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Abstract

We introduce and develop the concepts of Geometric Backward Stochastic Differential
Equations (GBSDEs, for short) and two-driver BSDEs. We demonstrate their natural suit-
ability for modeling continuous-time dynamic return risk measures. We characterize a broad
spectrum of associated, auxiliary ordinary BSDEs with drivers exhibiting growth rates in-
volving terms of the form y|In(y)|+|z|?/y. We establish the existence, regularity, uniqueness,
and stability of solutions to this rich class of ordinary BSDEs, considering both bounded
and unbounded coefficients and terminal conditions. We exploit these results to obtain cor-
responding results for the original two-driver BSDEs. Finally, we apply our findings within
a GBSDE framework for representing the dynamics of return and star-shaped risk measures
including (robust) LP-norms, and analyze functional properties.
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1 Introduction

The geometric nature of random growth and risky asset price processes in continuous time is well
recognized and omnipresent in stochastic analysis and its wide variety of applications, with the
geometric Brownian motion (GBM, for short) as the canonical elementary example. By contrast,
continuous-time robust dynamic risk assessment via backward stochastic differential equations
(BSDESs) usually occurs in an arithmetic environment (see, e.g., [26, 32, 34, 37, 41, 43, 45, 48]).

In the recent literature (see, e.g., [9, 10, 38, 39] and also [1, 8, 23, 31]), a growing interest
has been devoted to return risk measures that assess relative financial positions (or log returns)
instead of absolute positions as with monetary risk measures ([18, 30]). This relative evaluation,
reminiscent of the classical notion of relative risk aversion ([50])," naturally leads to a multi-
plicative, i.e., geometric, structure for return risk measures and their acceptance sets. These
considerations — together with the fact that a wide family of dynamic monetary risk measures
is induced by BSDEs (see [11, 17, 19, 49, 52]) — motivate the study of geometric forms of
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1That is, monetary and return risk measures exhibit a similar relationship as absolute and relative risk aversion,
arithmetic and geometric means, arithmetic and geometric growth, and arithmetic and geometric Brownian
motion.



BSDEs, both from a purely mathematical point of view as well as for applications. To our
best knowledge, the only paper dealing with continuous-time dynamic return risk measures is
the recent [40]. There, the main aim is to characterize the properties of dynamic return and
star-shaped risk measures induced via BSDEs that satisfy L>°- or L2-standard assumptions.
The authors in [40] did not attempt to describe the geometric nature of dynamic return risk
measures, analyze inherent properties such as multiplicative (i.e., geometric) convexity, or rep-
resent dynamic (robust) LP-norms. To address these problems, we develop in this work a novel
approach, by changing the stochastic differential equations that drive the dynamics of return
risk measures, and establishing their existence, regularity, uniqueness, and stability.

More specifically, we introduce and analyze a novel class of BSDEs, which we term geomet-
ric BSDEs. Just like the geometric mean is connected to the arithmetic mean via G[X] :=
exp(E[In(X)]), geometric BSDEs naturally arise from the substitution p:(X) := exp(p:(In(X)))
for any ¢t € [0,7], where T' > 0 is a fixed finite time horizon and Y. := p.(In(X)) is the first
component of the solution (Y., Z.) to the following quadratic BSDE:

T T
Ytzln(X)—i—/ f(s,Ys,Zs)ds—/ ZdWs.
t t

Here, (Wt)te[o,T} is a standard n-dimensional Brownian motion, the driver f: Q x [0,7] x R x
R™ — R is dP x dt-a.s. continuous in (y, z) and satisfies the growth condition |f(t,y,z2)| <
i + Bely| +ve|z| + 6| z|? for suitable positive stochastic coefficients o, 3,7, and a constant § > 0,
while X is a strictly positive random variable (i.e., P(X > 0) = 1) verifying some further
integrability conditions. Under appropriate hypotheses, the dynamics of Y. := p-(X) can be
obtained by It6’s formula and can be represented as the first component of the solution to a
geometric BSDE (GBSDE, for short) of the form

T T
Y,=X +/ Y f(s,Ys, Zs)ds — / Y ZsdWs, (1.1)
t t
whose multiplicative nature is even more evident when cast in its infinitesimal version:

—df% = f(t, Yy, Zy)dt — ZydWr,
Y= X.

Here, the driver f:Qx[0,T] xRy xR™ — R is defined by the formula f(¢,y, z) := f(t,In(y), z) —
2|2|%, thus f verifies the growth rate

Ft9,2)| < 0w Bl ()] +l2l + (54 3 )2l (12)

As will become apparent, GBSDEs generalize the geometric martingale representation theorem
([7, 21]), which corresponds to f =0, and are naturally connected to monotone and positively
homogeneous dynamic risk measures (a.k.a. dynamic return risk measures; see [9, 10, 38, 40]).

To provide a general, systematic analysis of the existence, regularity, uniqueness and stability
of solutions, we embed the GBSDE (1.1) by deploying the broader concept of two-driver BSDFEs.
Specifically, we consider two drivers, g1 : 2% [0, T] xR xR"™ — R and g2 : Q% [0, T] xR xR"™ —
R"™, leading to the equation

T T
V= X+ [ Y Z)ds - [ ga(s, Ve Z)aW., (1.3)
t t

Two-driver BSDEs are discussed in the seminal paper [47]. However, these authors imposed
restrictive hypotheses on go, requiring a bi-Lipschitz condition in (y,z) and injectivity with
respect to z, while g; was assumed to be Lipschitz in (y,z). Whereas significant progress



has been made to weaken the hypothesis of Lipschitzianity for g; (see, among many others,
[3, 4, 12, 22, 36]), little attention has been given to BSDEs with general double drivers, as the
choice g2(t,y,2) = z has been convenient in many applications, particularly in describing the
dynamics of monetary risk measures (e.g., [7, 11]). Nevertheless, the geometric structure evident
in Equation (1.1) yields g2(t,y,2) = yz and it is clear that the bi-Lipschitz assumption fails
for such go. Therefore, in our framework, we relax the bi-Lipschitz condition by only requiring
that the R™-norm of go grows ‘sufficiently fast’ in (y, z). Our general assumptions ensure that
Equation (1.1) can be obtained as a specific case of Equation (1.3), and thus our results can be
utilized to explore the properties of dynamic return risk measures induced through GBSDEs.

Our results concerning two-driver BSDEs are in substantial part — but importantly not
fully — obtained by deriving corresponding results for an auxiliary class of ordinary BSDEs,
revealing an interesting connection between these two families of BSDEs. The examination of
this class of ordinary BSDEs is motivated by setting Z; := j;Z; in Equation (1.1), yielding an
ordinary BSDE of the following form:

T T
Y= X+ / Vo F (s, Yy Ze)ds — / Z.dW,,
t t

where f: Q x [0,T] x Ry x R* — Ry is defined as f(t,y, z) := f(s,y, z/y), assuming f > 0,
and Equation (1.2) induces the growth rate f(t,y,2) < oy + B¢/ In(y)| + ve|z| + 0]2|?/y. By
analogy and under suitable hypotheses, Equation (1.3) can be transformed into an ordinary
BSDE whose driver g : Q x [0,7] x Ry x R™ — R verifies the following growth rate:

9(t.y, ) < awy + Bey|In(y)| + wel=| + 0]2*/y. (1.4)

In other words, an auxiliary (but not sufficient) tool to study the properties of the original
two-driver BSDE in Equation (1.3) is provided by the ordinary BSDE

T T
Yt:X—l—/ g(s,YS,Zs)ds—/ ZsdWs, (1.5)
t t

where ¢ satisfies the general condition (1.4), exhibiting a logarithmic non-linearity and sin-
gularity at zero. The introduction and comprehensive analysis of general two-driver BSDEs,
encompassing GBSDEs, and their precise connections to dynamic risk measures, constitutes our
main methodological contribution.

We establish general existence, regularity, uniqueness and stability results for the two-driver
BSDE (1.3), exploiting (1.4)—(1.5), considering both bounded and unbounded stochastic coef-
ficients «, 8,y and terminal condition X. These results are mathematically involved; in the
subsequent paragraphs, we highlight the key mathematical challenges, and the proof strategies
we introduce, in comparison to the existing literature. While existence, uniqueness and sta-
bility results for ordinary BSDEs with a y|In(y)|-growth rate have been established in [5] and
existence and uniqueness for a |z|?/y-growth rate have been analyzed in [6] (without consider-
ing stability of the solution), to the best of our knowledge, this is the first contribution that
simultaneously incorporates both the logarithmic non-linearity y|In(y)| and the singularity at
zero represented by |z|?/y into the general form (1.4). Furthermore, our results are based on
different assumptions compared to those in [5] and relax the assumptions in [6]. Moreover, our
results ultimately apply to two-driver BSDEs of the form (1.3).

The proof techniques to establish the existence of the solution to (1.4)—(1.5) draw some in-
spiration from the insightful analyses in [2, 4]. Demonstrating the regularity of the z-component
of the solution necessitates a novel approach that is based on a priori estimates. Settings to
achieve square-integrability of the z-component for a driver exhibiting a |z|?/y-growth rate were
previously unexplored except for specific cases, such as when X is bounded and bounded away
from zero ([6]). We achieve this integrability without imposing additional hypotheses, while



also incorporating the logarithmic non-linearity. The regularity we obtain for the (y, z)-solution
pair is optimal, recovering existing special cases. Additionally, we develop further regularities
under bounded coefficients «, 8, and terminal condition X.

To establish uniqueness, we assume g to be jointly convex in (y, z). Initially proposed in [13]
and further explored in [20, 29], the convexity assumption enables us to derive a comparison
theorem, yielding uniqueness. While our approach builds on the idea in [13] of estimating
the so-called O-difference, Y — 0Y’, between two solutions to obtain comparison results, our
proofs faced significant challenges due to the y|In(y)| + |z|?/y-growth rate terms. Unlike [13],
which assumes the existence of exponential moments of order p > 1 for the terminal condition
X, we do not require the existence of p-moments of all orders, which can be regarded as the
natural geometric counterpart of exponential moments. In this sense, our results are linked
to the sharper uniqueness results obtained in [20], but we achieve this using a completely
different proof strategy (not based on a stochastic control problem). Furthermore, these earlier
works assume convexity of g with respect to z and a monotonicity condition in y, to eliminate
dependence of g on the state variable. However, we cannot rely on this kind of monotonicity due
to the logarithmic non-linearity. The hypothesis of joint convexity in (y, z) proves to be suitable
to address the logarithmic non-linearity, as it allows us to utilize a stochastic Bihari inequality
— a stochastic generalization of a Gronwall lemma — recently introduced in [33]. Uniqueness of
the solution for a |z|?/y-growth rate with unbounded terminal condition is unprecedented in the
literature. In [6], the authors establish uniqueness (under convexity of the driver) for a terminal
condition X that is bounded and bounded away from zero. We relax both assumptions.

Furthermore, as a byproduct of independent interest, we obtain a stability result for the
solution. This result relies on the convexity of the generator and represents the first stability
result for a |z|?/y-growth rate, even in the absence of the logarithmic non-linearity. While the
proof follows a scheme similar to that of the comparison theorem mentioned above, it requires
meticulous verification of the necessary integrability conditions. We note that these stability
results can also be employed to refine the stability results presented in [13], as the results
allow to handle exponential moments that are not necessarily finite for all p > 1, dropping the
hypothesis of monotonicity in y and assuming joint convexity in (y, z).

As mentioned above, our approach is designed to comprehensively investigate Equation (1.3).
That is, exploiting the theory developed for Equation (1.5), we study two-driver BSDEs of the
form (1.3). Specifically, we introduce a notion of a solution for two-driver BSDEs, deriving
existence of the solution from the analogous results for Equation (1.5). To investigate the
regularity of the z-component of the solution to Equation (1.3), we provide a distinct analysis;
it cannot be derived directly from the single-driver Equation (1.5). In addition, a comparison
theorem for two-driver BSDEs is established, yielding also uniqueness of the solution. These
results hold under suitable hypotheses on the composition between g; and g2, and substantially
generalize the results obtained for GBSDEs. Finally, stability results for the solution to the
two-driver BSDE are provided.

Additionally, we present non-trivial findings on dynamic return and star-shaped risk mea-
sures induced by GBSDEs. We demonstrate the feasibility of defining dynamic return risk mea-
sures (and generalizations thereof) for unbounded terminal conditions and identify sufficient
conditions for the drivers that ensure financially meaningful properties, such as multiplicative
convexity, positive homogeneity, and star-shapedness. These results are obtained by exploiting
the stability properties we have established.

To illustrate our results, we include several examples. In particular, we demonstrate that
LP-norms and robust LP-norms (i.e., the return counterparts of the monetary entropic and
robust entropic risk measures, see [30, 42]) can be described as solutions to GBSDEs. While
the relevance of these objects in economics and financial mathematics is well-known, see e.g.,
[9, 15, 38, 43, 53], to our best knowledge, this is the first attempt to express general dynamic
robust LP-norms as solutions to BSDEs.



The remainder of this paper is structured as follows. In Section 2, we provide the basic
framework and review some preliminaries for dynamic return and monetary risk measures.
Section 3 introduces the concept of GBSDEs and presents initial results on their existence and
uniqueness. Our main results concerning Equation (1.5) are established in Section 4. Section 5
delves into the specifics of the two-driver BSDE in Equation (1.3), also elucidating how these
results apply to the realm of GBSDEs. Section 6 demonstrates how GBSDEs can be used to
represent dynamic return and star-shaped risk measures and characterizes the properties of the
risk measures in terms of those of the GBSDE drivers. Some auxiliary results and all proofs
that are not in the main text are collected in Online Appendix A.

2 Preliminaries

In this section, we first introduce the notation and setting utilized in the sequel. Next, we
provide the definitions of dynamic return and monetary risk measures.

2.1 Main notation and functional spaces

Let (92, F,P) be a probability space. Furthermore, let 7" > 0 denote a finite time horizon and
let (Wt)te[o,T} be a standard n-dimensional Brownian motion defined on (2, F,P). We equip
the probability space with (]:t)tE[O,T]’ the augmented filtration associated to that generated by
(Wt)te[o,T]' We require w.l.o.g. that 7 = Fp. All equalities and inequalities between random
variables are understood to hold dP-almost surely whereas for stochastic processes they are
meant to be valid dP x dt-a.s., unless specified otherwise. We equip the space L° of all F-
measurable random variables with the usual pointwise partial order relation, writing X > Y
when X (w) > Y (w) for P-almost every w € Q. We use the notation LY to denote the set of all
strictly positive random variables. Given X C LY, weset X, := X ﬂLg. For each fixed t € [0, 7],
given X C L, we denote by X (F;) the space of F;-measurable random variables belonging to X'
For any p € [1,400), LP(Fr) is the set of p-integrable random variables whose norm is denoted
by || - |[p. L%(F) is the space of Fj-measurable and essentially bounded random variables,
whose norm is denoted by ||« ||oc. When no confusion can arise, we write L? instead of LP(Fr),
and similarly for the other spaces, without further specification. For any z,y € R"® with n € N,
n > 1, we write x - y for the usual scalar product in R", i.e., -y := Y ; 2;y;. For clarity, we
sometimes use the notation x -y even when x and y are scalars. We let Ry :={z € R: z > 0}.

Next, we define the primary functional spaces that we consider. From now on, we will use
“p.p.” to denote any predictable process with respect to (F;)scjo,r] ® B(0,T'), with B the Borel
o-algebra, and valued in R”, with n > 1. We let

< —i—oo}

= { Yi)ieor) P-P: esssup V3] < +00}7

esssup | Y|P

Hy o= { Yi)iejo,r) P-p-: E
t€[0,T

(tw)€[0,T]xQ

T
L7 = {(Yt tefo,1] P-P-: / |Y;|?dt < 400, P—a.s.},
0

T 5
: { Yi)ieo,r) P-p-: E (/ \Yt\zdt) < +00}7
0
BMO(P

T
{(Yt)te[oT}pp 3C > 0 s.t. E[/ Y, |%ds
t

ft] < C dP x dt—a.s.} .

Sometimes we will employ a different probability measure Q on (€2, F). In that case, we will
specify the regularity of a process w.r.t. this measure by writing, e.g., H;.(Q) and analogously for



the other spaces. Similarly, we will specify that the expectations are taken w.r.t. Q by writing
Eq []. Henceforth, we use the shorthand notation X. instead of (Xt);cjo) for a stochastic

process. For any X. € H3°, we define the norm || X || := esssup |Xy|; H5® is a Banach space
(tw)€[0,T]xQ

if equipped with || - [|Z,. When dealing with X. € BMO(P), we consider the norm || X||gyi0 ==
SUPye(o, 7] IE[ftT | Xs|?ds|Fy]. As is well known, (BMO(P), || - [gppo) forms a Banach space ([35]).

We define the stochastic exponential of v € L% as & = exp <fg YsdWy — %fot Ws|2ds) :

If v € BMO(P), &} is the density of an equivalent probability measure Q7 (w.r.t. P) and
W = W.— [ 7sds is a Q7-Brownian motion w.r.t. the same stochastic base of W. (by Girsanov).

In what follows, we also need the space of positive random variables bounded away from
zero. Specifically, fixing € > 0, we introduce the set and respective functional space

LO(Fr)={Y € L®(Fr): Y 2eas},  L%Fr):=]L(Fr)
e>0

When no confusion is possible, we simply write £2° and £°°, respectively. In addition, when
working with a filtered probability space (Q, F, (Fi)icpo,7], P), we write L>(F;) (vesp. L£2°(Ft))
to indicate the set of random variables in £ (resp. £2°) that are F;-measurable. It is impor-
tant to note that £ is a subset of L°°, and this inclusion is strict. We have the following
characterization, which will often be used in the subsequent sections:

Lemma 1. For any t € [0,T], the space L(F:) can be identified with the set of random
variables given by

O(F) i ={Y e LY : n(Y) € L™(F)}.

The proof is a routine verification and is omitted for brevity. We will also make use of the
following two related spaces for stochastic processes:

Spi={Y €NHF: Vi >edP xdtas}, LF:=|]LZ.
e>0

2.2 Dynamic return and monetary risk measures

In this subsection, we provide definitions of dynamic return and monetary risk measures, used
throughout.

Definition 2. Let L>(Fr) C X C LY(Fr). Then p; : X(Fr) — X(F;) is a risk measure if
it is monotone, i.e., for any X,Y € X(Fr) such that X > Y, it holds that pi(X) > p(Y).
A monetary risk measure is a risk measure that additionally verifies cash-additivity, that is,
for any t € [0,T], X € X(Fr) and nx € X(F:) such that X +n € X(Fr), it holds that
pe(X +nt) = po(X) + e

Let L®(Fr) C Y C LQF(]:T). Then py : Y(Fr) — Y(F) is a return risk measure if it is
monotone on Y (Fr) and positively homogeneous with respect to Fy-measurable random variables,
that is, for any t € [0,T], X € X(Fr) and & € L>(F;) such that & - X € Y(Fr), it holds that
pr(&e - X) =& - pe(X).

We present a (non-exhaustive) list of axioms for monetary and return risk measures; see,
e.g., [9, 18, 30, 38] for further details and discussion. Let t € [0,T].

Definition 3. A risk measure p; : X(Fr) — X(F) is: (i) convex if for any X,Y € X(Fr)
and A € [0,1] such that AX + (1 — N)Y € X(Fr) it holds that pt(AX + (1 = N)Y) < Ap(X) +
(L = X)pe(Y); (ii) positively homogeneous if for any X € X(Fr) and n; € L(F;) such that
ne - X € X(Fp) it results that py(ne - X) = ng - pe(X).



A monotone functional py : Y(Fr) — YV(F) is: (i) multiplicatively convex if for any X,Y €
V(Fr) and X € [0,1] such that X Y'=* € Y(Fr) it holds that py(X Y1) < pMX)pi~MY);
(1) star-shaped if for any X € Y(Fr) and n; € L(F;) with ny < 1 dP-a.s. such that n; - X €
V(Fr) it results that py(ne - X) < ng - pe(X).

A risk measure py : X (Fr) — X (F) is time-consistent on X (Fr) if ps(X) = p(p:(X)) for
any t,s € [0,T] with s <t and X € X(Fr) where pl, : X(F;) — X (Fs) is the restriction of ps
to X(Fp), i-e., pl = (ps)x(F)- Time-consistency of functionals defined on Y(Fr), such as py,
can be formulated analogously.

We presented the preceding definition without imposing a linear structure on X and ),
recognizing that certain spaces we will utilize hereafter may lack this property. A one-to-one
correspondence between return risk measures and monetary risk measures has been proved
in [9] in a static setting, using as reference spaces X = L™ and Y = L. We can extend
this one-to-one correspondence to the dynamic case. Starting from a monetary risk measure
pt : L°(Fr) — L*™®°(F), there is a natural way to define the corresponding return risk measure
pt 2 L(Fp) — LP(F;) by setting

A(X) = exp(py(In(X)). (2.1)

We notice that, for each ¢t € [0, 7], p; is well-defined by Lemma 1. Indeed, if X € £>°(Fr), then
In(X) € L>®(Fr), thus p(In(X)) € L*(F;), hence exp(p:(In(X)) € L>(F;). Conversely, given
a return risk measure p; : L(Fr) — L=(F;), we can define the corresponding monetary risk
measure p; : L (Fr) — L (F;) via the formula

pi(X) :=1n (5 (¢Y)) . (2.2)

Once again, p; is well defined as eX € L®(Fr) for any X € L>®(Fr), thus pi(e*) € L®(F)
and Lemma 1 ensures that In(p,(X)) € L*°(F;). Properties of p; and p; are summarized in
Proposition A.1.1 in Appendix A.

3 GBSDEs

Let us consider the ensuing BSDE:

T T
Y, = X+/ f(s,YS,Zs)ds—/ ZodWs. (3.1)
t t

The pair (X, f) is henceforth referred to as the ‘parameters’ of the associated BSDE.

Definition 4. The couple (Y, Z) is a solution to Equation (3.1) if it verifies this equation
in the Ito’s sense, Y 1is predictable with continuous trajectories, Z € E% 1s predictable, and

Iy 1£(5, Y5, Z3)ds < 400, dP-a.s.
Throughout this section, we consider the following assumptions on the driver f:

Al) Let f: Q2 x[0,7] x R x R" — R be a P x B(R) x B(R"™)-measurable function, where P
denotes the o-algebra generated by predictable sets on © x [0, T7;

A2) There exists C' > 0 such that, dP x dt-a.s., for any (y,z) € R x R™:
(&, 2)] < CQA+ [yl +12);
A3) There exists C’' > 0 such that, dP x dt-a.s., for any (y1,y2, 21,22) € Ry x Ry x R” x R™:

[f(t g1, 21) = f(t 2, 22)] < C'llyr — gl + (L + gl + lya| + |21] + [22])]21 = 22].



Furthermore, we assume that X € L*(Fr). Under assumptions Al) and A2), there exist a
maximal and a minimal solution to Equation (3.1), and any solution (Y, Z) between the minimal
and the maximal solution verifies the regularity (Y, Z) € H¥ x BMO(P) (see, e.g., [36, 55]). In
addition, if A3) is also satisfied, then the solution is unique in the class of solutions belonging
to HS® x BMO(P). Furthermore, for each t € [0, 7], the map X + Y;X is monotone.

3.1 From BSDEs to geometric BSDEs

We are interested in studying the class of return risk measures whose dynamics are induced via
certain stochastic differential equations. Let us consider the following BSDE, where for brevity
we write p; instead of p;(In(X)):?

T T
pr =InX +/ f(s, ps, Zs)ds — / ZsdWs. (3.2)
t t

Let f satisfy conditions Al) and A2), and X € L>®(Fr). Leveraging the existence results
referenced above, for each ¢ € [0,7], the first component of the solution to Equation (3.2)
can be interpreted as a function between L*°(Fr) and L>®(Fy), i.e., pt : L®(Fr) — L>®(F),
mapping In(X) — p;(In(X)). For each fixed X € L>(Fr), we can apply Ito’s formula to find
the dynamics of the map t — py(X) := exp(p:(In X)); cf. (2.1). After simple algebra, we find
that the dynamics of p.(X) can be described via a geometric BSDE (GBSDE) given by

{dﬁt = o (F(t,I0(pe), Z2) — 51 Z4f?) dt — py ZedWr, (3.3)

pr(X) = X.
Clearly, Equation (3.3) can also be written as

—dpe/pr = (f(t,1n(pr), Zt) — 51 Z|?) dt — Z,dWy,
pr(X) =X.

Here, the multiplicative structure is even more apparent. The corresponding integral form is
given by

T T

_ _ . 1 _

pr =X+ / Ps <f(8,1n(p5), Zs) - 2’Zs’2> ds — / PsZsdWs.
t t

3.2 Well-posedness of GBSDEs

The reasoning in the previous subsection suggests the definition, in full generality, of the fol-
lowing GBSDE:

{—dﬁt/ﬁt = f~(t7ﬁt, Zy)dt — ZydWy, (3.4)

pr(X) = X.
We consider the following assumptions on f :
R1) Let f:Qx[0,7] x Ry x R” = R be a P x B(R;) x B(R")-measurable function;
R2) There exists C' > 0 such that, dP x dt-a.s., for any (y,z) € R x R™:
[f(ty.2)| < C(L+ |Iny| + [2);
R3) There exists C’ > 0 such that, dP x dt-a.s., for any (y1,y2, 21, 22) € Ry x Ry x R™ x R™:

1f(ty1, 1) — F(ty2, 22)| < C'|Inys —Inye| + (1 + [Inyr| + [Inye| + |21] + |22])]21 — 2o]].

2We will use this shorthand notation also in the sequel without further specification.




Proposition 5. Under assumptions R1) and R2), if X € L>(Fr), then Equation (3.4) admits

a positive solution (p,Z) € HF x BMO(P). In addition, if R3) holds, the positive solution is
unique. Furthermore, for each t € [0,T], py is monotone w.r.t. the terminal condition X .

Example 6. Consider the driver f = 0. Then, we obtain the following GBSDE:
T ~
p(X) = X+/ psZsdWs, X € L(Fr).
t

This GBSDE admits a unique solution (p, Z) € HYF x BMO(P), by Proposition 5. The explicit
form of the first component of the solution is given by p(X) = E[X|F], dP x dt-a.s. This
result aligns with the geometric martingale representation theorem (see Proposition 6.4 in [7]
and Lemma A.1 in [21]). Thus, the geometric martingale representation theorem occurs as
a particular case of a GBSDE when f = 0, just like the (additive) martingale representation
theorem occurs as a particular case of an ordinary BSDE when f = 0.

Example 7. Consider f(t,z) = —3|2|? and X € L(Fr). Proceeding as in the proof of
Proposition 5, the BSDE with parameters (In(X),0) admits a unique solution (p,Z) € HF x
BMO(P), with py(In(X)) = E[In(X)|F] dP x dt-a.s. Hence, the closed-form expression of
(Pt)ecio,) s given by the following formula:

pt(X) = exp(E[In(X)|F]), dP x dt-a.s.

Thus, for any t € [0,T], X — p(X) is the geometric conditional expectation, whose dynamics
are represented in terms of a GBSDE.

3.3 Using the one-to-one correspondence and going beyond

Next, note that Equation (3.4) can be transformed into an ordinary BSDE by setting Z; := j;Z;.
Deploying this substitution, we obtain the following BSDE:

T B B T _
p=X+ [ puflspnZifpds— [ Zaw.
t t

Thus, we can define a new driver f(t,y,2) := f(t,y,2/y) that satisfies a logarithmic-quadratic
(LN-Q) growth rate of the form

yf(t,y,2) < Cly +yln(y)| + |2 /y), V(y,2) € Ry x R™

Since we want to allow also for stochastic and unbounded coefficients, we consider the following
generalized growth rate:

yf(t,y, 2) < auy + Byl In(y)| + velz| + 6|21y, V(y,2) € Ry x R",

where the term ~.|z| has been added for the sake of generality. Here, «, 3, are predictable and
positive stochastic processes and ¢ > 0 is constant. Motivated by this observation, we consider
in the following an ‘ordinary’ BSDE

T T
Yt_x+/ g(s,Ys,Zs)ds—/ ZydW,, (3.5)
t t

where g : [0,7] x 2 x Ry x R" — Ris a P x B(R;) x B(R")/B(R)-measurable function with
LN-Q growth rate

9(t,9,2)] < agy + By ()| +lz] + 0l22/y, dP x dt-as. V(y,2) €R: xR™.  (3.6)



The next proposition shows that it is always possible to find a solution to a BSDE whose
driver has an LN-Q growth rate once we are provided with a solution to a quadratic BSDE

T T
Y/ =X’ —|—/ g (s, Y. Z')ds —/ Z;dWs, (3.7)
t t
with
|g/(ta Y, Z)‘ < oy + /8t|y| + ’yt|Z’ + 77|Z|27 dP x dt-a.s. v(ya Z) € R X Rn? (38)

where n > 0, and wvice versa. This proposition is in the same spirit of Proposition 5, taking into
account a more general driver.

Proposition 8. Let g satisfy condition (3.6), where, o, 3,7 are predictable and positive stochas-
tic processes.

If Equation (3.5) admits a positive solution with parameters (X, g) where X € L% (Fr), then
Equation (3.7) admits a solution with parameters (X', g"), where g’ verifies Equation (3.8) with
n=30+1/2 and X' € L°(Fr).

Conversely, assume that Equation (3.7) admits a solution with parameters (X', g'), where ¢’
verifies Equation (3.8) and X' € LO(Fr). Then, Equation (3.5) admits a positive solution with
parameters (X, g), where g satisfies Equation (3.6) with § =n+1/2 and X € LY.

Corollary 9. With the same notation as in Proposition 8, let X € L>*(Fr) and o, 3,y € HF.
Then, there exist a maximal and minimal solution to Equation (3.5) with parameters (X,g).
FEach solution between the minimal and the mazimal verifies (Y,Z) € HF x BMO(P).

As is evident from the proof of Corollary 9, the restriction X € L£°(Fr) is pivotal so far.
Without this assumption, establishing the existence and properties of a solution becomes more
challenging and mathematically involved, since then the terminal condition X’ = In(X) can be
unbounded and may even not be integrable. To investigate the existence, regularity, uniqueness
and stability of the solution in broader spaces, we must explore genuinely distinct approaches,
not invoking one-to-one correspondences as in Corollary 9. In addition, because we want to
allow for coefficients «a, 8,7 that are not necessarily bounded (or constant), we must employ
proof strategies different from those utilized above to establish existence and regularity of the
solution. These and related problems are studied in the following section.

4 Main Results for LN-Q BSDEs

In this section, we study ordinary BSDEs of the form given in Equation (3.5) with drivers
satisfying the LN-Q growth rate in (3.6). As is clear from Section 3.3, it is non-trivial to go
beyond the one-to-one correspondence and relax the assumptions of bounded terminal conditions
(and bounded coefficients), which will be the aim of this section. For the sake of generality and
completeness, we consider the following assumptions:

(H1) g : @ x [0,T] x Ry x R™ — Ry is a predictable stochastic process, continuous in (y, z)
dP x dt-a.s., verifying

0 < g(t,y,2) < awy + Byl In(y)| + 8|2* /y =: h(t, y, 2),
where «, 8 are positive and predictable stochastic processes and § > 0;

(H1)” With the same notation as in (H1), the process g now verifies

0<g(t,y,2) < awy + Byl In(y)| + velz| + 6|21*/y =: h(t,y, 2),

where 7 : [0,7] x 2 — R is a positive and predictable stochastic process;
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(H1)” With the same notation as in (H1), the process g now verifies
0 < g(t,y,2) < awy + Byl n(y)| + e - 2 + 8|27 [y =: h(t,y, 2),
where 7 : [0,T] x Q — R™ is a predictable stochastic process;
(H2) Let X be a strictly positive Fpr-measurable random variable such that
E [(1 + XQ‘SH)BB exp (e?(A+ B))] < o0,
where A := fOT agdt and B = fOT Bdt.
(H2)” With the same notation as in (H2), let p > 1 such that
E [(1+ X247 exp (p(e” + 1)(A + B))| < +o0.
In addition, we assume a, 3 € HL, with % + % =1.

(H2)” With the same notation as in (H2), let p > 1 and v be as in (H1)’ such that

T
oo (o o (s [ )] <o
0

Here, ne (0, IA%_D). Furthermore, we assume there exists ¢’ >0 such that E[ fOT ed v dt] <
+o00 and «a, 8 € HY, with %+% =1.

We note that we employ one and the same h(-,-,-) for different functions across (H1), (H1)’,
and (H1)”, with slight abuse of notation. In the results that follow, the respective form of h
will be specified on a case-by-case basis. Although certain assumptions from the previous set
clearly imply others, we opt to address them individually to highlight the distinct regularities
associated with each case.

4.1 Existence and regularity with unbounded terminal conditions and coef-
ficients

We start by establishing existence and regularity results in the setting of LP-spaces.

Proposition 10. (i) Assume (H1) and (H2). Then, Equation (3.5) with driver h as defined in
(H1) admits a positive solution such that

sup E [Yt(%ﬂ)eB] < +o0, and Z € L2
te[0,T

(ii) Assume (H1) and (H2)'. Then, there exists a positive solution to Equation (3.5) with
driver h as defined in (H1), verifying the further regularity

E{ sup Kp(25+1)(63+1)] < 400, and Z € M2T
te[0,T

(iii) Assume (H1)  and (H2)”. Then, there exists a positive solution to Equation (3.5) with
driver h as defined in (H1)’, verifying the same regularity as in the case of (H1)+(H2) .

Theorem 11. Assume (H1) and (H2), with driver g as in (H1). Then, there exists a positive
solution to Equation (3.5) in the sense of Definition 4 verifying 0 <Y < Y" where Y" is a

solution to Equation (3.5) with driver h. We have the regularity 0 < sup E [Yt(%ﬂ)eB] < +00

te[0,T
and Z € L%. Furthermore, if we assume (H1) and (H2)® (or, alternatively, (H1)’ and (H2)”),
then the solution has the further regularity 0 < E| sup }/tp(2(5+1)(6B+1):| < 400 and Z € M%
te[0,7)

11



Proof. We first wish to apply Lemma A.2.1 in Appendix A. We choose X1 = X5 = X, g1 = 0 and
go(t,y, 2) := h(t,y,z) = auy + Bey|In(y)| + 6|2|%/y. Clearly, g1 = 0 < g < go. Furthermore, the
BSDE with parameters (X, 0) admits a unique positive solution Y according to Proposition 1.1
(i) in [2], while Proposition 10 ensures the existence of a positive solution Y to the BSDE with
parameters (X, h). In addition, it holds that 0 < Y? < Y. Indeed, after a suitable localization
(Tn)nen, we obtain

E[Y,"|F] =E [X +/ g2(s, Y, 21 ds
t

ft} > E[X|F] = Y7,

where the inequality follows by positivity of h. Finally, for any (t,w) € [0,7] x Q and y €
[V(w), Y/*(w)], it results that

e

< (ot + Be) + (o +Be) (1+[Y* (w)!2)+yto(w),

2
9(t:9:2) < (au-+ 50 + ar + )1+ + 2
thus g satisfies all the conditions of Lemma A.2.1. This ensures the existence of a solution (Y, Z)
to the BSDE with parameters (X, g), subject to the additional constraint 0 < Y <Y < Yh.
Clearly, the last inequality implies the desired regularities for Y. The cases (H1)+(H2)’ and
(H1)'4+(H2)” can be proved similarly.

We will now establish the inclusion of Z in M2 under the combined hypotheses (H1)'+(H2)”,
as (H1)+(H2)’ is a specific instance of this case. We need a proof strategy different from that
employed in Proposition 10. Let us consider the function f(z) = 2", where n > 0 is a parameter
that will be determined later. We have that

T 1 n(n—1) 2 2 T 1
o= [ (waate v,z - 20Dy s [Tz,
t t

T 2
Z —1 _
§X"+/ [an’” (asstsYs1n<Ys)r+vs!Zs|+6'Y' )—”(”2 Lyn2z,2| as
t S

T
— / Y11 Z.dw,
t

T
= X" 4 / (asY + BY I In(Yo)| + 7Y™ Zs|)ds
t
T n—1 T
+/ " <6 — 2> Y2\ Z 2 ds —/ Y]~ ZsdW.
¢ t

Taking n > 20 + 1, t = 0 and upon rearranging, we obtain

T
—1
0 (122~ 5) o2z, 2ds
2 S
0
T

T
g—YO"JrXM/ nYS”_l(asYS—FBSYS\ln(Ys)|+’yS]Zs|)ds—/ Y11 Z.aw,. (4.1)
0 0

We start by proving the thesis when Y is sufficiently large. In this case, we must require that
Y"=2 does not go to zero, which is guaranteed by imposing 7 > 2. Considering a sequence of
stopping times as in Proposition 10, taking the expectation in Equation (4.1), applying Young’s
inequality and using the fact that Y7~1|Z| = Y2y ("=2)/2| Z|, we obtain that

Tn 71
IE[/ n(1== 5 yo 2|z, 2ds
. 2

<E[-Y) 4+ X7
T (o)t | YP"  0B)1 | YWY | (1sYs?)? e el 2
+IE/ + + + + + Y Z)7 ) ds |
0 q D q D 2e 2
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Let us consider & < n(“5* — §). Then, it holds that

T
KE [Yg—? / \ZSst}
0

na)t |, VP (B!, YY) (r* | Y

T
gE[—Y;)"+X”+/ ( ds
0 q D q P 2eq 2ep
SK’(l +E|: Sup Y;ﬂp+5/:|>,
t€[0,T

where K := 77(772;1 —08) — § > 0. The first inequality follows from Young’s inequality, while the
second inequality is implied by y™|In" (y)| < Ko/ m + y™*e holding for any m > 1, and ¢’ > 0
for some suitable constant K./,, > 0. In particular, K’ > 0 is a constant depending only on
T,a,8,v,1,p,q,¢ and on & > 0 (which will be fixed in the following).

Recalling the regularity of Y, we have E[SuPte[o,T] Ytp(zﬂl)(eBH)] < +00, where e? +1>2
P-a.s. Thus, we impose + & = 2p(25 +1). Hence, 0 < ¢ = 2p(26 + 1) — ieldin
) p np p ) D nmy g
7 < 2(26 + 1). In sum, we have the following conditions on 7:

n < 40 + 2,
n =2,
n>26+1.

After simple algebra, it is possible to check that for any value of § € R, there exists n > 0
verifying all the above conditions. Thus, we obtain E [f(;f szn72‘Zs‘2dS] < +o00. Let C' > 0 be a
positive constant and define A := {(w,t) € @ x [0,7]: Yi(w) > C}. Then, we have

T T
C"’E U |ZS|2]1Ads} <E [/ YS”_Q\ZSst} < +00. (4.2)
0 0
Now, we prove the integrability when Y is sufficiently small. Consider the substitution

f(z) :=1In(1 + z). By It6’s formula it holds that

T 1 , T
Yo, Zs)+ ——|Zs|"ds — ——ZdWs.
9(s, Ys, S)+2(1+Y:9)2| s|“ds /t 1+Y, s@Wsg

In1+Y;) =In(1+ X +/
1+¥)=m(+X)+ [ o

Since g > 0 and Y > 0, we have

In(1+Y) > In(1 + X) + /tT 2(1+1Y8)2|Zs|2d5 - /tT 1 _:YSZSdWS.
Upon rearranging, we obtain
T 1 ) T
/t W]ZS] ds <In(1+Y;) —In(1+ X) —l—/t 1 +YSstWs,

and hence the same inequality when ¢ = 0. Define 7, := inf{t > 0: fg m]ZSPds >n}AT.

Clearly, for each n € N, 7, is a stopping time, and 7, — T' dPP-a.s. By employing this localization,
taking the expectation and recalling the inequality In(1 + x) < z for any x > 0, we obtain

Tn 1
E —— _1ZJ%ds| <Yy +E[X .
[ amwite] <3+ < e

Letting n — oo, Fatou’s lemma leads to
T 1 )
E ——— | Zs|%ds| <Yy +E[X .
[ ae] <3+ < oo
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This inequality yields

1 T
————E ZyIaeds| <Yy +E[X : 4.3
s ot | [ 12 eds] < Yo+ E[X] < o0 (1)
Upon combining Equations (4.2) and (4.3), the thesis follows. O

The following corollary provides sufficient conditions under which Equation (3.5) admits a
unique solution, considering a driver of a specific form.

Corollary 12. Assume (H1)’ with h(t,y, z) = cuy+ Bey| In(y)| +2| 2| + 6|22 /y. If o, B,y € HE®
and there exists A\ > 2||B||L, such that IE[X(%“)(@ATH)] < +o00, then Equation (3.5) admits a
unique solution with reqularity (Y, Z) € H(T%H)(EATH) x M.

Remark 13. Note that both Proposition 10 and Theorem 11 also establish the existence of
mazximal and minimal solutions to Equation (3.5) driven by h and g, respectively. The existence
of these solutions can be inferred from Lemma A.2.1.

4.2 Further regularities in the bounded case
Additional regularities can be established under boundedness conditions, as follows.

Proposition 14. Assume X € LY (Fr), a,B,7v € HF and § > 0. Let h be as defined in
Corollary 12. Then the BSDE

T T
Y = X+/ h(s,Ysh,Zf)ds—/ Zhaws, (4.4)
t t
admits a unique solution (Y, Z") € H3® x BMO(P). Furthermore, under the same hypotheses
on the coefficients, if g : [0,T] x Q@ x Ry x R” — Ry wverifies (H1)’, then the corresponding
BSDE admits at least one solution (Y, Z) € HF x BMO(P). Specifically, it admits mazimal and
manimal solutions with such regularity, among all possible solutions verifying 0 <Y < Y™,

Corollary 15. Consider X € L (Fr), a, B € HF and v € BMO(P), and let g : [0,T] x € x
Ry x R" — Ry werify (H1)”. Then, the BSDE with parameters (X,g) admits at least one
solution. Furthermore, any solution is such that (Y,Z) € HF x BMO(P).

4.3 Uniqueness

In this subsection, we study uniqueness of the solution to Equation (3.5). We require a further
assumption on the driver g.

C) The driver g is jointly convex in (y,z) € Ry x R™.

In [6], uniqueness under a |z|?/y-growth condition is studied, for which the authors impose
convexity of g and require the terminal condition X to be bounded and bounded away from zero.
Their proof strategy relies on exploiting these properties to derive dual representations. Our
approach is different: it is based on proving a comparison theorem that implies uniqueness as a
consequence. In [5], uniqueness under y|In(y)|-growth is analyzed. There, the authors introduce
a monotonicity condition instead of requiring convexity, and they employ an entirely different
strategy for their proofs. Our current investigation establishes the existence of unique solutions
within the framework of a driver exhibiting a growth rate involving y|In(y)|+|z|?/y. Our setting
encompasses the case of unbounded terminal conditions that are not necessarily bounded away
from zero. Hence, as a byproduct, the following results expand the theory developed in [6],
where only the singularity |2|?/y is considered under more restrictive assumptions.

Before stating our main results, we require an additional assumption on the driver g:
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A) 0 <g(t,y,2) < vy + Byl In(y)| + v - 2 + 6|2*/y := h(t,y,2), V(y,z) € Ry x R", where
a, B,y € HF and § > 0.

We note that the bound on g in assumption A) can also be written as

0 <Tgysop - 9(t [yl 2) < Lysoy - (uy™ + Bey™ [y ™)+ - 2 + 021 /|y]), V(y,2) € R x R™,

with the convention that all members are 0 when y = 0.
We start by proving a useful lemma. It can be regarded as a generalization of a stochastic
Gronwall lemma (see [33, 54]), accounting for the non-linearity y|In(y)]|.

B
Lemma 16. Consider a positive process B € HF and X € Lﬁ_(e H)(]:T) for some p > 1, where

B :=||p|L -T. Letu € Hg(eB+1) such that uy > 0 dP x dt-a.s. If u verifies dP-a.s. for any
tel[0,T]:

T
u <E {X +/ Bsus|In(ug)|ds
t

ft:|>

then there exists an increasing function 1 : Ry — R such that dP-a.s. for any t € [0,T]:

w < E[wl (w(m + /t Tﬂsd8>

where ! : Range()) — Ry is the inverse function of 1. The function 1) is given by the explicit

formula
b(x) = {ffmf) if0<z<2,
In(In(x)) ~ In(In(2))  if o > 2.

ft:|7

B
Theorem 17. Assuming the driver g satisfies assumptions A), C), and X € LIJ’F(%H)(G +1),
where p > max{ﬁ, 1} and B = (||a||L+BII%)T, we consider the BSDE (3.5) with parameters

B
(X,g). Under these conditions, there exists a unique solution (Y,Z) € 7—[]%(25“)(6 ) % M3,

such that 0 <Y < Y", where Y" is the (mazimal) solution corresponding to the driver h, with
the same notation as in assumption A).

The main tool to prove Theorem 17 is given by the following comparison principle.

Proposition 18. With the same notation as in Theorem 17, consider a driver g (resp. g')
B
verifying assumptions A), C) and X, X' € LZJF(%H)(G D with X < X' If (v, 2),(Y',Z') e
B
7—[7}(26“)(6 +) x M2. are solutions to the BSDE with parameters (X, g) and (X', g'), respectively,
such that 0 < Y,Y' <Y and if the drivers verify
g, Y], Z) < g (t, Y], Z]) (resp. g(t,Ys, Zs) < ¢'(t, Yy, Zy)) dP x dt-a.s.,

then, dP-a.s., Y; <Y/ for any t € [0,T).

Proof. We assume that g verifies the assumptions A), C) and g(¢, Y/, Z]) < ¢'(¢,Y/, Z]). The
case with ¢’ verifying A), C) and g(t,Y:, Z;) < ¢'(t,Y:, Z;) can be proved similarly. Fix 0 € (0, 1).
The proof strategy is to estimate the difference Y —0Y” and then let # — 1. Define P := Yf_eg/ !
and V := 292" Tt holds that

T T
P=pr+ [ Gl P Vds— [ viaw,
t t

3Here, “unique solution” means that if (Y, Z) and (Y, Z’) are two solutions to Equation (3.5) with 0 < Y, Y’ <
Y" then Y and Y’ are indistinguishable processes, and Z; = Z; dP x dt-a.s.
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where

1
1-6

0t Y @), Zi(w) o 0.1,/ (). Zi))]

if (1 —0)y+0Y/(w),(1—0)z+0Z/(w)) € Ry x R" and G(w,t,y,z) := 0 otherwise. By the
assumptions on g and ¢', it can be checked by convexity that Ig,~0G(t,y,2) < Lys0y9(t, |yl, 2),
with the convention that the right-hand member of the previous inequality is zero when y = 0.
Now, we find the dynamics of P*, which is the positive part of P. Employing It6-Tanaka’s
formula, we obtain

Glw,t,y,2):= [9(w, t, (1 = 0)y+0Y/ (w), (1-0)z + 0Z{(w)) —Og(w,t, Y/ (w), Z;(w))]

T T T
1
Pt+ = Pj—i_ —I—/t ]I{ps>0}G(S,PS,VS)dS —/t ]I{ps>0}‘/:gdW5 — 2/t dLg,

where (L¢).ejo,r) is the local time at 0 of (Wy)iepo,r)- We consider n > 2, and the function
f(z) := 2". Tto-Tanaka’s formula applied to f(P*) yields

+ o[yt 1 Vsl
15 = 5+ [ e i Gl PV = - DIE | ds
t s

n r 1 T 1
=0 [t [ g (B AW
t t

Observing that the third term in the right-hand member is non-positive and that by assumption
A) it holds that

Lp>01G(t, P, Vi) < Lipsorg(ts [ Psl, Vi) < Igpsoy <OétP + BB (P 4y - Vi + 5|]P|\ >

we obtain
FPT) < F(PF)

T 2
_ Vs 1 s
[t (0P 4 8B 20 Ve L) = S 0 B s

T
= [ g (B VW,
t
Choosing 77 = max{2J + 1,2}, we find that
_ _ 1 _
OLip0p (P HBITHVI = S (0 = DBV <0,
Hence,

T
FB) < F(PE) + / 0(PF) s + Bel In(PF))) + L p oy (P77 - Vads

T
_/ nH{Ps>o}(Ps)7’_1Vdes
t

T T
— [P+ / (P (s + Bl (P )])ds — / ilipoy (P WVadWD,  (45)

where we used that I. < 1 and Girsanov’s Theorem since v € H?°. Fixing t € [0,7], let us
introduce the localization

Tn = inf {s >t: / (T]H{pu>0}(PJ)n71Vu)2dU > n} NT.
t
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Taking the Q7-conditional expectation in Equation (4.5) and using 27 < €7 4 2"|In(x)|, we

obtain
Tn Tn
<o |y [ st [Tt s Imesas
0 t
ft] |
Here, the conditional expectation w.r.t. Q7 is well-defined. Indeed, as is well-known, if v € HF®,
the density &} € L™ (Fr) for any m > 1. By regularity of Y, Y”, we infer that P € Fp(25+1)(e+1)

/(B
with p > max{%ﬂ, 1}, thus (P1)7 € ng(e U for some p’ > 1. Similarly as done in Lemma 16,
it is possible to verify that

n T T
=y ! (1/1 (( sup P;“) —|—/ e”asds> +/ (ovs +/Bs)d8> e LY,
te[0,7) 0 0

for some ¢ > 1. Choosing ¢’ > 0 such that % + % =1, by Young’s inequality it holds that

E [6&%1 (zp ((Pé)’? " /O ' e"asds> + [ (o + ﬁs)dS)]
n T T q
<C (E {(5%)"'} +E |7t <¢ ((tSE%]Pt+> +/0 e"asds> +/0 (as+6s)ds> D

< 400,
where C' > 0 is a constant depending only on ¢, ¢’ and we have used the increasing monotonicity

of 1 and 1. Hence, the conditional expectation w.r.t. Q7 is well-defined. Employing again

that & € L™(Fr) for any m > 1, we can check that P € HIISEBH)(QW) for some 1 < [ < p'.

Thus, all assumptions of Lemma 16 are verified, yielding

(P < Egp {w—l (w ((P:;)’? + /0 " e"asds) + /t " (o + ﬁs)ds> ‘]—}] .

Since 7, — T a.s. and employing the dominated convergence theorem for conditional expecta-
tions, we can let n — oo in the previous inequality to obtain

(P)" < Egn [w <¢ <<p;)n + /0 ! e”asds> + /t Nt ﬁs)ds> ‘]’t] |

A+
Observing that (P})7 = ((Xl_(’;( ) > < |X|" and recalling that ) and ¢! are increasing, it
holds that

((Y; - eyt/)+)" < (1—0)"Egy {1/;—1 <w <\X\" + /OT e”asds> + /tT(as + Bs)ds> ‘]’t] .

Letting 8 — 1, the thesis follows. a

.

< Egv

n T Tn
( sup P;‘) —l—/ elagds +/ (as + 55)(Ps+)”| 1n(PS+)7’Dd5
0 t

te[0,7)

Proof of Theorem 17. Existence is clear by Theorem 11. The uniqueness for Y is obvious by
Proposition 18 and pathwise continuity of Y. We prove uniqueness for Z. Let us consider (Y, Z)
and (Y, Z'), being two solutions to Equation (3.5). Apply Ito’s formula to (Y — Y”)%:

T T
(Vi = Y = [ 2. = Yo, Yer 20— gl5, Y Z00) |22 Zifds— [ 20Y=YD)(Ze Z0)aW.
t t
Since we already know that Y = Y”, the previous equation gives

T
/ |Zs — Z!|*ds = 0 dP-a.s.,
0

and the thesis follows. O
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4.4 Stability

Stability results play a central role in the theory of BSDEs as well as in their applications
involving numerical methods. The analysis of the stability of solutions has been an important
topic since the earliest works on BSDEs (e.g., [26, 36]) and continues to attract attention in the
recent literature, e.g., in [46]. In this latter contribution, the authors establish general stability
results for Lipschitz BSDEs in an enlarged filtration, thereby extending earlier findings on the
stability of BSDEs and providing a unified framework that encompasses several approaches to
numerical approximation and implementation.

In this subsection, we derive stability results for the BSDE (3.5)—(3.6) under assumptions
A) and C). In the following, we employ again the convexity of the driver to obtain an estimation
involving |Y"™ —0Y'|, and then let § — 1 to establish the thesis. This approach has been studied
in the context of stability in [13]. However, our proof strategy is different from the strategy
used by these authors. Indeed, we construct a proof based on the comparison results obtained
in Proposition 18. Before proceeding, we need some refinements concerning the regularity of
the z-component of the solution to Equation (3.5).

Proposition 19. With the same notation as in Theorem 11, considering assumption A), X €

Li(%ﬂ)(eBH) with p > 1 and B = ||B||%, - T, any solution (Y, Z) to Equation (3.5) such that
0 <Y < Y" verifies for some C > 0 depending on p, ||a||%, |85, 7%, 6 and T:

(/ ' \Zﬁds)p (/ Tg(s,ys,zs)ds) !

Furthermore, if there exists € > 0 such that X > € a.s., then it holds that

T|Z |2 >p
5 ds
L%

for some C' > 0 depending on p, |la|Z, |18I%, 7|5, and T

E +E <CE [XM%“)(&B“) < 4o0.

E < C'E |:Xp(25+1)(63+1):| < 400,

Proof. For brevity, we assume the coefficients «, 5,7 to be constant, but the same results are
valid when considering bounded random coefficients as in assumption A).

We start by proving the regularity for the z-component. If Y is bounded there is nothing
to prove since Z € BMO(P) (see Proposition 14) and thus Z € MY for any p > 1. Suppose,
instead, that Y is sufficiently large. Proceeding as in Theorem 11, we obtain the analog of
Equation (4.1) with n > 2 and > 2§ + 1:

T
—1
n (122 —5) o2z, 2ds
2 S
0
T

T
<Y X [ e V()| +1Z) ds [yt Za,
0 0

Using Young’s inequality, we obtain

T —1
n (122 5) yn2z,2ds
2 S
0

, 1 T T
<C|( sup V""" + sup Y/ +/ YSTIZ\ZS\st—/ nY1 1 Z,dwy,
+€[0,T] t€[0,7] 2m Jo 0

with m > 0, ¢ > 0 to be determined later and C' > 0 depending on T,&’,m,a, 3,~. In the
following, the constant C' > 0 can vary from line to line and it will not be renamed for ease of
exposition. Choosing a suitable m > 0, there exists K > 0 such that

T T
K/ nYI72|Z,%ds < C sup Y;"*¢ —/ Y1 Z dW.
0 t€[0,17] 0
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Raising both members to the p-th power and taking the expectation, we obtain

(/OTnY;”_2|ZS|2ds>p gc(xa p]) (4.6)

with ¢’ = pe’. Considering the localization 7, := inf{t € [0,T] : fot(ann_lZS)zds >n} AT and
employing Burkholder-Davis-Gundy’s (BDG’s) and Young’s inequalities, it holds that

KE sup Y27

T
+IEU/ nY 1 Z AW,
t€[0,7] 0

Tn Tn p/2
EU | wveizaw, ”] < CE ( / 772Y;2("1)Zs!2d8> ]
0 0
pn 1 ™ 21 200\
< CE | sup Y+ — Y74 Zs|%ds ) |, (4.7)
t€[0,T] 2m’ \ Jo

where C' > 0 is a constant depending on p and m’. Choosing a suitable m’ > 0 and combining
Equations (4.6) and (4.7), we get

Tn P
KE [(/ Yg—?ZSy?ds> } < CE
0

Letting n — co, we have by Fatou’s lemma

T p
([ are)
0

Proceeding as in Theorem 11, we can select suitable n > 2, n > 26 + 1 and " = pe’ > 0 such

that
T p
([ )
0

where the last inequality is implied by Proposition 3.2 of [2]. Then, the bound

T p
E [(/ ’25’2d8> ] < CE |:Xp(25+1)(63+1):| ,
0

follows similarly as the implication Z € M?p in Theorem 11.
Now we prove the regularity of the process g(-,Y., Z.). Rearranging Equation (3.5) and
recalling that g > 0, it holds that
2p>

T 2p T
(/ rg<s,n,zs>rds) SCp(SHp Y| / Z,dW,
0 te[0,T] 0

with ¢, > 0 depending on p. Taking the expectation and using BDG’s inequality, there exists

another constant ¢, > 0 such that
T p
sup Y, + </ \ZS\2d5>
te[0,T 0

E [(/OT |g(s,Y8,ZS)|ds>2p] < E

Now we assume there exists € > 0 such that X > ¢ a.s., thus also Y; > ¢ dP x dt-a.s., and
the thesis follows by z-regularity. O

sup Y;pn—i—a/, '
te[0,7)

pn+£ll
Y

KE < CE | sup

te[0,T

(26+1)(eB+1)

E <CE | sup Y/

t€[0,T]

< CE |:Xp(2(5+1)(63+1) :

< +00.
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Theorem 20. Utilizing the same notation as in Theorem 17, consider a family of parame-
ters (X", g")nen and (X, g) with g satisfying assumptions A) and C). Let sup,, g" verify A),
g" wverify C) for any n € N, and (X")pen, X be strictly positive random variables such that
sup, ey X X € LPEHDEHD yith p > max{1, ﬁ} We call (Y,Z) (resp. (Y™, Z™)) the
unique solution to the BSDE with parameters (X,g) (resp. (X",g")) such that 0 < Y <
Y™ (resp. 0 < Y™ < Y"), with h as in A). Furthermore, assume X" — X dP-a.s. and
S g™, Ye, Zo)dt — [ g(t,Ye, Ze)dt in LPROTDEH0 - Thep, (Y™ Z7) — (Y, Z) in L9 x M3
for any q € [1,p(26 +1)(eP +1)).

Proof. From Theorem 11, Proposition 19 and the assumptions on (X", g"),en, it follows that

T P
sup £ [ sup (Y}n)p(%ﬂ)(e]gﬂ) + </ \Zg’st)
0

<K supE [(Xn)p(Z(H-l)(eB-i-l) < +o0,
neN t€[0,T

neN

for some K > 0. To establish the thesis, by Vitali’s convergence theorem, it is sufficient to show
that SUP;e(o,77] Y — SUPe(o,7] Y; in probability. Before proceeding, we show that, if Y — Y

in H%, for any ¢ € [1,p(26 + 1)(e? + 1)), then Z" — Z in MQTP. Indeed, by It6’s formula and
BDG’s inequality, we have

T p
E [(/ yzg—zs|2ds> ] < CE
0

T p
sup v =i ([ 1a 32 20) = gt v Z0las) .
te[0,7) 0

X" — X[? + sup [V — V3|
te[0,7

+CE

The first and second terms inside the first expectation in the right-hand member of the previous

inequality converge to 0 by assumption, since 2p < p(2d + 1)(e? 4 1). We only need to analyze

2
the third term. It holds that (fOT lg" (s, Y], ZQ)\ds) " is uniformly bounded in L'(Fr); indeed,

2p

T
( [l vz = gls.ve Zs>rds)
0

T 2p T 2p
([ 1rvzzmias) ([ oy zolas) ]
0 0

thus Proposition 19 and integrability assumptions on (X™),en give

<C

T 2p
supEK / rg"(s,Ys",Zzﬂds) ]scsupE[(X”)p@“”(@B“)]<+oo,
neN 0 neN

and similarly for ( fOT lg(s,Ys, Zs)|ds)?". Thus, Holder’s inequality yields

E

T P
sup |Y)" = Y|P </ |g"(s,st,Z;L)—9(873/5723)\&9)
tel0,7 0
T 2p %
( / \g“(s,xg",zz>—g<s,Ys,zs>rds) ]
0

2
< KE | sup |V Y| 2==0.
te[0,T

1
2
<E [ sup V" —Yi[*’| E

te[0,7)

Hence, we have proved Z" — Z in ./\/l2Tp . Now, we show that sup;cio 71 Y;" = sup;cjo,r) ¥t in L
for some n > 1, establishing also the convergence in probability. We proceed as in Proposition 18,
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estimating the difference Y™ — 0Y. As before, we define P := sz and V := Zn 9Z . It holds
that

T T
P, = Pr —l—/ G(s, Ps, Vs)ds — / VsdWs, (4.8)
t t

G(w7t’ y,z):: — [gn(w7t7(1 - 6)y+01/t(w)7<1 - 0)Z+02t(w))_99n<w7t7Y;5<w)7 Zt(w>)]
+ % [gn(w7t7 Yi(“’)? Zt(w))_g(wvt7 Y;f(w)v Zt(w))] ’

if (1-60)y+0Yi(w),(1—0)z+0Z;(w)) € Ry x R” and G(w, t,y,2) := 0 otherwise. Convexity
of g" yields
]I{y>0}G(t7 Y, Z) < H{y>0} (gn(tv ‘y|> Z) + |5gg(t)|) )

where 65 g(-) := % [g"(, Y., Z.) — g(-, Y., Z.)] and with the convention that the right-hand mem-
ber of the previous inequality is zero when y = 0. Following the same steps as in Proposition 18
and with the same notation of this proposition, we obtain the analog of Equation (4.5):

()" < (Pp)"
T

+ /t NP (s + Bs| (P 1l p,s0y (P s - Vs + nlp,s0y (P65 9 (s) |ds
T

_/ UH{PS>O}(PS)7]_1VSCZWS
t

T
< (PE) 1 sup (BF)! / 0I5 g(s)|ds
t€[0,7) 0

T T
+/ n(PH) (s + Bs| In(P)]) + nlip, 0y (P s - Vs ds—/ i p, =0y (Ps)"™  VedW,
t t

where 1 = max{2,26 4 1}. By integrability assumptions on d; g and by the regularity of Y™ and
Y, it is easy to check that

T T U
7= sup (Pt+)"_1/0 |05g(s)|ds < C ( sup (P)" + (/0 \539(8)\ds> )

tel0,T) t€[0,T

verifies the hypotheses of Lemma 16, since 7 = max{2,2J + 1} and p > max{1, ﬁ} Thus,
we can use Lemma 16 as done in Proposition 18, obtaining

(PH)" < Egn [1/;1 <¢ ((P;f)” + T+ /OT e”a5d8> + /OT(as + Bs)ds>

7.

Recalling the inequality (y —y/)* < (y —60y’)" for any y,y’ > 0 and 0 € [0, 1], the definitions of
P* and ¢ and using Doob’s inequality for p’ > 1 small enough, it holds that

s (w07 -30°) |
te[0.1] |
<¢_1 <¢ ((P;!)” + I +/ e”asds> + /OT (as + Bs)d ))p]

(P;)p’neB + (F%)p/eB + < i eﬂasds ] (49)

< Cp(1—6)"Egy

< Cy(1 — 0)"Eqn
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For brevity and w.l.o.g. we can assume Q7 = P, i.e., v = 0. For each fixed 6 € [0,1], the
integrability assumption on X" yields

B [y = [<<X1—_99X>>] oo, o]

Furthermore, it holds that

/. B !0 B 7]7];1 T p,UEB %
E [(F%)pe ] <E| sup (P)Pme E </ 5gg(s)ds)
t€(0,T] 0
T p'neBm
< CE ( / |5gg(s)|ds) no )
0
Here, in the first inequality we have used Holder’s inequality with [ = nnTl and m = n as

conjugate exponents, the second inequality follows from L7 boundedness of SUPyeo0,7] Pt+,
while the convergence is due to the integrability assumptions on 5 g. Thus, letting n — oo in
Equation (4.9), we obtain

n—oo neN

i B s (37 — ¥0] < (1 78 [X ([ )] |

The left-hand member in the previous inequality does not depend on 6, thus we can let § — 1,
obtaining lim, . E [supte[O’T] (Y — Yt)+)n] = 0. Similarly, we can evaluate the difference

Y — AY™, yielding the analog of Equation (4.8) with P’ := Y=8™" y7.— Z202" 44

1-0 > 1-0
G (1,1,2): = g 0" (0, (1= Oy +0Y (), 0= 0)2-+0 27 ) — 0™ o, Y70, 27 ()
b 96, i), Z1() — 71, Yilw), Zu(w),

if (1-0)y+6Yi(w),(1—0)z+60Z(w)) € Ry xR™ and G(w, t,y, z) := 0 otherwise. Once again,
convexity of g" yields

Liy>0yG'(t,y, 2) < Tpysoy (97t y, 2) + 1059 (1))

with 67¢'(:) := 1—i9 l9(-,Y., Z.) — g"(-,Y., Z.)] . Performing exactly the same algebra as before,

we obtain
T p/eB
/ B
XPnew (/ e”ozsd8> ] )
0

which gives lim,,_, o E [supte[O’T] (Y — Yt”)+)’7} = 0. Thus, we have proved

lim E | sup ((Y;—Y/")™")"

<(1-0)E
n—o0 tE[O,T}

- )

lim E

n—oo

sup |Y; — Y;"["
t€[0,T]

and the first thesis follows. O

The preceding stability results are provided under general hypotheses. However, verifying
the condition fOT " (t, Yy, Zy)dt — fOT g(t, Yy, Z)dt in LPCSHDE"+D) mioht be challenging in
practical applications. If ¢g" = ¢ for any n € N, then the above integrability condition is not
needed. Indeed, stability of the solution holds automatically, as is clear from the proof of
Theorem 20, since in this circumstance it results that dg; = 0 for any 6 € [0,1] and n € N.
In addition, in the following corollary, we provide some other sufficient conditions under which
stability holds.
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Corollary 21. With the same notation and hypotheses as in Theorem 20, let X" — X dP-a.s.
and sup,, X", X € LP for any p > 1. Assume that, dP x dt-a.s. for any (y,z) € Ry x R,
g"(t,y,z) = g(t,y,2) and that there exists € > 0 such that X > ¢ dP-a.s. Then, (Y",Z") —
(Y,Z) in HE x MY for any p > 1.

Remark 22. The additional assumption sup,, X,,X € LP for any p > 1 in Corollary 21 is
not unnatural. Indeed, [13] assumed the finiteness of all exponential moments for the terminal
conditions of quadratic BSDFEs (see Proposition 7 of [13]), while Proposition 8 suggests that
exponential reqularity for the terminal conditions of quadratic BSDEs should naturally lead to LP
reqularity for the terminal conditions when the drivers exhibit an LN-Q growth rate. Similarly,
the hypothesis X > ¢ in Corollary 21 appears to be pivotal in case one seeks further reqularities,
as shown, for example, in [6], and, within the framework of return risk measures, in [9] and

/38].

5 Two-Driver BSDEs

With the existence, regularity, uniqueness and stability results for ordinary LN-Q BSDEs of
Section 4 at hand, we are now equipped to examine general two-driver BSDEs, embedding
Equation (3.4) and given by

T T
Y; = X+/ gl(s,Ys,Zs)ds—/ 92(8,Ys, Zs)dWs. (5.1)
t t
Here, gy verifies the growth rate
0 < gi1(t,y, 2) < ylag+ Beln(y)] +elzl +68|2%) = hi(t,y,2), V(y,2) €Re xR, (5.2)

with «, 8,7 non-negative and predictable stochastic processes, and § > 0. Furthermore, the
driver gs : [0,7] x 2 x Ry x R™ — R” satisfies P x B(Ry) x B(R™)/B(R"™)-measurability. We
first analyze under which additional assumptions on gs it is possible to reduce Equation (5.1)
to Equation (3.5). A sufficient growth rate on go is provided in the following proposition. We
start by defining a general notion of a solution to a two-driver BSDE.

Definition 23. The couple (Y, Z) is a solution to Equation (5.1) if it satisfies Equation (5.1)
in the Ité sense, Y is a continuous and predictable process, and Z € E?p is a predictable process.
Furthermore, (Y, Z) is required to satisfy fOT 91(8,Ys, Zs)ds < 400 and fOT lg2(s, Yy, Zs)|%ds <
400 dP-a.s.

Proposition 24. Let g1 : [0,7] x @ x Ry x R" — Ry be a P x B(Ry) x B(R™)/B(R)-
measurable function satisfying Equation (5.2) and let go : [0,T] x @ x Ry x R" — R™ be a
P x B(Ry) x B(R™)/B(R™)-measurable function.

If there exists K > 0 such that dP x dt-a.s. for any (y, z) € Ry xR™ it holds that |g2(t, y, z)| >
Ky|z| with g being injective and continuous in z, then Equation (5.1) admits a positive solution
in the sense of Definition 23 when the ordinary BSDE (3.5) with LN-Q growth rate does.

Proof. First, we note that the mapping z — go2(w, t,y, z) is a bijection from R™ into itself. The
injective continuity of go w.r.t. z and the condition lim|,|_,, |[g2(w,t,y,2)| = +oo, established
by the inequality |g2(t,w,y,2)| > Ky|z|, ensure the surjectivity of go as a consequence of the
proof of Theorem 59 (V) in [51]. Hence, the bijectivity of g2 with respect to z enables us to
find the inverse of the function z — go(w,t,y,2) dP x dt-a.s., for any y € R;. In particular,
for any (w,t,y) € Q x [0,T] x Ry, there exists a unique function v ~ f“¥(v) such that
go(w, t,y, fOLY(v)) =v = f94(go(w,t,y,v)) for any v € R™. With slight abuse of notation, we
denote this inverse map by (w,t,y,v) g;l(w,t, y,v) =: f<U¥%(v). Furthermore, the growth
condition on go implies: |z| < 7[g2(¢, 4, 2)|/y, which can be translated into: lg5 1 (t,y,v)| <
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%\vl/y, for any (y,v) € Ry x R™, dP x dt-a.s. In addition, employing the substitution V. :=
92(+, Y., Z.), Equation (5.1) becomes

T T
Yt=X+/ gl<s,3@,g;1<s,n,v;>)ds—/ V,dwW,. (5.3)
t t

Now we check that g(t,y,v) := g1(t,y, 95 *(t,y,v)) verifies the LN-Q growth rate:

0<g(tyw)=g1(t,y, 95 (t,y,v)) < awy + Bey| In(y)| + vylgs (¢, y,v)| + dylgs *(t, y,v)|?

bl SloP
K K2y’

< ay + Byl In(y)| +

It only remains to check that g is a P x B(R4) x B(R"™)/B(R4)-measurable function. To show
this, it is sufficient to prove that (w,t,y,v) — (w,t,y,g;l(t,y,v)) is a P x B(Ry) x B(R")-
measurable function, since the composition of measurable functions preserves this property.
Adapting the argument provided in the proof of Theorem 4.1 in [47], we can consider w.l.o.g.
the space = CY([0,T],R™) with the canonical Brownian Motion W;(w) = w(t). Then, the
function G(w,t,y,2) = (w,t,y,g2(w,t,y,2)) is a bijection of Q x [0,7] x Ry x R™ into it-
self. Consequently, its inverse G~1(w, t,y,v) = (w,t,y,gg_l(w,t,y,v)) is P x B(R;) x B(R™)-
measurable. This measurability is ensured by the completeness and separability of the metric
space ) (see, e.g., Theorem 10.5 in [28]). Thus, if (Y, V) is a solution to Equation (5.3), then
(Y, Z.) := (Y, g5 (-,Y,,V.)) is a solution to Equation (5.1). O

Remark 25. Proposition 2/ entails that if we are able to find a solution to Equation (5.3), then
also a solution to Equation (5.1) exists. Nevertheless, the regularity of the second component
of the solution, V., still depends on the properties of go. Importantly, this means that, in the
following, once we handle a solution with a certain regqularity to Equation (5.3), we will need to
explore the reqularity of the second component of the solution to Equation (5.1) as a separate
problem.

In the following, we prove results about existence and uniqueness for general two-driver
BSDEs. Informed by the analysis above, we require the following assumptions:

(G1) g1 : [0,T] x @ x Ry x R" = Ry is a P x B(R4) x B(R™)/B(R4)-measurable function
verifying the growth rate (5.2) and is continuous in (y, z).

(G2) g2 : [0,T] x @ x Ry x R" - R™ is a P x B(R4) x B(R")/B(R™)-measurable function
such that |g2(t,y, 2)| > Ky|z| =: ha(t,y, 2), for some K > 0. Furthermore, go is injective
and continuous in z. Moreover, its inverse® with respect to z, denoted with slight abuse
of notation as gy ' (t,w,y,v) and defined for any (t,w,y,v) € Q x [0,T] x Ry x R™, is
continuous in (y, z), dP x dt-a.s.

(G3) Let p > 1. Let o, 3,7 be the coefficients appearing in Equation (5.2), with 6 > 0, and let
K be as in (G2) such that

E | (1 + X% exp <p<eB +1) <<A +B) + ﬁ /OTWI:/K)?dt))} R

Here, k € (0, M(g_l)), A= fOT aidt, and B := fOT Bydt. Furthermore, there exists ¢’ > 0
such that E[fOT eq/%dt] < +oo and o, B € HE., with % + % =1.

4See the proof of Proposition 24 for the formal definition of the z-inverse of go.
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Proposition 26. Assume (G1), (G2) and (G3). Then, Equation (5.1) admits at least one
solution (Y, Z) such that 0 <Y < Y2 where Y2 s o solution to Equation (5.1) with
parameters (X, hi, he). Here, hy and hy are defined as in Equation (5.2) and assumption (G2),
respectively. In addition, we have the following regularities:

29 4+1)(eP+1)
E [ sup Y:;<K2 ) ‘ < 400 and Z € L3.

t€[0,T

Furthermore, if there exists € > 0 such that X > ¢, then Z € M%

Proof. By Proposition 24, the two-driver BSDE (5.1) admits a positive solution such that
0 <Y < Y2 35 soon as the following ordinary BSDE does:

T T
Yt=X+/ g(s,YS,VS)ds—/ Vo dWs. (5.4)
t t

Here, V. := go(-, Y., Z.) and g(t,y, z) := gl(t,y,ggl(t,y, z)), resulting in 0 < g(t,y,2) < awy +
2
Bey|In(y)| + F|z] + %% Furthermore, g is continuous in (y, z) as it is a composition of
continuous functions. Hence, the ordinary BSDE (5.4) admits a solution (Y, V') by Theorem 11,
with
E (Z+1) 2+

P
sup Y, < oo, VeMz,

te[0,7

and 0 < Y < Y", where h(t,y,v) := hl(t,y,hgl(t,y,v)). Thus, we have proved existence of
the solution to the two-driver BSDE with parameters (X, g1,¢92). Note that the y-component
of this solution has the desired regularity. Clearly, Z € LZ.

It remains to prove that Z € M% under the hypothesis X > ¢ for some € > 0. We proceed
in two steps.

Step 1: For any t € [0,7T], it holds that Y; > e dP-a.s. Indeed, for the conditional expectation
in the two-driver BSDE, after a suitable localization (7, )nen, it holds that

Tn
}/t:E|:X+/ 91(37}/87ZS)
t

ft:| 2 E[X’ft] Z g,

where we have employed the positivity of g;.

Step 2: Apply Ito’s formula to the dynamics of Y, using the function f(z) = 2", with n > 0
to be determined later. We note that 1t6’s formula can be applied since Y > 0 and f is twice
differentiable on (0, +00) for any n > 0. We have

T T
_ — 1) _
v = x5 z) My gy, 20 s - [V (s Yoz aw,
t t

n T n—1 2 K277(77—1) n—2v,2 2
< X'+ 77Ytg (as}/s+BsY:9|ln(}/s)|+73n|zs|+5}/;|zs| )_ 9 Y:s Yts |Zs| ds
t
T
- / Y0 (5, Ve, Z0)AW,
t

T
:X’7+/ nY M (as 4 Bs| In(Ys)| + s Zs|)ds
t

T K2 -1 T
+/ n <5 — (772)> szn|Zs‘2d5_/ n}/sn_192(57}/;7 Zs)dW57
t t
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because, by (G2), |g2(t,y, 2)| > Kyl|z|. Taking n > % % +1, t =0 and rearranging, we obtain

T K2 -1
/ n <(77) _ 5) YSn|ZS|2ds
0 2
T T
<Yy X0 [y AW+l Zds — [y (s Y Zoaw, (55)
0 0

Since Y > ¢ and n > 0, there exists a positive constant K’ := &”7 > 0 such that

T 200 _ T 2(p —
K’/ n <5 - K(’721)> |Zs|%ds < / n <5 - K(7721)> Y| Z|%ds.
0 0

We recall that E[ fOT ydt] < 4oo for any m € [1,400) since v has a finite ¢’-exponential
moment. After a suitable localization, we can take the expectation in Equation (5.5). By
applying Young’s inequality it holds that

K'E [/OT" 7 ([(2(’72_1) - 5) |ZS|2ds}

T q yPn q Y2
<E|-YJ+X"+ (nas)? | Yo7 (05s) +Yp’7|1np(Ys)l+M+lesl2ds -
0 0 q P q s 2e 2

Choosing § < K’n(w — 0), we obtain (for some C > 0)

K"E [/ ' |ZS\2ds]
0

g (rys)*™ | Y™
< B3+ X7+ [ (g0 Yt (08 + Y2 () + LT 2
0 em 2el
np+e’ 2nl
<C|1+E| sup Y, + sup Y,
t€[0,T] t€[0,T]

with K" = K'n( (772 1)—5)—% > 0,1 <1l < pand %—}—% = 1. Here, the first in-
equality follows from Young’s inequality, and ¢/ > 0 has to be determined. Since we have

+1)(eB+1
a=anlC )] < 400, where e +1 > 2 dP-a.s., we can obtain the integrability

E[Supte[o Y
of the left-hand member of the previous inequality by taking n < &( f{% +1). In addition, we
also need np + &’ = 2p( + 1) and choosing 1 such that 0 < &’ = 2p( + 1) — np, we get the

further condition 7 < 2( + 1). In sum, we have the following conditions on 7:

n < 2( +1)

n>0,

1= i 2% +1)

n> iz & +1.
It is possible to check that for any value of § € Ry there exists > 0 verifying all the above
conditions, as £ > 1. Applying Fatou’s lemma, we obtain E| fo | Zs|?ds] < +oo0. O
Remark 27. If vy =0 and (G3) is replaced by the weaker assumption

E [( + XK2+1) exp (eP(A+ B))] < 00,

the existence of a positive solution to Equation (5.1) is still guaranteed, with the regularity

(256+1)eB

0< sup B|Y, *° | <400, Z€ LA

te€[0,T]

This follows from the proof above, using Proposition 10 ().
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In what follows, we provide sufficient conditions to ensure the uniqueness of the solution
to Equation (5.1). We will rely on Proposition 24, and on Theorem 17 for the corresponding
one-driver BSDE. We will show that under suitable hypotheses on the composition between g;
and g9, we can obtain a general result of uniqueness ensuring, for instance, that Equation (3.4)
admits a unique solution, assuming unbounded terminal conditions and without requiring a
monotonicity condition w.r.t. y for the driver f. In addition, we show that uniqueness results
hold for a larger class of drivers than those used in Equation (3.4). We require the following
two assumptions.

A’) g1 is a P x B(Ry) x B(R™)/B(R4)-measurable function such that
0<g1(t,y,2) < ewy + Beyl In(y)| + dyl2[?, ¥(y,2) € Ry x R™,
where «, # are bounded and non-negative stochastic processes, and d > 0.

C’) Given g; asin A’) and g2 as in (G2), the function (w,t,y,v) — ¢1 (w,t,y,ggl(t,w,y,v)) is
convex in (y,v) dP x dt-a.s.

Clearly, we can also add the term “y7; - 2”7 in assumption A’), with v € H3°, without altering

any of the following results.

Proposition 28. Assume that the drivers g1 and go verify assumptions A’) and C°). Let X €
28 11)(eB+1

AR ), where p > max{%,l} and B = (||a|L + [|B|L)T. Then, the two-driver

+
BSDE (5.1) with parameters (X, g1, g2) admits a unique solution

p(Z5+1)(eP+1)

(Y, Z) € H, x L3

among the class of solutions such that 0 <Y < Y'h2 where YPP2 s the (mazimal) solution
corresponding to the parameters (X, hi, ho) with hy and hy as defined in Theorem 26.°

We can also state a comparison principle for two-driver BSDEs. The proof of the following
comparison result is omitted since it can be obtained by similar arguments as those in the proof
of Proposition 28.

Proposition 29. With the same notation as in Proposition 28, consider drivers g1 and go
B
(resp. gy and gh) verifying assumptions A’), C’) and X, X' € Lﬁ(%ﬂ)(e O with X < X', If
B
(Y, 2) e Hl}(%ﬂ)(e Dy L2 is a solution to the two-driver BSDE with parameters (X, g1, g2),

Y', 7" e /HI}(%H)((EBH) x L2 is a solution to the BSDE with parameters (X', g}, g5) such that
0<Y,Y' <Y"h2 and the drivers verify

g1 (t,Y 95 (Y, Z0) < gL (6 Y] (95) (Y], Z) dP x dt-a.s.
(resp. g1(t, Ve, g5 ' (t, Y2, Z1)) < g1 (8, Y2, (g5) ' (8, Y3, Z1)) dP X di-a.s.),

then, dP-a.s., Y; <Y/ for any t € [0,T].
Corollary 30. (i) Consider Equation (3.4). Assume that
0 < f(t,y,2) < e+ Bil In(y)| + 0l* =: At y, 2),

where the coefficients a, B and the terminal condition X verify (G3) with K = 1 and v = 0.
Then, there exists at least one solution (Y, Z) to Equation (3.4) such that 0 <Y < Y" where

"Here, “unique solution” means that if (Y, Z) and (Y, Z’) are two solutions to Equation (5.1) with 0 < Y, Y’ <
Y"1P2 then Y and Y are indistinguishable processes, and Z = Z' dP x dt-almost surely.
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Y" is the first component of the (maximal) solution to Equation (3.4) with parameters (X, h).
Specifically, (Y, Z) has the following regularity:

E| sup Ytp(%ﬂ)(eBH) < 400 and Z € L3
t€[0,T]

Moreover, if there exists € > 0 such that X > ¢, then Z has the further regularity Z € MQT
(ii) In addition, assume f can be decomposed as

f(t,:% Z) = y(fl(ta y) + JFQ(t? Z)),

with fi, fo > 0, fl(-,y) convex in y, and fz(-,z) conver in z. Then, if o, € HF and p >
max{%ﬂ, 1}, Equation (3.4) admits a unique solution such that 0 <Y < Y". Therefore, when

f does not depend on y and is convex in z, then uniqueness holds without further assumptions.

We finally provide a stability result for two-driver BSDEs in the spirit of Theorem 20.

Proposition 31. With the same notation as in  Proposition 28,  consider
(X", 975 9% )nens (X, 91,92) with g1, sup,en g7 verifying A’), g2, sup,cn g3 verifying (G2) and
(97, G5 )nens (g1, 92) verifying C°). For any n € N, let X", X > ¢ for some ¢ > 0 and let
28

X, sup,ey X" € LP(FH)(@BH), where p > max{&?_i_%,l} and B = (|||l + 1812)T. We
call (Y, Z) (resp. (Y™, Z™),n € N) the unique solution to the two-driver BSDE with parameters
(X,91,92) (resp. (X,g7,g%), n € N) such that 0 < Y™ Y < Yhvh2 Suppose there exists a
constant C' > 0 such that for any n € N the z-inverse (g3)~! verifies dP x dt-a.s. and for any
(y,2) € Ry x R™:

<1 <2

(93) " (ty1,21) — (95) " (t y2, 22)| < C
Y1 Y2

)

and dP x dt-a.s. (g3)"(t,y,2) — g5 *(t,y,2) for any (y,z) € Ry x R™.
Setting V. := g2(-, Y., Z.), if [y g (t,Ye, (98) "1 (t, Yo, Vo))t — [ g1(t,Ye, 95 (8, Y2, V2))dt asm —

oo in the sense of LP(%H)(EBH)—convergence and X, — X dP-a.s., then (Y™, Z™) e, (Y, 2)
in LY x M, for any q € [1,]0(12(—52 +1)(eB +1)) and r € [1,2p).

Proof. Akin to Proposition 26, we define g"(t,y,v) := g?(t,v, (¢%) "1 (t,y,v)) and g(t,y,v) :=
gl(t,y,ggl(t,y,v)). Thus, the ordinary BSDEs with parameters (X", ¢"),en and (X, g) verify
all the hypotheses of Theorem 20. Setting (Y, V') (resp. (Y™, V")) the solution to the BSDE
with parameters (X,g) (resp. (X™,¢")), Theorem 20 entails (Y™, V") — (Y, V) in L7 x /\/l%wp
for any g € [1,10(12(—52 +1)(e? +1)). We need to check that Z" — Z in M?. for any r € [1,2p).
We know that V. = go(-, Y., Z.) and V" = g§(-, Y, Z"), thus Z. = g5 '(-, Y., V) and Z" =
(g8)~L(-,Y*, V™). By the triangular inequality, it holds that

Z — Ze < |(g5) 1Y V) — (98) M Y V) 4 1(98) M Ve, Vi) — g5 (8, Y3, Vi), (5.6)
dP x dt-a.s. By the assumptions on (g%)~!, the first term in the right-hand member verifies

ViPi W

[(95) 71 (&, Y Vi) — (g5) Mt Y, V)l < © Yo,

Since Y™ Y > ¢, Y" — Y and V™ — V in probability, also % — % in probability, and the last
equation leads to
(95) (6 Y V) 2525 (g8) (8 Y2 Z),
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in probability. In addition, the second term in right-hand member of Equation (5.6) converges
to 0, dP x dt-a.s., by the pointwise convergence of (g)~! to 9y ! hence also in probability. These
convergences and Equation (5.6) entail that Z™ — Z in probability. Furthermore, the growth
rate of go yields

T p T p
supE [( / rzm%zt) ] — supE [( J |<g§>1<t,n"7vt">|2dt>
neN 0 neN 0

T Vn2 p T p
/ dt| | < K.supE </ |Vt"2dt>
0 neN 0

vy
where the last inequality follows from Y > ¢ for any n € N, and the regularity of V" (see The-
orem 20). Hence, Z" is uniformly integrable in M, for any r € [1,2p), and Vitali’s convergence
theorem gives the required convergence. O

< KsupE
neN

< +o0,

Remark 32. We underline that if (X™)nen, X are strictly positive but not necessarily bounded
away from 0, then the convergence of Y™ — Y in HL for any g € [1,p(20 + 1)(eB + 1)) is
preserved, as is clear from the proof of Proposition 51, whereas the regularities for (Z™)nen and
Z do not necessarily hold.

6 Applications to Return and Star-Shaped Risk Measures

In this section, we apply the theoretical results on GBSDEs to study return and star-shaped risk
measures. We begin by establishing existence and uniqueness, without requiring the restrictive
condition X € L£>°(Fr) of Section 3 on the terminal condition. Next, we systematically analyze
the structural properties of the induced dynamic functionals. Each mathematical result is stated
in a succinct, formal form, followed by a brief financial interpretation. Finally, three examples
illustrate how specific star-shaped risk measures and (robust) LP-norms are naturally embedded
in our setting.

6.1 General setting and properties

We consider the GBSDE
T 5 B T B
=X+ / Paf (5,50, Z2)ds — / PuZdW,, (6.1)
t t

where X € Lﬂ(%H)(eBH) and f:Qx [0,7] x Ry x R" — R, satisfies the growth condition
f(ta Y, Z) <o+ Bt‘ ln(y)’ + 5’2‘27 dP x dt—a.s., v(yv Z) S R-i- x R™.

Proposition 33 (Existence and uniqueness). Let «, 3,6, p and f satisfy the assumptions stated
in the second part of Corollary 30. Then Equation (6.1) admits a unique positive solution (p, Z),

B ~
je H;;(25+1)(e +1)’ 7c [’%
Proof. This follows immediately from Corollary 30. O

Existence and uniqueness guarantee that the dynamic evaluation p is mathematically well posed.
Equation (6.1) defines a dynamic evaluation on Lﬁ)r(%ﬂ)(eBH) without relying on the one-to-
one correspondence of Sections 2.2 and 3.3, which generally fails for these spaces. Thus, the
functional p can be computed for a broad class of potentially unbounded payoffs, with its
BSDE representation ensuring numerical tractability and practical applicability. Next, recall

Definitions 2-3.
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Proposition 34 (Monotonicity and Lebesgue property). Under the assumptions of Proposi-
tion 33, the family (pt)ieo,r) satisfies the following properties:

:Lz_:_(25+1)(eB+l)(]_—T) N L;3F(25+1)(e3+1)(]__t)

1. For every t € [0,T], the mapping py s mono-

tone.

2. Foreveryt € [0,T], pt has the Lebesgue property: if (X™) C LT%JFI)(@BH)(]:T), sup,, X" €
szr(%ﬂ)(eBH)(]:T) and X, = X P—a.s., then p(X™) = pr(X) P-a.s.

Proof. Monotonicity of (ﬁt)te[O,T] w.r.t. its terminal condition follows from an application of
Proposition 29. The Lebesgue property follows from Proposition 31 and Remark 32. O

Monotonicity aligns with first-order stochastic dominance: larger payoffs are never considered
less attractive. The Lebesgue property ensures a form of robustness, as evaluations of approxi-
mate or truncated payoffs converge to the true value. This entails in particular that if a sequence
of payoffs is acceptable, then its limit is also acceptable; see, e.g., [7, 30] for further insights.

In the following lemma, we introduce a simple denseness result that will be useful to prove
several properties of dynamic risk measures.

Lemma 35 (Denseness of bounded elements). For every m > 1, L>(Fr) is dense in L'7'(Fr).
In particular, for X € L' one may set X" :=nAXV % with X™ € L% and X" — X in L™.

Proof. We claim that £>°(Fr) is dense in L'(Fr) for any m > 1. Indeed, let us fix m > 1 and
X € L7 (Fr). Defining for each n € N the random variable X" := n A X V 1, it is clear that
X" e L2(Frp) for any n € N, X — X dP-a.s., and 0 < X" < X V1 e L7 (Fr). By dominated
convergence, it holds that X™ — X in L™ (Fr), and the denseness is proved. O

Proposition 36 (Multiplicative convexity (GA-convexity)). Suppose f satisfies the geometric-
arithmetic (GA) convexity condition

f(tayl)\y%_)\a /\21 + (1 - A)ZQ) S )\f(t7y17 21) + (1 - A)JE@??JQ’ Z2)~
Then for every t € [0,T] and all X,Y € LI_;_(%H)(GBH),
A (XY < (X)) ANY), VA€o, 1].

Proof. We first fix X € L%(Fp). Then, proceeding as in the proof of Proposition 5, the
corresponding monetary risk measure, defined by the one-to-one correspondence for any ¢ €
[0, T] as p¢(X) := exp(pt(X)) with X := In(X), has dynamics given by a BSDE with parameters

(X, f), where f(t,y,z) = f(t,e¥,2) + 1|z|? for any (y,z) € R x R". We prove convexity of f
w.r.t. (y,2). Let us fix A € [0,1] and (y1, 21), (y2,22) € R x R™. It holds that

f(t, )\yl + (1 — )\)yg, Azl + (1 — )\)Zg)

= 1
Ft,expQhgr + (1= Nya), Azt + (1= N)za) + 5 e+ (1= Nz

A2
5 |22

IN

A e 20) (1= Nt e, ) + 51 +
Af(tyr, z1) + (1= A)f (L, y2, 22)-

The usual comparison theorem for BSDEs yields convexity of p; on L>(Fr) for any ¢ € [0, 7.
By Proposition A.1.1 (e), p; is multiplicatively convex on L (Fr) for any t € [0, T).
We want to prove

A < NX)BNY), VXY € IRV e j0,1), ¢ e [0, T,
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for generic X,Y € LE®VEHD pix x € (0,1), X, v € ZZPTVED and (X7 en, (V™) nen
such that X" - X and Y” — Y in Lﬂ(%ﬂ)(eBH). Such sequences exist as per Lemma 35.

For each n € N, we call 5"(X") the solution to Equation (6.1) with parameters (X", f) and
similarly for parameters (Y™, f). Then, for each n € N, by the first part of the proof,

AHXMMNY™)Y) < (XM (Y™, te [0,T). (6.2)

We now want to let n — oo, proving that both members of the previous inequality converge a.s.
(at least for subsequences), preserving the inequality and yielding the thesis. To see this, we aim
to employ Proposition 31 (and Remark 32). Indeed, (X™),en, (Y")nen verify all the assumptions
stated in Proposition 31, while the driver f does not depend on n € N. Thus, 5*(X") — p.(X)
and p"(Y™) — p.(Y) in HL for any q € [1,p(26 +1)(e® +1)). Hence, there exists a subsequence
(P (X)) en (resp. (P (Y™))ren) converging to p.(X) (resp. p.(Y)) dP-a.s. for any t € [0, T].
In addition, we note that (X")N(Y")1= = X V1A dPoas. and X V1A ¢ AZHDEHD 40
the interpolation inequality (i.e., a generalization of Holder’s inequality). Hence, extracting
yet another subsequence (without renaming it), we have /' ((X™ )M (Y7 )17A) — 5 (X AY1=4)
dP-a.s. for any ¢ € [0, 7. Taking the limit in Equation (6.2), the thesis follows. O

Remark 37. It is a routine verification to show that, under the increasing monotonicity as-
sumption in y, GA-converity in (y,z) relazes the stronger hypothesis of joint convezity in (y, z)
for the driver f (see also Example 40).

Multiplicative convexity embodies diversification in terms of compound returns: mixtures
of strategies are never penalized beyond the product of their separate evaluations. This is the
natural convexity notion in multiplicative (return-based) frameworks. Multiplicative convexity
has been firstly introduced in the context of risk measures by [9, 38] in the static setting. Here

we extend the definition to the dynamic environment and show its relation with the driver of a
GBSDE.

Proposition 38 (Positive homogeneity and star-shapedness). In the setting of Proposition 33:
1. Iff does not depend on y, then py is positively homogeneous.
2. Iff is increasing in y, then py is star-shaped.

Proof. First, fix X € £®(Fr) and n; € L(F,). If f does not depend on y, also f(t,z) =
f(t, z) + %]z|2 does not depend on y, thus the family of monetary risk measures (p¢)icpo,1]
corresponding to the first component of the solution to the BSDE with parameters (In(X), f)
is cash-additive (see, e.g., [7, 34]). Thus, the corresponding family of return risk measures
(Pt)tefo,r) is positively homogeneous on L by Proposition A.1.1 (b). Using again the denseness

B
argument, we conclude that positive homogeneity holds on szr(25+1)(e ),

Star-shapdeness can be proved exactly as multiplicative convexity, by recalling that if f is
increasing in y, then also f(t,y,2) = f(t,e¥, z) + %|z|2 has the same monotonicity in y. Thus,
the comparison theorem for BSDEs yields cash-superadditivity for (pt)icpo,77, hence (pt)iepo,1]
is star-shaped by Proposition A.1.1 (c). O

Positive homogeneity reflects scale-invariance under leverage in frictionless settings. Star-
shapedness, a weaker property, captures decreasing marginal impact of scaling, thus reflecting
liquidity costs or nonlinear exposures for large positions. While positive homogeneity is a well-
known property for risk measures (see e.g., [30]), star-shapedness has recently been introduced
in [14, 38] (see also [39]) and extended to a more general, dynamic and BSDE setting in [40].

Proposition 39 (Time-consistency and normalization). In the setting of Proposition 33:
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1. The family (pt)icjo,r) s time-consistent.
2. If f(-,1,0) =0, then py(1) =1 for all t € [0,T].

Proof. As far as time-consistency is concerned, it is sufficient to prove the statement on £ (Fr)
and then use the denseness argument. We note that the flow property of BSDEs (see, e.g., [26])
immediately implies time-consistency for the first component of the solution to the BSDE with
parameters (In(X), f), hence the return counterpart (4¢).e(o,r) is time-consistent on £ (Fr) by
Proposition A.1.1 (g).

If f(, 1,0) = 0, then by direct inspection the couple (g, Z) = (1,0) is the unique solution to
Equation (6.1) with terminal condition X = 1, thus normalization follows. O

Time-consistency ensures a well-structured dynamic “pasting” property, whereby evalua-
tions at intermediate times remain aligned with earlier decisions. This property has been thor-
oughly studied in the context of recursive utilities ([16, 25, 44]) and dynamic risk measures ([11])
and is naturally satisfied for BSDE-induced risk measures due to the flow property of BSDEs
(see [7], among others, for further details). Normalization anchors the measure, ensuring the
unit payoff is valued at one, consistent with its interpretation as numéraire.

6.2 Examples of dynamic return and star-shaped risk measures

In the following example, we consider a natural, dynamic star-shaped risk measure; the two
subsequent examples analyze canonical dynamic return risk measures.

Example 40. Let us consider f(t,y) =B In(1+y), where B is a positive and bounded stochastic
process. Clearly, f is increasing in y, strictly positive, the mapping y — yf(t,y) is dP x dt-a.s.
convez, and the respective growth condition is satisfied. Moreover, one can directly verify that

f is GA-convex (despite being concave).
B
Now take a terminal condition X € Lﬁ_(e ) for some p > 2 and B = 2T||B||%,. The GBSDE

T T
=X —I—/ Bsps In(1 4 ps) ds — / psZs AW,
t t
admits a unique solution, as per Proposition 33. Hence, the family of functionals (ﬁt)te[O,T}}

eB eB
po: L (Fr) = LR (R,

18 momnotone, star-shaped, time-consistent, and multiplicatively convez, in accordance with Propo-
sitions 34, 36, 38, and 39. (The theory developed also applies in the special case § = 0, as here.)

This prototypical GBSDE may be particularly suitable for modeling risk/pricing in the pres-
ence of ambiguous interest rates. Indeed, by analogy to the monetary case, ambiguity on interest
rates translates into a lack of cash additivity (see, e.qg., [27, 39]), which, in the multiplicative set-
ting, corresponds to a lack of positive homogeneity. In this framework, star-shapedness replaces
positive homogeneity, and B can be interpreted as a stochastic discount rate.

We now show that any dynamic (robust) y-norm, with 4 > 1, admits a unique representation
as a solution to a GBSDE. Thus, applying our theoretical results, we can describe the dynamics
of general (robust) norms in LP-spaces in terms of GBSDEs. Hence, while the dynamics of
entropic risk measures are given by ordinary BSDEs (e.g., [7, 43, 45]), their return counterparts
([38]) follow GBSDEs. For ease of exposition, we start with the simpler case of dynamic y-norms.

Example 41 (y-norms). Consider v > 1 and X € LY for some p > 1. The following GBSDE
admits at least one positive solution (Y, Z) € HY x L2 by Corollary 50 (i):

T7_1 T
Yt:XJr/ 2Y5|ZS|2ds—/ Y, ZsdWs. (6.3)
t t
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1
We claim that the explicit formula forY is given by Y; = E [XV‘]-}] 7, dP x dt-a.s. To see this,
apply It6’s formula to f(Y.) :=Y.". It holds that

T
V) = X7 — / V.dWs, (6.4)
t

where V := Y VZ. Taking the conditional expectation and raising to power 1/~ both members of
the previous equation, we obtain the thesis. In addition, uniqueness of the solution follows from
uniqueness of the solution to Equation (6.4). In other words, we are able to fully characterize
the dynamics of y-norms as the unique solution to Equation (6.3) for any v > 1. We note
that in this simple case, monotonicity, positive homogeneity, multiplicative convexity and time-
consistency can be verified by direct inspection.

Example 42 (Robust y-norms). Consider v > 1 and X € L% for some p > 2. The following
GBSDE admits at least one positive solution (Y,Z) € HY x L%, as per Corollary 30 (i):

T v—1 T
Y, =X —{—/ Y <g(s, Zs) + 2]Z5]2> ds — / Y ZsdWs, (6.5)
¢ t

where g : [0,T] x Q@ x R" — Ry is a P x B(R™)/B(Ry)-measurable, convex and positively
homogeneous function such that there exists C > 0 verifying dP x dt-a.s. 0 < g(t,z) < C|z|, for
any z € R™. In fact, the explicit formula for Y is given by

Y, = sup Egu [XV|F] 7, dP x dt-a.s. (6.6)
peA

Here, A := {(Mt)te[O,T] D] < C dP x dt-a.s.}, and QV is the probability measure with density
&N To see this, we apply Ito’s formula to f(Y.) :=Y.". It holds that:

T T
Y, = X7 +/ g(s,Vs)ds — / VedWs.
t ¢

Here, we used positive homogeneity of g, setting V := ~vYVZ. Since g does not depend on y
and is sublinear in z, this BSDE admits a unique solution (Y7,V) € /HI% X M%, whose first
component can be represented as (see, e.g., [1, 24]):

Y, = sup Egu [XV‘]-}] , dP x dt-a.s.
neA

Raising to power 1/~ both members of the previous equation we verify Equation (6.6) and thus
fully characterize the dynamics of robust «y-norms as the unique solution to Equation (6.5) for
any v > 1. The (dynamic) robust y-norms are the natural return counterparts of (dynamic)
entropy coherent risk measures, studied in [42] in a static setting. Let us finally remark that Y}
1s a dynamic, normalized, multiplicatively convex and time-consistent return risk measure for
any t € [0,T)], in agreement with Propositions 34, 36, 38, and 39.

Acknowledgements. We are very grateful to Fabio Bellini, Sonja Cox, Freddy Delbaen, Marco
Frittelli, Michael Kupper, Antonis Papapantoleon, Mitja Stadje and to conference participants at the
2024 Bachelier Finance Society World Congress in Rio de Janeiro, the 2024 Probability Conference in
Rome and the 2025 General AMaMeF Conference in Verona for useful comments and discussions. This
research was funded in part by the Netherlands Organization for Scientific Research under grant NWO
Vici 2020-2027 (Laeven) and by an Ermenegildo Zegna Founder’s Scholarship (Zullino). Emanuela
Rosazza Gianin and Marco Zullino are members of Gruppo Nazionale per I’Analisi Matematica, la
Probabilita e le loro Applicazioni (GNAMPA, INdAM), Ttaly, and acknowledge the financial support of
Gnampa Research Project 2024 (PRR-20231026-073916-203).

33



References

[1]

2]

[6]

[7]

[21]
[22]
[23]

[24]

AUMANN, R. J. AND R. SERRANO (2008). An economic index of riskiness. Journal of Political Economy
116(5), 810-836.

BanraLl, K. (2020). A domination method for solving unbounded quadratic BSDEs. Graduate Journal of
Mathematics 5, 20-36.

BaHLALL, K., M. EDDAHBI AND Y. OUKNINE (2017). Quadratic BSDE with L2-terminal data: Krylov’s
estimate, It6-Krylov’s formula and existence results. The Annals of Probability 45(4), 2377-2397.
BaHrLALL K., E. ESSAKY AND M. HASsANI (2015). Existence and uniqueness of multidimensional BSDEs
and of systems of degenerate PDEs with superlinear growth generator. SIAM Journal on Mathematical
Analysis 47(6), 4251-4288.

Banrarl, K., O. KeBIRI, N. KHELFALLAH AND H. Moussaoul (2017). One dimensional BSDEs with
logarithmic growth application to PDEs. Stochastics 89, 1061-1081.

BaHLALL, K. AND L. TANGPI (2021). BSDEs driven by |2|?/y and applications to PDEs and decision theory.
Preprint on arXiw: hitps://arziv.org/abs/1810.05664v3.

BARRIEU, P. AND N. EL KARrROUI (2005). Pricing, hedging and optimally designing derivatives via mini-
mization of risk measures. In: Carmona, R. (ed.). Indifference Pricing: Theory and Applications, 77-144,
Princeton University Press, Princeton.

BAUER, D. AND G. ZANJANI (2016). The marginal cost of risk, risk measures, and capital allocation.
Management Science 62(5), 1431-1457.

BELLINI, F., R. J. A. LAEVEN AND E. RosazzA GIANIN (2018). Robust return risk measures. Mathematics
and Financial Economics 12, 5-32.

BELLINI F., R. J. A. LAEVEN AND E. Rosazza GIANIN (2021). Dynamic robust Orlicz premia and
Haezendonk-Goovaerts risk measures. FEuropean Journal of Operational Research 291, 438-446.
BION-NADAL, J. (2008). Dynamic risk measures: Time consistency and risk measures from BMO martin-
gales. Finance and Stochastics 12, 219-244.

BRIAND, P. AND Y. Hu (2006). BSDE with quadratic growth and unbounded terminal value. Probability
Theory and Related Fields 136, 604-618.

BRIAND, P. AND Y. Hu (2008). Quadratic BSDEs with convex generators and unbounded terminal condi-
tions. Probability Theory and Related Fields 141, 543-567.

CastagNoLl, E.; G. CATTELAN, F. MACCHERONI, C. TEBALDI AND R. WANG (2022). Star-shaped risk
measures. Operations Research 70(5), 2637-2654.

CHATEAUNEUF, A. AND J. H. FARO (2010). Ambiguity through confidence functions. Journal of Mathe-
matical Economics 45, 535-558.

CHEN, Z. AND L. G. EPSTEIN (2002). Ambiguity, risk, and asset returns in continuous time. Econometrica
70, 1403-1443.

CoqueT, F., Y. Hu, J. MEMIN AND S. PENG (2002). Filtration-consistent nonlinear expectations and
related g-expectations. Probability Theory and Related Fields 123(1), 1-27.

DELBAEN, F. (2012). Monetary Utility Functions. Osaka University Press, Osaka.

DELBAEN, F., S. PENG AND E. RosazzA GIANIN (2010). Representation of the penalty term of dynamic
concave utilities. Finance and Stochastics 14, 449-472.

DELBAEN, F., Y. Hu AND A. RicHOU (2011). On the uniqueness of solutions to quadratic BSDEs with
convex generators and unbounded terminal conditions. Annales de I’Institut Henri Poincaré — Probabilités
et Statistiques 47(2), 559-574.

DETEMPLE, J. AND M. RINDISBACHER (2009). Dynamic asset allocation: Portfolio decomposition formula
and applications. The Review of Financial Studies 23(1), 25-100.

DRAPEAU, S., G. HEYNE AND M. KUPPER (2013). Minimal supersolutions of convex BSDEs. The Annals
of Probability 41, 3973-4001.

DRAPEAU, S. AND M. KUPPER (2013). Risk preferences and their robust representation. Mathematics of
Operations Research 38, 28-62.

DRAPEAU, S., M. KUPPER, E. ROsAzzA GIANIN AND L. TANGPI (2016). Dual representation of minimal
supersolutions of convex BSDEs. Annales de l'Institut Henri Poincaré — Probabilités et Statistiques 52,
868-887.

DUFFIE, D. AND L. G. EPSTEIN (1992). Stochastic differential utility. Econometrica 60, 353-394.

EL Karoul, N., S. PENG AND M. C. QUENEZ (1997). Backward stochastic differential equations in finance.
Mathematical Finance 7, 1-71.

EL Karoul, N. AND C. RAVANELLI (2009). Cash subadditive risk measures and interest rate ambiguity.
Mathematical Finance 19, 561-590.

34



ETHIER, S. N. AND T. G. KURrTZ (1986). Markov Process: Characterization and Convergence. J. Wiley,
New York.

FaN, S., Y. Hu AND S. TANG (2023). Existence, uniqueness and comparison theorem on unbounded
solutions of scalar super-linear BSDEs. Stochastic Processes and Their Applications 157, 335-375.
FOLLMER, H. AND A. ScHIED (2011). Stochastic Finance. 3rd ed., De Gruyter, Berlin.

FOSTER, D. P. AND S. HART (2009). An operational measure of riskiness. Journal of Political Economy
117(5), 785-814.

Hu, Y., P. IMKELLER AND M. MULLER (2005). Utility maximization in incomplete markets. The Annals
of Applied Probability 15(3), 1691-1712.

Hun, O., M.-C. Kim anD K.-G. KiM (2022). Stochastic Bihari inequality and applications to BSDE.
Journal of Mathematical Analysis and Applications 513(1), 126204.

JIANG, L. (2008). Convexity, translation invariance and subadditivity for g-expectations and related risk
measures. The Annals of Applied Probability 18(1), 245-258.

KAzAMAKI, N. (1994). Continuous Ezponential Martingales and BMO. Lecture Notes in Mathematics 1579,
Springer, Berlin.

KoBYLANSKI, M. (2000). Backward stochastic differential equations and partial differential equations with
quadratic growth. The Annals of Probability 28(2), 558-602.

KRATSCHMER, V., M. LADKAU, R. J. A. LAEVEN, J. G. M. SCHOENMAKERS AND M. A. STADJE (2018).
Optimal stopping under uncertainty in drift and jump intensity. Mathematics of Operations Research 43,
1177-1209.

LAEVEN, R. J. A. AND E. RosazzA GIANIN (2022). Quasi-logconvex measures of risk. Preprint on
arXiv:2208.07694v1.

LAEVEN, R. J. A., E. RosazzA GIANIN AND M. ZULLINO (2024). Law-invariant return and star-shaped
risk measures. Insurance: Mathematics and Economics 117, 140-153.

LAEVEN, R. J. A., E. RosazzAa GIANIN AND M. ZULLINO (2025). Dynamic return and star-shaped risk
measures via BSDEs. Finance and Stochastics, in press.

LAEVEN, R. J. A.; J. G. M. SCHOENMAKERS, N. F. F. SCHWEIZER AND M. A. STADJE (2025). Robust
multiple stopping — A duality approach. Mathematics of Operations Research, 50, 1250-1276.

LAEVEN, R. J. A. AND M. A. STADJE (2013). Entropy coherent and entropy convex measures of risk.
Mathematics of Operations Research 38, 265-293.

LAEVEN, R. J. A. AND M. A. STADJE (2014). Robust portfolio choice and indifference valuation. Mathe-
matics of Operations Research 39, 1109-1141.

LAazrak, A. AND M. C. QUENEZ (2003). A generalized stochastic differential utility. Mathematics of Op-
erations Research 28, 154-180.

MANIA, M. AND M. SCHWEIZER (2005). Dynamic exponential utility indifference valuation. The Annals of
Applied Probability 15(3), 2113-2143.

PAPAPANTOLEON, A., D. POSSAMAT AND A. SAPLAOURAS (2023). Stability of backward stochastic differ-
ential equations: The general Lipschitz case. Flectronic Journal of Probability 28, 1-56.

PARDOUX, E. AND S. PENG (1990). Adapted solution of a backward stochastic differential equation. Systems
and Control Letters 14, 55-61.

PENG, S. (1997). Backward SDE and related g-expectation. In: El Karoui, N. and L. Mazliak (eds.).
Backward Stochastic Differential Equations, 141-159, Longman, Harlow.

PENG, S. (2005). Dynamically consistent nonlinear evaluations and expectations. Preprint on
arXiv:math.PR/0501415.

PrATT, J. W. (1964). Risk aversion in the small and in the large. Econometrica 32, 122-136.

PROTTER, P. (2005). Stochastic Integration and Differential Equations. Springer Science & Business Media.
Rosazza GIANIN, E. (2006). Risk measures via g-expectations. Insurance: Mathematics and Economics
39, 19-34.

WAKKER, P. P. (2008). Explaining the characteristics of the power (CRRA) utility family. Health Eco-
nomics 17, 1329-1344.

WaNG, X. AND S. FAN (2018). A class of stochastic Gronwall’s inequality and its application. Journal of
Inequalities and Applications 336, 1-10.

ZHANG, J. (2017). Backward Stochastic Differential Equations. Springer, New York, NY.

35



SUPPLEMENTARY MATERIAL TO
“Geometric BSDEgS”
(FOR ONLINE PUBLICATION)

36



A Online Appendix

A.1 Additional material to Section 2.2

Proposition A.1.1. For anyt € [0,T], let py and p; be as defined in (2.1) and (2.2). Then:
(a) p(0) = 0 (normalization for p) if and only if ps(1) = 1 (normalization for p) for any
te[0,7T].

(b) pt satisfies cash-additivity on L (Fr) if and only if py satisfies positive homogeneity on
L®(Fr).

(c) pt satisfies cash-super-additivity on L (Fr), i.e., pr(X +m¢) > pe(X) + my for any X €
L>(Fr) and my € LS(F), if and only if py satisfies star-shapedness on L%(Fr).

(d) pt is monotone on L*°(Fr) if and only if py is monotone on L>(Fr).

(e) pi is convex on L*°(Fr) if and only if py is multiplicatively convex on L°(Fr).

(f) p is positively homogeneous on L>°(Fr) if and only if py is multiplicatively positively homo-
geneous on L>(Fr), i.e., for any t € [0,T], X € L>®(Fr) and np € LX(F), pr(X™) = p*(X).
(9) The family of functionals (pt)scio,r) is time-consistent on L°°(Fr) if and only if (pt)ejo,r)
is time-consistent on L°(Fr).

Proof. Ttems (a)-(g) can easily be obtained by applying (2.1) and (2.2). O

A.2 Proofs

Proof of Proposition 5. For each fixed X € L°(Fr), set p(In(X)) := In p¢(X), whose dynamics
are given by It0’s formula:

T / ~ 1. T
pr = In(X) +/ <f((s,e”3,Z5) + 2|Zs|2> ds —/ ZsdWs.
t t
We define f: Q x [0,T] x R x R" — R by the formula

Flty,2) = Ft, e, 2) 4 el

It is easy to check that Al) and A2) are verified. Indeed, R2) yields
~ 1 1
Fl2)] = [t 2) + 2P| < O+ ne)) + (O 4 3 )P < Ol + 2P

Clearly, all measurability properties of f stated in R1) are inherited by f. Thus, f verifies A1)
and A2) and we conclude that there exists a solution (Y, Z) with the required regularity. In ad-
dition, when R3) is assumed on f , it easy to check that f verifies A3). Thus, uniqueness follows.
Monotonicity w.r.t. X follows from monotonicity of logarithmic and exponential functions and
the comparison principle for quadratic BSDEs (see Theorem 7.3.1 of [55]). O

Proof of Proposition 8. We start by proving the first statement. Fix X € L(jr(]-"T) and define
f(z) :=1In(x). Applying Ito’s formula to Y = f(Y.) we obtain

/ Y/ Y/ e Y| Zy? Y/
—dYy =€ | g(tet, Z) + —— — e Y ZdW.
Setting Z! := e~ Y{ Z, it holds that
! U U X/t/ Z/ 2
—dY/ = e Y (g(t, e¥t et Z;) + ¢ ’2 ! ) — Z{dW,
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with terminal condition X’ = In(X). By defining ¢'(¢,y, 2) := e Yg(t, e, e¥z) + @, it results
that

/ —y Y Y Y €2y|z|2 ‘Z|2 1 2
lg'(t,y,2)| <e ae? + Be? | In(eY) |+ 0———— | + — =+ Bely| + (0 + = ) |2|%,
ey 2 2

thus the BSDE with parameters (X', ¢’) admits a solution (Y, Z’) := (In(Y'), Z/Y'), in the sense
of Definition 4. Indeed, Y is a positive and continuous process, as composition of continuous
functions in their domain, fOT | Z!|2ds < f(;[ |Zs|?ds < +o0 and

1
— essinfy Yi

T T
1
/ g/ (5,Y!, Z0)|ds < / s+ Bl Y| + (5+ 5)|Z;|2ds < too0.
0 0

The other implication can be proved analogously by employing the substitution Y :=
exp(Y”’), verifying that (Y,Z) = (exp(Y’'),exp(Y’)Z’) is a solution to the BSDE (3.5) with
parameters (X, g), where X := exp(X’). O

Proof of Corollary 9. Since X € L=(Fr), X' := In(X) € L*(Fr), hence the correspond-
ing quadratic BSDE with parameters (X', ¢’) with ¢’ as in Proposition 8 admits a maxi-
mal and minimal solution verifying (Y’,Z') € H¥ x BMO(P), by results in [36]. Thus,
(Y, Z) := (exp(Y'),exp(Y")Z") € HF x BMO(P) is a solution to the BSDE with parameters
(X, 9). O

Proof of Proposition 10. (i) Consider
—dY;y = ((20 + 1) Vs + B Y| In(Y3)|) dt — ZpdW, (AD)

with terminal condition X = X20+1 We define

h(t,y,z) := (20 + 1)owy + Bry|In(y)|, dP x dt-as., ¥(y,z) € Ry x R™.

Equation (A.I) admits a positive solution if and only if Equation (3.5) does. To see this, it is
enough to apply Ito’s formula to Y = u(Y) to get Equation (A.I) from Equation (3.5) and wvice
versa for Y = v~ 1Y), where u(z) := 22*! for any x > 0.

The existence of a positive solution to Equation (A.I) is equivalent to proving the existence
of a positive solution (w, () to

T T
wy = In(1 + X) +/ h(s,ws, (s)ds — / CsdWs, (A.II)
t t
where, dP x dt-a.s., ¥(y, z) € Ry x R™,
- 1
h(t,y,z) == ((26 + 1)as(e? — 1) + Bs(e¥ — 1)|In(e? — 1)|)e ¥ + §|z|2.

To see this, it suffices to apply It6’s formula to w := In(1 +Y) and Y = exp(w) — 1. Since
2@ < 1 4 |In(z + 1)), it holds that

~ 1
0<h(t,y,z) < (20+ D)oy + Bt + Bry + §|z]2, dP x dt-a.s., V(y, z) € Ry x R™.

As X := In(1+ X) > 0, by Theorem 3.1 (i) of [2], there exists a positive solution to the
Equation (A.Il) with parameters (X,h), yielding the thesis. In addition, the regularity of w

provided by Theorem 3.1 (i) yields the required regularity for ¥ = (exp(w) — l)ﬁ

(i) Now we assume (H1)+(H2)’. Clearly, existence of the solution follows as above, while the
regularity of Y is a consequence of Proposition 3.2 in [2]. We prove that Z € M2. We can use
a similar technique as in Proposition 3.5 of [6].
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Let us start by considering the case § # % We apply It6’s formula to f(x) = 22, obtaining

Yf:XQ—i—/
t

Considering the sequence of stopping times 7, := inf{t > 0 : fot 41Y5|%| Zs|*ds > n}, rearranging
and taking the expectation, it holds that

T T
(20,Y2 + 28,Y2| In(Y5)| + (26 — 1)|Z2]) ds — 2/ Y ZsdWs.
t

TNATn, TNy,
126 — 1|E [/ Zt|2dt] <E [XQ FYZ+ / (200 Y + 26, Y| In(Y3)]) dt]
0 0

TNT, q 2p q 2p
w208 2V 287 2VP|In(Yy)|P
X2+YO2+/ 200 27 28 2V T 0

0 q p q p

<E

where the last inequality follows from Young’s inequality. In order to study the integrability of
Z, we make use of the inequality y??|In(y)[P < K.+y**¢ that holds for any € > 0, with K. > 0
depending only on the chosen € > 0. This yields

T q q
29 2
/ (at + 5t> dt + Kr sup {Yfi’*a} ,
0 q q te[0,T]

where K1 > 0. Letting n — oo, we have T'A 7, — T dP-a.s., and Fatou’s lemma yields

T 9 q 2 q
/ <Oét + Bt) dt + Kp sup {Yfﬁs} :
0 q q t€[0,T]

Choosing € = 2dp > 0, we obtain the thesis, since 2p +¢& = 2p(§ + 1) < p(26 + 1)(eMwen B 1 1),
1

If § = 3, Ito’s formula applied to the function z? In(z) entails

TNTn
126 — 1|E [/ ]Zt|2dt] < K.E
0

T
120 — 1|E U |Zt|2dt] < K.E
0

Y2 In(Y;) = X?1In(X)

+ / " (Y21 3In(¥) + Y2V + 2n(Y,)) — | 4P) ds
t

- /T(2Ys In(Ys) + Ys) ZdWs.
t

Considering the sequence of stopping times 7, := inf{t > 0 : fg |YsZs|? + |Ys In(Ys) Zs|2ds > n}
and arguing similarly as above we get

T T 9 q 9 q
E [/ IZtht] < KE / (O‘t + 5t> dt + sup {Ytzp(éﬂ)}
0 0 q q te[0,T]

for some K > 0.

< 400,

(#i) Finally, consider (H1)'4+(H2)”. Following the same passages as above and including the
new term 7|z| in the driver, we obtain the transformed equation

T T
w; = In(1 + X) +/ B (s,wl, ¢l)ds — / CLdWy, (A.IID)
t ¢
where
1
B (t,y, 2) = (20 + Das(e? = 1) + Bs(e? = (e = ])e ™ + qlz| + 5|2

1
< (26 + Doy + B + By + =l + 5 |21
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By the proof of Proposition 3.3 in [2], Equation (A.IIl) admits a positive solution if the BSDEs
with parameters (&, ") = (exp((X + fOT as + Bsds)(efOT Bsds 4 1)) — 1,7.|2|) admits a positive
solution (Y’,Z’). By assumption (H2)” and Theorem 2.1 in [4], the BSDE with parameters
(¢, h") admits a (unique) solution (Y’, Z’) € HY x M%.. In addition, Y’ > 0 since £ > 0. Indeed,
after choosing a suitable localization (7],)nen as above, it holds that

TAT),
v =E|¢+ [ lzilds
t

ft] > E[¢|F] >0,

where we employed the positivity of v|Z’|. Thus, the thesis follows with the required regularity
for the y-component of the solution.

It remains to be shown that Z € M% Suppose § # 1/2 and apply Itd’s formula to f(x) = 22,
which yields

T
Y2 = X2 +/ (205 Y2 4 28, Y2 In(Y)| + 27, Y5 Zs| + (26 — 1)|Z2]) ds
t
T
-2 / Y ZsdW.
t
Taking 7, as above and performing similar calculations, it holds that
T ATy,
120 — 1|E [/ |Zt|2dt]
0
TNy,
<E [X2 +YZ + / (200Y7 + 2Y1| Zy| + 2B, Y2 In(Y7)]) dt}
0

<E|X*+Y{

q P q PA qA 2 P

T 2 2 2 2
+/TA (2&?+2Yt”+263+2n” 2fyﬂ+AZE+2W\Inm>|ﬁ>dt],
0

where we have used Young’s inequality. Then, the thesis follows arguing as above by choosing
A = |26 — 1|. The case § = 1/2 can be shown similarly, employing the substitution f(x) =
2?In(x). O

We need a preliminary lemma, provided in [2]. For the reader’s convenience, we state this
result again.

Lemma A.2.1. Let g,g1,92: 2 X [0,T] x Rx R™ — R be P x B(R) x B(R"™)/B(R)-measurable
functions and X, X1, Xo € LO(Fr) with X1 < X < Xs. Let us assume that the BSDEs with
parameters (X1, g1) and (X2, g2) admit solutions (Y1, Z1) and (Y2, Z?), respectively, such that:

o Y <Y?

o dP x dt-a.s., y € [V}'(w),Y?(w)] and z € R™ it holds that: g¢i(t,y,z) < g(t,y,z) <
ga(t,y, 2) and |g(w,t,y,2)| < n(w) + Ct(w)|2|, where C and n are pathwise continuous
and (Ft)ie(o,r]-adapted processes with n verifying fOT Ins|ds < 400 dP-a.s.

Then, if g is continuous in (y, z) dP x dt-a.s., the BSDE with parameters (X, g) admits at least
one solution (Y, Z) in the sense of Definition /, with Y' <Y < Y2. In addition, among all
solutions lying between Y and Y?, there exist a mazimal and a minimal solution.
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Proof of Corollary 12. With the same notation as in Proposition 10, we know that the BSDE
with parameters (X, h) admits a unique solution in ’H;ATH x M2, according to Theorem 2.1
A
in [5]. Hence, Y € 7-[;? o+1)e TH), while the regularity of Z can be checked as in the proof of
Proposition 10. Thus, considering two solutions (Y, Z) and (U, Q) to the BSDE with parameter
_ _ A _
(X,h), we have ¥ = Y20+ = 21 — 7 ¢ HP D ang 7 = (26 + 1)Y¥Z = (25 +
1)U25Q =Qec M% In particular, U = @ dt x dP-a.s. since

T T
| 120 Q= [ vz, - v par
0 0

T
< ess sup{Y;_M}/ Y2 Z, — U Q[ dt
t€[0,T] 0

T
< Cw/ |Z; — Q¢|?dt = 0 dP-a.s.,
0

where the equality Y = U leads to the above equality, while the last inequality is due to the
pathwise continuity of Y, Y > 0 and Z = Q. O

Proof of Proposition 1. The existence and uniqueness of the solution to Equation (4.4) has
already been established in Corollary 12. Analogously, Theorem 11 guarantees the existence of
a minimal and a maximal solution to the BSDE with parameters (X, g). We need to check the
regularity of these solutions.

Boundedness of Y for Equation (4.4): Tt suffices to show that Y" := (Y")29+1 is bounded, as
this implies the boundedness of Y. We can prove that Y" is bounded by employing the same
transformation as in Proposition 10 and applying Corollary 3.4 (i) in [2].

Boundedness of Y for a general driver g: By Theorem 11, we know that the Y-component of
the solution to the BSDE with parameters (X, g) verifies 0 < Y < Y hence boundedness of
Y" implies the same property for Y.

Z € BMO(P) : In order to prove that Z € BMO(P) we first show that Z € M2. Proceeding as
in the proof of Theorem 11, applying Itd’s formula to f(z) := In(1 + ), it holds that

1 T T 1
— __ E Z?ds| <E / ——\Z 2dS:| <Y+ || X < 400,
et L, 14 <E | [ gt <o+ 11

where we employed boundedness of X. Hence, Z € ./\/l% Having proved that Z € M% and Y

is bounded and positive, the process HLY € MQT Thus, we can follow the passage as above,

without incorporating the localization procedure, as the stochastic integral of #\Z 12 is a

(1+Y)2
;t]

thus Z € BMO(P). O

uniformly integrable martingale. Consequently, we have

T 2 r 1 2
Z.|°d — | Z.|%d
/t 17, ds / STy s

<||Y[|L, € C < +oo,

1
PE Fi| <E

200+ Y%

Proof of Corollary 15. The BSDE
T T
V=X +/ (asysh + B Y In(Y!M)| + s - 20+ (5|Z£L‘2/Ysh) ds —/ Zhaws
¢ ¢
can be rewritten as

T T
V=X + / (asYSh + B Y In(Y)| + 6|20 2 /Ysh) ds — / Zhawy (AIV)
t t
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where Girsanov’s theorem is employed. Then, by Proposition 14, there exists a (unique) solution
(Y" Zh) to Equation (A.IV) such that |Y?| < K dQ7 x dt-a.s. and Z" € BMO(Q"). Here, Q"
is the probability measure with density S%. As is well known, Q7-boundedness implies IP-
boundedness. Furthermore, any BMO(Q") martingale is also a BMO(P) martingale (see for
instance [7]). Hence, Equation (A.IV) admits a unique solution (Y", Z") € H3® x BMO(P). The
existence of a solution (Y, Z) with the required regularity for the general BSDE with parameters
(X, g) follows similarly as in the proofs of Theorem 11 and Proposition 14. O

Proof of Lemma 16. We want to apply Theorem 1 in [33] to the function
- 2In(2) f0<z<2
Y(z) = ,
zln(z) ifx > 2.

It is clear that ¢ is convex, positive and non-decreasing on R,. Furthermore, we have that
z|In(z)| < ¢(z) for any z € Ry and ¢(z) = [ %dr, for any x > 0. The integrability

conditions on X, 3, u guarantee that E[|X + fOT Bsiﬁ(us)dﬂpleB] < +o0, for some p’ > 1. Indeed,
Y(x) < Cz + 2f for any € > 1, with C; > 0. Thus, it holds that

T T
E [X +/ ﬁsw(us)ds] <C.+E [X +/ Bsugds] <C.+E
0 0

X+ 811% esssupui] :
te[0,7

Choosing & > 1 such that p'e® = epe® = p(eP + 1) (hence, ¢ = 1 + e~ B) with p/ = ep > 1, the
integrability follows. Thus, we only need to check that

P! (zb <IE [X + /tT ﬁs&(us)ds]) + /Dt Bsds>

is uniformly integrable in time. Setting X; := E {X + ftT ﬂsiﬁ(us)ds’ft} it holds by direct
inspection that

P! (w(Xt) + /Ot ﬂsds) = exp (exp(ln(ln(Xt)) + /Ot Bsds +ln(ln(2)))>

< exp(e? In(Xy))) = (X)) =E [X * /tT Berplua)ds ]:t} eB

eB
7]

The integrability conditions on X, 5,u and the properties of conditional expectations ensure
that

<E [X + /OT ﬁsgﬁ(us)ds

/B

p'eB pe

E < 400,

T
E [X—i—/o Bstp(us)ds

7

T
<E ‘X—l—/o Bstp(ug)ds

thus the process w_l(w(XtH—f(f Byds) is bounded in L?', p > 1. Hence, it is uniformly integrable
and the thesis follows. a

Proof of Corollary 21. As is clear from Theorem 20, we only need to verify the convergence
fOT g"(t, Yy, Zy)dt — fOT g(t, Yy, Z)dt in LP for any p > 1 to establish the thesis. For any fixed

p > 1, it holds that
T p
([ 1. z01ae) ]
0

T ’Zt‘Q p
Yy + BYa| In(Yy)| + | Ze| +6 dat) |.
0

p

E

T
/ gn(t7n7Zt)dt S E
0

<E —
- Yy
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Then, by the assumptions X € LP for any p > 1, X > ¢ and applying Proposition 19, we

obtain uniform integrability of fOT 9" (t, Yy, Zy)dt for any p > 1. In addition, g" (¢, V¢, Z) oo,
g(t, Vi, Zy) dP x dt-a.s., thus Vitali’s theorem leads to the thesis. a

Proof of Proposition 28. Consider two solutions (Y, Z) and (Y’, Z’) to Equation (5.1) such that
0 <Y,Y" < Yh2 Then the corresponding one-driver equation with parameters (X, g) with
g(t,y,v) = gl(t,y,gQ_l(t,y,v)) verifies all the assumptions of Theorem 17, hence there exists
a unique solution (Y9,79) to the BSDE with parameters (X,g). Clearly, this implies the
uniqueness of the first component of the solution to Equation (5.1). We only need to verify
the uniqueness for the z-component. Proceeding exactly as in the proof of Theorem 17, we can
prove that

T
/ l92(t, Y5, Zt) — g2 (t, Y5, Z)P = 0 as.,
0

which entails
go(t, Yy, Zy) = go(t, Yy, Z)), dP x dt-a.s.

Injectivity of go w.r.t. z gives Z; = Z] dP x dt-a.s. O

Proof of Corollary 30. Let us observe that Equation (3.4) can be rewritten as a two-driver
BSDE, by defining g1 (t,y, z) := yf(t, y,z) and ga(t,y, z) := yz. Hence, the part of the statement
regarding existence is a straightforward consequence of Proposition 26. For the uniqueness, we
have that g1(t,y,95 ' (£,4,0)) = yf(t,y,v/y) = vhi(t,y) + yfa(t,v/y). Thus, y — yfi(-,y) is
convex by assumption and (y,v) — yfa(v/y) is jointly convex in (y,v) being the perspective
function of the convex function fo. Hence, g1(t,y,95 ' (t,y,v)) is jointly convex in (y,v) and
uniqueness follows from Proposition 28. The last thesis is obvious, by taking fl =0. O
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