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Abstract

When comparing predictive distributions, forecasters are typically not equally in-
terested in all regions of the outcome space. To address the demand for focused
forecast evaluation, we propose a procedure to transform strictly proper scoring rules
into their localized counterparts while preserving the score divergence and strict pro-
priety. This is accomplished by applying the original scoring rule to a censored distri-
bution. Our procedure nests the censored likelihood score as a special case. Among
a multitude of others, it also implies a class of censored kernel scores that offers a
(possibly multivariate) alternative to the threshold weighted Continuously Ranked
Probability Score (twCRPS), extending its local propriety to more general weight
functions than single tail indicators. Within this localized framework, we obtain a
generalization of the Neyman Pearson lemma, establishing the censored likelihood
ratio test as uniformly most powerful. For other tests of localized equal predictive
performance, results of Monte Carlo simulations and empirical applications to risk
management, inflation and climate data consistently emphasize the excellent power
properties of censoring versus other localization methods.

Keywords: Density forecast evaluation; Tests for equal predictive ability; Censoring; Like-
lihood ratio; CRPS.

1 INTRODUCTION

Over the past decades, probabilistic forecasts have garnered increasing attention across a

variety of disciplines, primarily because they provide a more comprehensive understanding

of the stochastic nature of a random variable under scrutiny than point forecasts (Dawid

1984). A cornerstone for the effective evaluation of such probabilistic forecasts is the use

of strictly proper scoring rules (Gneiting and Raftery 2007; Brehmer and Gneiting 2020;

Patton 2020), which have been widely advocated for their ability to ensure fair comparative

assessments of different forecast methods. Scoring rules are inherently connected with

divergence measures; under the restriction of strict propriety, these measures are subsumed

under Bregman divergences (Dawid 2007; Ovcharov 2018; Painsky and Wornell 2020).

While the usefulness of unweighted probabilistic forecasting is well-recognized and well-

understood, various applications, such as the analysis of large financial portfolio losses,

inflation targets or temperature ranges, require a focused, localized evaluation of predictive

distributions.

2



In this paper, we introduce a natural localization mechanism for strictly proper scoring

rules that preserves the score divergence and strict propriety. By censoring (Bernoulli 1760;

Tobin 1958) the observation and distribution before applying the original scoring rule, we

find a sweet spot between retaining and discarding information when focusing on a region

of interest. Crucially, unlike existing approaches that employ conditional distributions, our

method preserves the overall probability of receiving an observation in (or outside) the

target region, obviously relevant when comparing various candidate distributions focused

on the same area. Moreover, within the region of interest, our mechanism maintains the

original distribution’s shape. This is particularly beneficial when evaluating functionals in

this region, such as quantiles or conditional expectations. Our procedure can be used to

generate a multitude of strictly locally proper scoring rules. These include the censored

likelihood (CSL) score, proposed by Diks et al. (2011), and the threshold weighted Contin-

uously Ranked Probability Score (twCRPS), put forward by Gneiting and Ranjan (2011),

for weight functions for which Holzmann and Klar (2017a) have shown that the twCRPS

is strictly locally proper. On the other hand, for weight functions for which the twCRPS

is not strictly locally proper, our analysis provides a strictly locally proper alternative.

The information retained by our censoring approach translates into advantageous power

properties of tests aimed at comparing density forecasts in regions of interest. We prove a

generalization of the Neyman Pearson (1933) lemma, revealing that the censored likelihood

ratio leads to a Uniformly Most Powerful (UMP) test. By contrast, we provide explicit

evidence that the conditional likelihood (CL) score does not admit a UMP test. Monte

Carlo simulations and empirical applications analyze the power properties of the Diebold

and Mariano (2002) (DM) type test statistic, within the framework of Giacomini and

White (2006), based on censored vis-à-vis alternative localized scoring rules. Censored

scoring rules have competitive power properties in all Monte Carlo experiments conducted.

In multiple empirical experiments, involving financial, macroeconomic and climate data,
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we utilize the DM tests in the Model Confidence Set (MCS) procedure of Hansen et al.

(2011). The MCSs resulting from censored scoring rules are typically smaller than those

arising from alternative localization procedures, broadly aligning with the power properties

displayed by the Monte Carlo results.

Our research contributes to the literature on focused scoring rules, initiated by the

weighted likelihood score (WLS) of Amisano and Giacomini (2007). Diks et al. (2011)

and Gneiting and Ranjan (2011) sought to correct the (regular) impropriety of this scoring

rule by introducing the CL, CSL and twCRPS, respectively. Holzmann and Klar (2017a)

substantially advanced focused scoring rules, using conditioning to construct proportionally

locally proper scoring rules from unweighted scoring rules other than the logarithmic score.

They also showed that strict local propriety of the ensuing scoring rules can be restored

by adding an auxiliary weighted scoring rule, based on an arbitrary strictly proper rule

for the probability of an observation landing in the region of interest. Our work differs

importantly by opting for censoring rather than conditioning as localization mechanism.

Through censoring, we enable the direct application of the original scoring rule to the

localized measure, thereby avoiding the need for an auxiliary scoring rule and preserving the

original Bregman divergence. As detailed by Brehmer and Gneiting (2020, Theorem 1), the

conditional scoring rules of Holzmann and Klar (2017a) can also be viewed as an extension

of the WLS refined through a ‘properization’ process. Consequently, properization is not

a viable mechanism for retaining strict propriety of the original scoring rule. Recently,

Allen et al. (2023) introduced a framework to create strictly locally proper scoring rules

from the class of kernel scores. Furthermore, Mitchell and Weale (2023) proposed using

censored density forecasts, to perform statistical inference based on a central region of

the forecast distribution; they do not aim to evaluate competing candidate densities. We

provide a detailed comparison of our censoring approach with these alternative localization

procedures in Section 3.5.
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Our research also rests upon a substantial body of research concerning unweighted

strictly proper scoring rules and their associated divergence measures. Although the for-

malization of strict propriety was rigorously achieved by Gneiting and Raftery (2007),

scoring rules satisfying this property date at least to the Quadratic Scoring rule of Brier

(1950). The literature in this domain has evolved from an initial focus on discrete settings

to a more general treatment. In this vein, we rely on the expanded frameworks of the Power

(PowSα) and PseudoSpherical (PsSphSα) families as advocated by Gneiting and Raftery

(2007) and Ovcharov (2018) rather than their discrete foundations.

Interest in targeting specific regions of predictive distributions has surged across diverse

fields, including meteorology, climatology, hydrology, finance, and economics. In financial

risk management, attention is particularly concentrated on the left tail of return distribu-

tions, according to mandated risk measures such as Value-at-Risk and Expected Shortfall

(Cont et al. 2010; Fissler et al. 2015). Analogously, in macroeconomics, ‘Growth-at-Risk’

and ‘Inflation-at-Risk’ are emerging concepts, signifying values that deviate significantly

from benchmarks established by institutions such as Central Banks (Adrian et al. 2019;

Lopez-Salido and Loria 2020; Iacopini et al. 2023). In other scenarios, the emphasis might

rest on the central region or on another specific region of the distribution, often dictated by

external constraints or objectives. Examples range from optimizing growing conditions for

specific crops such as tubers, to calibrating wind speeds for peak wind turbine performance,

and regulating blood sugar levels for effective diabetes management. All these applications

require region-specific performance evaluations aligned with the interest in particular out-

comes. Accordingly, as illustrated by Lerch et al. (2017), it is crucial to distinguish between

strict propriety and strict local propriety; failing to do so can result in misleading results.

The paper is organized as follows. Section 2 provides the foundational concepts. Sec-

tion 3 introduces the censored scoring rule and establishes its strict local propriety. This

section also contains guidance for the practical use of the censoring procedure, a general-
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ization of the Neyman Pearson lemma, and a comparison with alternative weighted scoring

rules. Section 4 discusses the empirical performance of our approach. Section 5 concludes.

Proofs, derivations of theoretical properties, results of the Monte Carlo study, and addi-

tional empirical results are provided in the accompanying Supplementary Material. Data

and codes are available from the paper’s GitHub: https://github.com/rdpunder/LSPS/.

2 SCORING RULES AND DIVERGENCES

2.1 Unweighted scoring rules and score divergences

Consider a random variable Y : Ω → Y from a complete probability space (Ω,F ,P) to a

measurable space (Y ,G). Denote by P a convex class of probability distributions on (Y ,G).

A scoring rule S assigns numerical values (scores) to observations y ∈ Y and distributions

F ∈ P , through a mapping S : P × Y → R ∪ {−∞} =: R̄. Following Holzmann and Klar

(2017a), we assume that S is measurable w.r.t. G and quasi-integrable w.r.t. all P ∈ P ,

for all F ∈ P , and such that EPS(F, Y ) < ∞ and EPS(P, Y ) ∈ R. The latter condition

guarantees that the score divergence, DS(P∥F) := EPS(P, Y )−EPS(F, Y ), exists and maps

onto (−∞,∞]. Adhering to Gneiting and Raftery (2007), a minimal requirement for S is

that it is strictly proper.

Definition 1 (Strictly proper scoring rule). A scoring rule S : P×Y → R̄ is proper relative

to P if DS(P∥F) ≥ 0, ∀P,F ∈ P, and strictly proper if, additionally, DS(P∥F) = 0 if and

only if P = F, ∀P,F ∈ P.

Equivalently, a score divergence is a divergence measure (see, e.g., Eguchi, 1985) if and

only if S is strictly proper; here, a divergence measure D : P × P → (−∞,∞] satisfies

(i) D(P∥F) ≥ 0, ∀P,F ∈ P , and (ii) D(P∥F) = 0 if and only if P = F, ∀P,F ∈ P , by

definition. For distributions on
(
Rd,B

(
Rd

))
, where B(Y) denotes the Borel σ-algebra on Y ,
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such a score divergence is known to be a Bregman (1967) divergence (Ovcharov 2018). This

excludes f -divergences other than the Kullback-Leibler divergence (Kullback and Leibler

1951). Two remarks are in place. First, distributions F ∈ P are compared in terms of

their P-expected score differences, so that uniqueness of members in P should formally be

interpreted in terms of P-a.s. equivalence classes of P. Similarly, P = F is formally defined

as P(E) = F(E), ∀E ∈ G. For ease of exposition, we henceforth omit technicalities about

P-a.s. equivalence. Second, if there exists a σ-finite measure µ such that F ≪ µ, ∀F ∈ P ,

with ≪ denoting absolute continuity, then scoring rules and associated definitions and

results can easily be formulated relative to the class of induced µ-densities f := dF
dµ
, also

denoted by P , like classes of distribution functions F .

Gneiting and Raftery (2007) provide an extensive list of strictly proper scoring rules,

which can be divided into local scoring rules and distance-sensitive scoring rules (Ehm and

Gneiting 2012). We use the same distinction when discussing examples, yet allowing local

scoring rules to also depend on the density via a global norm of the density, and refer

to these henceforth as semi-local. In this subcategory, our focus lies on the Logarithmic

(LogS), Quadratic (QS) and Spherical (SphS) scoring rules, along with their extensions to

the Power (PowSα) and PseudoSpherical (PsSphSα) families; see Table 1. For distance-

sensitive scoring rules we confine ourselves to the rich class of kernel scores. This class

has been shown to be strictly proper under known conditions (Gneiting and Raftery 2007;

Steinwart and Ziegel 2021), nesting the multivariate Energy Score family, which in turn

includes the univariate Continuously Ranked Probability Score (CRPS) as a special case.

2.2 Minimal localization and censoring

In this paper, we suppose the application at hand introduces a region of interest A ⊆ Y ,

which is assumed to be measurable, i.e., A ∈ G. Following Holzmann and Klar (2017a),

we adopt the strict perspective that outcomes y in the complement Ac ≡ Y\A are of
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no interest. In terms of events E ∈ G, we interpret focusing on A such that only the

information generated by events intersecting with A are relevant. To formalize this, we

consider the smallest σ-algebra on Y containing all events intersecting with A: Gmin
A :=

σ({E ∩A : E ∈ G}) ⊆ G. Note that Gmin
A also includes Ac since σ-algebras are closed under

complements. We refer to the restriction of F to the minimal σ-algebra Gmin
A , denoted

F|Gmin
A

, as the coarsest restriction or minimal localization of F to A.

Minimal localization naturally gives rise to censoring, formally via a pushforward mea-

sure of F, from G to Gmin
A . Censoring (Bernoulli 1760) refers to the statistical concept used

to model a variable under scrutiny whose value, upon measurement or observation, is only

partially known (Tobin 1958). Under censoring, for realizations of a random variable Y

that occur in Ac, it is only known that they are not in A. Realizations in Ac are hence indis-

tinguishable under censoring and ‘Ac’ may therefore be viewed as a single realization of the

censored random variable. We censor all outcomes in Ac to a single abstract outcome ‘∗’,

which may be interpreted as ‘NaN’, uniquely identifying Ac. The importance of allowing ∗

to be outside Y becomes clear in Section 3.1. In Section 3.2, we discuss distance-sensitive

scoring rules, which replace ∗ by a suitable y0 ∈ Y . Formally, the censored random variable

Y ♭
A : Y → Y♭

A is defined as the G/G♭
A-measurable function

Y ♭
A ≡ Y ♭

A(y) :=

 y, y ∈ A,

∗, y ∈ Ac,

(1)

with G♭
A := σ({E ∩ A : E ∈ G} ∪ {∗}) on Y♭

A := A ∪ {∗}. The distribution F♭
A of Y ♭

A is

referred to as the censored distribution of F. It is the pushforward measure of F by Y ♭
A,

equal to F|Gmin
A

up to relabeling the event Ac ∈ Gmin
A by {∗} ∈ G♭

A. In concise form,

F♭
A := F|G♭

A
= FA + F̄Aδ∗, (2)

where FA(E) := F(A ∩ E), ∀E ∈ G∗ := σ({G, ∗}), F̄A := F(Ac) and δ∗ denotes the Dirac

measure at ∗, i.e., δ∗(E) = 1E(∗), ∀E ∈ G. The indicator function 1A(y) equals unity if
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y ∈ A and zero otherwise. An illustration of minimal localization is given in Example 1.

Example 1 (Minimal localization). Jim draws a ball from a vase containing six balls, one

of which is silver, two are orange, and three are blue. He wins a car if, and only if, he draws

the silver ball. This game can be described by a random variable Y , on the outcome space

Y = {s, o, b} with power set σ-algebra G = {∅, {s}, {o}, {b}, {s, o}, {s, b}, {o, b}, {s, o, b}},

having probability mass function (pmf) p(y) = 1
6
1{s}(y) +

1
3
1{o}(y) +

1
2
1{b}(y), y ∈ Y.

Suppose Jim only cares about whether he wins the car or not (and not how he loses). Thus,

his region of interest is A = {s}, which induces Y♭
A = {s, ∗}, where {∗} corresponds to

{o, b}, and G♭
A = σ({s, ∗}) = {∅, {s}, {∗}, {s, ∗}}, corresponding to σ({s}) on Y. The pmf

p(y) localizes to p♭A(y) =
1
6
1{s}(y) +

5
6
1{∗}(y), y ∈ {s, ∗}.

2.3 Local and localized divergences and weighted scoring rules

Example 2 (The need to focus). Continuing Example 1, suppose Jim and his friend Pam

know that the vase contains six balls colored silver, orange, and blue, but do not know their

exact numbers. Jim suspects one silver, four orange, and one blue ball, while Pam believes

there are two silver, one orange, and three blue balls. Let Jim’s and Pam’s implied pmfs be

f and g. One finds KL(p∥f) − KL(p∥g) = 1
2
log(3

2
) > 0, where KL(p∥f) := Ep(log p(Y ) −

log f(Y )) denotes the Kullback-Leibler (KL) divergence from p to f . Hence, Pam’s belief is

statistically closer to the truth in absence of a region of interest. However, since Jim only

cares about winning the car, Pam’s accurate belief of the blue balls’ count, with a relatively

high true probability p({b}) = 1/2, is irrelevant and even misleading. Her close fit outside

the silver outcome obscures her inaccuracy where Jim is correct. This illustrates the need

to localize the KL divergence to align with Jim’s focus on winning.

As demonstrated by Example 2, it is imperative to adapt the divergence when particular

outcomes are of importance. Otherwise, an excellent fit in non-critical regions of the
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outcome space may obscure a poor fit in regions of relevance. We describe the relative

importance of outcomes y ∈ Y by a weight function w ∈ W , where W is a set of G-

measurable mappings w : Y → [0, 1]. Then the question arises how to accordingly transform

the divergence and the scoring rule.

Censoring as defined in Section 2.2 pertains to the weight function w(y) = 1A(y).

To simplify the notation, we often use the subscript A in place of 1A when referring to

indicator functions. Censoring transforms the class of distributions from P to P♭
A where

P♭
A := {F♭

A,F ∈ P}. As we will see in the next section, censoring induces a divergence on

P♭
A ×P♭

A that equals 0 if and only if P♭
A = F♭

A. This, in turn, is equivalent to the measures

coinciding (only) locally on A, i.e., P(A∩E) = F(A∩E), ∀E ∈ G, for which we introduce

the short-hand notation P
A
= F.

Let us consider a general divergence measure D, i.e., not necessarily a score divergence.

In Definitions 2 and 3 below, we introduce a local divergence and (the more specific) localized

divergence. Both definitions are given for general weight functions, corresponding to the

region of interest Aw defined as

Aw := {y ∈ Y : w(y) > 0}.

On Aw, we again use the short-hand notation F
Aw= G for F(Aw∩E) = G(Aw∩E), ∀E ∈ G.

Censoring will yield not just a local divergence but even a localized divergence.

Definition 2 (Local divergence). A map Dw : P × P → (−∞,∞] is called a local di-

vergence (w.r.t. Aw) if (i) F
Aw= G implies Dw(P∥F) = Dw(P∥G), ∀P,F,G ∈ P, (ii)

Dw(P∥F) ≥ 0, ∀P,F ∈ P, and (iii) Dw(P∥F) = 0 if and only if P
Aw= F, ∀P,F ∈ P.

Definition 3 (Localized divergence). Let Pw denote a class of distributions obtained by a

map [·]w : P → Pw coinciding with the identity map [F]w = F,∀F ∈ P for w = 1Y . A

local divergence Dw : P × P → (−∞,∞] is called a localized divergence of D (w.r.t. Aw)
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if ∀Pw,Fw ∈ Pw, ∃P,F ∈ P :

Dw(P∥F) = D(Pw∥Fw).

Condition (i) in Definition 2 ensures invariance w.r.t. (information generated by the)

events that are not intersecting with Aw, hence are irrelevant. Furthermore, condition (iii)

applies only locally on Aw. Definition 3 introduces the subclass of local divergences that

preserve the unweighted divergence measure D by applying it to a weighted transformation

of the distribution space.

Just as strictly proper scoring rules give rise to divergence measures, local divergences

emerge naturally from weighted scoring rules that are strictly locally proper relative to

some class of distributions P and weight functions W . For all w ∈ W , we define a weighted

scoring rule as the map Sw : P × Y → R̄ such that Sw(·, ·) is a scoring rule. A weighted

scoring rule is said to be localizing if measures coinciding on Aw receive the same score

for any realization; formally, ∀P,F ∈ P , Sw(P, y) = Sw(F, y), ∀y ∈ Y , whenever P
Aw= F.

Definition 4 extends strict propriety to localizing weighted scoring rules and is equivalent

to that given by Holzmann and Klar (2017a, p. 2414). Here, DSw(P∥F) := EP(Sw(P, Y ))−

EP(Sw(F, Y )).

Definition 4 (Strictly locally proper scoring rule). A weighted scoring rule Sw : P×Y → R̄

is locally proper relative to (P ,W) if it is localizing and Sw(·, ·) is proper for all w ∈ W.

Furthermore, it is strictly locally proper relative to (P ,W) if, additionally, P
Aw= F if and

only if DSw(P∥F) = 0, ∀w ∈ W .

Clearly, the score divergence DSw(P∥F) is a local divergence for all w ∈ W if and only if

Sw is strictly locally proper relative to (P ,W). As a general note, we remark that focusing

on particular (subsets of) outcomes using a strictly locally proper scoring rule represents

a strict modeling perspective; possibly non-localizing scoring rules, such as the twCRPS,

can have their own merits in specific applications, by taking additional information into
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account; see also Example D.3 in the Appendix and its discussion. As such, non-localizing

scoring rules may statistically be competitive to strictly locally proper scoring rules as

evidenced by our Monte Carlo simulations.

3 THE CENSORED SCORING RULE

In this section, we introduce the censored scoring rule. To this end, we first generalize the

censored distribution in Equation (2) to general weight functions, and next to arbitrary

nuisance distributions that suitably replace the Dirac measure in Equation (3) below, to

accommodate distance-sensitive scoring rules.

For the definition of the censored distribution, it is helpful to first extend w and F to

w∗ and F∗ on (Y∗,G∗), where Y∗ := Y ∪ {∗}, such that w∗(y) = w(y)1Y(y), ∀y ∈ Y∗

and F∗(E) = F(E ∩ Y), ∀E ∈ G∗. In the original measurable space, ∗ is then already

an outcome, associated with the event {∗}, albeit assigned with weight and measure zero.

For ease of notation, we henceforth drop the superscripts ∗. The censored distribution in

Equation (2) generalizes to

dF♭
w := dFw + F̄w dδ∗, where dFw := w dF, F̄w := 1−

∫
Y
w dF, (3)

defining a probability measure on (Y♭
Aw

,G♭
Aw

), with G♭
Aw

:= σ({E ∩ Aw : E ∈ G} ∪ {∗})

and Y♭
Aw

:= Aw ∪ {∗}. In contrast to indicator functions, the probability of the censoring

event F̄w is generally different from F(Ac
w) = 1 −

∫
Aw

dF, rendering the identification

Y ♭
Aw

(y) = ∗ ⇐⇒ y ∈ Ac
w infeasible. However, Appendix C shows that identification

is recoverable by introducing an auxiliary random variable Z|(Y = y), which is Bw(y) ≡

Bernoulli(w(y))-distributed, to define Y ♭
w ≡ Y ♭

w(y, z) as being y if z = 1 and ∗ otherwise,

since then Y ♭
w(y, z)= ∗ ⇐⇒ z = 0. The distribution F♭

w admits the (µ+δ∗)-density f
♭
w(y) =

w(y)f(y)1Aw(y) + F̄w1{∗}(y), y ∈ Y♭
Aw

, provided that F ≪ µ; see Appendix B.1 for details.
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For indicator weight functions, the density simplifies to f ♭
A(y) = f(y)1A(y) + F̄A1Ac(y),

y ∈ Y , similar to Borowska et al. (2020).

A critical difference from the (generalized) conditional distribution

dF♯
w :=

1

1− F̄w

dFw,

assuming F̄w < 1, is that F♯
A(A) ̸= F(A) = F♭

A(A). In other words, conditioning does not

preserve all probabilities of interest and does accordingly not coincide with the minimal lo-

calization of F to A. The symbols ‘sharp’ (♯) and ‘flat’ (♭) reflect their respective operations:

conditioning sharpens the density on A by a factor 1/(1− F̄A), whereas censoring flattens

the shape outside A into a point mass. The associated scoring rule S♯
w(F, y) := w(y)S(F♯

w, y)

fails to be strictly locally proper. Holzmann and Klar (2017a) remedy this by adding an

auxiliary scoring rule for the missing information about Ac. However, by this addition, the

corresponding score divergence generally fails to be a localized divergence; see Section 3.5.

3.1 Censored scoring

Ideally, the censored scoring rule would be given by the identity S♭
A(F, y) = S(F♭

A, y
♭
A), as

this would fully respect the forecaster’s specific choice of the unweighted scoring rule S.

The censored scoring rule given by Definition 5 below indeed reduces to this definition

for the indicator weight function w(y) = 1A(y). It is also attractive for general weight

functions, for which the randomization perspective based on the auxiliary random variable

Z in Appendix C yields the similar identity S♭
w(F, y) = EBw(y)

S(F♭
w, Y

♭
w(y, Z)).

Definition 5 (Censored scoring rule). Let S : P♭ × Y → R̄, P♭ = {F♭
w,F ∈ P , w ∈ W},

denote a scoring rule. Then, for all w ∈ W, the corresponding censored scoring rule is

given by the map S♭
w : P × Y → R̄,

S♭
w(F, y) := w(y)S(F♭

w, y) +
(
1− w(y)

)
S(F♭

w, ∗),
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where the censored distribution F♭
w is given in Equation (3).

Theorem 1 establishes that the censored scoring rule is strictly locally proper.

Theorem 1. If the scoring rule S is strictly proper relative to P♭, the censored scoring

rule S♭
w in Definition 5 is strictly locally proper relative to (P ,W). Moreover, its associated

score divergence DS♭
w
is a localized divergence of DS, for all w ∈ W.

Theorem 1 is a special case of the more general Theorem 2 below, hence its proof is

subsumed in the proof of Theorem 2. The assumption required in Theorem 1 ensures that

the unweighted scoring rule is well-defined w.r.t. mixed continuous-discrete distributions

on measurable spaces extended by ∗. For the PsSphSα family, this is explicitly verified in

Example 3; the same argument applies to all semi-local scoring rules considered, mutatis

mutandis.

Let us provide some intuition for the result of Theorem 1, relying on the established

mathematical identity DS♭
w
(P∥F) = DS(P

♭
w∥F♭

w). Since S is assumed to be strictly proper

relative to P♭, its score divergence DS defines a divergence on P♭
w×P♭

w, for all w ∈ W . How-

ever, when viewed as a composite map, first censoring and then computing the divergence,

it is no longer a divergence on the space of uncensored measures, as the censoring map

is generally non-invertible. Nonetheless, by maintaining the probability of the censoring

event, censoring preserves identifiability on Aw, i.e., P
Aw= F if and only if P♭

w = F♭
w. Hence,

under censoring, the strict propriety of the scoring rule and the associated divergence are

retained locally. For the Logarithmic scoring rule, the censored scoring rule coincides with

that of Diks et al. (2011).

Example 3 (Censored PsSphS). Consider a class of µ-densities Pα on (Y ,G, µ) with

finite Lα-norm, i.e., ∥f∥α :=
(∫

Y fαdµ
)1/α

< ∞, ∀f ∈ Pα. The PseudoSpherical family

PsSphSα(f, y) = f(y)α−1/∥f∥α−1
α , α > 1, as advocated by Gneiting and Raftery (2007), is

strictly proper relative to Pα. To verify its strict propriety relative to P♭
α as required for
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Theorem 1, we write ∥f ♭
w∥αα ≤ 1 + ∥f∥αα < ∞, ∀f ∈ Pα, ∀w ∈ W, hence S♭

w(f, y) is strictly

locally proper relative to (P ,W). Notably, while S♭
w(f, ∗) = F̄α−1

w /(∥wf∥α+ F̄α
w )

(α−1)/α does

not depend solely on F̄w, it holds that S
♭
w(f, ∗) = S♭

w(g, ∗), if f = g a.s. on Aw.

In Theorem 1, we assume that the scoring rule S is well defined relative to a class

of distributions P♭ with a point mass at ∗. Distance-sensitive scoring rules are generally

incompatible with such measures, since the distance to ∗ is undefined. Section 3.2 shows

that, in typical applications, ∗ can then be replaced by any y0 ∈ Y , provided that all

F ∈ P assign zero mass to y0 or all w ∈ W assign zero weight to y0. Then, Fw(y0) = 0,

which ensures identifiability of the censoring event. Here, we introduce the short-hand

notation Fw(y0) to indicate the measure Fw of the event {y0}. In Example 1, the above

condition would prevent choosing y0 = s, avoiding (Y ♭
A)

−1(s) = s ∪ Ac = Y . When using

semi-local scoring rules, labeling the censored outcome as ∗ ̸∈ Y ensures this identifiability

by construction, even if all outcomes in Y have positive mass under all distributions in P

and w(y) > 0 for all y ∈ Y .

3.2 Generalized censored scoring

This subsection introduces a more flexible censoring framework. Suppose that a weight

function introduces k pivotal points r1, . . . , rk ∈ Y . Then a natural generalization of the

censored distribution in Equation (3) reads

dF♭
w,Rk

:= dFw + F̄w

k∑
i=1

γidδri , γ := (γ1, . . . , γk)
′ ∈ ∆(k), (4)

where ∆(k) denotes the unit (k−1)-simplex and Rk := {ri}ki=1, with ri ∈ Y ,∀i. Section 3.3

provides guidance on choosing (ri, γi). Definition 6 formalizes the adaptation of the cen-

sored scoring rule to generalized censored measures, nesting F♭
w,Rk

for H =
∑k

i=1 γiδri .

Here, we refer to H as a nuisance distribution since its sole role is to suitably allocate the

probability mass F̄w.
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Definition 6 (Generalized censored scoring rule). Let S : P♭ × Y → R̄, denote a scoring

rule, where P♭ = {F♭
w,H,F ∈ P , w ∈ W ,H ∈ H}, in which dF♭

w,H := dFw + F̄wdH denotes

the generalized censored distribution and H ⊆ P a class of nuisance distributions. Then

for all w ∈ W and H ∈ H the associated generalized censored scoring rule is given by the

map S♭
w,H : P × Y → R̄,

S♭
w,H(F, y) := w(y)S(F♭

w,H, y) +
(
1− w(y)

)
EHS(F

♭
w,H, Q),

where H denotes the distribution of the random variable Q, distributed independently of y.

Since both F and H are defined relative to (Y ,G), F♭
w,H is defined relative to (Y ,G) too,

for all w ∈ W ,H ∈ H. The dependence of P♭ on (P ,W ,H) in Definition 6 is notationally

suppressed.

Assumption 1. The weight function w ∈ W and nuisance distribution H ∈ H ⊆ P are

such that ∃E ∈ G : Fw(E) = 0 and H(E) > 0, ∀F ∈ P ,H ∈ H.

The following theorem, the proof of which is contained in Appendix A.1, establishes

the strict local propriety of the generalized scoring rule.

Theorem 2. Suppose that: (i) the unweighted scoring rule S in Definition 6 is strictly

proper relative to P♭, and (ii) W and H are such that Assumption 1 is satisfied. Then, the

generalized censored scoring rule S♭
w,H in Definition 6 is strictly locally proper relative to

(P ,W ,H). Moreover, its associated score divergence DS♭
w,H

is a localized divergence of DS,

for all w ∈ W, H ∈ H.

The intuition behind Theorem 2 builds on that of Theorem 1, by the extended identity

DS♭
w,H

(P∥F) = DS(P
♭
w,H∥F♭

w,H). (5)

Assumption 1 implies that P♭
w,H = F♭

w,H if and only if P
Aw= F. For any weight function, this

holds trivially for H = δ∗, while H = δy0 , with y0 ∈ Y , requires the measure F to satisfy
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Fw(y0) = 0. For H = γδr1 + (1 − γ)δr2 , r1, r2 ∈ Y , and γ ∈ [0, 1], Assumption 1 demands

Fw(ri) = 0 for at least one i ∈ {1, 2}; so, if both r1 and r2 belong to Aw, then at least one

must not carry mass under F. This readily generalizes to finitely many points ri. Indeed,

Appendix C shows that by writing S♭
w,H(F, y) = EBw(y),HS

(
F♭
w,H, Y

♭
w(y, Z,Q)

)
, identifiability

of the censoring event under a single realization of Q suffices, since strict local propriety

is retained if at least one scoring rule in a sum of proper scoring rules is strictly locally

proper.

A rich class of scoring rules obtained by the generalization of the censored scoring rule is

that of kernel scores (Gneiting and Raftery 2007). Kernel scores depend on a negative defi-

nite kernel ρ : Y×Y → R, i.e., a symmetric function satisfying
∑n

i=1

∑n
j=1 aiajρ(yi, yj) ≤ 0,

for all n ∈ N, a1, . . . , an ∈ R that sum to 0 and all y1, . . . , yn ∈ Y . These include popular

examples such as the Euclidean distance on Rd and the angular distance between two points

on a circle. Example 4 displays the general expression for the generalized censored kernel

score and corresponding localized divergence for H = δr.

Example 4. Consider a class of distributions Pr on some measurable space (Y ,G), such

that F(r) = 0,∀F ∈ Pr, where r ∈ Y, including all (absolutely) continuous distributions on

Y. Consider the kernel score family Sρ(F, y) :=
1
2
EFρ(X,X ′)−EFρ(X, y)+ 1

2
ρ(y, y) with di-

vergence DSρ(P∥F) = EP,Fρ(X, Y )− 1
2
EPρ(X,X ′)− 1

2
EFρ(Y, Y

′), nesting the CRPS(F, y) :=

−
∫
R

(
F (s) − 1[y,∞)(s)

)2
ds as a special case for ρ(x, x′) = |x − x′| on R. The associ-

ated generalized censored scoring rule for H = δr reads S♭
ρ,w,r(F, y) = 1

2
EF♭

w,r
ρ(X,X ′) −

w(y)
(
EF♭

w,r
ρ(X, y)− 1

2
ρ(y, y)

)
−

(
1 − w(y)

) (
EF♭

w,r
ρ(X, r)− 1

2
ρ(r, r)

)
. Assumption 1 is

clearly satisfied for all weight functions w ∈ W and distributions F ∈ Pr. Therefore,

the score divergence DS♭
ρ,w,r

(P∥F) = EP♭
w,r,F

♭
w,r

ρ(X, Y )− 1
2
EP♭

w,r
ρ(X,X ′)− 1

2
EF♭

w,r
ρ(Y, Y ′) is

a localized divergence if Sρ is strictly proper relative to P♭
r, which follows from the con-

ditions under which Sρ is strictly proper relative to Pr. For one-sided indicator weight

functions 1(−∞,r)(y) and 1(r,∞)(y), the censored CRPS coincides with the twCRPS(F, y) :=
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−
∫
R w(s)

(
F (s) − 1[y,∞)(s)

)2
ds (Gneiting and Ranjan 2011). More details are given in

Appendix E.4.

From Example 4, we have that CRPS♭
w,r = twCRPS for all weight functions for which

Holzmann and Klar (2017a, Theorem 5) proved that the twCRPS is strictly locally proper.

For A = (r1, r2), A
c
1 = (−∞, r1], A

c
2 = [r2,∞), r1, r2 ∈ R, the twCRPS decomposes the

mass F̄A into F(Ac
1) and F(Ac

2), hence would coincide with F♭
A,r1,r2

:= FA + F̄A

(
γδr1 +

(1 − γ)δr2
)
, γ ∈ [0, 1], when γ = F(Ac

1)/F̄A. However, this choice of γ — which we do

not allow — introduces a dependence on outcomes outside A, rendering the twCRPS non-

localizing. For weight functions for which the twCRPS loses its strict local propriety due

to its non-localizing nature, CRPS♭
w,Rk

may serve as a strictly locally proper alternative.

3.3 Practical guidance

The censoring procedure proposed in this paper is sufficiently general to enable researchers

who aim to compare competing forecasts to construct censored counterparts of their pre-

ferred scoring rules, for practically any chosen family of weight functions. With competing

density forecasts at hand, the (generalized) censored scoring rules may be readily applied to

obtain scores that can serve as input in a DM type test statistic; see Section 4. The GitHub

page associated with this paper provides code for all 18 focused scoring rules considered

in our simulations and empirical applications. In particular, for semi-local scoring rules,

Definition 5 provides an analytic expression for the censored scoring rule for any choice of

weight function. Table 1 lists the resulting (simplified) formulas for the unweighted, con-

ditional and censored LogS, PowSα and PsSphSα families of scoring rules, as well as their

localized divergences derived from the identity DS♭
w
(P∥F) = DS(P

♭
w∥F♭

w). The table also

displays the generalized censored scoring rules of Definition 6, which for semi-local scoring

rules exhibit insensitivity to the nuisance distribution, as long as the nuisance distribution

18



is normalized to ∥h∥α = 1.

For distance-sensitive scoring rules, such as the kernel scores discussed in Example 4,

we use the generalized censoring approach in Definition 6 based on the censored measure

in Equation (4). The localized versions of distance-sensitive scoring rules thereby depend

on the choice of the pivotal points and associated weights. As illustrated by Examples D.1

and D.2 in Appendix D, weight functions often suggest natural choices for pivotal points,

and it is these points we recommend incorporating into the censored measure in practice.

Specifically, for the real-valued weight functions IL(y; r) := 1(−∞,r)(y), IR(y; r) := 1(r,∞)(y),

Λa,L(y; r) := 1
1+exp(a(y−r))

, a > 0, the choice r ∈ R is considered pivotal. Similarly, for

the weight functions on y ∈ R2 given by I2L(y; r) := IL(y1; r1) × IL(y2; r2), I
2
R(y; r) :=

IR(y1; r1) × IR(y2; r2) and Λ2
a,L(y; r) := Λa,L(y1; r1) × Λa,L(y2; r2), the use of r ∈ R2 is

considered natural. For the center indicator, IC(y; ℓ, r) := 1(ℓ−r,ℓ+r)(y), there are two

pivotal points r1,2 = ℓ ± r. In Section 4, we use the fraction of observations smaller than

r1 to tune the weight γ in (4). For its complement, IcC(y; ℓ, r) := 1 − IC(y; ℓ, r), we adopt

the single pivotal point ℓ.

As clarified in Section 3.2, Assumption 1 is easily satisfied by the censored distribution

in Equation (4). For instance, if the underlying distributions are (absolutely) continu-

ous, any value of r is valid; this includes Gaussian density and distribution functions. If

the distribution is discrete or discrete-continuous, any r at which the distributions under

consideration exhibit no point mass may be chosen.

3.4 Localized Neyman Pearson

Anticipating the applications in the next section, we now consider an explicit time-series

context. Specifically, we consider a stochastic process {Yt : Ω → Y}Tt=1 from a complete

probability space (Ω,F ,P) to a measurable space (YT ,GT ), where YT and GT denote the

product outcome space and σ-algebra of the individual outcome spaces Y and σ-algebras
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G, respectively. The process generates the filtration {Ft}Tt=1, where Ft = σ(Y1, . . . , Yt) is

the information set at time t. The random variable of interest is Yt+1 conditional on Ft,

indicated by a subscript t to the (predictive) distributions, µ-densities and objects related

to Qt+1. The regions of interest At ⊆ Y are assumed to be Ft-measurable.

This subsection aims to derive a uniformly most powerful (UMP) test for the hypotheses

H0 : pt1At = f0t1At , ∀t vs. H1 : pt1At = f1t1At , ∀t, (6)

with f0t and f1t, fixed. Despite the densities f0t and f1t being fixed, the test concerns a

multiple versus multiple hypothesis test due to the lacking specification of the densities

outside the regions of interest At. Moreover, replacing At by Awt , for an Ft-measurable

weight function wt, yields equivalent hypotheses in terms of wt, specifically, H0 : ptwt =

f0twt, ∀t, versus H1 : ptwt = f1twt, ∀t. Consequently, the UMP test for these hypotheses is

equivalent to that for (6).

Theorem 3 reveals that (6) admits a UMP test, reducing to the Neyman and Pearson

(1933) lemma when At = Y , ∀t. A proof of this result is deferred to Appendix A.2.

Theorem 3 (Localized Neyman Pearson). For any given α ∈ (0, 1), the UMP test of size

α for testing problem (6) reads

ϕ♭
A(y) =


1, if λ(y) > c

γ, if λ(y) = c

0, if λ(y) < c,

λ(y) :=
f ♭
1,A(y)

f ♭
0,A(y)

, f ♭
j,A(y) :=

T−1∏
t=0

f ♭
jt,At

(yt+1), j ∈ {0, 1},

where ϕ♭
A : YT → [0, 1] denotes a test function specifying the rejection probability, c is the

largest constant such that F♭
0,A

(
λ(y) ≥ c

)
≥ α and F♭

0,A

(
λ(y) ≤ c

)
≥ 1− α, and γ ∈ [0, 1]

is such that α = F♭
0,A

(
λ(y) > c

)
+ γF♭

0,A

(
λ(y) = c

)
.

For T ≡ 1, the test reduces to the UMP test of Holzmann and Klar (2017b). Corollary 1

reveals that it can alternatively be formulated in terms of the CSL introduced by Diks et al.
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(2011). Corollary 2 endorses that conditioning does not bear a UMP test. The proofs of

Corollaries 1 and 2 are deferred to Appendices B.2 and B.3, respectively.

Corollary 1. An alternative formulation of the UMP test for testing problem (6) is given

by the test defined in Theorem 3 with λ(y) replaced by λ̃♭(y) :=
∑T−1

t=0

(
LogS♭

At
(f1t, yt+1)−

LogS♭
At
(f0t, yt+1)

)
, i.e., in terms of the CSL.

Corollary 2. For testing problem (6), the test defined in Theorem 3 with λ(y) replaced by

λ̃♯(y) :=
∑T−1

t=0

(
LogS♯

At
(f1t, yt+1)− LogS♯

At
(f0t, yt+1)

)
is not UMP.

Insisting on fully specified models under H0 and H1 as in the classical Neyman and

Pearson (1933) framework, even if only on the restriction to A, can be too demanding in

practice. In the empirical applications in Section 4, for instance, we consider a hypothesis

where, under the null, two models are ‘equally wrong’. Then, generally, no UMP test is

available, motivating the adoption of alternative scoring rules in addition to the CSL.

3.5 Related weighted scoring rules

In this subsection, we compare our approach to three alternative localization procedures.

First, we consider Holzmann and Klar (2017a), who base their procedure on the conditional

distribution F♯
w. As P♯

w = F♯
w if and only if P

Aw= F does not hold, the score divergence

DS♯
w
(P∥F) = (1 − P̄w)DS(P

♯
w∥F♯

w) generally fails to satisfy condition (ii) of Definition 2,

unless P̄w = F̄w, hence is not a local divergence; see Example F.1 for a specific case. To

resolve this, Holzmann and Klar (2017a) add an auxiliary scoring rule s, enforcing the score

divergence to be zero if and only P
Aw= F. Example 5 describes their composite scoring rule,

for which the score divergence is a local divergence but not in general a localized divergence.

Example 5. Holzmann and Klar (2017a) propose a class of weighted scoring rules defined

as S̃w,s(F, y) := S♯
w(F, y)+w(y)s(B1−F̄w

, 1)+
(
1−w(y)

)
s(B1−F̄w

, 0), assuming F̄w < 1, and

where Bθ denotes the Bernoulli(θ) distribution with pmf b(z; θ) = θz(1− θ)1−z, z ∈ {0, 1}.
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For any s, S̃w,s is strictly locally proper (Holzmann and Klar 2017a, Theorem 2) and hence

DS̃(w,s)
(P∥F) = (1− P̄w)DS(P

♯
w∥F♯

w) +Ds(B1−P̄w
∥B1−F̄w

) is a local divergence, but generally

not a localized divergence due to the dependence on Ds. Moreover, DS(P
♯
w∥F♯

w) = 0 if P

and F are proportional on Aw; then, DS̃(w,s)
(P∥F) = Ds(B1−P̄w

∥B1−F̄w
), which depends only

on the auxiliary scoring rule.

Holzmann and Klar (2017a) provide two specific choices for s: (i) slog(B1−F̄w
, z) :=

z log(1 − F̄w) + (1 − z) log F̄w and (ii) sbar(B1−F̄w
, z) := z(log(1 − F̄w) + 1) − (1 − F̄w).

The combination S = LogS and s = slog recovers LogS♭
w and hence a localized divergence,

whereas S = LogS and s = sbar leads to the weighted likelihood score by Pelenis (2014), for

which the score divergence Dpwlw(P∥F) = DLogS(P
♭
w∥F♭

w)− P̄w log P̄w

F̄w
+ (1− P̄w) log

1−P̄w

1−F̄w
+

(P̄w − F̄w) is not a localized divergence of DLogS.

The arbitrariness of s allows for weighted scoring rules beyond the scope of (generalized)

censored scoring rules. For example, S = QS and s = slog, yields DQS(w,slog)
(p∥f) = (1 −

P̄w)∥p♯w−f ♯
w∥22+Dslog(B1−P̄w

∥B1−F̄w
). A key distinction from DQS♭w,H

(p∥f) = ∥p♭w,H−f ♭
w,H∥22

is the role of the auxiliary KL-divergence, Dslog in DQS(w,slog)
, which will become dominant

for large F̄w. Censoring is also not nested within the framework of Holzmann and Klar

(2017a). To see this, note that unlike censoring (see Example 3), S̃w,s(F, y) in Example 5

enforces S̃w,s(F, y) to be only a function of F̄w if y ∈ Ac
w.

The second comparison concerns the threshold weighted kernel score twSρ introduced

by Allen et al. (2023), generalizing the twCRPS by introducing the kernel ρ(v(y), v(y′))

based on a measurable chaining function v : Y 7→ Y . With formalities presented in their

Propositions 4.4 and 4.5, the twSρ is strictly locally proper if v is injective on Aw and

ρ(v(y), v(·)) = ρ(v(y′), v(·)), ∀y, y′ ∈ Ac
w. For indicator weight functions, both conditions

are easily satisfied with v(y) = y1Aw(y) + y01Ac
w
(y), for any y0 ∈ Y such that Fw(y0) = 0.

In that case, the twSρ reduces to the S♭
ρ,y0

score given in Example 4.

Our censoring approach also admits center indicator functions with two pivotal points,
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as in Example D.2; these are not considered in the kernel score framework of Allen et al.

(2023). For non-indicator weight functions, Allen et al. (2023) provide a specific multi-

variate example that meets their requirements for strict local propriety, and which can be

extended to other non-indicator weight functions that are specified as a product of marginal

weight functions, including the multivariate logistic weight functions considered here (see

Appendix E.4 for details). For more general non-indicator weight functions, specifying the

chaining function as required for the approach of Allen et al. (2023) is a less trivial task.

Our procedure foregoes specifying the chaining function and, moreover, is not restricted to

kernel scores.

Third and finally, we compare with Mitchell and Weale (2023), who, for real-valued,

unimodal densities and with the center as the region of interest, also consider censored

density forecasts based on LogS. However, unlike our setting, they do not aim to evaluate

multiple candidate densities. As illustrated by Example 6, dependence of their region of

interest on the candidate distribution renders the resulting scoring rule improper, thus not

suitable for our aim of evaluating multiple density forecasts.

Example 6. Mitchell and Weale (2023) consider the alternative censored likelihood score

LogMW
α (f, y) := log f(y)1A(F ;α)(y) + log(α)1A(F ;α)c(y), where A(F ;α) is the central region

of interest. A key difference with the censored likelihood score log f ♭
A(y) is the dependence

of A(F ;α) on f , by which LogMW
α (f, y) is improper. Indeed, for symmetric densities,

A(F ;α) = [F−1(α/2), F−1(1 − α/2)]. Then, letting p and f be the N (0, 1) and N (0, 1
2
)

density, respectively, we have EpLogS
MW
α (p, Y )−EpLogS

MW
α (f, Y ) < 0, for all α > α0 with

α0 ≈ 0.052.
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4 EMPIRICAL PERFORMANCE

We assess the empirical performance of the censoring approach to focus scoring rules on

regions of interest by evaluating its ability to discriminate between different forecast meth-

ods. We compare the performance of censored scoring rules with conditional scoring rules

and with the composite scoring rules proposed by Holzmann and Klar (2017a). For the

latter, we augment the conditional scoring rule with the auxiliary rule sbar or slog, see

Section 3.5. We consider applications in financial risk management, macroeconomics, and

climate, evaluating the focused scoring rules in a similar manner, as described below.

Following Giacomini and White (2006), we treat all components underlying a den-

sity forecast, including its estimation procedure, as integral parts of the forecast method.

Let f̂t and ĝt denote density forecasts resulting from competing methods, each estimated

with a rolling window of length m. We test the null hypothesis of equal predictive abil-

ity, H0 : EptSw(f̂t, Yt+1) = EptSw(ĝt, Yt+1),∀t, by means of the DM type test statistic

tm,n := 1
n

∑T−1
t=m

(
Sw(f̂t, Yt+1) − Sw(ĝt, Yt+1)

)
/
√

σ̂2
m,n/n, where n = T − m is the number

of observations used for evaluation and σ̂2
m,n is a heteroskedasticity and autocovariance-

consistent (HAC) variance estimator.

The null hypothesis is equivalent to DSw(pt∥f̂t) = DSw(pt∥ĝt) and is rejected if it is

sufficiently unlikely that the weighted score divergences from pt to f̂t and pt to ĝt coincide.

This null differs from that in (6), obstructing theoretical results on the power properties

of the test. However, because censoring preserves more information than conditioning, we

generally expect higher power for test statistics based on censored scoring rules. This is

supported by the Monte Carlo results in Appendix G. In these simulation experiments, we

also find that the composite scoring rules of Holzmann and Klar (2017a) generally result

in test statistics with comparable power. However, further analysis shows that this cannot

be attributed to the localization method but rather to the advantageous properties of the
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logarithmic score that forms the basis for the auxiliary rules sbar and slog.

In practice, including the empirical applications discussed below, one commonly has

more than two candidate forecast methods. We therefore start with a collection M0 of

forecast methods, and then use the iterative procedure proposed by Hansen et al. (2011)

to reduce M0 to a Model Confidence Set (MCS) of methods for which the null of equal

predictive ability cannot be rejected. Elimination in round k is based on the statistic TR:=

maxi,j∈Mk
|t(i,j)m,n |, where t

(i,j)
m,n corresponds to the pairwise tm,n-statistic between forecast

methods i and j introduced above. Favorable power properties of censoring in the pairwise

tests intuitively accelerate elimination in the MCS procedure, resulting in smaller p-values

and, consequently, reduced MCS cardinality. We present MCS results at the 0.90 confidence

level, with results for the 0.75 confidence level deferred to Appendix I.1, using a block

bootstrap with block length b = 5 and B = 10, 000 replications, unless stated otherwise.

Our results are robust to variations in these parameters, see Table I.3.

In each application below, the unweighted scoring rules are given by LogS, QS, SphS

and Sρ1 , with kernel ρ1(x,x
′) := ∥x − x′∥, where ∥ · ∥ the Euclidean norm, i.e., Sρ1 is the

Energy Score that reduces to the CRPS in univariate examples. These scoring rules are

localized by (i) conditioning, (ii) censoring, (iii) conditioning with sbar and (iv) conditioning

with slog. The twCRPS and twSρ1 are included only in cases where they differ from

CRPS♭. Hence, we consider 16 or 17 weighted scoring rules per application. There are

|M0| = 6 candidate forecast methods, with specifications differing by application. For

reproducibility, Appendix H includes details on the specification of the individual methods.

Moreover, Appendix I reports the MCS p-values per individual scoring rule and weight

function underlying the summary results presented in this section.
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4.1 Financial risk management

Measuring and forecasting the downside risk of asset returns is crucial in risk management,

particularly for compliance with regulatory requirements related to measures such as Value-

at-Risk and Expected Shortfall. We evaluate density forecasts constructed for daily log-

returns yt on the S&P500 index over the period from January 2, 1996, to December 30,

2022 (6, 777 observations), sourced from Yahoo Finance. To achieve the required focus on

the left tail of the density forecast, we use the indicator weight function IL(yt; r̂
q
t ), where r̂

q
t

denotes the q-th empirical quantile of yt, based on the same fixed rolling window of length

m = 1, 000 used for estimation of the forecast methods.

All forecast methods used conform to Yt|Ft−1 ∼ D(µ, σ2
t ,ϑ), denoting a parametric

family of distributions with constant mean µ, time-varying variance σ2
t , and any additional

parameters collected in ϑ. Although we tested AR(1) and AR(5) models for the condi-

tional mean, neither improved significantly over a constant mean. We consider three con-

ditional variance models: GARCH, threshold GARCH (TGARCH) and realized GARCH

(RGARCH), proposed by Bollerslev (1986), Glosten et al. (1993) and Hansen et al. (2012),

respectively. We combine each of the volatility models with standard normal and Student-tν

distributions. Density forecasts are constructed for horizons τ = 1 and 5 days.

Table 2 reveals stark differences in the cardinality of MCS♭ and MCS♯, particularly at

τ = 1. In case no correction is applied to the conditional scoring rules, MCS♭ is strictly

smaller than MCS♯ in 75% of all replications, while MCS♯ contains more than twice the

number of methods compared to MCS♭ on average. These results moderate when the con-

ditional scoring rules are appended with a Holzmann-Klar correction term. Nevertheless,

MCS♭ remains strictly smaller than MCS♯ in nearly 40% of the cases, with an average

difference in cardinality of 20%. For τ = 5, the differences become smaller but remain in

favor of censoring, ranging between 10 and 30%.

27



We extend the univariate setting to the evaluation of bivariate density forecasts for the

vector of log-returns yt ∈ R2 for the Energy Select Sector SPDR Fund (XLE) and Financial

Select Sector SPDR Fund (XLF), for the period January 5, 1999 to December 29, 2023

(6,218 observations). We consider the approximated bivariate empirical q-th quantile of

yt given by r̃qt := (r̂q21,t, r̂
q2
2,t), with q2 =

√
q to formulate the weight functions I2L(yt; r̃

q
t )

and Λ2
a,L(yt; r̃

q
t ), with a = 3, while having verified stability of results for a ∈ {2, 4}. The

individual mean (µi) and volatility (σ2
i,t) specifications are as in the S&P500 models. We

use the Dynamic Conditional Correlation (DCC) approach of Engle (2002) to map the

univariate specifications into a bivariate conditional covariance matrix. The univariate

distributions are replaced by bivariate standard normal and Student-tν distributions.

Table 2 shows that the results for the bivariate density forecasts corroborate the main

findings for the univariate S&P500 application. First, the MCS obtained with censored

scoring rules is not larger than the MCS resulting from conditional scoring rules in the

large majority of cases, namely between 62% and 92%. For about one-third of cases, MCS♭

is even strictly smaller than MCS♯. Second, the former percentages are hardly affected

by adding the Holzmann-Klar correction terms to the conditional scoring rule, while the

latter decline but not substantially. The largest reduction occurs when using the slog

correction term for the scoring rules focused with weight function I2L(yt; r̃
q
t ), from 33% to

17% for τ = 1. Hence, the correction terms result in equally large MCSs for the censored

and augmented conditional scoring rules more frequently. Closer inspection reveals that

their compositions almost always are identical as well. Third, the results for the logistic

weight function Λ2
a,L(yt; r̃

q
t ) with a = 3 do not differ much from those for the indicator

weight function I2L(yt; r̃
q
t ), which is recovered as a → ∞. However, the discrepancies in

cardinality are somewhat moderated, particularly for τ = 5, aligning with the observation

by Diks et al. (2011) that the score distribution of the weighted scoring rules becomes more

alike for smaller values of a. Finally, in contrast to the univariate setting, the (relative)
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performance of the censored scoring rules does not decline at longer forecast horizons. If

anything, the percentages and average cardinality ratio improve for τ = 5 compared to

τ = 1.

Table 2: MCS cardinality of censored and (un)corrected conditional scoring rules

no correction sbar slog

Sec. wt τ ≤ < ♯/♭ ≤ < ♯/♭ ≤ < ♯/♭

4.1 IL(yt; r̂
q
t ) 1 96% 75% 2.38 71% 38% 1.20 71% 38% 1.20

5 62% 29% 1.29 54% 25% 1.08 62% 25% 1.10

I2L(yt; r̃
q
t ) 1 62% 33% 1.20 67% 25% 1.06 62% 17% 0.98

5 92% 29% 1.23 92% 25% 1.28 92% 25% 1.26

Λ2
3,L(yt; r̃

q
t ) 1 62% 33% 1.06 62% 21% 0.95 62% 21% 0.95

5 71% 33% 1.16 83% 25% 1.16 88% 25% 1.18

4.2 IC(yt; 2, r1) 6 100% 92% 2.67 100% 83% 2.42 100% 67% 1.69

24 92% 75% 2.27 58% 42% 1.24 67% 25% 1.23

IcC(yt; 2, r1) 6 100% 92% 2.04 83% 50% 1.13 67% 33% 1.19

24 92% 75% 2.86 50% 33% 1.18 75% 17% 1.04

4.3 IR(yt; r̂
q
t ) 1 83% 58% 1.92 92% 67% 1.92 83% 33% 1.29

3 75% 46% 1.54 79% 42% 1.40 75% 4% 0.96

IC(yt; 18, r2) 1 100% 58% 2.21 100% 42% 1.42 100% 42% 1.42

3 100% 58% 1.58 100% 0% 1.00 100% 0% 1.00

Total average 85% 56% 1.82 78% 37% 1.32 79% 27% 1.18

NOTE: This table presents changes in cardinality of the MCS in absolute and relative terms, at 0.90,
across different forecast horizons τ , corresponding to the forecasting applications in risk management
(Section 4.1), inflation (Section 4.2) and temperature (Section 4.3). sbar and slog refer to the correction
terms for conditional scoring rules proposed by Holzmann and Klar (2017a). Columns labeled ≤ (<)
display the percentage of cases where MCS♭ contains (strictly) fewer forecast methods than MCS♯ and

the column labeled ♯/♭ reports the ratio |MCS♯|/|MCS♭|. Each result represents an average over a set of
scoring rules S ∈ {LogS,QS,SphS,CRPS/Sρ1

} and quantile levels q ∈ {0.01, 0.05, 0.10, 0.15, 0.20, 0.25} or
levels r1 ∈ {1, 1.5, 2} and r2 ∈ {1, 2, 4}. The empirical q-th quantiles r̂qt of yt are based on the parameter
estimation window of m observations, and r̃qt := (r̂q21,t, r̂

q2
2,t), with q2 =

√
q, approximates a bivariate

empirical q-th quantile of yt. The p-values are obtained via a block bootstrap of B = 10, 000 replications,
with block length b = 5, or b = 200 for the climate data. Complete MCS details and associated p-values
are provided in Appendix I.

4.2 Macroeconomics

We next consider forecasting inflation, a subject with a long history in macroeconomics

that recently has regained prominence. Given that many central banks, including the
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Federal Reserve System and the European Central Bank target an annual inflation rate of

2%, we focus on the central range Ar = (2 − r, 2 + r), where r > 0, by using the weight

function IC(yt; 2, r). To address policymakers’ concerns for deviations beyond Ar, termed

‘Inflation at Risk’ (Lopez-Salido and Loria 2020), we additionally consider its complement

IcC(yt; 2, r) = 1 − IC(yt; 2, r). For the CRPS, we adopt two pivotal points for IC(yt; 2, r),

while using ℓ = 2 for its complement, i.e., treating non-tail observations to be on target.

Following Stock and Watson (2002), among many others, we construct direct forecasts for

annualized τ -month inflation rates yτt+τ = (1, 200/τ) log
(
Pt+τ/Pt

)
, where Pt denotes the

U.S. consumer price index (CPI) in month t, for horizons τ = 6 and 24. The sample period

runs from January 1960 until December 2015 (672 observations), where density forecasts

are obtained for the final 180 months in this time frame.

We consider forecast methods that aim to exploit the ‘data-rich environment’ in macroe-

conomic forecasting, with many potentially relevant predictors especially for inflation. Here

we follow Medeiros et al. (2021) by using the same 122 variables from the FRED-MD

database (xt). Each of the forecast methods can be represented as yτt+τ = µτ
t+τ (xt) + uτ

t+τ ,

where we consider the following subset of methods listed by Medeiros et al. (2021) for the

conditional mean µh
t+τ : Random Walk, Auto-Regressive model (AR), Bagging, Complete

Subset Regression (CSR), Least Absolute Shrinkage and Selection Operator (LASSO), and

Random Forest. The error uτ
t+τ is assumed to follow a two-piece normal distribution,

congruent with the statistical model underlying the fan charts published by the Bank of

England (Clements 2004; Mitchell and Hall 2005; Gneiting and Ranjan 2011).

The summary results presented in Table 2 reveal a distinct and pronounced preference

for censoring, again especially when no correction is applied to the conditional scoring rules.

In that case the cardinalities of MCS♭ are almost always (weakly) smaller than those of

MCS♯. The relative increase in set cardinality when opting for conditioning over censoring

is substantial at more than 100%. Interestingly, the censored scoring rules outperform the
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conditional rules not only when focusing on the central range around the inflation target of

2%, but also when the interest is on the complementary ‘Inflation at Risk’ region of more

extreme inflation rates. Finally, also in this application the Holzmann-Klar corrections

to the conditional scoring rules improve their (relative) performance, although the MCS

cardinality results largely remain favorable to censoring.

4.3 Climate

We generate density forecasts for Dutch daily average temperature data, focusing on high

temperatures via the weight function IR(yt; r̂
q
t ) and temperatures near the optimal tem-

perature for tuber growth, approximately 18 degrees Celsius (Struik 2007, Section 18.5.5),

using IC(yt; 18, r). Extending the data and methodology of Franses et al. (2001) and Tol

(1996), we focus on volatility clustering and asymmetries in the relationship between past

temperature and volatility, along with seasonal variations in the mean and variance. We

use daily observations for the period from February 1, 2003, to January 31, 2023, with a

rolling estimation window of m = 2, 922 days (or 8 years). Our volatility models closely

follow the GARCH, QGARCH-I, and QGARCH-II specifications as in Franses et al. (2001),

but with alterations in seasonal trend estimation. The GARCH-type models are combined

with a standard normal and Student-tν distribution.

Using the right-tail weight function IR(yt; r̂
q
t ) to focus on high daily temperatures, we

find results exhibiting pronounced parallels with the left-tail risk management application.

In particular, as seen in Table 2, the cardinalities of the censored MCSs are typically much

smaller than their uncorrected conditional counterparts for τ = 1 day-ahead forecasts;

the differences diminish at the longer forecast horizon τ = 3 or when a Holzmann-Klar

correction is appended to the conditional scoring rule.

Focusing on the central range around 18 degrees Celsius with the weight function

IC(yt; 18, r), we find that there are no instances where conditioning leads to a smaller
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MCS for τ = 3 and almost no such cases for τ = 1. Relative to inflation, there is a notable

increase in cases where the MCSs possess identical cardinality, also reflected in the smaller

ratios |MCS♯|/|MCS♭|.

5 CONCLUSION

In this paper, we propose censoring as a focusing device to accommodate the fact that in

many applications, forecasters are particularly interested in specific areas of the outcome

space. We demonstrate that a key advantage of censoring is that applying scoring rules

to censored distributions results in strictly locally proper scoring rules. To the best of

our knowledge, we are the first to derive a transformation of the original scoring rule

that preserves both the score divergence and strict propriety, and features high flexibility,

being applicable across varied scoring rules, weight functions, and outcome spaces. For

specific choices, the censored scoring rule yields intuitively appealing rules apt for practical

use. For instance, we recover the twCRPS for tail indicators, while extending its strict local

propriety to other weight functions. Our second theoretical contribution, a generalization of

the Neyman Pearson lemma, revolves around the censored likelihood score. We have shown

that the UMP test of the localized Neyman Pearson hypothesis is a censored likelihood ratio

test, reducing to the original lemma if the weight function is positive for all outcomes. By

contrast, the conditional likelihood ratio test is not UMP.

We demonstrate the practical relevance of censoring with empirical applications in fi-

nancial risk management, macroeconomics, and climate. We use the size of the Model

Confidence Set (MCS) to gauge the scoring rule’s ability to discriminate between compet-

ing forecast methods. A common finding in the applications is that the censored MCS is

(strictly) smaller than the conditional MCS in a large majority of cases, and often the dif-

ference in cardinality is substantial. This conclusion holds across different areas of interest,
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in particular whether attention is focused on the central range of the distribution or on one

(or both) of the tails.

SUPPLEMENTARY MATERIAL

All proofs and additional theoretical results, the Monte Carlo analysis, and full tables on

the empirical performance are provided in an online supplementary document. (.pdf)
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