♭A. In particular, suppose that T = 1 and accordingly drop

the time subscripts. Moreover, consider two Lebesgue densities f0 and f1 on (R,B(R))

that differ on A ⊂ R. For T = 1, the likelihood ratios of the conditional and censored test

simplify to

λ♯A(y) := eλ̃
♯
A(y) =

F0(A)

F1(A)

f1(y)

f0(y)
1A(y) +

1

1
1Ac(y)

λ♭A(y) = eλ̃
♭
A(y) =

f1(y)

f0(y)
1A(y) +

F1(A
c)

F0(Ac)
1Ac(y).

There exist many examples for which the power of the censored test is strictly larger

than the power of the conditional test. For instance, suppose that f0 and f1 have identical

support in R, and on A are strictly positive, proportional and unequal. Then, by propor-

tionality, F0(A)
F1(A)

f1(y)
f0(y)

= 1 for y ∈ A and hence λ♯A(y) = 1, so that a test of level α ∈ (0, 1)

based on λ♯A will reject with probability α regardless of the outome y, and hence only have

trivial power α under f1. In that same situation, a level α test based on the censored

likelihood ratio λ♭A will have power strictly larger than α, because λ♭A(y) can take two dif-

ferent values, depending on whether the outcome y falls in A or Ac. By rejecting H0 with

higher probability for those realizations y for which the censored likelihood ratio λ♭A(y)

takes the larger of these values, it will achieve power strictly larger than α. Consequently,

the conditional test ϕ♯A is not UMP.

As a concrete example, consider the above proportional situation with F0(A) = η0 ∈

(0, 1) and F1(A) = η1 ∈ (0, 1), where η1 > η0 and hence η1
η0
> 1 > 1−η1

1−η0 , so the likelihood

ratio in favor of H1 is larger than 1 for y ∈ A and smaller than 1 for y ∈ Ac. Under these
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conditions it can be verified that the level α test based on λ♭A for α ∈ (0, η0) rejects H0 in

favor of H1 with probability γA = α
η0

for y ∈ A and with probability γAc = 0 for y ∈ Ac.

The power of this test is αη1
η0

> α. For α ∈ [η0, 1), the level α test based on λ♭A rejects with

probability γA = 1 for y ∈ A and with probability γAc = α−η0
1−η0 for y ∈ Ac. The power of the

test is η1+
α−η0
1−η0 (1−η1), which is also strictly larger than α, as can be seen by inspecting the

complementary probability: 1−
(
η1 +

α−η0
1−η0 (1− η1)

)
= (1−η1)

(
1− α−η0

1−η0

)
= 1−η1

1−η0 (1−α) <

1− α.

C Z,Q-Randomization

The (generalized) censored scoring rules in Definition 5 and Definition 6 can alternatively

be formulated in terms of a randomization procedure. This is appealing, since it generalizes

the identity S♭A(F, y) = S(F♭A, y
♭
A) obtained for indicator functions in Section 3.1 to general

weight functions. The randomization procedure relies on an auxiliary random variable Z,

indicating, conditional on the realization y, whether the observation is censored or not.

Specifically, we assume Z|(Y = y) ∼ Bw(y) ≡ Bernoulli(w(y)).

Let Z := {0, 1}, and denote by G̃ the product σ-algebra of G and σ(Z). The censored

random variable in Equation (1) generalizes to the G̃/G♭w-measurable function Y ♭
w : Y×Z →

Y♭
w, defined by

Y ♭
w ≡ Y ♭

w(y, z) :=


y, z = 1,

∗, z = 0.

(C.1)

Correspondingly, the censored distribution F♭w in Equation (3) is the pushforward measure

of the joint distribution of Y and Z by Y ♭
w. For indicator weight functions w(y) = 1A(y),

Z = 1 (with probability one) for y ∈ A, and 0 otherwise. Hence, for w(y) = 1A(y), the
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map reduces to the censored random variable in Equation (1).

Using the auxiliary random variable Z, the censored scoring rule in Definition 5 can be

written as

S♭w(F, y) = EBw(y)
S(F♭w, Y

♭
w(y, Z)). (C.2)

A similar representation of the generalized censored scoring rule in Definition 6 can

be obtained by additionally introducing a random variable Q, independent of (Y, Z), with

distribution H ∈ H ⊆ P . Since all distributions in P are defined relative to (Y ,G), the

nuisance distribution is defined relative to the restricted space (YH,GH), where YH ⊆ Y

and GH ⊆ G, for all H ∈ H. Let G̃H be the product σ-algebra of G, σ(Z) and GH.

We define Y♭
w,H := Aw ∪ YH and G♭w,H := σ({E ∩ Aw : E ∈ G} ∪ GH), and note that

Y♭
w,H ⊆ Y and G♭w,H ⊆ G,∀w ∈ W ,H ∈ H. Consider the G̃H/G♭w,H-measurable function

Y ♭
w : Y × Z × YH → Y♭

w,H, given by

Y ♭
w,H := Y ♭

w,H(y, z, q) =


y, if z = 1,

q, if z = 0.

(C.3)

The generalized censored distribution F♭w,H in Definition 6 is the pushforward measure of the

joint distribution of Y, Z and Q by Y ♭
w,H. Moreover, the generalized censored distribution

in Definition 6 can be written as

S♭w,H(F, y) = EBw(y),HS
(
F♭w,H, Y

♭
w,H(y, Z,Q)

)
. (C.4)

For strict local propriety of S♭w,H(F, y), the weight function w ∈ W and nuisance dis-

tribution H ∈ H must be such that Assumption 1 is satisfied for all F ∈ P . The Z,Q-
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randomization formulation of the generalized censored scoring rule in Equation (C.3) helps

in providing more intuition for Assumption 1. In particular, if the support of the nuisance

distribution YH and Aw, the support of the measure Fw, overlap, then the identifiability

of the censoring event is generally lost. Indeed, in that case outcomes in Aw ∩ YH can

correspond to either z = 1 or z = 0, in contrast to the Z-randomization procedure in

Equation (C.1). However, under Assumption 1, the probability F̄w can still be identified

under H; see Example C.1.

Example C.1 (Intuition Assumption 1). Reconsider the setting of Example 1. Rather

than extending the outcome space and uniquely identifying the censoring event by ∗, we

now consider the generalized censored distribution dF♭A,H = dFA + F̄AdH, where H is the

B1/2 distribution over YH = {s, b}. The outcome b overlaps with the outcome of interest

A = {s}, in which case Assumption 1 allows for randomization over {s, b} since FA(b) = 0

while H(b) = 1/2 > 0. Moreover, Y♭
H,A = {s, b} and G♭A,H = G. The event s induces

(Y ♭
A,H)

−1(s) = {(s, 1, q) : q ∈ {s, b}} ∪ {(y, 0, b) : y ∈ {o, b}} with probability F♭w,H(s) =

F((Y ♭
A,H)

−1(s)) = F(s) + F̄A/2. The probability F̄A is not identifiable from this expression

alone.

Key to identification is the event b, for which (Y ♭
A,H)

−1(b) = {(y, 0, b) : y ∈ {o, b}} im-

plies F♭w,H(b) = F((Y ♭
A,H)

−1({o, b})) = F̄A/2. Hence, if two censored distributions coincide

for all events, then so do the probabilities of the censoring event, as desired for strict local

propriety (see Lemma A2). The same requirement is reflected in the scoring rule repre-

sentation in Equation (C.4), simplifying to S♭w,H(F, y) = 1
2
EBw(y)

S
(
F♭w,H, Y

♭
w,H(y, Z, s)

)
+

1
2
EBw(y)

S
(
F♭w,H, Y

♭
w,H(y, Z, b)

)
. Indeed, the expectation concerned with the realization b of Q

does not suffer from identifiability issues, providing strictness in local propriety, and this is

sufficient when considering expected score differences based on proper scoring rules.
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The censored pmf f ♭A(y) = f(y)1A(y) + F̄A1∗(y) defined on Y♭
A and the generalized

censored pmf f ♭A,H(y) = (f(y) + 1
2
F̄A)1A(y) +

1
2
F̄A1{b}(y) defined on Y♭

A,H are both valid

pmfs for generating strictly proper scoring rules. However, there is a critical distinction

that motivates the use of the non-generalized censored pmf when both constructions are

feasible. Indeed, the censored pmf adheres to minimal localization, as a result of which

f ♭A(y) = f(y),∀y ∈ A, so the censored pmf coincides with the original pmf on the region of

interest. By contrast, the generalized censored pmf does not coincide with the original pmf

on A, as it alters the distribution by incorporating mass from the nuisance component.

D Censoring of Distance-Sensitive Scoring Rules

Distance-sensitive scoring rules depend on a distance measure d : Y × Y → R+ and are

generally less easily localized than (semi-)local scoring rules. For instance, minimal local-

ization is infeasible because d(y, ∗) is undefined if Ac is a subset of the outcome space rather

than a specific outcome in Y itself, which generally will be the case. Hence, by choosing

an arbitrary point y0 ∈ Y as censoring value, i.e. F♭A,y0 = FA + F̄Aδy0 , the generalized

censored distribution F♭A,y0 and the restricted measure F♭A ≡ F|G♭
A
will generally not coin-

cide. Example D.1, however, reveals that if (Y ,G) = (R,B), where B ≡ B(R) denotes the

Borel σ-algebra on R, and A = (−∞, r), then the specific choice y0 = r induces a censored

measure F♭A,r coinciding with F|G♭
A
. Therefore, we consider r as a natural choice for y0 if

w(y) = 1(−∞,r)(y).

Example D.1. A risk manager models the asset portfolio return Y using a Gaussian

distribution F ≡ Fµ,σ2 on (R,B), with mean µ and variance σ2, and B ≡ B(R) the Borel

σ-algebra on R. Due to regulatory requirements, the risk manager is only concerned with

return values below a threshold r ∈ R, i.e., the region of interest is A = (−∞, r). As
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B(R) = σ({(−∞, y] : y ∈ R}), the minimal σ-algebra on R can be written as B♭A =

σ({(−∞, y] ∩ (−∞, r) : y ∈ R}), and includes the event Ac = [r,∞). The minimal

localization F♭A restricts F to B♭A, specifically, F♭A((−∞, y]) = F((−∞, y]) = F (y),∀y < r,

and F♭A([r,∞)) = F([r,∞)) = 1 − F (r). However, the measure F♭A does not admit a

distribution function F ♭
A because, e.g. F ♭

A(r + 1) ≡ F♭A((−∞, r + 1]) is undefined since

(−∞, r + 1] ̸∈ B♭A. A natural extension of F♭A on (R,B♭A) to a distribution F♭A on (R,B)

is such that F♭A([r + v,∞)) = 0, ∀v > 0, which effectively sets the discontinuity of the

distribution function F♭A(y) ≡ F♭A((−∞, y]) at y = r. This choice is considered natural as

it ensures that the extended F♭A and F coincide on B♭A, i.e. F♭A(E) = F(E),∀E ∈ B♭A, and

F♭A(E) = 0,∀E ∈ B\B♭A.

It is not always possible to choose y0 ∈ Y such that F♭A,y0 coincides with the restriction

of F to G♭A. A clear example is the case where we focus on non-tail events by using the

weight function w(y) = 1(r1,r2)(y) on R, where r1, r2 ∈ R and r1 < r2. As illustrated

by Example D.2, in this case there does not exist a measure equivalent to the minimal

localization F♭A that admits a distribution function. The root of this problem is that

for the distribution function to exist, we need both the events (Ac)1 := (−∞, r1] and

(Ac)2 := [r2,∞), while only their union Ac = (Ac)1 ∪ (Ac)2 is a member of the minimal

σ-algebra B♭A. As a solution, we suggest to distribute F(Ac) according to the F-independent

weights γ and 1−γ over the events (Ac)1 and (Ac)2, respectively, where γ ∈ [0, 1]. The latter

ensures that the scoring rule remains localizing because the transformation can be written

as a transformation of the minimal localization F♭A, that is, F
♭
A,r1,r2

:= FA+ F̄A
(
γδr1 +(1−

γ)δr2
)
. Following the reasoning of Example D.1, there exists a measure on B equivalent to

F♭A,r1,r2 for which the distribution function exists, which is precisely the aim of the second

transformation. Since the second transformation does not depend on F, and hence is the
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same for all distributions in P , the censored scoring rule based on F♭A,r1,r2 remains localizing.

Example D.2. A tuber grower models the temperature Y in his greenhouse using a contin-

uous distribution F on (R,B(R)). Focusing on temperatures near the optimal temperature

of 18 degrees Celsius, he considers the interval A = (r1, r2), with e.g., r1 = 16 and r2 = 20.

The region of interest renders the minimal σ-algebra B♭A = B((r1, r2)) on R, which includes

Ac = (−∞, r1]∪ [r2,∞), but does neither include (−∞, r1−v1] nor [r2+v2,∞), ∀v1, v2 ≥ 0.

Consequently, F♭A, the restricted distribution of F on B♭A, does not admit a distribution func-

tion. Unlike in Example D.1, there is no equivalent measure of F♭A on (R,B(R)). However,

when extending F♭A on (R,B♭A) to F♭A on (R,B(R)), it is natural to assign zero probability to

the events [r2 + v2,∞), ∀v1, v2 > 0. The total probability F̄w assigned to (−∞, r1]∪ [r2,∞)

is then distributed between (−∞, r1] and [r2,∞) according to a tuning parameter γ ∈ [0, 1]:

F♭A((−∞, r]) = γF̄w and F♭A([r2,∞)) = (1− γ)F̄w.

The associated σ-algebra G̃A of the generalized censored measure F♭A,r1,r2 is closely re-

lated to the minimal σ-algebra G♭A. However, the measure F♭A,r1,r2 is generally not the restric-

tion of F to G̃A due to the distribution of F̄A. It would have been, were γF = F((Ac)1)/f̄A

but this choice induces a localization bias, meaning that outcomes outside A that are not

implied by A affect the scoring rule, which is undesirable if the region of interest is A.

For w(y) = 1(r1,r2)(y), one can show that the twCRPS of Gneiting and Ranjan (2011) is

equivalent to the generalized censored scoring rule based on F♭A,r1,r2 with γF = F((Ac)1)/F̄A.

Example D.3 illustrates the consequences of its non-localizing nature. Even if a candidate

measure F coincides with P on the region of interest, the scoring rule can favor a different

candidate G different from the true distribution P on the region of interest. As this bias

towards G is a result of the scoring rule being non-localizing it is referred to as a localization

bias.
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Example D.3 (Localization bias). Let Y be a random variable that follows a piecewise uni-

form distribution across the intervals A = [0, 1), B = [1, 2) and C = [2, 3], with probabilities

πA, πB and πC, respectively. Figure D.1 displays the densities and distribution functions

of the true distribution P and two candidates F and G. Suppose that the region of interest

is B, with corresponding weight function w(y) = 1B(y), and note that P
B
= F, while P and

G differ on B. A prevalent weighted version of the CRPS is given by twCRPS(F, y) =∫
B

(
F (s)− 1[y,∞)(s)

)2
ds, with score divergence DtwCRPS(F∥G) =

∫
B

(
F (s)−G(s)

)2
ds; see

Gneiting and Ranjan (2011). This weighted variant of the CRPS is clearly non-localizing,

for instance, because its value depends on F(A), while F(A) is not implied by F(B), only

the sum F(A)+F(C) is. Its failure to be localizing introduces an inconsistency in evaluating

distributions over the region B. Indeed, by accounting for behavior of F and G on A (i.e.,

outside B) where G is closer to P than F (see Figure D.1), the twCRPS favors G on B.
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Figure D.1: Densities (left) and distribution functions (right) of distributions F, G and true
distribution P, all piecewise uniformly distributed on [0, 3] but with different probabilities π :=
(πA, πB , πC)

′. Specifically, πp = (1/5, 2/5, 2/5)′, πf = (2/5, 2/5, 1/5)′ and πg = (1/5, 3/5, 1/5)′.

The localization bias towards G in Example D.3 is undesirable if the researcher is solely

concerned with outcomes in B. In practice, however, interest might extend beyond region

B alone, encompassing outcomes located specifically in either region A or C, rather than

their combined complement Bc = A ∪ C. Put differently, a researcher might have explicit
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interest in events within the collection B̃A, which cannot be adequately represented by a

weight function defined on the outcome space alone. Consequently, in those situations non-

localizing scoring rules, such as the threshold-weighted continuous ranked probability score

(twCRPS), may be better suited for evaluating predictive accuracy when the researcher’s

focus does not correspond precisely to a predefined weight function w. However, in this

paper, consistent with the frameworks presented by Diks et al. (2011), Holzmann and Klar

(2017a), and Allen et al. (2023), we maintain the assumption that the researcher’s interests

are fully captured by a given weight function defined on the outcome space.

E Derivations for Specific Scoring Rules

In the following subsections, we explicitly derive the results corresponding to kernel scores

and the results summarized in Table 1. The scoring rules in Table 1 depend on densities and

hence their conditional and censored counterparts on the conditional and censored densities,

which are given by f ♯w(y) = w(y)f(y)/(1− F̄w), y ∈ Y♯
w and f ♭w(y) = w(y)f(y)+ F̄w1{∗}(y),

Y♭
w, respectively. The assumption on the nuisance density h in the caption of Table 1, that

is, its support is a subset of Acw ⊆ Y , implies that w(y)h(y) = 0, ∀y ∈ Y . Additionally

observing that fw(y) = 0,∀y ∈ Acw, this facilitates the simplification of the expressions

below. In the derivations, S(f̃ , ỹ) denotes the score of the real-valued random variable

Ỹ = bY + a, where a ∈ R and b ∈ R\{0}, with density f̃(ỹ) = 1
|b|f
(
ỹ−a
b

)
. Since the results

for the focused scoring rules hold by means of having the same expected score differences,

a.s.-equivalent scoring rules and candidate distribution independent additive terms can be

neglected, denoted by ‘
a.s.
=’ and ‘

eqv.
= ’, respectively. To save space, some obvious results are

omitted.
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E.1 Logarithmic Score (LogS)

Following the order in which the assertions pertaining to the Logarithmic scoring rule

LogS(f, y) = log f(y) appear in Table 1, they can be easily verified as follows:

LogS(f̃ , ỹ) = log f̃(ỹ) = log f(y)− log |b| eqv.
= log f(y),

LogS♯w(f, y) = w(y) log

(
w(y)f(y)

1− F̄w

)
eqv.
= w(y) log

(
f(y)

1− F̄w

)
= SCL

w (f, y),

LogS♭w(f, y) = w(y) log
(
w(y)f(y) + F̄w1{∗}(y)

)
+ (1− w(y)

)
log F̄w

a.s.
= w(y) log

(
w(y)f(y)

)
+ (1− w(y)

)
log F̄w

eqv.
= w(y) log

(
f(y)

)
+ (1− w(y)

)
log F̄w

= SCSL
w (f, y),

LogS♭w,h(f, y) = w(y) log f ♭w,h(y) +
(
1− w(y)

) ∫
Y
log f ♭w,h(q)h(q)µ(dq)

= w(y)
(
log
(
fw(y)

)
1Aw(y) + log

(
F̄wh(y)

)
1Ac

w
(y)
)

+
(
1− w(y)

) ∫
Ac

w

(
log
(
fw(q)

)
1Aw(y) + log

(
F̄wh(q)

)
1Ac

w
(y)
)
h(q)µ(dq)

= w(y) log fw(y) +
(
1− w(y)

) ∫
Ac

w

log
(
F̄wh(q)

)
h(q)µ(dq)

eqv.
= w(y) log f(y) +

(
1− w(y)

)
log F̄w

= SCSL
w (f, y).
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E.2 Power Scores (PowSα)

For results related to the PowSα family PowSα(f, y) = αf(y)α−1 − (α − 1)∥f∥αα, where

α > 1, we start by verifying that

PowSα(f̃ , ỹ) = α
(
f̃(ỹ)

)α−1 − (α− 1)∥f̃∥αα

= α

(
1

|b|

)α−1

f(y)− (α− 1)

(
1

|b|

)α−1

∥f∥αα

=

(
1

|b|

)α−1

PowSα(f, y),

for which we rely on the result expressed in

∥f̃∥αα =

∫
Ỹ
f̃(ỹ)αµ(dỹ)

=

(
1

|b|

)α−1 ∫
Ỹ

(
f

(
ỹ − a

b

))α
1

|b|µ(dỹ)

=

(
1

|b|

)α−1 ∫
Y
(f (y))α µ(dy)

=

(
1

|b|

)α−1

∥f∥αα.

Next, we verify the limit for the non-focused family. Specifically, the following affine

transformation of the score satisfies

lim
α↓1

1

α− 1
(PowSα(f, y)− 1) = lim

α↓1

1

α− 1

(
αf(y)α−1 − (α− 1)∥f∥αα − α + (α− 1)

)
= lim

α↓1

αf(y)α−1 − α

α− 1
− lim

α↓1
∥f∥αα + 1

= lim
α↓1

αf(y)α−1 − α

α− 1

=

[
f(y)α−1 + αf(y)α−1 log f(y)− 1

1

]
α=1

= log f(y),
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where in the before last step l’Hôpital’s rule was used. Furthermore, the conditional ver-

sion of the PowSα family displayed in Table 1 is nothing but a direct application of the

conditioning procedure.

By the linearity of limits, we obtain

lim
α↓1

1

α− 1

(
PowS♯α(f, y)− w(y)

)
= w(y) lim

α↓1

1

α− 1

(
PowSα(f

♯
w, y)− 1

)
= LogS♯w(f, y).

Turning to the censored focusing method, we note that

∥f ♭w∥αα =

∫
Y

(
fw(y) + F̄w1{∗}(y)

)α
(µ+ δ∗)(dy) = ∥fw(y)∥αα + F̄α

w . (E.1)

Using this result, we obtain

PowS♭α,w(f, y) = w(y)α
(
fw(y) + F̄w1{∗}(y)

)α−1
+
(
1− w(y)

)
αF̄α−1

w − (α− 1)∥f ♭w∥αα
a.s.
= w(y)αfw(y)

α−1 +
(
1− w(y)

)
αF̄α−1

w − (α− 1)
(
∥fw∥αα + F̄α

w

)
,

which bears the following limit

lim
α↓1

1

α− 1

(
PowS♭α,w(f, y)− 1

)
=

1

1− α

(
w(y)αfw(y)

α−1 +
(
1− w(y)

)
αF̄α−1

w − (α− 1)
(
∥fw∥αα + F̄α

w

)
− α + (α− 1)

)
= w(y) lim

α↓1

αfw(y)
α−1 − α

(α− 1)
+ (1− w(y)) lim

α↓1

αF̄α−1
w − α

(α− 1)
− lim

α↓1

(
∥fw∥αα + F̄α

w

)
+ 1

= w(y)

[
fw(y)

α−1 + αfw(y)
α−1 log fw(y)− 1

1

]
α=1

+ (1− w(y))

[
F̄α−1
w + αF̄α−1

w log F̄w − 1

1

]
α=1

= w(y) log fw(y) + (1− w(y)) log F̄w

= LogS♭w(f, y),

where in the third equality l’Hôpital’s rule was used.
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E.3 PseudoSpherical Scores (PsSphSα)

As for LogS, we follow the order of the table for the derivations concerning the Pseudo-

Spherical family PsSphSα(f, y) =
f(y)α−1

∥f∥α−1
α

, where α > 1. In particular,

PsSphSα(f̃ , ỹ) =
f̃(ỹ)α−1

∥f̃∥α−1
α

=

(
1
|b|

)α−1

f(y)α−1

(
1
|b|

) (α−1)2

α ∥f∥α−1
α

=

(
1

|b|

)α−1
α

PsSphSα(f, y).

Next, we consider the limit as α ↓ 1. Shifting the PsSphSα family by 1 and rescaling it by

a factor 1
α−1

, we obtain

lim
α↓1

1

α− 1

((
f(y)

∥f∥α

)α−1

− 1

)

=

[(
log

(
f(y)

∥f∥α

)
− (α− 1)

1

∥f∥α
∂

∂α
∥f∥α

)(
f(y)

∥f∥α

)α−1
]
α=1

= log f(y), (E.2)

where in the first step l’Hôpital’s rule was used with the derivative

∂

∂α

(
f(y)

∥f∥α

)α−1

=

(
log

(
f(y)

∥f∥α

)
− (α− 1)

1

∥f∥α
∂

∂α
∥f∥α

)(
f(y)

∥f∥α

)α−1

,
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and in the second ∥f∥1 = 1 and that the partial derivative of ∥f∥α with respect to α is

finite at α = 1, which is the case if and only if
∫
Y log f(y)f(y)µ(dy) is finite, because

[
∂

∂α

(∫
Y
f(y)α µ(dy)

) 1
α

]
α=1

=

[
∂

∂α

(
e

1
α
log

∫
Y f(y)

α µ(dy)
)]

α=1

=

[
∂

∂α

(
1

α
log

∫
Y
f(y)α µ(dy)

)(∫
Y
f(y)α µ(dy)

) 1
α

]
α=1

=

[
∂

∂α

(
1

α
log

∫
Y
f(y)α µ(dy)

)]
α=1

=

[
− 1

α2
log

(∫
Y
f(y)α µ(dy)

)
+

1

α

∫
Y log f(y)f(y)α µ(dy)∫

Y f(y)
α µ(dy)

]
α=1

(E.3)

under regularity assumptions permitting us to move the partial derivative under the integral

sign using Leibniz’ rule. Then, evaluating the derivative in α = 1 yields

[
∂

∂α

(∫
Y
f(y)α µ(dy)

) 1
α

]
α=1

= − log 1 +

∫
Y
log f(y)f(y)µ(dy) =

∫
Y
log f(y)f(y)µ(dy),

For the conditional PsSphSα family, we find

PsSphS♯α,w(f, y) = w(y)

(
fw(y)

1−F̄w

)α−1

(∫
Y

(
fw

1−F̄w

)α
dµ
)α−1

α

= w(y)
fw(y)

α−1

∥fw∥α−1
α

= w(y)

(
fw(y)

α

∥fw∥αα

)α−1
α

.
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By the linearity of limits, we find

lim
α↓1

1

α− 1

(
PsSphS♯α(f, y)− w(y)

)
= w(y) lim

α↓1

1

α− 1

(
PsSphSα(f

♯
w, y)− 1

)
= w(y) log f ♯w(y)

= LogS♯w(f, y).

Moreover, for the censored PsSphSα family, we recall Equation (E.1) and find that

PsSphS♭w(f, y) =
w(y)

(
fw(y) + F̄w1{∗}(y)

)α−1
+
(
1− w(y)

)
F̄α−1
w

(∥f ♭w∥αα)
α−1
α

=
w(y)

(
fw(y)

α−1 + F̄α−1
w 1{∗}(y)

)
+
(
1− w(y)

)
F̄α−1
w(

∥fw(y)∥αα + F̄α
w

)α−1
α

a.s.
=

w(y)fw(y)
α−1 +

(
1− w(y)

)
F̄α−1
w(

∥fw(y)∥αα + F̄α
w

)α−1
α

.

For the limit as α ↓ 1, we obtain an analogous result, namely

limα↓1
1

α−1

(
PsSphS♭w(f, y)− 1

)
= w(y) limα↓1

1
α−1

( fw(y)(
∥fw∥αα+F̄α

w

) 1
α

)α−1

− 1


+
(
1− w(y)

)
limα↓1

1
α−1

( F̄w(
∥fw∥αα+F̄α

w

) 1
α

)α−1

− 1

 .

(E.4)
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For the first term on the right-hand side of this equation we calculate the derivative

 ∂

∂α

 fw(y)(
∥fw∥αα + F̄α

w

) 1
α

α−1
α=1

=

 ∂

∂α
log

 fw(y)(
∥fw∥αα + F̄α

w

) 1
α

α−1
α=1

 fw(y)(
∥fw∥αα + F̄α

w

) 1
α

α−1
α=1

=

[
∂

∂α

(
(α− 1)

(
log fw(y)−

1

α
log
(
∥fw∥αα + F̄α

w

)))]
α=1

=

log
 fw(y)(

∥fw∥αα + F̄α
w

) 1
α

− (α− 1)
∂

∂α

(
log
((

∥fw∥αα + F̄α
w

) 1
α

))
α=1

= log fw(y),

where we used that ∥fw∥1 + F̄w = 1 − F̄w + F̄w = 1 and that the partial derivative of

∥f ♭w∥α =
(
∥fw∥αα + F̄α

w

) 1
α with respect to α is finite at α = 1, which by analogy with

Equation (E.3), is the case if and only if
∫
Y log f ♭w(y)f

♭
w(y) (µ + δ∗)(dy) is finite. Likewise,

for the second term in Equation (E.4) we find the derivative

 ∂

∂α

 F̄w(
∥fw∥αα + F̄α

w

) 1
α

α−1
α=1

= log F̄w.

Using these derivatives when applying l’Hôpital’s rule to obtain the limit in Equation (E.4),

gives

lim
α↓1

1

α− 1

(
PsSphS♭w(f, y)− 1

)
= w(y) log fw(y) + (1− w(y)) log F̄w.

E.4 Kernel Scores (Sρ)

This subsection provides more details on Example 4. Consider a class of distributions Pr

on some measurable space (Y ,G), such that F(r) = 0,∀F ∈ Pr, where r ∈ Y , including all

continuous distributions on Y . Consider the kernel score family Sρ(F, y) =
1
2
EFρ(X,X

′)−
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EFρ(X, y)+
1
2
ρ(y, y) with divergence DSρ(F∥G) = EF,Gρ(X, Y )− 1

2
EFρ(X,X

′)− 1
2
EGρ(Y, Y

′),

where X,X ′ ∼ F and Y, Y ′ ∼ G are independent. Here, we use EF,Gϱ(X, Y ) as short-hand

notation for the expectation with respect to the product measure F ⊗ G, and EFϱ(X,X
′)

for the expectation with respect to F ⊗ F, for any measurable function ϱ. The associated

generalized censored scoring rule for H = δr reads

S♭ρ,w(F, y) =
1

2
EF♭

w
ρ(X,X ′)− w(y)

(
EF♭

w
ρ(X, y)− 1

2
ρ(y, y)

)
−
(
1− w(y)

)(
EF♭

w
ρ(X, r)− 1

2
ρ(r, r)

)
=

1

2

(
JFwρ(X,X

′) + 2F̄wJFwρ(X, r) + F̄ 2
wρ(r, r)

)
− w(y)

(
JFwρ(X, y) + F̄wρ(r, y)−

1

2
ρ(y, y)

)
−
(
1− w(y)

)(
JFwρ(X, r) + F̄wρ(r, r)−

1

2
ρ(r, r)

)
,

where JFwq(Y ) :=
∫
Y q(y)Fw(dy), for any measurable function q, is the integral generalizing

the expectation operator to allow for integration with respect to any weighted kernel Fw,

for which we adopt similar short-hand notation as for the expectations EF,Gϱ(X, Y ) and
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EFϱ(X,X
′) introduced above. The corresponding score divergence reads

DS♭
ρ,w

(F∥G) ≡ DSρ(F
♭
w∥G♭

w)

= EF♭
w,G

♭
w
ρ(X, Y )− 1

2
EF♭

w
ρ(X,X ′)− 1

2
EG♭

w
ρ(Y, Y ′)

= JFw,Gwρ(X, Y ) + ḠwJFwρ(X, r) + F̄wJGwρ(r, Y ) + F̄wḠwρ(r, r)

− 1

2
JFwρ(X,X

′)− F̄wJFwρ(X, r)−
1

2
F̄ 2
wρ(r, r)

− 1

2
JGwρ(Y, Y

′)− ḠwJGwρ(r, Y )− 1

2
Ḡ2
wρ(r, r)

= JFw,Gwρ(X, Y )− 1

2
JFwρ(X,X

′)− 1

2
JGwρ(Y, Y

′)

− (F̄w − Ḡw) (JFwρ(X, r)− JGwρ(r, Y ))− 1

2
(F̄w − Ḡw)

2ρ(r, r).

Assumption 1 is satisfied for all weight functions and distributions F ∈ Pr since Fw(r) = 0.

Therefore, the score divergence is a localized divergence if Sρ is strictly proper relative to

P♭
r, which follows from the conditions under which Sρ is strictly proper with respect to Pr.

We verify this condition for a popular subclass of kernel scores known as the Energy

Score (ES) family. The ES family of scoring rules is defined as

ESβ(F, y) :=
1

2
EF∥Y −Y′∥β2 − EF∥Y − y∥β2 ,

where β ∈ (0, 2), ∥·∥2 denotes the Euclidean norm, andY andY′ denote independent copies

of a random vector with distribution F ∈ Pβ, the class of Borel probability measures on

(Rd,B(Rd)) such that EF∥Y∥β2 <∞, relative to which ESβ(F, y) is strictly proper (Gneiting

and Raftery 2007, Section 4.3). We consider the subclass P̃β ⊆ Pβ of continuous distribu-

tions, in which case the use of any collection of pivotal points is allowed by Assumption 1.

Take k arbitrary pivotal points by choosing H =
∑k

i=1 γiδri , where γ = (γ1, . . . , γk)
′ ∈ ∆(k)
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and ri ∈ Rd,∀i. The verification of P̃♭
β ⊆ P̃β follows from

EF♭
w,Rk

∥Y∥β2 =

∫
Rd

∥y∥β2Fw(dy) + F̄w

k∑
i=1

γi∥ri∥β2 < EF∥Y∥β2 +
k∑
i=1

∥ri∥β2 <∞,

∀F ∈ Pβ, where Rk = {ri}ki=1. Consequently,

ES♭β,w(F, y) =
1

2
EF♭

w,Rk

∥Y −Y′∥β2 − w(y)EF♭
w,Rk

∥Y − y∥β2 −
(
1− w(y)

) k∑
i=1

EF♭
w,Rk

∥Y − ri∥β2 .

is strictly locally proper with respect to P̃β, for all weight functions.

To facilitate comparisons with the threshold-weighted kernel score framework proposed

by Allen et al. (2023), we provide similar calculations for their approach. By Proposi-

tions 4.4 and 4.5 in Allen et al. (2023) the threshold-weighted kernel score twSρ(F, y; v) =

EF

[
ρ
(
v(X), v(y)

)]
− 1

2
EF [ρ(v(X), v(X ′))] − 1

2
ρ(v(y), v(y)), is strictly locally proper with

respect to w if and only if ρ
(
v(z), v(·)

)
= ρ
(
v(z′), v(·)

)
, ∀z, z′ ∈ Acw and the restriction of v

to Aw is injective. Therefore, assume that v is injective on Aw. Moreover, as suggested by

Allen et al. (2023), restrict v(z′) = v(z) = y0,∀z, z′ ∈ Acw, for some arbitrary y0 ∈ Y .

For the scoring rule, first consider the case where y ∈ Aw, in which case it reduces to

twSρ(F, y; v, y0)|y ∈ Aw = JFwρ
(
v(X), v(y)

)
+ F̄wρ

(
y0, v(y)

)
− F̄wJFwρ

(
v(X), y0

)
− 1

2
F̄ 2
wρ
(
y0, y0

)
− 1

2
ρ
(
v(y), v(y)

)
− 1

2
JFwρ

(
v(X), v(X ′)

)
.

Second, if y ∈ Acw, the scoring rule reads

twSρ(F, y; v, y0)|y ∈ Acw = (1− F̄w)JFwρ
(
v(X), y0

)
− 1

2
(F̄w − 1)2ρ

(
y0, y0

)
− 1

2
JFwρ

(
v(X), v(X ′)

)
.
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Put together, this yields the following class of weighted kernel scores

twSρ(F, y; v, y0) =
1

2
JFAw

ρ
(
v(X), v(X ′)

)
−
(
JFAw

ρ
(
v(X), v(y)

)
+ F̄wρ

(
y0, v(y)

)
− F̄wJFAw

ρ
(
v(X), y0

)
− 1

2
F̄ 2
wρ
(
y0, y0

)
− 1

2
ρ
(
v(y), v(y)

))
1Aw(y)

−
(
(1− F̄w)JFAw

ρ
(
v(X), y0

)
− 1

2
(F̄w − 1)2ρ

(
y0, y0

))
1Ac

w
(y).

Accordingly, the corresponding score divergence is given by

DtwSρ(F∥G) = EFtwSρ(G, Y ; v, y0)− EFtwSρ(F, Y ; v, y0)

= JFw,Gwρ
(
v(X), v(Y )

)
− 1

2
JFwρ

(
v(X), v(X ′)

)
− 1

2
JGwρ

(
v(Y ), v(Y ′)

)
− (F̄w − Ḡw)JFwρ

(
y0, v(Y )

)
+ (F̄w − Ḡw)JGwρ

(
v(X), y0

)
− 1

2
(F̄w − Ḡw)

2ρ
(
y0, y0

)
= JFAw ,GAw

ρ
(
v(X), v(Y )

)
− 1

2
JFAw

ρ
(
v(X), v(X ′)

)
− 1

2
JGAw

ρ
(
v(Y ), v(Y ′)

)
− (F̄w − Ḡw)

(
JFAw

ρ
(
y0, v(Y )

)
− JGAw

ρ
(
v(X), y0

))
− 1

2
(F̄w − Ḡw)

2ρ
(
y0, y0

)
.

If, additionally, v(z) = z onAw, the threshold-weighted kernel score framework coincides

with generalized censoring based on H = δy0 .

We next consider the construction of the chaining function for the multivariate logistic

weight function w(y) = Λda,L(y; r) := Λa,L(y1; r1) × · · · × Λa,L(yd; rd) where Λa,L(yi; ri) =

1
1+exp(a(yi−ri)) , i = 1, . . . , d, a > 0. Since this is a product of marginal weight functions, it

is natural to define its chaining function in direct analogy with the procedure suggested

by Allen et al. (2023), as a vector of integrals of the marginal weight functions Λa,L(yi; ri)

with respect to yi. The marginal weight functions have respective (indefinite) integrals
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∫
Λa,L(yi; ri) dyi = yi − 1

a
log (1 + exp(a(yi − ri))) + C, leading to the chaining function

v(y) =

(
y1 −

1

a
log
(
1 + ea(y1−r1)

)
, . . . , yd −

1

a
log
(
1 + ea(yd−rd)

))
.

F Additional Example

Example F.1. Reconsider the setting of Example D.3, where the region of interest is B,

with corresponding weight function w(y) = 1B(y), and P
B
= F, while P and G are not

coinciding on B. A well-known example of a localizing but improper scoring rule is the

weighted likelihood score WLS(f, y) := log f(y)1B(y) proposed by Amisano and Giacomini

(2007). In the current setting, this impropriety is revealed by the observation that log g(y) >

log p(y),∀y ∈ B, implies DWLS(P∥P) > DWLS(P∥G). That is, the fact that the likelihood

of G restricted to B exceeds that of P is sufficient for WLS to favor G, the candidate

distribution distinct from true distribution P. The conditional scoring rule proposed by

Holzmann and Klar (2017a), also referred to as observation-weighted scoring rule in the

context of kernel scores (Allen et al. 2023), is localizing and proper but not strictly locally

proper. Specifically, S♯w(F, y) = w(y)S(F♯w, y), where dF♯w = 1
1−F̄w

dFw, assuming F̄w =∫
Y(1−w)dF < 1. This scoring rule is localizing and proper for weight functions for which

it remains a scoring rule (see Section 2.1). However, S♯B(F, y) = S♯B(G, y) = S♯B(P, y),∀y ∈

B, since S♯w cannot discriminate between distributions that are proportional to each other

on Aw. Accordingly, DS♯
B
(P∥F) = DS♯

B
(P∥G) = 0, while only F coincides with P on B. In

other words, the score divergence DS♯
B
of a candidate distribution and P is zero if, but not

only if, the candidate coincides with P on B, as is the case for F.
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G Monte Carlo Study

We use Monte Carlo simulations to evaluate the usefulness of our censoring approach for

discriminating between competing density forecasts on a specific region of interest. We do

so by analyzing the size and power properties of the Diebold and Mariano (2002) (DM)

test based on different censored scoring rules.

As discussed in Section 4, the null hypothesis under consideration is given by

H0 : EptSw(ft, Yt+1) = EptSw(gt, Yt+1),

where ft and gt denote two (conditional) density forecasts of Yt+1. The DM test statistic

is computed as

tT :=
1
T

∑T−1
t=0

(
Sw(ft, Yt+1)− Sw(gt, Yt+1)

)√
σ̂2
T/T

,

where T is the number of observations used for evaluation and σ̂2
T is the sample variance

of the score difference Sw(ft, Yt+1) − Sw(gt, Yt+1). Note that in the empirical applications

in Section 4 the DM test was used in the context of the Giacomini and White (2006)

framework to accommodate parameter estimation uncertainty involved in producing the

competing density forecasts. Here we abstain from this issue and assume that f and g are

given and specified completely.

To put our findings for the censoring approach into perspective, we also evaluate DM

test statistics based on focused scoring rules resulting from alternative localization pro-

cedures. In particular, we include conditional scoring rules and composite rules based

on the proposal of Holzmann and Klar (2017a) to augment a conditional scoring rule

with the auxiliary rule sbar or slog, as discussed in Section 3.5. For these composite

scoring rules, we also assess to what extent their discriminative ability is attributable

36



to the original and auxiliary scoring rules, by decomposing the associated standardized

score divergences, as follows. We denote the score differences of the original conditional

rule and of the auxiliary rule by D♯
S ≡ D♯

S(Y ;F,G) := S♯w(F, Y ) − S♯w(G, Y ) and Ds ≡

Ds(Y ;F,G) := s(bF̄w
, Y ) − s(bḠw

, Y ), respectively. The score divergence for the compos-

ite rule can then be written as DS♯+s(F∥G) ≡ EF (D♯
S + Ds) = EF (D♯

S) + EF (Ds), with

associated variance VF (D
♯
S +Ds) = VF (D

♯
S) +VF (Ds) + 2CovF (D♯

S, Ds). Define the stan-

dardized divergence as D̃S(F∥G) := DS(F∥G)/
√

VF (DS). To evaluate the contribution of

the auxiliary scoring rule s to D̃S♯+s, we may compare D̃S♯(F∥G) = EF (DS♯)/
√

VF (DS♯)

versus D̃S♯+s(F∥G) = EF (DS♯ +Ds)/
√

VF (DS♯ +Ds). In the power experiments below, we

therefore consider their ratio ξS,s := D̃S♯(F∥G)/D̃S♯+s(F∥G). Note that this ratio is non-

negative by construction, but not necessarily less than unity. Since EF (DS) ≥ 0 for any

proper scoring rule S, it follows that EF (DS♯ +Ds) ≥ EF (DS♯). For the variance, however,

it is possible that VF (DS♯) ≥ VF (DS♯ +Ds), namely whenever VF (s) ≤ −2CovF (DS♯ , Ds).

Hence, it might be that the standardized score divergence D̃S♯+s(F∥G) based on the compos-

ite scoring rule actually is smaller than the corresponding D̃S♯(F∥G) based on the original

conditional rule.

We employ a simulation design similar to Diks et al. (2011), Holzmann and Klar (2017b)

and Lerch et al. (2017). For the size experiment, the null hypothesis of the DM test demands

a particularly symmetric design, as explained by Diks et al. (2011). We thus compare two

density forecasts f and g that are equally far from the true density p. For the power

experiments, we take either f or g as the data generating process (DGP), and evaluate

rejection frequencies against one-sided alternative hypotheses, in order to assess both ‘true’

and ‘spurious’ power of the test statistics. For the composite scoring rules, we thus also

consider two sets of standardized score divergences D̃S♯+s and ratios ξS,s, namely with either
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f or g being the DGP. In all experiments, we make use of indicator weight functions; either

for the left tail IL(y; r) = 1(−∞,r)(y) or for the center IC(y; r) := IC(y; 0, r) = 1(−r,r)(y). We

consider a range of values for the threshold r to vary the region of interest. The number

of observations T varies, in such a way that the expected number of observations that falls

within the region of interest is the same across the different values considered for r. All

experiments are based on 10,000 replications.

G.1 Size

Following Diks et al. (2011), we assess the size properties of the DM test statistic using

an i.i.d. standard normal density as DGP. The two candidate density forecasts f and

g also are normal with unit variance, but with means µf = −0.2 and µg = 0.2. The

evaluation is focused on the central region around the true mean 0 by using IC(y; r) as

weight function. Due to the symmetric design, the norms and F̄w-probabilities of the

candidates f and g are equivalent, such that the test statistics based on QS and SphS scoring

rules coincide. The equal norms and discrete probabilities also imply that the censoring

and conditioning rules are equivalent within a semi-local scoring rule family, because in

this case observations outside the region of interest obtain the same scores under both

candidates. By the same token, the auxiliary scoring rules sbar and slog of the composite

scoring rule of Holzmann and Klar (2017a) become equivalent to the conditional rules of

both semi-local rules and the CRPS. Given these observations, the 16 weighted scoring rules

arising from the combination of the unweighted scoring rules {LogS, SphS,QS,CRPS} with

the conditioning, censoring, conditioning appended with sbar and conditioning appended

with slog localization techniques, can be represented by the censored LogS, SphS, CRPS

and conditional CRPS. The twCRPS is added because it will be included as a benchmark

in the power studies based on weight functions for which the censored CRPS variants do
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not reduce to the twCRPS.

Figure G.1: Size properties of the DM test
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Figure G.1 displays the rejection rates of the null of equal predictive ability against the

one-sided alternative that candidate f is statistically closer to p than g as a function of

the threshold r for a fixed sample size T = 500. The rejection rates are given at nominal

significance levels 0.01, 0.05 and 0.10, for focused versions of the LogS, SphS and CRPS

scoring rules. In line with Diks et al. (2011), we find that none of the rejection rates

displayed in Figure G.1 give reason to doubt that the tests are correctly sized.

G.2 Power

Normal versus Student-t: Left-tail. In our first power experiment, the competing density

forecasts f and g are standard normal and Student-t5, respectively. We focus the eval-

uation on the left tail by using IL(y; r) = 1(−∞,r)(y) as weight function. The number of

observations T is varied such that the expected number of observations below the threshold

r is kept constant at c = 20. The combination of the selected candidates f and g and the

left-tail region of interest make the current setting particularly interesting for financial risk

management applications.
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Figure G.2 shows the rejection rates of the DM test based on focused versions of the

LogS, QS, SphS and CRPS rules in panels (a)-(d). In each panel, rejection rates are shown

if the DGP is f (left-hand side) or g (right-hand side), and in favor of f (top) or g (bottom).

Hence, the graphs in the top-left and bottom-right of each panel display true power, while

the bottom-left and top-right plots show spurious power, i.e., the fraction of rejections

of the null hypothesis of equal predictive ability in favor of the wrong density forecast.

Concerning the selection of scoring rules, recall that the censored CRPS coincides with

the twCRPS for the selected weight function. Finally, in the graphs in panels (b)-(d) we

also include the LogS rule, motivated by the fact that the auxiliary rule in the Holzmann

and Klar (2017a) approach is closely related to the censored log score, so that this can be

considered as a relative benchmark comparison for their composite rules as well. Since the

censored log score and the conditional log score with logs correction coincide, we omit the

latter from panel a), in all figures below. Moreover, we highlight that sbar and slog overlap

(visually) in cases that only one is visible, and, the same holds for the twCRPS and the

censored CRPS.

Two main findings stand out from Figure G.2. First, the test statistics based on cen-

sored scoring rules do not suffer from spurious power, in the sense that rejection rates in

the top-right and bottom-left graphs generally are close to zero. The same applies to tests

based on the composite rules of Holzmann and Klar (2017a). The test based on the con-

ditional scoring rule displays some spurious power, especially for threshold values around

−1; however, as discussed in Diks et al. (2011), this might be a small sample issue, in the

sense that the rejection rates decline towards zero for larger values of c quite rapidly.

Second, the tests based on the censored scoring rules and Holzmann and Klar (2017a)

composite rules generally show comparable true power, but with some notable exceptions.
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Specifically, in case the standard normal distribution is the DGP, we observe higher power

for the censored rules for threshold values below −1.5 (except for a small region around

r = −2) for the CRPS family, while the opposite is the case for the SphS scoring rules.

In case the Student-t5 distribution is the DGP, except for the LogS family, the composite

scoring rules achieve higher rejection rates than the censored rules for threshold values

r below −2.2, approximately. Interestingly, the higher power of the tests based on the

composite scoring rules can be attributed to a large extent to the auxiliary scoring rule.

This conclusion follows from observing that the tests based on the corresponding conditional

scoring rules invariably have lower (and often substantially lower) power for regions quite

far into the left-tail, i.e. for small values of r. This is corroborated by the (standardized)

score divergences D̃S(ft∥gt) shown in panels (a)-(d) of Figure G.3. These decline towards

zero as r becomes smaller for the conditional rules but not for the composite rules. Hence,

the ratios ξS,s in panel (e) also decay when concentrating on the far left-tail as the region of

interest; i.e. the auxiliary rule completely dominates the original conditional scoring rule in

terms of contributing to the (standardized) score divergence D̃S♯+s(ft∥gt) of the composite

scoring rule. Interestingly, the standardized divergence increases quite substantially for the

censored scoring rule as r becomes smaller; hence; its discriminative ability improves when

focusing more.

A final observation concerning Figure G.2 is that the test based on the censored loga-

rithmic rule generally achieves the highest true power across all scoring rules considered;

that is, higher than the censored rules based on QS, SphS and CRPS but also higher than

the composite scoring rules.

Normal versus Student-t: Center. In our second power experiment, we again consider

standard normal and Student-t5 densities as the competing forecasts, but now focus on
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the central region by using IC(y; r) = 1(−r,r)(y) as weight function. We also increase T ,

so that the expected number of observations in the region of interest is equal to c = 200.

Figure G.4 displays the rejection rates for the same selection of regular scoring rules and

focusing procedures as in the first power experiment.

We make three observations, which are in line with the findings from the previous ex-

periment. First, for a given scoring rule family, the DM test statistics based on censored

and composite rules generally perform on par. The composite rules may achieve higher re-

jection rates, but this is rather sensitive to both the DGP and the auxiliary rule used. For

example, panels (b) and (c) show that using slog as auxiliary rule improves performance for

thresholds r exceeding 2, approximately, if the DGP is the standard normal distribution.

By contrast, the discriminative ability of the test based on the same composite rules dete-

riorates for larger thresholds in case the DGP is Student-t5. Also, using sbar as auxiliary

rule generally leads to lower power, especially for relatively small values of the threshold r,

i.e. when focusing on a fairly narrow region around the mean.

Second, the seemingly good performance of the composite scoring rules is again mostly

due to the auxiliary scoring rule. This follows by noting that the rejection rates of the

tests based on the conditional scoring rule alone rapidly decline towards zero when we

lower the threshold value, especially when r < 1.5. This holds independent of the scoring

rule family and the DGP. Confirmation is provided by Figure G.5. The standardized

score divergences of the conditional scoring rules are quite comparable to those of the

other localization procedures for r > 1.5. Focusing on narrower regions around the mean,

however, both D̃S(ft∥gt) and D̃S(gt∥ft) display similar declines as the rejection rates in

Figure G.4. Although the standardized score divergences also decay for the composite

scoring rules, this kicks in only for substantially lower values of r. As a result, the ratios
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ξS,s in panel (e) accordingly slide down towards zero, indicating that the original conditional

rule does not really contribute to the discriminative ability of the composite scoring rule.

Third, Figure G.4 shows that across scoring rule families and localization procedures,

the censored likelihood score achieves highest power. In particular, while the composite

scoring rule with slog as auxiliary rule may outperform its censored counterpart for a given

scoring rule family, it is still dominated by the censored likelihood scoring rule.

Finally, we note that the CRPS♭w displayed in the Figure G.4 is the generalized censored

scoring rule based on the generalized censored measure in Equation (4). Due to the sym-

metry of the setup, there is visually no difference between using the suggested value γ = 1
2

(included in Figure G.4) or the fraction of observations smaller than −r. As the censored

CRPS variants do not reduce to the twCRPS in this case, we include this separately in the

graphs in panel (d) of Figure G.4. The rejection rates of the twCRPS in the top-left and

bottom-right graphs are somewhat lower than those of the censored and composite rules;

except for a modest range of threshold values around r = 1 if the DGP is standard normal.

Laplace tails In our third and final power experiment we study the consequences of

the inability of the conditional scoring rule to distinguish two proportional tails when

using the left-tail indicator IL(y; r) = 1(−∞,r)(y) as weight function; see Example F.1.

In particular, we consider two Laplace candidates with different location µf = −1 and

µg = 1. Interestingly, if we were to set equivalent scale θf = θg = 1, even if µp → µf

the conditional scoring rule does not have any power against the null of the candidates

being statistically equally far away from p, that is, for thresholds r < µf for which the

conditional distributions on (−∞, r) coincide. Since movements of p in terms of µp are

invisible through the lens of a conditional score divergence, this is essentially not a lack

of power against H0, which is based on the conditional scoring rule. Yet, it is a lack of
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power against the distributions being statistically equally far away from the actual density

on Aw through the lens of the regular score divergence and, therefore, still a lack of local

discriminative ability. More fundamentally, the test statistic degenerates in this case, as

the score differences are exactly zero.

Because of these issues, we analyze what happens if the scale parameters are not exactly

the same, but still fairly close. Specifically, we set θf = 1 and θg = 1.1. Figure G.6 shows

the rejection rates of the DM test based on focused versions of the LogS, QS, SphS and

CRPS rules.

Four observations are clearly apparent. First, the increase in true power when moving

from the conditional operator to the censoring operator is immense for all four scoring

rules and thresholds r < µf . The difference decreases over the interval r ∈ (µf , µg), after

which both conditioning and censoring have close to unit power. This observation is in line

with the lack of discriminative ability of proportional and apparently close to proportional

tails. Second, there is a clear difference in spurious power between the focusing operators:

The censoring operator does not seem to suffer from spurious power at all, whereas the

conditional rules have spurious power up to 0.10 for thresholds smaller than µf = −1.

Third, as in the previous experiments, we find that the censored likelihood score dominates

the other scoring rules in terms of power, here in particular in case f is the DGP and

r < µf . Fourth, the Holzmann and Klar (2017a) augmentation of the conditional scoring

rules renders great benefits also in this case, in the sense that it lifts power up to the

level of the censored likelihood for all four scoring rules. Given that the power of the

‘raw’ conditional rules is rather poor, especially for thresholds r < µf , this is likely due

to the discriminative ability of the correction terms sbar or slog. This is confirmed by the

standardized score divergences shown in Figure G.7.
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Figure G.2: Rejection rates N (0, 1) versus Student-t5: Left-tail (c = 20)
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One-sided rejection rates of the DM test of equal predictive ability of the candidates ft (standard normal)

and gt (Student-t5) at a nominal significance level of 0.05 based on 10,000 simulations. The DGP is either

ft (left-hand side) or gt (right-hand side). Moreover, rejections in the top panels are in favor of ft, while

rejections in the bottom panels are in favor of gt. The incorporated weight function is w(y) = 1(−∞,r)(y)

and the expected number of observations in the region of interest is kept constant at c = 20.
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Figure G.3: Standardized local divergences N (0, 1) - Student-t5
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(e) ξS,s

Standardized divergences (D̃S(ft∥gt)) and ratios (ξS,s) of the candidates ft (N (0, 1)) and gt (Student-t5),

for weighted versions of unweighted scoring rules S ∈ {LogS,QS,SphS,CRPS}. Each plot includes the

conditional and censored rules of S and two composite scoring rules S + s, where s ∈ {sbar, slog}. The
incorporated weight function is w(y) = 1(−∞,r)(y).
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Figure G.4: N (0, 1) versus Student-t5: Center (c = 200)

0 1 2 3
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Eft(Dt+1) > 0

0 1 2 3 4
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Egt(Dt+1) > 0

0 1 2 3
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Eft(Dt+1) < 0

0 1 2 3 4
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Egt(Dt+1) < 0

LogS]

LogS[
LogSsbar

(a) LogS

0 1 2 3
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Eft(Dt+1) > 0

0 1 2 3 4
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Egt(Dt+1) > 0

0 1 2 3
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Eft(Dt+1) < 0

0 1 2 3 4
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Egt(Dt+1) < 0

QS]

QS[
QSsbar

QSslog

LogS[

(b) QS

0 1 2 3
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Eft(Dt+1) > 0

0 1 2 3 4
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Egt(Dt+1) > 0

0 1 2 3
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Eft(Dt+1) < 0

0 1 2 3 4
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Egt(Dt+1) < 0

SphS]

SphS[
SphSsbar

SphSslog

LogS[

(c) SphS

0 1 2 3
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Eft(Dt+1) > 0

0 1 2 3 4
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Egt(Dt+1) > 0

0 1 2 3
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Eft(Dt+1) < 0

0 1 2 3 4
threshold r

0.0

0.2

0.4

0.6

0.8

1.0

re
je

ct
io

n
ra

te

H1 : Egt(Dt+1) < 0

CRPS]

CRPS[
CRPSsbar

CRPSslog

LogS[

(d) CRPS

One-sided rejection rates of the DM test of equal predictive ability of the candidates ft (standard normal)

and gt (Student-t5) at a nominal significance level of 0.05 based on 10,000 simulations. The DGP is either

ft (left-hand side) or gt (right-hand side). Moreover, rejections in the top panels are in favor of ft, while

rejections in the bottom panels are in favor of gt. The incorporated weight function is w(y) = 1(−r,r)(y)

and the expected number of observations in the region of interest is kept constant at c = 200.
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Figure G.5: Standardized local divergences N (0, 1) - Student-t5
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(e) ξS,s

Standardized divergences (D̃S(ft∥gt)) and ratios (ξS,s) of the candidates ft (N (0, 1)) and gt (Student-t5),

for weighted versions of unweighted scoring rules S ∈ {LogS,QS,SphS,CRPS}. Each plot includes the

conditional and censored rules of S and two composite scoring rules S + s, where s ∈ {sbar, slog}. The
incorporated weight function is w(y) = 1(−∞,r)(y).
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Figure G.6: Rejection rates Laplace experiment (c = 20)
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(d) CRPS

One-sided rejection rates of the DM test of equal predictive ability of the candidates ft (Laplace(−1, 1)

and gt (Laplace(1, 1.1)) at a nominal significance level of 0.05 based on 10,000 simulations. The DGP is

either ft (left-hand side) or gt (right-hand side). Moreover, rejections in the top panels are in favor of ft,

while rejections in the bottom panels are in favor of gt. The incorporated weight function is

w(y) = 1(−∞,r)(y) and the expected number of observations in the region of interest is kept constant at

c = 20.
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Figure G.7: Standardized divergences Laplace experiment (c = 20)
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(e) ξS,s

Standardized divergences (D̃S(ft∥gt)) and ratios (ξS,s) of the candidates ft (Laplace(−1, 1) and gt

(Laplace(1, 1.1)), for weighted versions of unweighted scoring rules S ∈ {LogS,QS,SphS,CRPS}. Each
plot includes the conditional and censored rules of S and two composite scoring rules S + s, where

s ∈ {sbar, slog}. The incorporated weight function is w(y) = 1(−∞,r)(y).
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H Details on Model Specifications

H.1 Financial risk management

In the univariate application to daily returns on the S&P500 index in Section 4.1, we use

forecast methods that conform to Yt|Ft−1 ∼ D(µ, σ2
t ,ϑ), denoting a parametric family

of distributions with constant mean µ, time-varying variance σ2
t , and any additional pa-

rameters collected in ϑ. We consider three specifications for the conditional variance σ2
t .

Specifically, we include (i) the GARCH(1,1) model proposed by Bollerslev (1986), with

σ2
t = ω + α(yt−1 − µ)2 + βσ2

t−1,

(ii) the threshold GARCH(1,1) (TGARCH) model put forward by Glosten et al. (1993),

with

σ2
t = ω + α(yt−1 − µ)2 + γ(yt−1 − µ)21(−∞,µ](yt−1) + βσ2

t−1,

and (iii) the realized GARCH(1,1) (RGARCH) model of Hansen et al. (2012), with

σ2
t = ω + αxt−1 + βσ2

t−1,

xt = ξ + ϕσ2
t + τzt + κ(z2t − 1) + ut,

where xt represents a realized measure1, zt = (yt − µ)/σt, and ut denotes a white noise

process with variance σ2
u. We combine each of the volatility specifications with standard

normal and Student-tν distributions. Parameter estimates are obtained via maximum-

likelihood estimation (MLE).

In the bivariate application we construct density forecasts for the vector of log-returns

1Obtained from https://dachxiu.chicagobooth.edu/#risklab
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yt = (y1,t, y2,t) ∈ R2 for the Energy Select Sector SPDR Fund (XLE) and Financial Select

Sector SPDR Fund (XLF). For the individual means µi (i = 1, 2) and volatilities σ2
i,t (i =

1, 2) we adopt the same specifications as used in the univariate application for the S&P500

returns. We model the dependence between the two sector returns by means of the Dynamic

Conditional Correlation (DCC) methodology of Engle (2002), exploiting the decomposition

of the conditional covariance matrix Σt as Σt = D
1
2
t RtD

1
2
t , where Dt = diag(σ2

1,t, σ
2
2,t)

contains the conditional variances and Rt is the conditional correlation matrix. In the

DCC approach, the latter is computed as Rt = (Qt ⊙ I2)
− 1

2Qt(Qt ⊙ I2)
− 1

2 , with

Qt = (1− α3 − β3)Q̄+ α3zt−1z
′
t−1 + β3Qt−1,

where zi,t = (yi,t− µi)/σi,t (i = 1, 2) and Q̄ denotes the unconditional covariance matrix of

zt. For estimation we adopt the 2-step approach of Engle (2002), where we first estimate

the parameters in the individual volatility specifications using MLE. In the second step we

then estimate the parameters in the conditional correlation dynamics, again using MLE,

where we use ‘correlation targeting’ by replacing Q̄ with the sample covariance matrix of

the (first-stage) residuals ẑt.

H.2 Macroeconomics

Following Stock and Watson (2002), among many others, we construct direct forecasts for

annualized τ -month inflation rates yτt+τ = (1, 200/τ) log
(
Pt+τ/Pt

)
, where Pt denotes the

U.S. consumer price index (CPI) in month t, for horizons τ = 6 and 24. Each of the forecast

methods we consider can be represented as yτt+τ = µτt+τ (xt)+u
τ
t+τ , where xt denotes a subset

of n = 122 variables from the FRED-MD2 database, cf. Medeiros et al. (2021). We use

2See https://research.stlouisfed.org/econ/mccracken/fred-databases/
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six of the forecast methods listed by Medeiros et al. (2021) for the conditional mean µτt+τ .

First, we include a random walk forecast µ̂τt+τ = yτt , equal to the most recent τ -month

inflation. Second, we obtain a forecast from an autoregressive model (AR) as

µ̂τt+τ = ϕ̂0,τ + ϕ̂1,τyt + . . .+ ϕ̂p,τyt−p+1,

where yt ≡ yτt with τ = 1 denotes the one-month inflation rate, the order p is selected using

the Bayesian Information Criterion (BIC) and the parameters are estimated by OLS.

The third forecast method involves bagging, which combines forecasts obtained with

different bootstrap subsamples. We adopt the implementation of Medeiros et al. (2021) for

linear regression models, with the following steps:

1. For each bootstrap sample b, estimate a linear regression with all candidate predictors

with OLS, and select those variables with an absolute t-statistic above a certain

threshold c.

2. Estimate a linear regression only with the variables selected in the previous step, and

use this second regression to obtain a forecast µ̂τt+τ,b.

3. Repeat the first two steps for B bootstrap samples and average the B forecasts to

obtain the bagging forecast: µ̂τt+τ =
1
B

∑B
b=1 µ̂

τ
t+τ,b.

We set the number of bootstrap samples B = 100 and set c = 1.96, such that the pre-test

selection in step 1 is done at the 5% level.

As a fourth forecast method, we include Complete Subset Regression (CSR) developed

by Elliott et al. (2013, 2015). The key idea of this approach is to average the forecasts

obtained from linear regressions for all possible combinations of q predictors selected out

of n available candidates, where typically q is set (much) smaller than n. With n = 122 as
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in our case, however, the number of regressions to be estimated is impractically large. We

therefore adopt a pre-testing approach: First estimate a linear regression of yτt+τ on each of

the candidate predictors individually, rank the t-statistics of their coefficients by absolute

value, and select the ñ highest-ranked variables. Then, apply the CSR approach to this

subset of variables. We set ñ = 20 and q = 4.

The fifth forecast method again assumes a linear specification for the conditional mean,

µτt+τ (xt) = β′
τxt, with coefficients estimated using the Least Absolute Shrinkage and Se-

lection Operator (LASSO), augmenting the sum of squared errors with the penalty term

λ
∑n

i=1 |βτ,i|. We determine the regularization parameter λ by means of the BIC.

The sixth and final forecast is obtained from a Random Forest (RF) as proposed by

Breiman (2001). Using B regression trees with Kb denoting the number of terminal nodes

(or ‘leaves’) in the b-th tree (which is grown such that each terminal node has (at least) a

pre-specified minimum number of observations), the RF forecast is given by

µτt+τ (xt) =
1

B

B∑
b=1

Kb∑
k=1

ĉk,b1k,b(xt; θ̂k,b),

where 1k,b(xt; ·) is an indicator function that is equal to 1 in case xt is such that the

observation ends up in terminal node k in tree b and 0 otherwise, and ĉk,b is the average

τ -month inflation rate for the observations in the training sample that correspond with this

leaf. We use RFs with B = 500 trees. Each tree is grown until there are no less than five

observations in each leaf. The fraction of randomly selected predictors at each split is set

to 1/3.

Finally, for each of the six forecast methods considered for µτt+τ , we obtain a density

forecast for yτt+τ = µτt+τ+u
τ
t+τ by assuming that uτt+τ follows a two-piece normal distribution,
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with density given by

f(y;µ, σ1, σ2) =
2

σ1 + σ2

(
ϕ

(
y − µ

σ1

)
1y<µ + ϕ

(
y − µ

σ2

)
1y≥µ

)
, σ1, σ2 > 0,

where ϕ(z) denotes the density of the standard normal distribution. This distributional

choice is congruent with the underlying statistical model employed in the fan charts pub-

lished by the Monetary Policy Committee of the Bank of England (Clements 2004; Mitchell

and Hall 2005; Gneiting and Ranjan 2011).

H.3 Climate

The forecast methods we use for predicting daily temperatures closely follow the GARCH,

QGARCH-I, and QGARCH-II specifications as in Franses et al. (2001), but with alterations

in seasonal trend estimation. Specifically, we use local day averages for the mean and a sine

function for volatility, as opposed to a quadratic function. The models can be formalized

as: Yt|Ft−1 ∼ D(µt, σ
2
t ,ϑ), where µt = mt|t−1 + ϕyt−1 and

σ2
t = φ(t;ω0, ω1) + α

(
yt−1 − µt−1 − φ(t; γ0, γ1)

)2
+ βσ2

t−1.

Here, mt|t−1 is the average temperature of days with the same day number in the estimation

window, that is, all s ∈ [t−m, t− 1] such that T̃s = T̃t, where T̃t = min(Tt, 365), in which

Tt is the day number, with Tt = 1 on the first of February. The latter choice exploits

the periodic pattern revealed by Figure 1 in Franses et al. (2001), which we model by

φ(t; θ0, θ1) = θ0 + θ1| sin(π/365 · T̃t)|. These specifications are combined with both Normal

and Student-tν distributions to produce six forecast methods in total.
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I Additional Tables

I.1 MCS table at confidence level 0.75

Table I.1: MCS cardinality of censored and (un)corrected conditional scoring rules

no correction sbar slog
Sec. wt τ ≤ < ♯/♭ ≤ < ♯/♭ ≤ < ♯/♭

4.1 IL(yt; r̂
q
t ) 1 92% 62% 2.04 75% 38% 1.28 75% 29% 1.16

5 50% 46% 1.50 67% 29% 1.16 67% 29% 1.07
I2L(yt; r̃

q
t ) 1 62% 38% 1.28 62% 17% 1.07 62% 21% 1.08

5 92% 33% 1.39 92% 33% 1.39 96% 33% 1.45
Λ2
3,L(yt; r̃

q
t ) 1 62% 42% 1.13 67% 25% 0.99 67% 25% 0.99

5 79% 42% 1.28 92% 17% 1.15 92% 17% 1.15

4.2 IC(yt; 2, r1) 6 100% 100% 3.72 100% 92% 2.35 92% 33% 1.31
24 100% 100% 3.31 75% 33% 1.17 75% 42% 1.29

IcC(yt; 2, r1) 6 100% 83% 2.84 83% 25% 1.36 75% 33% 1.26
24 92% 58% 2.71 50% 25% 1.25 75% 25% 1.09

4.3 IR(yt; r̂
q
t ) 1 71% 54% 1.82 83% 54% 1.50 75% 21% 1.06

3 79% 38% 1.33 83% 38% 1.29 79% 4% 0.94
IC(yt; 18, r2) 1 100% 58% 2.04 100% 42% 1.42 92% 25% 1.21

3 100% 25% 1.25 100% 0% 1.00 100% 0% 1.00

Total average 84% 56% 1.97 81% 33% 1.31 80% 24% 1.15

NOTE: This table presents changes in cardinality of the MCS in absolute and relative terms, at confidence
level 0.75, across different forecast horizons τ , corresponding to the forecasting applications in risk man-
agement (Section 4.1), inflation (Section 4.2) and temperature (Section 4.3). sbar and slog refer to the
correction terms for conditional scoring rules proposed by Holzmann and Klar (2017a). Columns labeled
≤ (<) display the percentage of cases where MCS♭ contains (strictly) fewer forecast methods than MCS♯

and the column labeled ♯/♭ reports the ratio |MCS♯|/|MCS♭|. Each result represents an average over a set
of scoring rules S ∈ {LogS,QS,SphS,CRPS/Sρ1

} and quantile levels q ∈ {0.01, 0.05, 0.10, 0.15, 0.20, 0.25}
or levels r1 ∈ {1, 1.5, 2} and r2 ∈ {1, 2, 4}. The empirical q-th quantiles r̂qt of yt are based on the forecast
method estimation window, and r̃qt := (r̂q21,t, r̂

q2
2,t), with q2 =

√
q, approximates a bivariate empirical q-th

quantile of yt. The p-values are obtained via a block bootstrap of B = 10, 000 replications, with block
length b = 5, or b = 200 for the climate data.

I.2 Financial risk management

Table I.2 shows the complete set of MCS p-values for the individual forecast methods in

the univariate risk management application in Section 4.1, for the four focused variants

of the LogS, QS, SphS and CRPS scoring rules, for horizons τ = 1 and 5, and quantiles

q = 0.01, 0.05, 0.1, 0.15, 0.2 and 0.25.
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At a 0.90 confidence level and τ = 1, MCS♯ is smaller only in a single case across

all examined quantiles and scoring rules, namely for q = 0.25 and S = QS. Equality in

MCS size occurs mainly for larger quantiles, where information scarcity with respect to the

distributions on (−∞, r̂qt ) is less critical. Examining the composition of the MCSs reveals

that, in case |MCS♭| ≤ |MCS♯|, the censored MCSs are often a subset of the conditional

MCSs. The significance of reductions in the number of methods retained in the MCS

due to censoring is further emphasized by the fact that the resulting MCSs encompass

more complex model specifications, which would be the optimal choices in the absence of

parameter estimation uncertainty.

Robustness checks, pertaining to b and m, confirm the stability with respect to these

parameters, see Table I.3. There we also report results based on the alternative statistic

proposed by Hansen et al. (2011), namely Tmax:= maxi∈Mk
|t(i,·)m,n|, where t(i,·)m,n corresponds

to the tm,n-statistic based on the average loss between forecast method i and all other

methods in the MCS. Comparing results across Tmax and TR statistics, we observe that

the use of TR tends to expedite model elimination, yielding smaller MCS p-values compared

to Tmax; this acceleration, however, is consistent across both censoring and conditioning.

Table I.4 displays MCS p-values and model confidence sets obtained with the indicator

product weight function, while Table I.5 reports the corresponding MCS p-values for the

logistic product weight function. The columns labeled ‘tw’ in the latter table contain the

results for the twSρ1 of Allen et al. (2023), for the chaining function derived in Section E.4.

Overall, it can be observed that the MCSs obtained with the twSρ1 resemble those of S♭ρ1 .

Note that this may be related to the fact that the twSρ1 tends to the limiting S♭ρ1 score for

large values of the logistic transition speed parameter a, which has a fairly large value of 3

in the applications here.
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Table I.2: MCS p-values for univariate risk management application.

LogS QS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.01 1 RGARCH-t 1.00 0.63 1.00 1.00 0.46 0.95 1.00 1.00

TGARCH-t 0.98 1.00 0.98 0.96 0.64 1.00 0.61 0.57

GARCH-t 0.52 0.70 0.52 0.52 0.34 0.83 0.37 0.33

RGARCH-N 0.09 0.20 0.09 0.09 1.00 0.95 0.07 0.05

TGARCH-N 0.03 0.10 0.03 0.03 0.64 0.95 0.01 0.01

GARCH-N 0.01 0.08 0.01 0.01 0.46 0.83 0.00 0.00

5 RGARCH-t 0.37 0.87 0.37 0.40 0.12 1.00 0.43 0.46

TGARCH-t 0.82 1.00 0.82 0.78 0.85 0.44 0.83 0.78

GARCH-t 1.00 0.97 1.00 1.00 0.17 0.37 1.00 1.00

RGARCH-N 0.01 0.05 0.01 0.01 0.12 0.82 0.01 0.01

TGARCH-N 0.01 0.05 0.01 0.01 1.00 0.74 0.01 0.01

GARCH-N 0.01 0.04 0.01 0.01 0.17 0.74 0.00 0.00

0.05 1 RGARCH-t 1.00 0.78 1.00 1.00 0.04 1.00 0.27 0.36

TGARCH-t 0.09 1.00 0.09 0.10 0.02 0.82 0.00 0.00

GARCH-t 0.01 0.78 0.01 0.01 0.00 0.82 0.00 0.00

RGARCH-N 0.08 0.06 0.08 0.07 1.00 1.00 1.00 1.00

TGARCH-N 0.00 0.03 0.00 0.00 0.04 0.82 0.00 0.00

GARCH-N 0.00 0.01 0.00 0.00 0.00 0.82 0.00 0.00

5 RGARCH-t 0.76 0.24 0.76 0.79 0.29 0.25 0.26 0.28

TGARCH-t 0.99 0.75 0.99 0.92 0.98 1.00 0.34 0.33

GARCH-t 1.00 1.00 1.00 1.00 0.30 0.36 0.34 0.33

RGARCH-N 0.01 0.01 0.01 0.01 0.98 0.12 1.00 1.00

TGARCH-N 0.01 0.01 0.01 0.01 1.00 0.36 0.01 0.01

GARCH-N 0.01 0.01 0.01 0.01 0.30 0.25 0.02 0.02

0.1 1 RGARCH-t 1.00 0.74 1.00 1.00 1.00 0.70 0.04 0.06

TGARCH-t 0.04 1.00 0.04 0.05 0.17 1.00 0.00 0.00

GARCH-t 0.00 0.40 0.00 0.00 0.01 0.42 0.00 0.00

RGARCH-N 0.04 0.03 0.04 0.04 0.48 0.70 1.00 1.00

TGARCH-N 0.00 0.01 0.00 0.00 0.06 0.39 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.06 0.00 0.00

5 RGARCH-t 0.45 0.15 0.45 0.45 0.34 0.14 0.91 0.94

TGARCH-t 1.00 0.38 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.55 1.00 0.55 0.58 0.34 0.66 0.74 0.71

RGARCH-N 0.00 0.00 0.00 0.00 0.01 0.14 0.96 0.97

TGARCH-N 0.00 0.00 0.00 0.00 0.01 0.14 0.96 0.97

GARCH-N 0.00 0.00 0.00 0.00 0.01 0.14 0.74 0.71

NOTE: This table continues on the next page.
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Table I.2 (continued): MCS p-values for univariate risk management application.

LogS QS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.15 1 RGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 0.31 0.42

TGARCH-t 0.03 0.78 0.03 0.03 0.07 0.63 0.00 0.00

GARCH-t 0.00 0.19 0.00 0.00 0.00 0.19 0.00 0.00

RGARCH-N 0.03 0.02 0.03 0.02 0.07 0.63 1.00 1.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.37 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.04 0.00 0.00

5 RGARCH-t 0.39 0.09 0.39 0.28 0.12 0.48 0.61 0.63

TGARCH-t 1.00 0.23 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.76 1.00 0.76 0.81 0.80 0.85 0.61 0.60

RGARCH-N 0.00 0.00 0.00 0.00 0.00 0.48 0.39 0.30

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.51 0.61 0.63

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.48 0.43 0.43

0.2 1 RGARCH-t 1.00 1.00 1.00 1.00 1.00 0.40 1.00 1.00

TGARCH-t 0.02 0.22 0.02 0.03 0.09 0.06 0.01 0.01

GARCH-t 0.00 0.06 0.00 0.00 0.06 0.00 0.00 0.00

RGARCH-N 0.01 0.04 0.01 0.01 0.00 1.00 0.40 0.47

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.15 0.35 0.15 0.23 0.00 0.89 0.27 0.28

TGARCH-t 1.00 0.38 1.00 1.00 0.76 1.00 1.00 1.00

GARCH-t 0.77 1.00 0.77 0.88 1.00 0.89 0.27 0.28

RGARCH-N 0.00 0.00 0.00 0.00 0.00 0.89 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.80 0.06 0.09

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.80 0.06 0.06

0.25 1 RGARCH-t 1.00 1.00 1.00 1.00 1.00 0.04 1.00 1.00

TGARCH-t 0.03 0.27 0.03 0.05 0.74 0.08 0.01 0.02

GARCH-t 0.00 0.04 0.00 0.00 0.74 0.00 0.00 0.00

RGARCH-N 0.01 0.04 0.01 0.01 0.00 1.00 0.02 0.06

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.08 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.12 0.30 0.12 0.14 0.00 0.77 0.02 0.05

TGARCH-t 1.00 0.50 1.00 0.97 0.15 1.00 1.00 1.00

GARCH-t 0.98 1.00 0.98 1.00 1.00 0.77 0.15 0.10

RGARCH-N 0.00 0.00 0.00 0.00 0.00 0.77 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.77 0.00 0.01

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.64 0.00 0.01

NOTE: This table continues on the next page.
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Table I.2 (continued): MCS p-values for univariate risk management application.

SphS CRPS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.01 1 RGARCH-t 0.64 0.88 1.00 1.00 0.72 0.97 1.00 1.00

TGARCH-t 0.88 1.00 0.67 0.63 0.81 1.00 0.69 0.65

GARCH-t 0.64 0.88 0.47 0.45 0.81 0.91 0.50 0.47

RGARCH-N 1.00 0.67 0.05 0.04 0.81 0.97 0.14 0.12

TGARCH-N 0.88 0.38 0.01 0.01 1.00 0.97 0.01 0.01

GARCH-N 0.64 0.45 0.00 0.00 0.81 0.63 0.00 0.00

5 RGARCH-t 0.23 1.00 0.61 0.65 0.56 1.00 0.54 0.58

TGARCH-t 1.00 0.40 0.75 0.73 0.66 0.64 1.00 1.00

GARCH-t 0.49 0.40 1.00 1.00 0.66 0.46 0.83 0.84

RGARCH-N 0.17 0.40 0.02 0.02 0.56 0.17 0.01 0.01

TGARCH-N 1.00 0.24 0.01 0.01 1.00 0.16 0.01 0.01

GARCH-N 0.41 0.28 0.01 0.01 0.66 0.08 0.00 0.00

0.05 1 RGARCH-t 0.01 1.00 1.00 1.00 0.40 0.80 0.32 0.41

TGARCH-t 0.01 0.73 0.01 0.01 0.40 1.00 0.01 0.02

GARCH-t 0.00 0.73 0.00 0.00 0.13 0.79 0.00 0.00

RGARCH-N 1.00 0.58 0.60 0.48 1.00 0.80 1.00 1.00

TGARCH-N 0.01 0.25 0.00 0.00 0.48 0.64 0.00 0.00

GARCH-N 0.00 0.25 0.00 0.00 0.40 0.38 0.00 0.00

5 RGARCH-t 0.24 0.30 0.92 0.95 0.46 0.56 0.78 0.91

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 0.80 0.91

GARCH-t 0.40 0.55 0.92 0.95 0.57 0.56 0.80 0.91

RGARCH-N 0.93 0.02 0.83 0.78 0.46 0.03 1.00 1.00

TGARCH-N 0.80 0.02 0.00 0.00 0.77 0.05 0.00 0.00

GARCH-N 0.24 0.01 0.00 0.00 0.47 0.05 0.01 0.01

0.1 1 RGARCH-t 0.34 0.89 1.00 1.00 0.11 0.74 0.13 0.10

TGARCH-t 0.01 1.00 0.02 0.02 0.04 1.00 0.00 0.00

GARCH-t 0.00 0.37 0.00 0.00 0.01 0.19 0.00 0.00

RGARCH-N 1.00 0.21 1.00 0.82 1.00 0.74 1.00 1.00

TGARCH-N 0.00 0.03 0.00 0.00 0.11 0.04 0.00 0.00

GARCH-N 0.00 0.01 0.00 0.00 0.03 0.00 0.00 0.00

5 RGARCH-t 0.55 0.14 0.73 0.67 0.49 0.43 0.79 0.73

TGARCH-t 1.00 0.53 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.55 1.00 0.73 0.67 0.63 0.43 0.47 0.42

RGARCH-N 0.27 0.03 0.73 0.67 0.52 0.00 0.79 0.73

TGARCH-N 0.21 0.00 0.01 0.01 0.63 0.00 0.47 0.41

GARCH-N 0.19 0.00 0.02 0.02 0.49 0.00 0.12 0.09

NOTE: This table continues on the next page.
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Table I.2 (continued): MCS p-values for univariate risk management application.

SphS CRPS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.15 1 RGARCH-t 1.00 1.00 1.00 1.00 0.08 0.84 0.23 0.29

TGARCH-t 0.01 0.19 0.00 0.00 0.01 0.88 0.00 0.00

GARCH-t 0.00 0.10 0.00 0.00 0.00 0.11 0.00 0.00

RGARCH-N 0.50 0.10 0.64 0.42 1.00 1.00 1.00 1.00

TGARCH-N 0.00 0.01 0.00 0.00 0.03 0.11 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00

5 RGARCH-t 0.33 0.49 0.71 0.70 0.52 0.43 0.33 0.37

TGARCH-t 1.00 0.59 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.42 1.00 0.71 0.70 0.57 0.65 0.33 0.36

RGARCH-N 0.00 0.49 0.40 0.28 0.52 0.24 0.22 0.15

TGARCH-N 0.02 0.06 0.17 0.13 0.57 0.00 0.22 0.19

GARCH-N 0.02 0.01 0.13 0.07 0.50 0.00 0.11 0.09

0.2 1 RGARCH-t 1.00 0.26 1.00 1.00 0.10 0.41 1.00 0.98

TGARCH-t 0.01 0.02 0.00 0.00 0.01 0.13 0.09 0.07

GARCH-t 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00

RGARCH-N 0.01 1.00 0.71 0.83 1.00 1.00 0.88 1.00

TGARCH-N 0.00 0.00 0.00 0.00 0.01 0.09 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00

5 RGARCH-t 0.03 0.97 0.60 0.68 0.38 0.69 0.21 0.21

TGARCH-t 1.00 0.97 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.51 0.97 0.60 0.68 0.38 0.69 0.21 0.21

RGARCH-N 0.00 1.00 0.07 0.09 0.32 0.69 0.01 0.01

TGARCH-N 0.00 0.91 0.19 0.28 0.38 0.02 0.01 0.02

GARCH-N 0.00 0.76 0.20 0.28 0.25 0.00 0.01 0.01

0.25 1 RGARCH-t 1.00 0.02 1.00 1.00 0.17 0.11 1.00 1.00

TGARCH-t 0.03 0.02 0.01 0.02 0.01 0.10 0.19 0.31

GARCH-t 0.01 0.00 0.00 0.00 0.00 0.00 0.01 0.01

RGARCH-N 0.00 1.00 0.43 0.82 1.00 1.00 0.19 0.34

TGARCH-N 0.00 0.02 0.00 0.00 0.01 0.11 0.01 0.01

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00

5 RGARCH-t 0.00 0.96 0.41 0.54 0.27 0.50 0.03 0.05

TGARCH-t 0.83 0.96 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 1.00 0.93 0.41 0.54 0.27 0.52 0.25 0.20

RGARCH-N 0.00 0.96 0.02 0.08 0.12 0.50 0.00 0.00

TGARCH-N 0.00 1.00 0.13 0.31 0.14 0.44 0.00 0.00

GARCH-N 0.00 0.72 0.14 0.30 0.12 0.08 0.00 0.00

NOTE: This table presents the MCS p-values implied by censored (♭) and (augmented)
conditional (♯) scoring rules underlying the results presented in Table 2, for different forecast
horizons τ . Calculations are conducted by the R package MCS by Bernardi and Catania
(2018), using B = 10, 000 simulations and block length b = 5. Bold (and italic) p-values
signify a forecast method’s elimination from MCS0.75 (and MCS0.90).
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Table I.3: Robustness analysis MCS cardinality

no correction sbar slog
m Statistic ≤ < ♯/♭ ≤ < ♯/♭ ≤ < ♯/♭

τ = 1

1000 TR20 96 75 2.38 71 38 1.20 71 38 1.20
Tmax20 92 50 1.61 54 29 1.10 54 17 0.95

750 TR5 88 62 2.04 62 29 1.17 62 29 1.15
Tmax5 71 33 1.15 42 8 0.82 42 4 0.80

1250 TR5 92 58 2.20 62 29 1.09 62 25 1.05
Tmax5 83 58 1.74 58 21 1.01 58 17 0.97

τ = 5

1000 TR20 62 29 1.29 54 25 1.08 62 25 1.10
Tmax20 79 38 1.46 62 29 1.28 67 25 1.22

750 TR5 50 29 1.23 58 29 1.09 58 29 1.10
Tmax5 71 25 1.33 62 25 1.24 67 25 1.19

1250 TR5 67 33 1.47 58 29 1.17 54 29 1.12
Tmax5 71 42 1.53 67 29 1.38 67 29 1.25

NOTE: The table presents changes in cardinality of the MCS in absolute and relative terms,
at confidence level 0.90, across different forecast horizons τ = 1 and 5, for the univariate
forecasting application in risk management (Section 4.1); where we vary the length of the
estimation window to m = 750 and 1, 250, or the block length to b = 20 for the value of
m = 1, 000 as reported in Table 2.
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Table I.4: MCS p-values for indicator product risk management application.

LogS QS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.01 1 RGARCH-t 1.00 1.00 1.00 1.00 0.00 0.16 0.07 0.09

TGARCH-t 0.22 0.95 0.22 0.22 0.02 0.26 0.09 0.09

GARCH-t 0.13 0.95 0.13 0.13 0.03 0.27 0.05 0.05

RGARCH-N 0.22 0.38 0.22 0.22 1.00 0.27 1.00 1.00

TGARCH-N 0.06 0.16 0.06 0.06 0.52 1.00 0.12 0.19

GARCH-N 0.02 0.12 0.02 0.02 0.52 0.27 0.06 0.05

5 RGARCH-t 0.43 0.43 0.43 0.45 0.16 0.61 0.41 0.47

TGARCH-t 1.00 1.00 1.00 1.00 0.02 0.43 0.92 0.97

GARCH-t 0.22 0.25 0.22 0.22 0.01 0.61 0.77 0.77

RGARCH-N 0.07 0.08 0.07 0.07 0.80 0.61 0.92 0.98

TGARCH-N 0.07 0.08 0.07 0.07 0.80 1.00 1.00 1.00

GARCH-N 0.06 0.08 0.06 0.06 1.00 0.61 0.61 0.61

0.05 1 RGARCH-t 1.00 1.00 1.00 1.00 0.87 0.86 1.00 1.00

TGARCH-t 0.14 0.53 0.14 0.15 1.00 1.00 0.17 0.32

GARCH-t 0.05 0.53 0.05 0.05 0.08 0.86 0.00 0.00

RGARCH-N 0.14 0.18 0.14 0.13 0.67 0.00 0.62 0.41

TGARCH-N 0.01 0.01 0.01 0.01 0.66 0.00 0.17 0.24

GARCH-N 0.00 0.00 0.00 0.00 0.06 0.00 0.00 0.00

5 RGARCH-t 0.21 0.39 0.21 0.22 0.06 0.02 0.26 0.17

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.10 0.36 0.10 0.10 0.06 0.65 0.18 0.17

RGARCH-N 0.01 0.01 0.01 0.01 0.00 0.00 0.06 0.02

TGARCH-N 0.01 0.01 0.01 0.01 0.06 0.00 0.56 0.31

GARCH-N 0.01 0.01 0.01 0.01 0.02 0.00 0.26 0.17

0.1 1 RGARCH-t 1.00 1.00 1.00 1.00 0.80 0.07 1.00 1.00

TGARCH-t 0.09 0.33 0.09 0.18 1.00 1.00 0.54 0.69

GARCH-t 0.04 0.14 0.04 0.04 0.10 0.05 0.01 0.00

RGARCH-N 0.09 0.14 0.09 0.09 0.00 0.00 0.01 0.00

TGARCH-N 0.00 0.00 0.00 0.01 0.00 0.00 0.01 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.13 0.25 0.13 0.18 0.00 0.00 0.00 0.00

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.13 0.25 0.13 0.18 0.04 0.04 0.02 0.01

RGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

NOTE: This table continues on the next page.
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Table I.4 (continued): MCS p-values for indicator product risk management application.

LogS QS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.15 1 RGARCH-t 1.00 1.00 1.00 1.00 0.39 0.60 1.00 1.00

TGARCH-t 0.29 0.39 0.29 0.31 1.00 1.00 0.66 0.81

GARCH-t 0.06 0.12 0.06 0.07 0.16 0.15 0.02 0.02

RGARCH-N 0.07 0.12 0.07 0.07 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.07 0.11 0.07 0.07 0.00 0.00 0.00 0.00

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.07 0.11 0.07 0.07 0.05 0.06 0.04 0.03

RGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.2 1 RGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

TGARCH-t 0.34 0.35 0.34 0.35 0.61 0.69 0.68 0.68

GARCH-t 0.06 0.07 0.06 0.06 0.21 0.25 0.32 0.25

RGARCH-N 0.06 0.07 0.06 0.06 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.03 0.05 0.03 0.03 0.02 0.00 0.00 0.00

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.12 0.13 0.12 0.11 0.26 0.47 0.65 0.59

RGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.25 1 RGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

TGARCH-t 0.37 0.35 0.37 0.36 0.33 0.49 0.72 0.63

GARCH-t 0.03 0.04 0.03 0.03 0.08 0.31 0.37 0.26

RGARCH-N 0.03 0.04 0.03 0.03 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.13 0.12 0.13 0.13 0.05 0.59 0.60 0.58

RGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

NOTE: This table continues on the next page.
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Table I.4 (continued): MCS p-values for indicator product risk management application.

SphS Sρ1

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.01 1 RGARCH-t 0.01 0.12 0.09 0.11 0.38 0.30 0.29 0.29

TGARCH-t 0.03 0.15 0.10 0.11 0.38 0.30 0.29 0.29

GARCH-t 0.03 0.15 0.05 0.05 0.38 0.30 0.23 0.24

RGARCH-N 1.00 0.15 0.45 0.44 0.38 0.30 0.53 0.53

TGARCH-N 0.72 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-N 0.72 0.15 0.10 0.11 0.38 0.30 0.20 0.20

5 RGARCH-t 0.04 0.35 0.29 0.30 0.22 0.41 0.64 0.63

TGARCH-t 0.03 0.35 0.29 0.31 0.37 0.89 0.93 0.94

GARCH-t 0.03 0.35 0.29 0.30 0.46 0.89 0.93 0.94

RGARCH-N 0.21 0.44 0.61 0.65 0.22 0.64 0.81 0.82

TGARCH-N 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-N 0.68 0.35 0.29 0.30 0.55 0.89 0.81 0.82

0.05 1 RGARCH-t 0.05 0.89 0.78 1.00 0.36 0.71 1.00 1.00

TGARCH-t 0.05 1.00 0.28 0.29 0.07 1.00 0.98 0.98

GARCH-t 0.00 0.09 0.00 0.00 0.07 0.08 0.00 0.00

RGARCH-N 1.00 0.00 1.00 0.88 0.67 0.01 0.19 0.13

TGARCH-N 0.25 0.00 0.28 0.29 1.00 0.08 0.98 0.98

GARCH-N 0.01 0.00 0.00 0.00 0.07 0.00 0.00 0.00

5 RGARCH-t 0.00 0.01 0.13 0.08 0.18 0.48 0.36 0.37

TGARCH-t 0.11 1.00 1.00 1.00 0.18 1.00 1.00 1.00

GARCH-t 0.02 0.12 0.06 0.05 0.18 0.48 0.25 0.27

RGARCH-N 0.00 0.00 0.05 0.05 0.18 0.04 0.17 0.12

TGARCH-N 1.00 0.00 0.55 0.31 1.00 0.04 0.58 0.43

GARCH-N 0.18 0.00 0.13 0.08 0.18 0.00 0.00 0.00

0.1 1 RGARCH-t 1.00 0.32 1.00 1.00 0.18 0.31 0.34 0.33

TGARCH-t 0.09 1.00 0.61 0.74 0.21 0.83 0.67 0.72

GARCH-t 0.02 0.01 0.00 0.00 0.08 0.01 0.00 0.00

RGARCH-N 0.05 0.00 0.00 0.00 0.80 0.59 0.67 0.72

TGARCH-N 0.02 0.00 0.00 0.00 1.00 1.00 1.00 1.00

GARCH-N 0.00 0.00 0.00 0.00 0.18 0.01 0.01 0.01

5 RGARCH-t 0.00 0.00 0.00 0.00 0.10 0.16 0.10 0.10

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.03 0.00 0.00 0.00 0.40 0.18 0.10 0.10

RGARCH-N 0.00 0.00 0.00 0.00 0.10 0.18 0.10 0.10

TGARCH-N 0.03 0.00 0.00 0.00 0.26 0.00 0.00 0.00

GARCH-N 0.01 0.00 0.00 0.00 0.40 0.00 0.00 0.00

NOTE: This table continues on the next page.
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Table I.4 (continued): MCS p-values for indicator product risk management application.

SphS Sρ1

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.15 1 RGARCH-t 1.00 1.00 1.00 1.00 0.18 0.02 0.03 0.03

TGARCH-t 0.63 0.77 0.36 0.45 0.88 1.00 1.00 1.00

GARCH-t 0.03 0.05 0.00 0.01 0.02 0.02 0.01 0.01

RGARCH-N 0.00 0.00 0.00 0.00 1.00 0.83 1.00 0.95

TGARCH-N 0.00 0.00 0.00 0.00 0.43 0.02 0.03 0.02

GARCH-N 0.00 0.00 0.00 0.00 0.19 0.02 0.02 0.02

5 RGARCH-t 0.00 0.00 0.00 0.00 0.05 0.06 0.06 0.06

TGARCH-t 1.00 1.00 1.00 1.00 0.33 0.47 0.49 0.49

GARCH-t 0.06 0.01 0.01 0.01 0.37 0.62 0.50 0.52

RGARCH-N 0.00 0.00 0.00 0.00 0.02 0.03 0.03 0.02

TGARCH-N 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00

GARCH-N 0.00 0.00 0.00 0.00 0.05 0.00 0.00 0.00

0.2 1 RGARCH-t 1.00 1.00 1.00 1.00 0.14 0.01 0.02 0.02

TGARCH-t 0.36 0.19 0.19 0.18 1.00 0.99 1.00 1.00

GARCH-t 0.27 0.05 0.06 0.05 0.93 0.09 0.11 0.09

RGARCH-N 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00

TGARCH-N 0.00 0.00 0.00 0.00 1.00 0.99 1.00 1.00

GARCH-N 0.00 0.00 0.00 0.00 0.74 0.02 0.03 0.02

5 RGARCH-t 0.00 0.00 0.00 0.00 0.01 0.04 0.02 0.03

TGARCH-t 1.00 1.00 1.00 1.00 0.93 1.00 1.00 1.00

GARCH-t 0.41 0.13 0.27 0.20 0.93 0.40 0.46 0.44

RGARCH-N 0.00 0.00 0.00 0.00 0.02 0.09 0.05 0.06

TGARCH-N 0.00 0.00 0.00 0.00 0.93 0.43 0.46 0.44

GARCH-N 0.00 0.00 0.00 0.00 1.00 0.36 0.44 0.42

0.25 1 RGARCH-t 1.00 1.00 1.00 1.00 0.95 0.99 0.97 0.98

TGARCH-t 0.29 0.19 0.24 0.21 0.91 0.80 0.83 0.82

GARCH-t 0.13 0.04 0.09 0.03 0.35 0.01 0.01 0.01

RGARCH-N 0.00 0.00 0.00 0.00 0.11 0.05 0.06 0.06

TGARCH-N 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00

GARCH-N 0.00 0.00 0.00 0.00 0.31 0.00 0.00 0.00

5 RGARCH-t 0.00 0.00 0.00 0.00 0.08 0.30 0.32 0.31

TGARCH-t 1.00 1.00 1.00 1.00 0.25 0.57 0.57 0.57

GARCH-t 0.14 0.12 0.18 0.14 0.84 0.67 0.65 0.66

RGARCH-N 0.00 0.00 0.00 0.00 0.04 0.02 0.02 0.02

TGARCH-N 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00

GARCH-N 0.00 0.00 0.00 0.00 0.08 0.00 0.00 0.00

NOTE: This table presents the MCS p-values implied by censored (♭) and (corrected)
conditional (♯) scoring rules underlying the results presented in Table 2, for different forecast
horizons τ . Calculations are conducted by the R package MCS by Bernardi and Catania
(2018), using B = 10, 000 simulations and block length b = 5. Bold (and italic) p-values
signify a forecast method’s elimination from MCS0.75 (and MCS0.90).
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Table I.5: MCS p-values for logistic product risk management application.

LogS QS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.01 1 RGARCH-t 1.00 1.00 1.00 1.00 0.94 0.99 0.06 0.06

TGARCH-t 0.28 0.70 0.28 0.29 0.97 1.00 0.06 0.06

GARCH-t 0.13 0.68 0.13 0.14 0.65 0.99 0.01 0.01

RGARCH-N 0.16 0.24 0.16 0.16 1.00 0.99 1.00 1.00

TGARCH-N 0.04 0.04 0.04 0.04 0.97 0.99 0.06 0.06

GARCH-N 0.01 0.02 0.01 0.01 0.48 0.64 0.01 0.01

5 RGARCH-t 0.20 0.40 0.20 0.21 0.41 1.00 0.45 0.50

TGARCH-t 1.00 1.00 1.00 1.00 1.00 0.93 0.52 0.52

GARCH-t 0.07 0.11 0.07 0.07 0.41 0.91 0.45 0.48

RGARCH-N 0.04 0.05 0.04 0.04 0.26 0.93 0.52 0.52

TGARCH-N 0.04 0.05 0.04 0.04 0.74 0.60 1.00 1.00

GARCH-N 0.04 0.05 0.04 0.04 0.32 0.41 0.52 0.52

0.05 1 RGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

TGARCH-t 0.18 0.31 0.18 0.19 0.84 0.71 0.18 0.18

GARCH-t 0.05 0.18 0.05 0.06 0.33 0.39 0.02 0.01

RGARCH-N 0.11 0.18 0.11 0.11 0.04 0.88 0.49 0.44

TGARCH-N 0.01 0.01 0.01 0.01 0.01 0.63 0.15 0.14

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.14 0.01 0.01

5 RGARCH-t 0.16 0.50 0.16 0.16 0.01 0.78 0.01 0.05

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.16 0.25 0.16 0.16 0.63 0.78 0.37 0.29

RGARCH-N 0.00 0.01 0.00 0.00 0.00 0.05 0.00 0.00

TGARCH-N 0.00 0.01 0.00 0.00 0.00 0.13 0.37 0.29

GARCH-N 0.00 0.01 0.00 0.00 0.00 0.13 0.33 0.29

0.1 1 RGARCH-t 1.00 1.00 1.00 1.00 0.82 1.00 1.00 1.00

TGARCH-t 0.23 0.26 0.23 0.23 1.00 0.71 0.47 0.50

GARCH-t 0.07 0.10 0.07 0.08 0.69 0.06 0.06 0.06

RGARCH-N 0.09 0.10 0.09 0.09 0.01 0.45 0.06 0.06

TGARCH-N 0.01 0.01 0.01 0.01 0.00 0.17 0.06 0.06

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.11 0.27 0.11 0.13 0.00 0.03 0.00 0.00

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.13 0.27 0.13 0.13 0.90 0.08 0.41 0.36

RGARCH-N 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00

GARCH-N 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00

NOTE: This table continues on the next page.
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Table I.5 (continued): MCS p-values for logistic product risk management application.

LogS QS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.15 1 RGARCH-t 1.00 1.00 1.00 1.00 0.91 1.00 1.00 1.00

TGARCH-t 0.25 0.25 0.25 0.25 1.00 0.74 0.75 0.76

GARCH-t 0.08 0.07 0.08 0.08 0.78 0.03 0.19 0.11

RGARCH-N 0.08 0.08 0.08 0.08 0.00 0.03 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.02 0.18 0.02 0.09 0.00 0.00 0.00 0.00

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.13 0.18 0.13 0.12 0.82 0.03 0.62 0.48

RGARCH-N 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00

0.2 1 RGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

TGARCH-t 0.27 0.25 0.27 0.26 0.87 0.68 0.91 0.87

GARCH-t 0.08 0.06 0.08 0.07 0.70 0.01 0.47 0.26

RGARCH-N 0.08 0.07 0.08 0.07 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.03 0.05 0.03 0.04 0.00 0.00 0.00 0.00

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.16 0.14 0.16 0.15 0.63 0.03 0.82 0.59

RGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.25 1 RGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

TGARCH-t 0.27 0.26 0.27 0.27 0.62 0.63 0.95 0.87

GARCH-t 0.07 0.05 0.07 0.07 0.57 0.02 0.72 0.42

RGARCH-N 0.07 0.06 0.07 0.07 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5 RGARCH-t 0.01 0.01 0.01 0.01 0.00 0.00 0.00 0.00

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.18 0.12 0.18 0.16 0.44 0.07 0.90 0.64

RGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

NOTE: This table continues on the next page.
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Table I.5 (continued): MCS p-values for logistic product risk management application.

SphS Sρ1

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog tw

0.01 1 RGARCH-t 0.03 0.00 0.00 0.00 0.22 0.51 0.83 0.77 0.02

TGARCH-t 0.03 0.00 0.00 0.00 0.22 0.51 0.21 0.24 0.01

GARCH-t 0.03 0.00 0.00 0.00 0.22 0.10 0.02 0.02 0.01

RGARCH-N 1.00 0.21 1.00 1.00 0.47 0.40 0.83 0.77 0.28

TGARCH-N 0.34 1.00 0.47 0.48 1.00 1.00 1.00 1.00 1.00

GARCH-N 0.19 0.21 0.01 0.01 0.22 0.01 0.00 0.00 0.01

5 RGARCH-t 0.02 0.00 0.00 0.00 0.20 0.26 0.17 0.17 0.00

TGARCH-t 0.03 0.00 0.00 0.00 0.27 1.00 0.95 1.00 0.37

GARCH-t 0.03 0.00 0.00 0.00 0.34 0.64 0.39 0.40 0.05

RGARCH-N 0.06 0.00 0.00 0.00 0.27 0.64 0.39 0.40 0.37

TGARCH-N 1.00 1.00 1.00 1.00 1.00 0.64 1.00 0.96 1.00

GARCH-N 0.23 0.44 0.10 0.10 0.35 0.02 0.03 0.03 0.04

0.05 1 RGARCH-t 1.00 0.94 1.00 1.00 0.81 0.75 0.95 0.93 1.00

TGARCH-t 0.07 1.00 0.35 0.38 0.24 0.29 0.48 0.46 0.93

GARCH-t 0.00 0.05 0.00 0.00 0.16 0.01 0.00 0.00 0.44

RGARCH-N 0.04 0.00 0.00 0.00 0.81 0.75 0.95 0.93 0.21

TGARCH-N 0.02 0.00 0.00 0.00 1.00 1.00 1.00 1.00 0.93

GARCH-N 0.00 0.00 0.00 0.00 0.18 0.01 0.00 0.00 0.81

5 RGARCH-t 0.00 0.00 0.00 0.00 0.16 0.67 0.18 0.20 0.04

TGARCH-t 1.00 1.00 1.00 1.00 0.27 0.67 0.74 0.74 0.45

GARCH-t 0.00 0.06 0.04 0.04 0.27 0.67 0.40 0.41 1.00

RGARCH-N 0.00 0.00 0.00 0.00 0.16 0.67 0.14 0.17 0.01

TGARCH-N 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 0.09

GARCH-N 0.00 0.00 0.00 0.00 0.27 0.00 0.00 0.00 0.01

0.1 1 RGARCH-t 1.00 0.73 1.00 0.99 0.27 0.02 0.16 0.12 0.32

TGARCH-t 0.30 1.00 0.96 1.00 0.48 0.18 0.57 0.49 1.00

GARCH-t 0.00 0.15 0.05 0.05 0.10 0.00 0.00 0.00 0.01

RGARCH-N 0.00 0.00 0.00 0.00 0.80 0.50 0.59 0.57 0.32

TGARCH-N 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 0.32

GARCH-N 0.00 0.00 0.00 0.00 0.26 0.01 0.01 0.01 0.13

5 RGARCH-t 0.00 0.00 0.00 0.00 0.03 0.04 0.02 0.03 0.00

TGARCH-t 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.00 0.14 0.24 0.20 0.20 0.09 0.07 0.06 0.10

RGARCH-N 0.00 0.00 0.00 0.00 0.02 0.09 0.02 0.03 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.07 0.00 0.00 0.00 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.18 0.01 0.01 0.01 0.00

NOTE: This table presents the MCS p-values implied by censored (♭) and (corrected)
conditional (♯) scoring rules underlying the results presented in Table 2, for different forecast
horizons τ . Calculations are conducted by the R package MCS, developed by Bernardi and
Catania (2018), using B = 10, 000 simulations and block length b = 5. Bold (and italic)
p-values signify a forecast method’s elimination from MCS0.75 (and MCS0.90).
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Table I.5 (continued): MCS p-values for logistic product risk management application.

SphS Sρ1

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog tw

0.15 1 RGARCH-t 1.00 0.74 0.81 0.79 0.28 0.00 0.01 0.00 0.00

TGARCH-t 0.56 1.00 1.00 1.00 1.00 0.74 0.87 0.84 0.96

GARCH-t 0.00 0.41 0.43 0.39 0.06 0.02 0.03 0.02 0.00

RGARCH-N 0.00 0.00 0.00 0.00 0.96 1.00 1.00 1.00 1.00

TGARCH-N 0.00 0.00 0.00 0.00 0.28 0.12 0.08 0.09 0.00

GARCH-N 0.00 0.00 0.00 0.00 0.28 0.12 0.08 0.09 0.96

5 RGARCH-t 0.00 0.00 0.00 0.00 0.01 0.04 0.01 0.02 0.00

TGARCH-t 1.00 1.00 1.00 1.00 0.62 0.17 0.44 0.36 0.50

GARCH-t 0.00 0.41 0.80 0.73 0.63 0.25 0.54 0.47 1.00

RGARCH-N 0.00 0.00 0.00 0.00 0.00 0.03 0.01 0.01 0.00

TGARCH-N 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 0.50

GARCH-N 0.00 0.00 0.00 0.00 0.06 0.00 0.00 0.00 0.00

0.2 1 RGARCH-t 1.00 0.76 0.89 0.83 0.10 0.00 0.00 0.00 0.00

TGARCH-t 0.77 1.00 1.00 1.00 1.00 0.95 1.00 1.00 1.00

GARCH-t 0.00 0.71 0.89 0.83 0.28 0.00 0.01 0.00 0.00

RGARCH-N 0.00 0.00 0.00 0.00 0.84 1.00 0.94 0.97 0.87

TGARCH-N 0.00 0.00 0.00 0.00 0.54 0.95 0.74 0.81 0.03

GARCH-N 0.00 0.00 0.00 0.00 0.28 0.01 0.02 0.02 0.00

5 RGARCH-t 0.00 0.00 0.00 0.00 0.00 0.02 0.01 0.01 0.00

TGARCH-t 1.00 1.00 0.73 0.83 1.00 1.00 1.00 1.00 1.00

GARCH-t 0.00 0.77 1.00 1.00 0.91 0.63 0.78 0.75 0.71

RGARCH-N 0.00 0.00 0.00 0.00 0.01 0.07 0.02 0.03 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.77 0.63 0.78 0.75 0.01

GARCH-N 0.00 0.00 0.00 0.00 1.00 0.63 0.78 0.75 0.71

0.25 1 RGARCH-t 1.00 0.88 0.89 0.89 1.00 1.00 1.00 1.00 1.00

TGARCH-t 0.85 1.00 0.90 1.00 0.96 0.75 0.84 0.81 0.74

GARCH-t 0.00 0.88 1.00 0.97 0.46 0.01 0.02 0.01 0.74

RGARCH-N 0.00 0.00 0.00 0.00 0.00 0.01 0.01 0.01 0.00

TGARCH-N 0.00 0.00 0.00 0.00 0.96 0.88 0.88 0.89 0.74

GARCH-N 0.00 0.00 0.00 0.00 0.21 0.00 0.00 0.00 0.00

5 RGARCH-t 0.00 0.00 0.00 0.00 0.04 0.27 0.21 0.24 0.06

TGARCH-t 1.00 0.85 0.45 0.54 0.76 0.43 0.54 0.51 0.32

GARCH-t 0.01 1.00 1.00 1.00 0.94 0.44 0.62 0.56 1.00

RGARCH-N 0.00 0.00 0.00 0.00 0.01 0.02 0.02 0.02 0.00

TGARCH-N 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00 0.46

GARCH-N 0.00 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.03

NOTE: This table presents the MCS p-values implied by censored (♭) and (corrected)
conditional (♯) scoring rules underlying the results presented in Table 2, for different forecast
horizons τ . Calculations are conducted by the R package MCS by Bernardi and Catania
(2018), using B = 10, 000 simulations and block length b = 5. Bold (and italic) p-values
signify a forecast method’s elimination from MCS0.75 (and MCS0.90).
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I.3 Macroeconomics

The differences between the MCS variants are clearly highlighted by the p-values presented

in Table I.6 (center application) and Table I.7 (tails application), which also offers more

detailed insights. For r = 1 the cardinality of MCS♯0.90 consistently exceeds or equals that

of MCS♭0.90 with the sole exceptions occurring in tail cases predicated on the CRPS for

τ = 24. These exceptions feature a marginal difference of one. Finally, a closer look at the

differences between the twCRPS and CRPS♭ is in place. In Table I.6 (center application),

we observe that the CRPS♭ is preferred to the twCRPS for τ = 6 and τ = 24, with r = 1.
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Table I.6: MCS p-values for center inflation application.

LogS QS

r τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

1 6 Random Walk 0.09 0.53 0.09 0.13 0.05 0.63 0.08 0.11

AR 0.09 0.88 0.09 0.13 0.02 0.63 0.05 0.09

Bagging 0.00 0.02 0.00 0.00 0.01 0.07 0.00 0.00

CSR 0.26 0.88 0.26 0.48 0.05 0.63 0.17 0.34

LASSO 0.09 0.25 0.09 0.13 0.05 0.54 0.08 0.11

Random Forest 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

24 Random Walk 1.00 0.64 1.00 1.00 0.10 0.96 1.00 1.00

AR 0.22 1.00 0.22 0.26 0.09 1.00 0.09 0.10

Bagging 0.14 0.05 0.14 0.13 0.11 0.83 0.02 0.01

CSR 0.20 0.51 0.20 0.18 0.09 0.89 0.05 0.05

LASSO 0.22 0.48 0.22 0.26 0.11 0.96 0.09 0.10

Random Forest 0.80 0.64 0.80 0.48 1.00 0.96 0.86 0.49

1.5 6 Random Walk 0.28 0.69 0.28 0.39 0.08 0.33 0.18 0.25

AR 0.21 0.97 0.21 0.39 0.05 0.32 0.11 0.21

Bagging 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00

CSR 0.70 1.00 0.70 0.97 0.22 0.49 0.36 0.59

LASSO 0.21 0.57 0.21 0.39 0.08 0.49 0.12 0.21

Random Forest 1.00 0.97 1.00 1.00 1.00 1.00 1.00 1.00

24 Random Walk 1.00 0.91 1.00 1.00 0.00 0.99 1.00 1.00

AR 0.16 0.94 0.16 0.36 0.00 0.99 0.09 0.08

Bagging 0.04 0.05 0.04 0.03 0.05 0.03 0.09 0.07

CSR 0.04 0.91 0.04 0.07 0.00 0.86 0.09 0.07

LASSO 0.04 0.71 0.04 0.14 0.02 0.99 0.09 0.07

Random Forest 0.37 1.00 0.37 0.36 1.00 1.00 0.28 0.15

2 6 Random Walk 0.38 0.67 0.38 0.43 0.02 0.51 0.14 0.38

AR 0.12 0.82 0.12 0.40 0.04 0.53 0.03 0.13

Bagging 0.00 0.00 0.00 0.00 0.00 0.02 0.00 0.00

CSR 1.00 1.00 1.00 1.00 0.23 0.68 0.55 0.99

LASSO 0.38 0.63 0.38 0.43 0.07 0.68 0.14 0.38

Random Forest 0.72 0.69 0.72 0.45 1.00 1.00 1.00 1.00

24 Random Walk 1.00 0.75 1.00 1.00 0.00 1.00 1.00 1.00

AR 0.37 1.00 0.37 0.41 0.00 0.74 0.09 0.08

Bagging 0.07 0.00 0.07 0.05 0.03 0.04 0.09 0.06

CSR 0.20 0.57 0.20 0.24 0.00 0.74 0.08 0.06

LASSO 0.37 0.41 0.37 0.38 0.01 0.74 0.09 0.08

Random Forest 0.57 0.57 0.57 0.41 1.00 0.74 0.60 0.14

NOTE: This table continues on the next page.
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Table I.6 (continued): MCS p-values for center inflation application.

SphS CRPS

r τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog tw

1 6 Random Walk 0.01 0.67 0.09 0.15 0.07 0.67 0.08 0.13 0.18

AR 0.00 0.73 0.07 0.15 0.03 0.71 0.06 0.08 0.25

Bagging 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.18

CSR 0.03 0.73 0.23 0.43 0.07 0.71 0.19 0.40 0.89

LASSO 0.02 0.44 0.09 0.15 0.07 0.32 0.08 0.09 1.00

Random Forest 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.89

24 Random Walk 0.08 0.98 1.00 1.00 0.35 0.83 1.00 1.00 0.93

AR 0.04 1.00 0.13 0.13 0.06 1.00 0.08 0.07 0.05

Bagging 0.08 0.08 0.02 0.02 0.35 0.21 0.03 0.01 0.93

CSR 0.04 0.61 0.06 0.06 0.10 0.74 0.06 0.05 0.03

LASSO 0.08 0.67 0.13 0.13 0.35 0.76 0.08 0.07 0.93

Random Forest 1.00 0.98 0.83 0.47 1.00 0.83 0.87 0.49 1.00

1.5 6 Random Walk 0.05 0.61 0.20 0.27 0.12 0.61 0.21 0.28 0.12

AR 0.05 0.61 0.13 0.24 0.05 0.62 0.13 0.25 0.19

Bagging 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.19

CSR 0.12 0.61 0.41 0.67 0.12 0.62 0.44 0.70 0.99

LASSO 0.02 0.61 0.14 0.24 0.10 0.61 0.13 0.25 0.99

Random Forest 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

24 Random Walk 0.41 1.00 1.00 1.00 0.24 0.93 1.00 1.00 0.61

AR 0.23 0.87 0.04 0.06 0.01 0.93 0.09 0.12 0.04

Bagging 0.23 0.00 0.00 0.00 0.24 0.04 0.09 0.06 0.27

CSR 0.03 0.75 0.01 0.02 0.02 0.93 0.09 0.06 0.04

LASSO 0.23 0.75 0.04 0.04 0.24 0.93 0.09 0.07 0.29

Random Forest 1.00 0.75 0.22 0.06 1.00 1.00 0.29 0.15 1.00

2 6 Random Walk 0.05 0.48 0.18 0.39 0.17 0.61 0.19 0.42 0.06

AR 0.05 0.65 0.03 0.16 0.01 0.89 0.03 0.18 0.16

Bagging 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.16

CSR 0.36 0.77 0.67 1.00 0.25 0.98 0.73 1.00 0.95

LASSO 0.02 0.54 0.17 0.39 0.25 0.67 0.19 0.42 0.95

Random Forest 1.00 1.00 1.00 0.90 1.00 1.00 1.00 0.83 1.00

24 Random Walk 0.36 1.00 1.00 1.00 0.38 1.00 1.00 1.00 1.00

AR 0.07 0.29 0.07 0.07 0.00 0.93 0.20 0.27 0.09

Bagging 0.05 0.01 0.07 0.04 0.27 0.01 0.08 0.08 0.09

CSR 0.01 0.27 0.07 0.04 0.02 0.93 0.08 0.18 0.09

LASSO 0.05 0.27 0.07 0.07 0.27 0.93 0.20 0.27 0.09

Random Forest 1.00 0.27 0.37 0.09 1.00 0.93 0.65 0.27 0.91

NOTE: This table presents the MCS p-values implied by censored (♭) and (corrected)
conditional (♯) scoring rules underlying the results presented in Table 2 and twCRPS, for
different forecast horizons τ . Calculations are conducted by the R package MCS by Bernardi
and Catania (2018), using B = 10, 000 simulations and block length b = 5. Bold (and
italic) p-values signify a forecast method’s elimination from MCS0.75 (and MCS0.90).
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Table I.7: MCS p-values for tails inflation application.

LogS QS

r1 h Method ♭ ♯ sbar slog ♭ ♯ sbar slog

1 6 Random Walk 0.26 0.46 0.26 0.31 0.02 0.21 0.10 0.03

AR 0.01 0.17 0.01 0.03 0.01 0.30 0.02 0.03

Bagging 0.00 0.08 0.00 0.05 0.00 0.21 0.00 0.01

CSR 1.00 1.00 1.00 1.00 0.18 1.00 0.30 0.37

LASSO 0.43 0.78 0.43 0.75 0.04 0.95 0.10 0.33

Random Forest 0.43 0.46 0.43 0.35 1.00 0.95 1.00 1.00

24 Random Walk 1.00 0.59 1.00 0.67 1.00 0.74 1.00 0.06

AR 0.13 0.59 0.13 0.67 0.00 0.74 0.04 0.03

Bagging 0.05 0.29 0.05 0.32 0.00 0.61 0.01 0.06

CSR 0.05 0.44 0.05 0.37 0.00 0.61 0.04 0.00

LASSO 0.13 1.00 0.13 1.00 0.00 1.00 0.04 0.06

Random Forest 0.32 0.30 0.32 0.67 0.08 0.61 0.66 1.00

1.5 6 Random Walk 0.18 0.27 0.18 0.11 0.03 0.56 0.17 0.02

AR 0.00 0.38 0.00 0.11 0.02 0.61 0.04 0.02

Bagging 0.02 0.27 0.02 0.13 0.00 0.56 0.00 0.02

CSR 1.00 0.68 1.00 0.87 0.25 0.81 0.48 0.20

LASSO 0.52 1.00 0.52 1.00 0.03 1.00 0.16 0.05

Random Forest 0.47 0.41 0.47 0.53 1.00 0.81 1.00 1.00

24 Random Walk 1.00 0.36 1.00 0.98 1.00 0.48 1.00 0.02

AR 0.08 0.42 0.08 0.19 0.00 0.50 0.07 0.00

Bagging 0.08 0.42 0.08 0.78 0.00 1.00 0.07 0.02

CSR 0.06 0.36 0.06 0.07 0.00 0.35 0.07 0.00

LASSO 0.08 1.00 0.08 0.98 0.00 0.78 0.07 0.00

Random Forest 0.28 0.42 0.28 1.00 0.10 0.78 0.44 1.00

2 6 Random Walk 0.17 0.27 0.17 0.10 0.14 0.65 0.11 0.01

AR 0.00 0.20 0.00 0.00 0.05 0.65 0.01 0.00

Bagging 0.06 0.27 0.06 0.19 0.01 0.98 0.00 0.01

CSR 1.00 0.27 1.00 0.44 0.67 0.98 0.63 0.12

LASSO 0.67 1.00 0.67 1.00 0.12 0.98 0.08 0.01

Random Forest 0.59 0.27 0.59 0.44 1.00 1.00 1.00 1.00

24 Random Walk 1.00 0.19 1.00 0.99 1.00 0.18 1.00 0.00

AR 0.07 0.19 0.07 0.13 0.00 0.18 0.03 0.00

Bagging 0.03 0.27 0.03 0.99 0.00 0.18 0.02 0.00

CSR 0.02 0.27 0.02 0.05 0.00 0.18 0.02 0.00

LASSO 0.07 1.00 0.07 0.95 0.00 1.00 0.05 0.00

Random Forest 0.23 0.27 0.23 1.00 0.07 0.18 0.70 1.00

NOTE: This table continues on the next page.
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Table I.7 (continued): MCS p-values for tails inflation application.

SphS CRPS

r1 h Method ♭ ♯ sbar slog ♭ ♯ sbar slog tw

1 6 Random Walk 0.04 0.44 0.11 0.03 0.32 0.18 0.02 0.10 0.06

AR 0.01 0.51 0.02 0.03 1.00 0.13 0.01 0.08 0.03

Bagging 0.00 0.13 0.00 0.00 0.31 0.90 0.01 0.93 0.04

CSR 0.14 1.00 0.43 0.65 0.10 0.90 0.85 0.93 0.28

LASSO 0.05 0.89 0.11 0.57 0.31 1.00 0.85 1.00 0.20

Random Forest 1.00 0.89 1.00 1.00 0.04 0.90 1.00 0.93 1.00

24 Random Walk 0.76 0.61 1.00 0.23 0.44 0.31 1.00 0.65 1.00

AR 0.00 0.61 0.05 0.19 0.95 0.31 0.01 0.07 0.00

Bagging 0.00 0.55 0.02 0.21 1.00 0.27 0.01 0.36 0.00

CSR 0.00 0.55 0.04 0.01 0.95 0.10 0.01 0.03 0.00

LASSO 0.00 1.00 0.05 0.23 0.95 1.00 0.01 1.00 0.00

Random Forest 1.00 0.55 0.65 1.00 0.23 0.31 0.56 0.89 0.32

1.5 6 Random Walk 0.02 0.55 0.21 0.02 0.39 0.23 0.09 0.12 0.10

AR 0.02 0.66 0.04 0.04 1.00 0.44 0.02 0.22 0.04

Bagging 0.00 0.15 0.00 0.02 0.29 1.00 0.09 0.79 0.04

CSR 0.19 0.84 0.59 0.42 0.17 0.59 0.91 0.79 0.24

LASSO 0.02 1.00 0.21 0.18 0.29 0.80 0.86 1.00 0.11

Random Forest 1.00 0.84 1.00 1.00 0.08 0.59 1.00 0.79 1.00

24 Random Walk 0.90 0.44 1.00 0.05 0.50 0.40 1.00 0.05 1.00

AR 0.01 0.44 0.08 0.01 0.73 0.27 0.10 0.00 0.00

Bagging 0.01 1.00 0.08 0.05 1.00 0.59 0.10 0.54 0.00

CSR 0.00 0.42 0.07 0.00 0.71 0.27 0.07 0.04 0.00

LASSO 0.02 0.55 0.08 0.03 0.71 1.00 0.10 0.54 0.00

Random Forest 1.00 0.55 0.44 1.00 0.50 0.59 0.44 1.00 0.29

2 6 Random Walk 0.02 0.65 0.12 0.01 0.34 0.27 0.08 0.03 0.19

AR 0.02 0.65 0.01 0.01 1.00 0.27 0.01 0.03 0.11

Bagging 0.00 0.65 0.00 0.01 0.34 1.00 0.17 0.89 0.05

CSR 0.37 1.00 0.75 0.28 0.30 0.58 1.00 0.89 0.24

LASSO 0.02 0.97 0.09 0.01 0.34 0.60 0.62 1.00 0.24

Random Forest 1.00 0.97 1.00 1.00 0.22 0.58 0.96 0.89 1.00

24 Random Walk 1.00 0.19 1.00 0.01 0.52 0.25 1.00 0.03 1.00

AR 0.00 0.17 0.03 0.00 0.56 0.25 0.04 0.00 0.01

Bagging 0.00 0.21 0.02 0.01 1.00 0.25 0.03 0.23 0.01

CSR 0.00 0.21 0.02 0.00 0.38 0.25 0.02 0.01 0.00

LASSO 0.00 1.00 0.06 0.00 0.38 1.00 0.08 0.22 0.01

Random Forest 0.80 0.17 0.66 1.00 0.52 0.25 0.68 1.00 0.46

NOTE: This table presents the MCS p-values implied by censored (♭) and (corrected)
conditional (♯) scoring rules underlying the results presented in Table 2 and twCRPS, for
different forecast horizons τ . Calculations are conducted by the R package MCS by Bernardi
and Catania (2018), using B = 10, 000 simulations and block length b = 5. Bold (and
italic) p-values signify a forecast method’s elimination from MCS0.75 (and MCS0.90).
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I.4 Climate

The MCS p-values for the climate application are reported in Table I.8 (right tail appli-

cation) and Table I.9 (center application). The MCS p-values in Table I.9 reveal that the

MCSs are consistently small in the center application, frequently including one or both of

the QGARCH-II methods. This observation suggests that the preference for censoring, as

depicted in Table 2, translates into the censored scoring rule’s more effective recognition

of the QGARCH-II methods’ pronounced superiority. Table I.9 further demonstrates that

the performance of the CRPS♭ and twCRPS is closely matched.
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Table I.8: MCS p-values for right tail climate application.

LogS QS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.99 1 GARCH-N 0.66 1.00 0.66 1.00 0.05 1.00 0.24 0.95

GARCH-t 0.78 0.34 0.78 0.85 0.05 0.86 0.26 1.00

QGARCH-I-N 0.47 0.34 0.47 0.85 0.04 0.58 0.14 0.97

QGARCH-I-t 0.47 0.34 0.47 0.85 0.04 0.58 0.17 0.98

QGARCH-II-N 0.33 0.05 0.33 0.35 1.00 0.06 0.28 0.84

QGARCH-II-t 1.00 0.05 1.00 0.56 0.74 0.06 1.00 0.98

3 GARCH-N 0.00 0.04 0.00 0.01 0.00 0.24 0.00 0.02

GARCH-t 1.00 1.00 1.00 1.00 0.00 1.00 0.17 1.00

QGARCH-I-N 0.00 0.04 0.00 0.01 0.00 0.06 0.00 0.01

QGARCH-I-t 0.00 0.04 0.00 0.01 0.00 0.06 0.00 0.01

QGARCH-II-N 0.00 0.02 0.00 0.00 1.00 0.06 0.00 0.01

QGARCH-II-t 0.94 0.03 0.94 0.06 0.31 0.23 1.00 0.32

0.95 1 GARCH-N 0.03 0.80 0.03 0.17 0.00 1.00 0.00 0.13

GARCH-t 0.08 1.00 0.08 1.00 0.00 0.09 0.01 0.54

QGARCH-I-N 0.01 0.03 0.01 0.09 0.00 0.09 0.00 0.40

QGARCH-I-t 0.01 0.03 0.01 0.06 0.00 0.03 0.00 0.30

QGARCH-II-N 0.03 0.14 0.03 0.06 1.00 0.24 0.06 0.40

QGARCH-II-t 1.00 0.14 1.00 0.53 0.38 0.24 1.00 1.00

3 GARCH-N 0.00 0.01 0.00 0.00 0.00 0.73 0.00 0.01

GARCH-t 0.00 1.00 0.00 1.00 0.00 0.73 0.00 0.71

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 0.00 0.00 0.00 0.00 0.91 0.01 0.00 0.02

QGARCH-II-t 1.00 0.01 1.00 0.08 1.00 1.00 1.00 1.00

0.9 1 GARCH-N 0.00 0.42 0.00 0.03 0.00 0.76 0.00 0.01

GARCH-t 0.01 1.00 0.01 0.97 0.00 0.76 0.00 0.50

QGARCH-I-N 0.00 0.02 0.00 0.00 0.00 0.10 0.00 0.04

QGARCH-I-t 0.00 0.01 0.00 0.00 0.00 0.05 0.00 0.03

QGARCH-II-N 0.01 0.07 0.01 0.02 1.00 0.76 0.14 0.14

QGARCH-II-t 1.00 0.70 1.00 1.00 0.01 1.00 1.00 1.00

3 GARCH-N 0.00 0.01 0.00 0.00 0.00 0.15 0.00 0.01

GARCH-t 0.00 1.00 0.00 1.00 0.00 0.15 0.00 0.69

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 0.00 0.00 0.00 0.00 1.00 0.41 0.00 0.02

QGARCH-II-t 1.00 0.02 1.00 0.10 0.03 1.00 1.00 1.00

NOTE: This table continues on the next page.
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Table I.8 (continued): MCS p-values for right tail climate application (Continued).

LogS QS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.85 1 GARCH-N 0.00 0.20 0.00 0.05 0.00 0.07 0.00 0.03

GARCH-t 0.00 0.33 0.00 0.16 0.00 0.07 0.00 0.11

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01

QGARCH-II-N 0.00 0.03 0.00 0.03 1.00 0.27 0.52 0.34

QGARCH-II-t 1.00 1.00 1.00 1.00 0.01 1.00 1.00 1.00

3 GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-t 0.00 1.00 0.00 1.00 0.00 0.00 0.00 0.25

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.02

QGARCH-II-t 1.00 0.59 1.00 0.73 0.00 1.00 1.00 1.00

0.8 1 GARCH-N 0.00 0.07 0.00 0.03 0.00 0.02 0.00 0.05

GARCH-t 0.00 0.07 0.00 0.03 0.00 0.02 0.00 0.05

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00

QGARCH-II-N 0.01 0.03 0.01 0.03 1.00 1.00 1.00 0.87

QGARCH-II-t 1.00 1.00 1.00 1.00 0.02 0.63 0.87 1.00

3 GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01

GARCH-t 0.00 0.30 0.00 0.32 0.00 0.00 0.00 0.06

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 0.00 0.00 0.00 0.00 1.00 0.25 0.00 0.02

QGARCH-II-t 1.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00

0.75 1 GARCH-N 0.00 0.01 0.00 0.01 0.00 0.00 0.00 0.02

GARCH-t 0.00 0.02 0.00 0.01 0.00 0.00 0.00 0.02

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 0.00 0.02 0.00 0.01 1.00 1.00 0.21 0.11

QGARCH-II-t 1.00 1.00 1.00 1.00 0.16 0.75 1.00 1.00

3 GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02

GARCH-t 0.00 0.01 0.00 0.02 0.00 0.00 0.00 0.03

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 0.00 0.00 0.00 0.00 1.00 1.00 0.00 0.01

QGARCH-II-t 1.00 1.00 1.00 1.00 0.00 0.98 1.00 1.00

NOTE: This table continues on the next page.
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Table I.8 (continued): MCS p-values for right tail climate application (Continued).

SphS CRPS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.99 1 GARCH-N 0.25 0.69 0.31 0.92 0.45 0.56 0.56 0.56

GARCH-t 0.25 1.00 0.39 1.00 0.45 1.00 1.00 1.00

QGARCH-I-N 0.01 0.56 0.17 0.93 0.03 0.05 0.05 0.05

QGARCH-I-t 0.03 0.56 0.24 0.93 0.05 0.05 0.05 0.05

QGARCH-II-N 1.00 0.10 0.39 0.80 1.00 0.05 0.05 0.05

QGARCH-II-t 0.56 0.10 1.00 0.93 0.80 0.05 0.05 0.05

3 GARCH-N 0.00 0.03 0.00 0.02 0.00 0.10 0.10 0.10

GARCH-t 0.00 1.00 0.33 1.00 0.00 1.00 1.00 1.00

QGARCH-I-N 0.00 0.02 0.00 0.01 0.00 0.09 0.09 0.09

QGARCH-I-t 0.00 0.02 0.00 0.01 0.00 0.10 0.10 0.10

QGARCH-II-N 0.71 0.02 0.00 0.01 0.21 0.07 0.07 0.07

QGARCH-II-t 1.00 0.02 1.00 0.20 1.00 0.07 0.07 0.07

0.95 1 GARCH-N 0.00 1.00 0.01 0.19 0.00 0.18 0.18 0.18

GARCH-t 0.00 0.09 0.01 0.82 0.00 1.00 1.00 1.00

QGARCH-I-N 0.00 0.09 0.00 0.33 0.00 0.06 0.06 0.06

QGARCH-I-t 0.00 0.05 0.00 0.23 0.00 0.06 0.06 0.06

QGARCH-II-N 0.71 0.09 0.05 0.33 1.00 0.18 0.18 0.18

QGARCH-II-t 1.00 0.09 1.00 1.00 0.81 0.18 0.18 0.18

3 GARCH-N 0.00 0.36 0.00 0.01 0.00 0.08 0.08 0.08

GARCH-t 0.00 1.00 0.00 1.00 0.00 1.00 1.00 1.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.08 0.08 0.08

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.08 0.08 0.08

QGARCH-II-N 0.75 0.01 0.00 0.02 1.00 0.08 0.08 0.08

QGARCH-II-t 1.00 0.04 1.00 0.80 0.88 0.08 0.08 0.08

0.9 1 GARCH-N 0.00 1.00 0.00 0.03 0.00 0.07 0.07 0.07

GARCH-t 0.00 0.92 0.00 0.73 0.00 1.00 1.00 1.00

QGARCH-I-N 0.00 0.48 0.00 0.04 0.00 0.07 0.07 0.07

QGARCH-I-t 0.00 0.28 0.00 0.03 0.00 0.05 0.05 0.05

QGARCH-II-N 1.00 0.52 0.13 0.15 1.00 0.05 0.05 0.05

QGARCH-II-t 0.14 0.92 1.00 1.00 0.87 0.05 0.05 0.05

3 GARCH-N 0.00 0.46 0.00 0.01 0.00 0.05 0.05 0.05

GARCH-t 0.00 1.00 0.00 1.00 0.00 1.00 1.00 1.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.05 0.05 0.05

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.05 0.05 0.05

QGARCH-II-N 1.00 0.04 0.00 0.01 1.00 0.05 0.05 0.05

QGARCH-II-t 0.06 0.46 1.00 0.80 0.51 0.05 0.05 0.05

NOTE: This table continues on the next page.
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Table I.8 (continued): MCS p-values for right tail climate application (Continued).

SphS CRPS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

0.85 1 GARCH-N 0.00 0.24 0.00 0.02 0.00 0.55 0.55 0.55

GARCH-t 0.00 0.74 0.00 0.27 0.00 1.00 1.00 1.00

QGARCH-I-N 0.00 0.01 0.00 0.02 0.00 0.04 0.04 0.04

QGARCH-I-t 0.00 0.01 0.00 0.01 0.00 0.04 0.04 0.04

QGARCH-II-N 1.00 0.07 0.20 0.20 1.00 0.04 0.04 0.04

QGARCH-II-t 0.11 1.00 1.00 1.00 0.93 0.04 0.04 0.04

3 GARCH-N 0.00 0.10 0.00 0.01 0.00 0.10 0.10 0.10

GARCH-t 0.00 1.00 0.00 0.92 0.00 1.00 1.00 1.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.10 0.10 0.10

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.10 0.10 0.10

QGARCH-II-N 1.00 0.00 0.00 0.01 1.00 0.10 0.10 0.10

QGARCH-II-t 0.00 0.95 1.00 1.00 0.14 0.08 0.08 0.08

0.8 1 GARCH-N 0.00 0.65 0.00 0.21 0.00 0.21 0.21 0.21

GARCH-t 0.00 0.65 0.00 0.21 0.00 1.00 1.00 1.00

QGARCH-I-N 0.00 0.30 0.00 0.01 0.00 0.04 0.04 0.04

QGARCH-I-t 0.00 0.12 0.00 0.00 0.00 0.04 0.04 0.04

QGARCH-II-N 1.00 0.69 0.93 0.71 1.00 0.04 0.04 0.04

QGARCH-II-t 0.02 1.00 1.00 1.00 0.45 0.04 0.04 0.04

3 GARCH-N 0.00 0.40 0.00 0.02 0.00 0.10 0.10 0.10

GARCH-t 0.00 0.40 0.00 0.53 0.00 1.00 1.00 1.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.10 0.10 0.10

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.09 0.09 0.09

QGARCH-II-N 1.00 0.02 0.00 0.02 1.00 0.07 0.07 0.07

QGARCH-II-t 0.00 1.00 1.00 1.00 0.01 0.07 0.07 0.07

0.75 1 GARCH-N 0.00 0.12 0.00 0.18 0.00 0.25 0.25 0.25

GARCH-t 0.00 0.10 0.00 0.18 0.00 0.80 0.80 0.80

QGARCH-I-N 0.00 0.02 0.00 0.00 0.00 0.09 0.09 0.09

QGARCH-I-t 0.00 0.01 0.00 0.00 0.00 1.00 1.00 1.00

QGARCH-II-N 1.00 0.61 0.16 0.18 1.00 0.19 0.19 0.19

QGARCH-II-t 0.13 1.00 1.00 1.00 0.18 0.19 0.19 0.19

3 GARCH-N 0.00 0.03 0.00 0.18 0.00 0.10 0.10 0.10

GARCH-t 0.00 0.03 0.00 0.35 0.00 1.00 1.00 1.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.10 0.10 0.10

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.99 0.99 0.99

QGARCH-II-N 1.00 0.03 0.00 0.01 1.00 0.11 0.11 0.11

QGARCH-II-t 0.00 1.00 1.00 1.00 0.00 0.10 0.10 0.10

NOTE: This table presents the MCS p-values implied by censored (♭) and (corrected)
conditional (♯) scoring rules underlying the results presented in Table 2, for different forecast
horizons τ . Calculations are conducted by the R package MCS by Bernardi and Catania
(2018), using B = 10, 000 simulations and block length b = 200. Bold (and italic) p-values
signify a forecast method’s elimination from MCS0.75 (and MCS0.90).
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Table I.9: MCS p-values for center climate application.

LogS QS

q τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog

1 1 GARCH-N 0.00 0.27 0.00 0.00 0.00 0.46 0.00 0.00

GARCH-t 0.00 0.61 0.00 0.00 0.00 0.46 0.00 0.00

QGARCH-I-N 0.00 0.05 0.00 0.00 0.00 0.03 0.00 0.00

QGARCH-I-t 0.00 0.12 0.00 0.00 0.00 0.07 0.00 0.00

QGARCH-II-N 1.00 0.21 1.00 0.84 1.00 0.46 1.00 1.00

QGARCH-II-t 0.87 1.00 0.87 1.00 0.02 1.00 0.15 0.31

3 GARCH-N 0.01 0.04 0.01 0.02 0.00 0.01 0.01 0.01

GARCH-t 0.01 0.31 0.01 0.02 0.00 0.06 0.01 0.01

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 0.01 0.04 0.01 0.02 1.00 0.02 0.05 0.03

QGARCH-II-t 1.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00

2 1 GARCH-N 0.00 0.12 0.00 0.00 0.00 0.03 0.00 0.00

GARCH-t 0.00 0.11 0.00 0.00 0.00 0.02 0.00 0.00

QGARCH-I-N 0.00 0.03 0.00 0.00 0.00 0.01 0.00 0.00

QGARCH-I-t 0.00 0.03 0.00 0.00 0.00 0.01 0.00 0.00

QGARCH-II-N 0.66 0.74 0.66 0.41 1.00 1.00 0.96 0.52

QGARCH-II-t 1.00 1.00 1.00 1.00 0.13 0.40 1.00 1.00

3 GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-t 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 0.00 0.01 0.00 0.00 1.00 0.60 0.06 0.01

QGARCH-II-t 1.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00

4 1 GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 0.03 0.03 0.03 0.02 1.00 0.53 0.13 0.20

QGARCH-II-t 1.00 1.00 1.00 1.00 0.06 1.00 1.00 1.00

3 GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 0.00 0.00 0.00 0.00 1.00 0.24 0.00 0.00

QGARCH-II-t 1.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00

NOTE: This table continues on the next page.
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Table I.9: MCS p-values for center climate application (Continued).

SphS CRPS

r τ Method ♭ ♯ sbar slog ♭ ♯ sbar slog tw

1 1 GARCH-N 0.00 0.43 0.00 0.00 0.00 0.44 0.00 0.00 0.00

GARCH-t 0.00 0.43 0.00 0.00 0.00 0.47 0.00 0.00 0.00

QGARCH-I-N 0.00 0.03 0.00 0.00 0.00 0.05 0.00 0.00 0.00

QGARCH-I-t 0.00 0.04 0.00 0.00 0.00 0.11 0.00 0.00 0.00

QGARCH-II-N 1.00 0.38 1.00 1.00 1.00 0.34 1.00 1.00 1.00

QGARCH-II-t 0.02 1.00 0.47 0.74 0.01 1.00 0.16 0.31 0.36

3 GARCH-N 0.00 0.01 0.01 0.01 0.00 0.03 0.01 0.01 0.00

GARCH-t 0.00 0.13 0.01 0.01 0.00 0.19 0.01 0.01 0.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 1.00 0.01 0.02 0.01 1.00 0.03 0.05 0.02 1.00

QGARCH-II-t 0.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00 0.00

2 1 GARCH-N 0.00 0.10 0.00 0.00 0.00 0.05 0.00 0.00 0.00

GARCH-t 0.00 0.06 0.00 0.00 0.00 0.05 0.00 0.00 0.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.02 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.02 0.00 0.00 0.00

QGARCH-II-N 1.00 1.00 0.81 0.47 1.00 1.00 0.84 0.46 1.00

QGARCH-II-t 0.09 0.92 1.00 1.00 0.51 0.83 1.00 1.00 0.15

3 GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 1.00 0.00 0.01 0.00 1.00 0.16 0.05 0.01 1.00

QGARCH-II-t 0.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00 0.00

4 1 GARCH-N 0.00 0.02 0.00 0.02 0.00 0.00 0.00 0.00 0.00

GARCH-t 0.00 0.02 0.00 0.02 0.00 0.00 0.00 0.00 0.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 1.00 0.02 0.04 0.05 1.00 0.67 0.19 0.28 1.00

QGARCH-II-t 0.05 1.00 1.00 1.00 0.74 1.00 1.00 1.00 0.18

3 GARCH-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GARCH-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-N 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-I-t 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

QGARCH-II-N 1.00 0.00 0.00 0.00 1.00 0.71 0.00 0.01 1.00

QGARCH-II-t 0.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00 0.00

NOTE: This table presents the MCS p-values implied by censored (♭) and (corrected)
conditional (♯) scoring rules underlying the results presented in Table 2 and twCRPS, for
different forecast horizons τ . Calculations are conducted by the R package MCS by Bernardi
and Catania (2018), using B = 10, 000 simulations and block length b = 200. Bold (and
italic) p-values signify a forecast method’s elimination from MCS0.75 (and MCS0.90).
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