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Abstract

We introduce and develop the concepts of Geometric Backward Stochastic Differential
Equations (GBSDEs, for short) and two-driver BSDEs. We demonstrate their natural suit-
ability for modeling continuous-time dynamic return risk measures. We characterize a broad
spectrum of associated, auxiliary ordinary BSDEs with drivers exhibiting growth rates in-
volving terms of the form y| ln(y)|+|z|2/y. We establish the existence, regularity, uniqueness,
and stability of solutions to this rich class of ordinary BSDEs, considering both bounded
and unbounded coefficients and terminal conditions. We exploit these results to obtain cor-
responding results for the original two-driver BSDEs. Finally, we apply our findings within
a GBSDE framework for representing the dynamics of return and star-shaped risk measures
including (robust) Lp-norms, and analyze functional properties.
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1 Introduction

The geometric nature of random growth and risky asset price processes in continuous time is well
recognized and omnipresent in stochastic analysis and its wide variety of applications, with the
geometric Brownian motion (GBM, for short) as the canonical elementary example. By contrast,
continuous-time robust dynamic risk assessment via backward stochastic differential equations
(BSDEs) usually occurs in an arithmetic environment (see, e.g., [26, 32, 34, 37, 41, 43, 45, 48]).

In the recent literature (see, e.g., [9, 10, 38, 39] and also [1, 8, 23, 31]), a growing interest
has been devoted to return risk measures that assess relative financial positions (or log returns)
instead of absolute positions as with monetary risk measures ([18, 30]). This relative evaluation,
reminiscent of the classical notion of relative risk aversion ([50]),1 naturally leads to a multi-
plicative, i.e., geometric, structure for return risk measures and their acceptance sets. These
considerations — together with the fact that a wide family of dynamic monetary risk measures
is induced by BSDEs (see [11, 17, 19, 49, 52]) — motivate the study of geometric forms of

∗Corresponding author.
1That is, monetary and return risk measures exhibit a similar relationship as absolute and relative risk aversion,

arithmetic and geometric means, arithmetic and geometric growth, and arithmetic and geometric Brownian
motion.
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BSDEs, both from a purely mathematical point of view as well as for applications. To our
best knowledge, the only paper dealing with continuous-time dynamic return risk measures is
the recent [40]. There, the main aim is to characterize the properties of dynamic return and
star-shaped risk measures induced via BSDEs that satisfy L∞- or L2-standard assumptions.
The authors in [40] did not attempt to describe the geometric nature of dynamic return risk
measures, analyze inherent properties such as multiplicative (i.e., geometric) convexity, or rep-
resent dynamic (robust) Lp-norms. To address these problems, we develop in this work a novel
approach, by changing the stochastic differential equations that drive the dynamics of return
risk measures, and establishing their existence, regularity, uniqueness, and stability.

More specifically, we introduce and analyze a novel class of BSDEs, which we term geomet-
ric BSDEs. Just like the geometric mean is connected to the arithmetic mean via G[X] :=
exp(E[ln(X)]), geometric BSDEs naturally arise from the substitution ρ̃t(X) := exp(ρt(ln(X)))
for any t ∈ [0, T ], where T > 0 is a fixed finite time horizon and Y··· := ρ···(ln(X)) is the first
component of the solution (Y···, Z···) to the following quadratic BSDE:

Yt = ln(X) +

∫ T

t
f(s, Ys, Zs)ds−

∫ T

t
ZsdWs.

Here, (Wt)t∈[0,T ] is a standard n-dimensional Brownian motion, the driver f : Ω× [0, T ]× R×
Rn → R is dP × dt-a.s. continuous in (y, z) and satisfies the growth condition |f(t, y, z)| ≤
αt+βt|y|+γt|z|+ δ|z|2 for suitable positive stochastic coefficients α, β, γ, and a constant δ > 0,
while X is a strictly positive random variable (i.e., P(X > 0) = 1) verifying some further
integrability conditions. Under appropriate hypotheses, the dynamics of Ỹ··· := ρ̃···(X) can be
obtained by Itô’s formula and can be represented as the first component of the solution to a
geometric BSDE (GBSDE, for short) of the form

Ỹt = X +

∫ T

t
Ỹsf̃(s, Ỹs, Z̃s)ds−

∫ T

t
ỸsZ̃sdWs, (1.1)

whose multiplicative nature is even more evident when cast in its infinitesimal version:{
−dỸt

Ỹt
= f̃(t, Ỹt, Z̃t)dt− Z̃tdWt,

ỸT = X.

Here, the driver f̃ : Ω×[0, T ]×R+×Rn → R is defined by the formula f̃(t, y, z) := f(t, ln(y), z)−
1
2 |z|

2, thus f̃ verifies the growth rate

|f̃(t, y, z)| ≤ αt + βt| ln(y)|+ γt|z|+
(
δ +

1

2

)
|z|2. (1.2)

As will become apparent, GBSDEs generalize the geometric martingale representation theorem
([7, 21]), which corresponds to f̃ ≡ 0, and are naturally connected to monotone and positively
homogeneous dynamic risk measures (a.k.a. dynamic return risk measures; see [9, 10, 38, 40]).

To provide a general, systematic analysis of the existence, regularity, uniqueness and stability
of solutions, we embed the GBSDE (1.1) by deploying the broader concept of two-driver BSDEs.
Specifically, we consider two drivers, g1 : Ω×[0, T ]×R+×Rn → R+ and g2 : Ω×[0, T ]×R+×Rn →
Rn, leading to the equation

Yt = X +

∫ T

t
g1(s, Ys, Zs)ds−

∫ T

t
g2(s, Ys, Zs)dWs. (1.3)

Two-driver BSDEs are discussed in the seminal paper [47]. However, these authors imposed
restrictive hypotheses on g2, requiring a bi-Lipschitz condition in (y, z) and injectivity with
respect to z, while g1 was assumed to be Lipschitz in (y, z). Whereas significant progress
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has been made to weaken the hypothesis of Lipschitzianity for g1 (see, among many others,
[3, 4, 12, 22, 36]), little attention has been given to BSDEs with general double drivers, as the
choice g2(t, y, z) = z has been convenient in many applications, particularly in describing the
dynamics of monetary risk measures (e.g., [7, 11]). Nevertheless, the geometric structure evident
in Equation (1.1) yields g2(t, y, z) = yz and it is clear that the bi-Lipschitz assumption fails
for such g2. Therefore, in our framework, we relax the bi-Lipschitz condition by only requiring
that the Rn-norm of g2 grows ‘sufficiently fast’ in (y, z). Our general assumptions ensure that
Equation (1.1) can be obtained as a specific case of Equation (1.3), and thus our results can be
utilized to explore the properties of dynamic return risk measures induced through GBSDEs.

Our results concerning two-driver BSDEs are in substantial part — but importantly not
fully — obtained by deriving corresponding results for an auxiliary class of ordinary BSDEs,
revealing an interesting connection between these two families of BSDEs. The examination of
this class of ordinary BSDEs is motivated by setting Z̄t := ρ̃tZ̃t in Equation (1.1), yielding an
ordinary BSDE of the following form:

Ȳt = X +

∫ T

t
Ȳsf̄(s, Ȳs, Z̄s)ds−

∫ T

t
Z̄sdWs,

where f̄ : Ω × [0, T ] × R+ × Rn → R+ is defined as f̄(t, y, z) := f̃(s, y, z/y), assuming f̃ ≥ 0,
and Equation (1.2) induces the growth rate f̄(t, y, z) ≤ αt + βt| ln(y)| + γt|z| + δ|z|2/y. By
analogy and under suitable hypotheses, Equation (1.3) can be transformed into an ordinary
BSDE whose driver g : Ω× [0, T ]× R+ × Rn → R+ verifies the following growth rate:

g(t, y, z) ≤ αty + βty| ln(y)|+ γt|z|+ δ|z|2/y. (1.4)

In other words, an auxiliary (but not sufficient) tool to study the properties of the original
two-driver BSDE in Equation (1.3) is provided by the ordinary BSDE

Yt = X +

∫ T

t
g(s, Ys, Zs)ds−

∫ T

t
ZsdWs, (1.5)

where g satisfies the general condition (1.4), exhibiting a logarithmic non-linearity and sin-
gularity at zero. The introduction and comprehensive analysis of general two-driver BSDEs,
encompassing GBSDEs, and their precise connections to dynamic risk measures, constitutes our
main methodological contribution.

We establish general existence, regularity, uniqueness and stability results for the two-driver
BSDE (1.3), exploiting (1.4)–(1.5), considering both bounded and unbounded stochastic coef-
ficients α, β, γ and terminal condition X. These results are mathematically involved; in the
subsequent paragraphs, we highlight the key mathematical challenges, and the proof strategies
we introduce, in comparison to the existing literature. While existence, uniqueness and sta-
bility results for ordinary BSDEs with a y| ln(y)|-growth rate have been established in [5] and
existence and uniqueness for a |z|2/y-growth rate have been analyzed in [6] (without consider-
ing stability of the solution), to the best of our knowledge, this is the first contribution that
simultaneously incorporates both the logarithmic non-linearity y| ln(y)| and the singularity at
zero represented by |z|2/y into the general form (1.4). Furthermore, our results are based on
different assumptions compared to those in [5] and relax the assumptions in [6]. Moreover, our
results ultimately apply to two-driver BSDEs of the form (1.3).

The proof techniques to establish the existence of the solution to (1.4)–(1.5) draw some in-
spiration from the insightful analyses in [2, 4]. Demonstrating the regularity of the z-component
of the solution necessitates a novel approach that is based on a priori estimates. Settings to
achieve square-integrability of the z-component for a driver exhibiting a |z|2/y-growth rate were
previously unexplored except for specific cases, such as when X is bounded and bounded away
from zero ([6]). We achieve this integrability without imposing additional hypotheses, while
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also incorporating the logarithmic non-linearity. The regularity we obtain for the (y, z)-solution
pair is optimal, recovering existing special cases. Additionally, we develop further regularities
under bounded coefficients α, β, γ and terminal condition X.

To establish uniqueness, we assume g to be jointly convex in (y, z). Initially proposed in [13]
and further explored in [20, 29], the convexity assumption enables us to derive a comparison
theorem, yielding uniqueness. While our approach builds on the idea in [13] of estimating
the so-called θ-difference, Y − θY ′, between two solutions to obtain comparison results, our
proofs faced significant challenges due to the y| ln(y)| + |z|2/y-growth rate terms. Unlike [13],
which assumes the existence of exponential moments of order p ≥ 1 for the terminal condition
X, we do not require the existence of p-moments of all orders, which can be regarded as the
natural geometric counterpart of exponential moments. In this sense, our results are linked
to the sharper uniqueness results obtained in [20], but we achieve this using a completely
different proof strategy (not based on a stochastic control problem). Furthermore, these earlier
works assume convexity of g with respect to z and a monotonicity condition in y, to eliminate
dependence of g on the state variable. However, we cannot rely on this kind of monotonicity due
to the logarithmic non-linearity. The hypothesis of joint convexity in (y, z) proves to be suitable
to address the logarithmic non-linearity, as it allows us to utilize a stochastic Bihari inequality
— a stochastic generalization of a Grönwall lemma — recently introduced in [33]. Uniqueness of
the solution for a |z|2/y-growth rate with unbounded terminal condition is unprecedented in the
literature. In [6], the authors establish uniqueness (under convexity of the driver) for a terminal
condition X that is bounded and bounded away from zero. We relax both assumptions.

Furthermore, as a byproduct of independent interest, we obtain a stability result for the
solution. This result relies on the convexity of the generator and represents the first stability
result for a |z|2/y-growth rate, even in the absence of the logarithmic non-linearity. While the
proof follows a scheme similar to that of the comparison theorem mentioned above, it requires
meticulous verification of the necessary integrability conditions. We note that these stability
results can also be employed to refine the stability results presented in [13], as the results
allow to handle exponential moments that are not necessarily finite for all p ≥ 1, dropping the
hypothesis of monotonicity in y and assuming joint convexity in (y, z).

As mentioned above, our approach is designed to comprehensively investigate Equation (1.3).
That is, exploiting the theory developed for Equation (1.5), we study two-driver BSDEs of the
form (1.3). Specifically, we introduce a notion of a solution for two-driver BSDEs, deriving
existence of the solution from the analogous results for Equation (1.5). To investigate the
regularity of the z-component of the solution to Equation (1.3), we provide a distinct analysis;
it cannot be derived directly from the single-driver Equation (1.5). In addition, a comparison
theorem for two-driver BSDEs is established, yielding also uniqueness of the solution. These
results hold under suitable hypotheses on the composition between g1 and g2, and substantially
generalize the results obtained for GBSDEs. Finally, stability results for the solution to the
two-driver BSDE are provided.

Additionally, we present non-trivial findings on dynamic return and star-shaped risk mea-
sures induced by GBSDEs. We demonstrate the feasibility of defining dynamic return risk mea-
sures (and generalizations thereof) for unbounded terminal conditions and identify sufficient
conditions for the drivers that ensure financially meaningful properties, such as multiplicative
convexity, positive homogeneity, and star-shapedness. These results are obtained by exploiting
the stability properties we have established.

To illustrate our results, we include several examples. In particular, we demonstrate that
Lp-norms and robust Lp-norms (i.e., the return counterparts of the monetary entropic and
robust entropic risk measures, see [30, 42]) can be described as solutions to GBSDEs. While
the relevance of these objects in economics and financial mathematics is well-known, see e.g.,
[9, 15, 38, 43, 53], to our best knowledge, this is the first attempt to express general dynamic
robust Lp-norms as solutions to BSDEs.
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The remainder of this paper is structured as follows. In Section 2, we provide the basic
framework and review some preliminaries for dynamic return and monetary risk measures.
Section 3 introduces the concept of GBSDEs and presents initial results on their existence and
uniqueness. Our main results concerning Equation (1.5) are established in Section 4. Section 5
delves into the specifics of the two-driver BSDE in Equation (1.3), also elucidating how these
results apply to the realm of GBSDEs. Section 6 demonstrates how GBSDEs can be used to
represent dynamic return and star-shaped risk measures and characterizes the properties of the
risk measures in terms of those of the GBSDE drivers. Some auxiliary results and all proofs
that are not in the main text are collected in Online Appendix A.

2 Preliminaries

In this section, we first introduce the notation and setting utilized in the sequel. Next, we
provide the definitions of dynamic return and monetary risk measures.

2.1 Main notation and functional spaces

Let (Ω,F ,P) be a probability space. Furthermore, let T > 0 denote a finite time horizon and
let (Wt)t∈[0,T ] be a standard n-dimensional Brownian motion defined on (Ω,F ,P). We equip
the probability space with (Ft)t∈[0,T ], the augmented filtration associated to that generated by
(Wt)t∈[0,T ]. We require w.l.o.g. that F = FT . All equalities and inequalities between random
variables are understood to hold dP-almost surely whereas for stochastic processes they are
meant to be valid dP × dt-a.s., unless specified otherwise. We equip the space L0 of all F-
measurable random variables with the usual pointwise partial order relation, writing X ≥ Y
when X(ω) ≥ Y (ω) for P-almost every ω ∈ Ω. We use the notation L0

+ to denote the set of all
strictly positive random variables. Given X ⊆ L0, we set X+ := X∩L0

+. For each fixed t ∈ [0, T ],
given X ⊆ L0, we denote by X (Ft) the space of Ft-measurable random variables belonging to X .
For any p ∈ [1,+∞), Lp(FT ) is the set of p-integrable random variables whose norm is denoted
by ∥ ··· ∥p. L∞(Ft) is the space of Ft-measurable and essentially bounded random variables,
whose norm is denoted by ∥ ··· ∥∞. When no confusion can arise, we write Lp instead of Lp(FT ),
and similarly for the other spaces, without further specification. For any x, y ∈ Rn with n ∈ N,
n > 1, we write x · y for the usual scalar product in Rn, i.e., x · y :=

∑n
i=1 xiyi. For clarity, we

sometimes use the notation x · y even when x and y are scalars. We let R+ := {x ∈ R : x > 0}.
Next, we define the primary functional spaces that we consider. From now on, we will use

“p.p.” to denote any predictable process with respect to (Ft)t∈[0,T ] ⊗ B(0, T ), with B the Borel
σ-algebra, and valued in Rn, with n ≥ 1. We let

Hp
T :=

{
(Yt)t∈[0,T ] p.p.: E

[
ess sup
t∈[0,T ]

|Yt|p
]
< +∞

}
,

H∞
T :=

{
(Yt)t∈[0,T ] p.p.: ess sup

(t,ω)∈[0,T ]×Ω
|Yt| < +∞

}
,

L2
T :=

{
(Yt)t∈[0,T ] p.p.:

∫ T

0
|Yt|2dt < +∞, P-a.s.

}
,

Mp
T :=

{
(Yt)t∈[0,T ] p.p.: E

[(∫ T

0
|Yt|2dt

) p
2

]
< +∞

}
,

BMO(P) :=
{
(Yt)t∈[0,T ] p.p.: ∃C > 0 s.t. E

[∫ T

t
|Ys|2ds

∣∣∣∣Ft] ≤ C dP× dt-a.s.

}
.

Sometimes we will employ a different probability measure Q on (Ω,F). In that case, we will
specify the regularity of a process w.r.t. this measure by writing, e.g., Hp

T (Q) and analogously for
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the other spaces. Similarly, we will specify that the expectations are taken w.r.t. Q by writing
EQ [···] . Henceforth, we use the shorthand notation X··· instead of (Xt)t∈[0,T ] for a stochastic

process. For any X··· ∈ H∞
T , we define the norm ∥X∥T∞ := ess sup

(t,ω)∈[0,T ]×Ω
|Xt|; H∞

T is a Banach space

if equipped with ∥ ··· ∥T∞. When dealing with X··· ∈ BMO(P), we consider the norm ∥X∥BMO :=

supt∈[0,T ] E[
∫ T
t |Xs|2ds|Ft]. As is well known, (BMO(P), ∥ ··· ∥BMO) forms a Banach space ([35]).

We define the stochastic exponential of γ ∈ L2
T as Eγt := exp

(∫ t
0 γsdWs − 1

2

∫ t
0 |γs|

2ds
)
.

If γ ∈ BMO(P), EγT is the density of an equivalent probability measure Qγ (w.r.t. P) and
W γ

··· :=W···−
∫ ···
0 γsds is a Q

γ-Brownian motion w.r.t. the same stochastic base ofW··· (by Girsanov).
In what follows, we also need the space of positive random variables bounded away from

zero. Specifically, fixing ε > 0, we introduce the set and respective functional space

L∞
ε (FT ) := {Y ∈ L∞(FT ) : Y ≥ ε a.s.}, L∞(FT ) :=

⋃
ε>0

L∞
ε (FT ).

When no confusion is possible, we simply write L∞
ε and L∞, respectively. In addition, when

working with a filtered probability space (Ω,F , (Ft)t∈[0,T ],P), we write L∞(Ft) (resp. L∞
ε (Ft))

to indicate the set of random variables in L∞ (resp. L∞
ε ) that are Ft-measurable. It is impor-

tant to note that L∞ is a subset of L∞, and this inclusion is strict. We have the following
characterization, which will often be used in the subsequent sections:

Lemma 1. For any t ∈ [0, T ], the space L∞(Ft) can be identified with the set of random
variables given by

L∞
ln (Ft) := {Y ∈ L0

+ : ln(Y ) ∈ L∞(Ft)}.

The proof is a routine verification and is omitted for brevity. We will also make use of the
following two related spaces for stochastic processes:

L∞
ε,T := {Y ∈ H∞

T : Yt ≥ ε dP× dt-a.s.} , L∞
T :=

⋃
ε>0

L∞
ε,T .

2.2 Dynamic return and monetary risk measures

In this subsection, we provide definitions of dynamic return and monetary risk measures, used
throughout.

Definition 2. Let L∞(FT ) ⊆ X ⊆ L0(FT ). Then ρt : X (FT ) → X (Ft) is a risk measure if
it is monotone, i.e., for any X,Y ∈ X (FT ) such that X ≥ Y , it holds that ρt(X) ≥ ρt(Y ).
A monetary risk measure is a risk measure that additionally verifies cash-additivity, that is,
for any t ∈ [0, T ], X ∈ X (FT ) and ηt ∈ X (Ft) such that X + ηt ∈ X (FT ), it holds that
ρt(X + ηt) = ρt(X) + ηt.

Let L∞(FT ) ⊆ Y ⊆ L0
+(FT ). Then ρ̃t : Y(FT ) → Y(Ft) is a return risk measure if it is

monotone on Y(FT ) and positively homogeneous with respect to Ft-measurable random variables,
that is, for any t ∈ [0, T ], X ∈ X (FT ) and ξt ∈ L∞(Ft) such that ξt ·X ∈ Y(FT ), it holds that
ρ̃t(ξt ·X) = ξt · ρ̃t(X).

We present a (non-exhaustive) list of axioms for monetary and return risk measures; see,
e.g., [9, 18, 30, 38] for further details and discussion. Let t ∈ [0, T ].

Definition 3. A risk measure ρt : X (FT ) → X (Ft) is: (i) convex if for any X,Y ∈ X (FT )
and λ ∈ [0, 1] such that λX + (1 − λ)Y ∈ X (FT ) it holds that ρt(λX + (1 − λ)Y ) ≤ λρt(X) +
(1 − λ)ρt(Y ); (ii) positively homogeneous if for any X ∈ X (FT ) and ηt ∈ L∞

+ (Ft) such that
ηt ·X ∈ X (FT ) it results that ρt(ηt ·X) = ηt · ρt(X).
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A monotone functional ρ̃t : Y(FT ) → Y(Ft) is: (i) multiplicatively convex if for any X,Y ∈
Y(FT ) and λ ∈ [0, 1] such that XλY 1−λ ∈ Y(FT ) it holds that ρt(X

λY 1−λ) ≤ ρλt (X)ρ1−λt (Y );
(ii) star-shaped if for any X ∈ Y(FT ) and ηt ∈ L∞

+ (Ft) with ηt ≤ 1 dP-a.s. such that ηt ·X ∈
Y(FT ) it results that ρt(ηt ·X) ≤ ηt · ρt(X).

A risk measure ρt : X (FT ) → X (Ft) is time-consistent on X (FT ) if ρs(X) = ρts
(
ρt(X)

)
for

any t, s ∈ [0, T ] with s < t and X ∈ X (FT ) where ρts : X (Ft) → X (Fs) is the restriction of ρs
to X (Ft), i.e., ρts := (ρs)|X (Ft). Time-consistency of functionals defined on Y(FT ), such as ρ̃t,
can be formulated analogously.

We presented the preceding definition without imposing a linear structure on X and Y,
recognizing that certain spaces we will utilize hereafter may lack this property. A one-to-one
correspondence between return risk measures and monetary risk measures has been proved
in [9] in a static setting, using as reference spaces X ≡ L∞ and Y ≡ L∞. We can extend
this one-to-one correspondence to the dynamic case. Starting from a monetary risk measure
ρt : L

∞(FT ) → L∞(Ft), there is a natural way to define the corresponding return risk measure
ρ̃t : L∞(FT ) → L∞(Ft) by setting

ρ̃t(X) := exp(ρt(ln(X)). (2.1)

We notice that, for each t ∈ [0, T ], ρ̃t is well-defined by Lemma 1. Indeed, if X ∈ L∞(FT ), then
ln(X) ∈ L∞(FT ), thus ρt(ln(X)) ∈ L∞(Ft), hence exp(ρt(ln(X)) ∈ L∞(Ft). Conversely, given
a return risk measure ρ̃t : L∞(FT ) → L∞(Ft), we can define the corresponding monetary risk
measure ρt : L

∞(FT ) → L∞(Ft) via the formula

ρt(X) := ln
(
ρ̃t
(
eX
))
. (2.2)

Once again, ρt is well defined as eX ∈ L∞(FT ) for any X ∈ L∞(FT ), thus ρ̃t(eX) ∈ L∞(Ft)
and Lemma 1 ensures that ln(ρ̃t(X)) ∈ L∞(Ft). Properties of ρ̃t and ρt are summarized in
Proposition A.1.1 in Appendix A.

3 GBSDEs

Let us consider the ensuing BSDE:

Yt = X +

∫ T

t
f(s, Ys, Zs)ds−

∫ T

t
ZsdWs. (3.1)

The pair (X, f) is henceforth referred to as the ‘parameters’ of the associated BSDE.

Definition 4. The couple (Y,Z) is a solution to Equation (3.1) if it verifies this equation
in the Itô’s sense, Y is predictable with continuous trajectories, Z ∈ L2

T is predictable, and∫ T
0 |f(s, Ys, Zs)|ds < +∞, dP-a.s.

Throughout this section, we consider the following assumptions on the driver f :

A1) Let f : Ω × [0, T ] × R × Rn → R be a P × B(R) × B(Rn)-measurable function, where P
denotes the σ-algebra generated by predictable sets on Ω× [0, T ];

A2) There exists C > 0 such that, dP× dt-a.s., for any (y, z) ∈ R× Rn:

|f(t, y, z)| ≤ C(1 + |y|+ |z|2);

A3) There exists C ′ > 0 such that, dP× dt-a.s., for any (y1, y2, z1, z2) ∈ R+ × R+ × Rn × Rn:

|f(t, y1, z1)− f(t, y2, z2)| ≤ C ′[|y1 − y2|+ (1 + |y1|+ |y2|+ |z1|+ |z2|)|z1 − z2|].
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Furthermore, we assume that X ∈ L∞(FT ). Under assumptions A1) and A2), there exist a
maximal and a minimal solution to Equation (3.1), and any solution (Y,Z) between the minimal
and the maximal solution verifies the regularity (Y,Z) ∈ H∞

T ×BMO(P) (see, e.g., [36, 55]). In
addition, if A3) is also satisfied, then the solution is unique in the class of solutions belonging
to H∞

T × BMO(P). Furthermore, for each t ∈ [0, T ], the map X 7→ Y X
t is monotone.

3.1 From BSDEs to geometric BSDEs

We are interested in studying the class of return risk measures whose dynamics are induced via
certain stochastic differential equations. Let us consider the following BSDE, where for brevity
we write ρt instead of ρt(ln(X)):2

ρt = lnX +

∫ T

t
f(s, ρs, Zs)ds−

∫ T

t
ZsdWs. (3.2)

Let f satisfy conditions A1) and A2), and X ∈ L∞(FT ). Leveraging the existence results
referenced above, for each t ∈ [0, T ], the first component of the solution to Equation (3.2)
can be interpreted as a function between L∞(FT ) and L∞(Ft), i.e., ρt : L∞(FT ) → L∞(Ft),
mapping ln(X) 7→ ρt(ln(X)). For each fixed X ∈ L∞(FT ), we can apply Itô’s formula to find
the dynamics of the map t 7→ ρ̃t(X) := exp(ρt(lnX)); cf. (2.1). After simple algebra, we find
that the dynamics of ρ̃···(X) can be described via a geometric BSDE (GBSDE) given by{

−dρ̃t = ρ̃t
(
f(t, ln(ρ̃t), Zt)− 1

2 |Zt|
2
)
dt− ρ̃tZtdWt,

ρ̃T (X) = X.
(3.3)

Clearly, Equation (3.3) can also be written as{
−dρ̃t/ρ̃t =

(
f(t, ln(ρ̃t), Zt)− 1

2 |Zt|
2
)
dt− ZtdWt,

ρ̃T (X) = X.

Here, the multiplicative structure is even more apparent. The corresponding integral form is
given by

ρ̃t = X +

∫ T

t
ρ̃s

(
f(s, ln(ρ̃s), Zs)−

1

2
|Zs|2

)
ds−

∫ T

t
ρ̃sZsdWs.

3.2 Well-posedness of GBSDEs

The reasoning in the previous subsection suggests the definition, in full generality, of the fol-
lowing GBSDE: {

−dρ̃t/ρ̃t = f̃(t, ρ̃t, Z̃t)dt− Z̃tdWt,

ρ̃T (X) = X.
(3.4)

We consider the following assumptions on f̃ :

R1) Let f̃ : Ω× [0, T ]× R+ × Rn → R be a P × B(R+)× B(Rn)-measurable function;

R2) There exists C > 0 such that, dP× dt-a.s., for any (y, z) ∈ R× Rn:

|f̃(t, y, z)| ≤ C(1 + | ln y|+ |z|2);

R3) There exists C ′ > 0 such that, dP× dt-a.s., for any (y1, y2, z1, z2) ∈ R+ × R+ × Rn × Rn:

|f̃(t, y1, z1)− f̃(t, y2, z2)| ≤ C ′[| ln y1 − ln y2|+ (1 + | ln y1|+ | ln y2|+ |z1|+ |z2|)|z1 − z2|].
2We will use this shorthand notation also in the sequel without further specification.
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Proposition 5. Under assumptions R1) and R2), if X ∈ L∞(FT ), then Equation (3.4) admits
a positive solution (ρ̃, Z̃) ∈ H∞

T × BMO(P). In addition, if R3) holds, the positive solution is
unique. Furthermore, for each t ∈ [0, T ], ρ̃t is monotone w.r.t. the terminal condition X.

Example 6. Consider the driver f̃ ≡ 0. Then, we obtain the following GBSDE:

ρ̃t(X) = X +

∫ T

t
ρ̃sZ̃sdWs, X ∈ L∞(FT ).

This GBSDE admits a unique solution (ρ̃, Z̃) ∈ H∞
T × BMO(P), by Proposition 5. The explicit

form of the first component of the solution is given by ρ̃t(X) = E[X|Ft], dP × dt-a.s. This
result aligns with the geometric martingale representation theorem (see Proposition 6.4 in [7]
and Lemma A.1 in [21]). Thus, the geometric martingale representation theorem occurs as
a particular case of a GBSDE when f̃ ≡ 0, just like the (additive) martingale representation
theorem occurs as a particular case of an ordinary BSDE when f ≡ 0.

Example 7. Consider f̃(t, z) = −1
2 |z|

2 and X ∈ L∞(FT ). Proceeding as in the proof of
Proposition 5, the BSDE with parameters (ln(X), 0) admits a unique solution (ρ, Z) ∈ H∞

T ×
BMO(P), with ρt(ln(X)) = E [ln(X)|Ft] dP × dt-a.s. Hence, the closed-form expression of
(ρ̃t)t∈[0,T ] is given by the following formula:

ρ̃t(X) = exp(E[ln(X)|Ft]), dP× dt-a.s.

Thus, for any t ∈ [0, T ], X 7→ ρ̃t(X) is the geometric conditional expectation, whose dynamics
are represented in terms of a GBSDE.

3.3 Using the one-to-one correspondence and going beyond

Next, note that Equation (3.4) can be transformed into an ordinary BSDE by setting Z̄t := ρ̃tZ̃t.
Deploying this substitution, we obtain the following BSDE:

ρ̄t = X +

∫ T

t
ρ̄sf̃(s, ρ̄s, Z̄s/ρ̄s)ds−

∫ T

t
Z̄sdWs.

Thus, we can define a new driver f̄(t, y, z) := f̃(t, y, z/y) that satisfies a logarithmic-quadratic
(LN-Q) growth rate of the form

yf̄(t, y, z) ≤ C(y + y| ln(y)|+ |z|2/y), ∀(y, z) ∈ R+ × Rn.

Since we want to allow also for stochastic and unbounded coefficients, we consider the following
generalized growth rate:

yf̄(t, y, z) ≤ αty + βty| ln(y)|+ γt|z|+ δ|z|2/y, ∀(y, z) ∈ R+ × Rn,

where the term γ···|z| has been added for the sake of generality. Here, α, β, γ are predictable and
positive stochastic processes and δ ≥ 0 is constant. Motivated by this observation, we consider
in the following an ‘ordinary’ BSDE

Yt = X +

∫ T

t
g(s, Ys, Zs)ds−

∫ T

t
ZsdWs, (3.5)

where g : [0, T ] × Ω × R+ × Rn → R is a P × B(R+) × B(Rn)/B(R)-measurable function with
LN-Q growth rate

|g(t, y, z)| ≤ αty + βty| ln(y)|+ γt|z|+ δ|z|2/y, dP× dt-a.s. ∀(y, z) ∈ R+ × Rn. (3.6)
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The next proposition shows that it is always possible to find a solution to a BSDE whose
driver has an LN-Q growth rate once we are provided with a solution to a quadratic BSDE

Y ′
t = X ′ +

∫ T

t
g′(s, Y ′

s , Z
′
s)ds−

∫ T

t
Z ′
tdWs, (3.7)

with
|g′(t, y, z)| ≤ αt + βt|y|+ γt|z|+ η|z|2, dP× dt-a.s. ∀(y, z) ∈ R× Rn, (3.8)

where η ≥ 0, and vice versa. This proposition is in the same spirit of Proposition 5, taking into
account a more general driver.

Proposition 8. Let g satisfy condition (3.6), where, α, β, γ are predictable and positive stochas-
tic processes.

If Equation (3.5) admits a positive solution with parameters (X, g) where X ∈ L0
+(FT ), then

Equation (3.7) admits a solution with parameters (X ′, g′), where g′ verifies Equation (3.8) with
η = δ + 1/2 and X ′ ∈ L0(FT ).

Conversely, assume that Equation (3.7) admits a solution with parameters (X ′, g′), where g′

verifies Equation (3.8) and X ′ ∈ L0(FT ). Then, Equation (3.5) admits a positive solution with
parameters (X, g), where g satisfies Equation (3.6) with δ = η + 1/2 and X ∈ L0

+.

Corollary 9. With the same notation as in Proposition 8, let X ∈ L∞(FT ) and α, β, γ ∈ H∞
T .

Then, there exist a maximal and minimal solution to Equation (3.5) with parameters (X, g).
Each solution between the minimal and the maximal verifies (Y, Z) ∈ H∞

T × BMO(P).

As is evident from the proof of Corollary 9, the restriction X ∈ L∞(FT ) is pivotal so far.
Without this assumption, establishing the existence and properties of a solution becomes more
challenging and mathematically involved, since then the terminal condition X ′ = ln(X) can be
unbounded and may even not be integrable. To investigate the existence, regularity, uniqueness
and stability of the solution in broader spaces, we must explore genuinely distinct approaches,
not invoking one-to-one correspondences as in Corollary 9. In addition, because we want to
allow for coefficients α, β, γ that are not necessarily bounded (or constant), we must employ
proof strategies different from those utilized above to establish existence and regularity of the
solution. These and related problems are studied in the following section.

4 Main Results for LN-Q BSDEs

In this section, we study ordinary BSDEs of the form given in Equation (3.5) with drivers
satisfying the LN-Q growth rate in (3.6). As is clear from Section 3.3, it is non-trivial to go
beyond the one-to-one correspondence and relax the assumptions of bounded terminal conditions
(and bounded coefficients), which will be the aim of this section. For the sake of generality and
completeness, we consider the following assumptions:

(H1) g : Ω × [0, T ] × R+ × Rn → R+ is a predictable stochastic process, continuous in (y, z)
dP× dt-a.s., verifying

0 ≤ g(t, y, z) ≤ αty + βty| ln(y)|+ δ|z|2/y =: h(t, y, z),

where α, β are positive and predictable stochastic processes and δ > 0;

(H1)’ With the same notation as in (H1), the process g now verifies

0 ≤ g(t, y, z) ≤ αty + βty| ln(y)|+ γt|z|+ δ|z|2/y =: h(t, y, z),

where γ : [0, T ]× Ω → R is a positive and predictable stochastic process;
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(H1)” With the same notation as in (H1), the process g now verifies

0 ≤ g(t, y, z) ≤ αty + βty| ln(y)|+ ηt · z + δ|z|2/y =: h(t, y, z),

where η : [0, T ]× Ω → Rn is a predictable stochastic process;

(H2) Let X be a strictly positive FT -measurable random variable such that

E
[
(1 +X2δ+1)e

B
exp

(
eB(A+B)

)]
< +∞,

where A :=
∫ T
0 αtdt and B :=

∫ T
0 βtdt.

(H2)’ With the same notation as in (H2), let p > 1 such that

E
[
(1 +X2δ+1)p(e

B+1) exp
(
p(eB + 1)(A+B)

)]
< +∞.

In addition, we assume α, β ∈ Hq
T , with

1
q +

1
p = 1.

(H2)” With the same notation as in (H2), let p > 1 and γ be as in (H1)’ such that

E
[
(1 +X2δ+1)p(e

B+1) exp

(
p(eB + 1)

(
(A+B) +

1

4η

∫ T

0
γ2t dt

))]
< +∞.

Here, η∈ (0,1∧(p−1)
2 ). Furthermore, we assume there exists q′> 0 such that E[

∫ T
0 e

q′γtdt]<
+∞ and α, β ∈ Hq

T , with
1
q +

1
p = 1.

We note that we employ one and the same h(···, ···, ···) for different functions across (H1), (H1)’,
and (H1)”, with slight abuse of notation. In the results that follow, the respective form of h
will be specified on a case-by-case basis. Although certain assumptions from the previous set
clearly imply others, we opt to address them individually to highlight the distinct regularities
associated with each case.

4.1 Existence and regularity with unbounded terminal conditions and coef-
ficients

We start by establishing existence and regularity results in the setting of Lp-spaces.

Proposition 10. (i) Assume (H1) and (H2). Then, Equation (3.5) with driver h as defined in
(H1) admits a positive solution such that

sup
t∈[0,T ]

E
[
Y

(2δ+1)eB

t

]
< +∞, and Z ∈ L2

T .

(ii) Assume (H1) and (H2)’. Then, there exists a positive solution to Equation (3.5) with
driver h as defined in (H1), verifying the further regularity

E
[

sup
t∈[0,T ]

Y
p(2δ+1)(eB+1)
t

]
< +∞, and Z ∈ M2

T .

(iii) Assume (H1)’ and (H2)”. Then, there exists a positive solution to Equation (3.5) with
driver h as defined in (H1)’, verifying the same regularity as in the case of (H1)+(H2)’.

Theorem 11. Assume (H1) and (H2), with driver g as in (H1). Then, there exists a positive
solution to Equation (3.5) in the sense of Definition 4 verifying 0 < Y ≤ Y h, where Y h is a

solution to Equation (3.5) with driver h. We have the regularity 0 < sup
t∈[0,T ]

E
[
Y

(2δ+1)eB

t

]
< +∞

and Z ∈ L2
T . Furthermore, if we assume (H1) and (H2)’ (or, alternatively, (H1)’ and (H2)”),

then the solution has the further regularity 0 < E
[

sup
t∈[0,T ]

Y
p(2δ+1)(eB+1)
t

]
< +∞ and Z ∈ M2

T .
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Proof. We first wish to apply Lemma A.2.1 in Appendix A. We chooseX1 = X2 = X, g1 ≡ 0 and
g2(t, y, z) := h(t, y, z) = αty + βty| ln(y)|+ δ|z|2/y. Clearly, g1 ≡ 0 ≤ g ≤ g2. Furthermore, the
BSDE with parameters (X, 0) admits a unique positive solution Y 0 according to Proposition 1.1
(i) in [2], while Proposition 10 ensures the existence of a positive solution Y h to the BSDE with
parameters (X,h). In addition, it holds that 0 < Y 0 ≤ Y h. Indeed, after a suitable localization
(τn)n∈N, we obtain

E[Y h
t |Ft] = E

[
X +

∫ τn

t
g2(s, Y

h
s , Z

h
s )ds

∣∣∣∣Ft] ≥ E[X|Ft] = Y 0
t ,

where the inequality follows by positivity of h. Finally, for any (t, ω) ∈ [0, T ] × Ω and y ∈
[Y 0
t (ω), Y

h
t (ω)], it results that

g(t, y, z)≤(αt + βt) + (αt + βt)(1+|y|2)+ δ|z|2

y
≤(αt + βt)+(αt+βt)(1+|Y g2

t (ω)|2)+ δ|z|2

Y 0
t (ω)

,

thus g satisfies all the conditions of Lemma A.2.1. This ensures the existence of a solution (Y,Z)
to the BSDE with parameters (X, g), subject to the additional constraint 0 < Y 0 ≤ Y ≤ Y h.
Clearly, the last inequality implies the desired regularities for Y . The cases (H1)+(H2)’ and
(H1)’+(H2)” can be proved similarly.

We will now establish the inclusion of Z inM2
T under the combined hypotheses (H1)’+(H2)”,

as (H1)+(H2)’ is a specific instance of this case. We need a proof strategy different from that
employed in Proposition 10. Let us consider the function f(x) = xη, where η > 0 is a parameter
that will be determined later. We have that

Y η
t = Xη +

∫ T

t

(
ηY η−1

s g(s, Ys, Zs)−
η(η − 1)

2
Y η−2
s |Zs|2

)
ds−

∫ T

t
ηY η−1

s ZsdWs

≤ Xη +

∫ T

t

[
ηY η−1

s

(
αsYs + βsYs| ln(Ys)|+ γs|Zs|+ δ

|Zs|2

Ys

)
− η(η − 1)

2
Y η−2
s |Zs|2

]
ds

−
∫ T

t
ηY η−1

s ZsdWs

= Xη +

∫ T

t
η(αsY

η
s + βsY

η
s | ln(Ys)|+ γsY

η−1
s |Zs|)ds

+

∫ T

t
η

(
δ − η − 1

2

)
Y η−2
s |Zs|2ds−

∫ T

t
ηY η−1

s ZsdWs.

Taking η > 2δ + 1, t = 0 and upon rearranging, we obtain∫ T

0
η

(
η − 1

2
− δ

)
Y η−2
s |Zs|2ds

≤−Y η
0 +Xη+

∫ T

0
ηY η−1

s (αsYs+βsYs| ln(Ys)|+γs|Zs|)ds−
∫ T

0
ηY η−1

s ZsdWs. (4.1)

We start by proving the thesis when Y is sufficiently large. In this case, we must require that
Y η−2 does not go to zero, which is guaranteed by imposing η ≥ 2. Considering a sequence of
stopping times as in Proposition 10, taking the expectation in Equation (4.1), applying Young’s
inequality and using the fact that Y η−1|Z| = Y η/2Y (η−2)/2|Z|, we obtain that

E
[ ∫ τn

0
η

(
η − 1

2
− δ

)
Y η−2
s |Zs|2ds

]
≤ E [−Y η

0 +Xη]

+ E

[∫ T

0

(
(ηαs)

q

q
+
Y pη
s

p
+

(ηβs)
q

q
+
Y pη
s | lnp(Ys)|

p
+

(ηγsY
η/2
s )2

2ε
+
ε

2
Y η−2
s |Zs|2

)
ds

]
.
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Let us consider ε
2 < η(η−1

2 − δ). Then, it holds that

KE
[
Y η−2
s

∫ T

0
|Zs|2ds

]
≤ E

[
−Y η

0 +Xη +

∫ T

0

(ηαs)
q

q
+
Y pη
s

p
+

(ηβs)
q

q
+
Y pη
s | lnp(Ys)|

p
+

(ηγs)
2q

2εq
+
Y pη
s

2εp
ds

]
≤ K ′

(
1 + E

[
sup
t∈[0,T ]

Y ηp+ε′

t

])
,

where K := η(η−1
2 − δ)− ε

2 > 0. The first inequality follows from Young’s inequality, while the

second inequality is implied by ym| lnm(y)| ≤ Kε′,m + ym+ε′ , holding for any m > 1, and ε′ > 0
for some suitable constant Kε′,m > 0. In particular, K ′ > 0 is a constant depending only on
T, α, β, γ, η, p, q, ε and on ε′ > 0 (which will be fixed in the following).

Recalling the regularity of Y , we have E[supt∈[0,T ] Y
p(2δ+1)(eB+1)
t ] < +∞, where eB + 1 ≥ 2

P-a.s. Thus, we impose ηp + ε′ = 2p(2δ + 1). Hence, 0 < ε′ = 2p(2δ + 1) − ηp yielding
η < 2(2δ + 1). In sum, we have the following conditions on η:

η < 4δ + 2,

η ≥ 2,

η > 2δ + 1.

After simple algebra, it is possible to check that for any value of δ ∈ R+ there exists η > 0

verifying all the above conditions. Thus, we obtain E
[∫ T

0 Y η−2
s |Zs|2ds

]
< +∞. Let C > 0 be a

positive constant and define A := {(ω, t) ∈ Ω× [0, T ] : Yt(ω) ≥ C}. Then, we have

Cη−2E
[∫ T

0
|Zs|2IAds

]
≤ E

[∫ T

0
Y η−2
s |Zs|2ds

]
< +∞. (4.2)

Now, we prove the integrability when Y is sufficiently small. Consider the substitution
f(x) := ln(1 + x). By Itô’s formula it holds that

ln(1 + Yt) = ln(1 +X) +

∫ T

t

1

1 + Ys
g(s, Ys, Zs)+

1

2(1 + Ys)2
|Zs|2ds−

∫ T

t

1

1 + Ys
ZsdWs.

Since g ≥ 0 and Y > 0, we have

ln(1 + Yt) ≥ ln(1 +X) +

∫ T

t

1

2(1 + Ys)2
|Zs|2ds−

∫ T

t

1

1 + Ys
ZsdWs.

Upon rearranging, we obtain∫ T

t

1

2(1 + Ys)2
|Zs|2ds ≤ ln(1 + Yt)− ln(1 +X) +

∫ T

t

1

1 + Ys
ZsdWs,

and hence the same inequality when t = 0. Define τn := inf{t > 0 :
∫ t
0

1
(1+Ys)2

|Zs|2ds ≥ n} ∧ T .
Clearly, for each n ∈ N, τn is a stopping time, and τn → T dP-a.s. By employing this localization,
taking the expectation and recalling the inequality ln(1 + x) ≤ x for any x ≥ 0, we obtain

E
[∫ τn

0

1

2(1 + Ys)2
|Zs|2ds

]
≤ Y0 + E [X] < +∞.

Letting n→ ∞, Fatou’s lemma leads to

E
[∫ T

0

1

2(1 + Ys)2
|Zs|2ds

]
≤ Y0 + E [X] < +∞.
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This inequality yields

1

2(1 + C)2
E
[∫ T

0
|Zs|2IAcds

]
≤ Y0 + E [X] < +∞. (4.3)

Upon combining Equations (4.2) and (4.3), the thesis follows. 2

The following corollary provides sufficient conditions under which Equation (3.5) admits a
unique solution, considering a driver of a specific form.

Corollary 12. Assume (H1)’ with h(t, y, z) = αty+βty| ln(y)|+γt|z|+δ|z|2/y. If α, β, γ ∈ H∞
T

and there exists λ ≥ 2∥β∥T∞ such that E[X(2δ+1)(eλT+1)] < +∞, then Equation (3.5) admits a

unique solution with regularity (Y,Z) ∈ H(2δ+1)(eλT+1)
T ×M2

T .

Remark 13. Note that both Proposition 10 and Theorem 11 also establish the existence of
maximal and minimal solutions to Equation (3.5) driven by h and g, respectively. The existence
of these solutions can be inferred from Lemma A.2.1.

4.2 Further regularities in the bounded case

Additional regularities can be established under boundedness conditions, as follows.

Proposition 14. Assume X ∈ L∞
+ (FT ), α, β, γ ∈ H∞

T and δ > 0. Let h be as defined in
Corollary 12. Then the BSDE

Y h
t = X +

∫ T

t
h(s, Y h

s , Z
h
s )ds−

∫ T

t
Zhs dWs, (4.4)

admits a unique solution (Y h, Zh) ∈ H∞
T × BMO(P). Furthermore, under the same hypotheses

on the coefficients, if g : [0, T ] × Ω × R+ × Rn → R+ verifies (H1)’, then the corresponding
BSDE admits at least one solution (Y, Z) ∈ H∞

T ×BMO(P). Specifically, it admits maximal and
minimal solutions with such regularity, among all possible solutions verifying 0 < Y ≤ Y h.

Corollary 15. Consider X ∈ L∞
+ (FT ), α, β ∈ H∞

T and γ ∈ BMO(P), and let g : [0, T ] × Ω ×
R+ × Rn → R+ verify (H1)”. Then, the BSDE with parameters (X, g) admits at least one
solution. Furthermore, any solution is such that (Y, Z) ∈ H∞

T × BMO(P).

4.3 Uniqueness

In this subsection, we study uniqueness of the solution to Equation (3.5). We require a further
assumption on the driver g.

C) The driver g is jointly convex in (y, z) ∈ R+ × Rn.

In [6], uniqueness under a |z|2/y-growth condition is studied, for which the authors impose
convexity of g and require the terminal condition X to be bounded and bounded away from zero.
Their proof strategy relies on exploiting these properties to derive dual representations. Our
approach is different: it is based on proving a comparison theorem that implies uniqueness as a
consequence. In [5], uniqueness under y| ln(y)|-growth is analyzed. There, the authors introduce
a monotonicity condition instead of requiring convexity, and they employ an entirely different
strategy for their proofs. Our current investigation establishes the existence of unique solutions
within the framework of a driver exhibiting a growth rate involving y| ln(y)|+|z|2/y. Our setting
encompasses the case of unbounded terminal conditions that are not necessarily bounded away
from zero. Hence, as a byproduct, the following results expand the theory developed in [6],
where only the singularity |z|2/y is considered under more restrictive assumptions.

Before stating our main results, we require an additional assumption on the driver g:
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A) 0 ≤ g(t, y, z) ≤ αty + βty| ln(y)|+ γt · z + δ|z|2/y := h(t, y, z), ∀(y, z) ∈ R+ × Rn, where
α, β, γ ∈ H∞

T and δ > 0.

We note that the bound on g in assumption A) can also be written as

0 ≤ I{y>0} · g(t, |y|, z) ≤ I{y>0} · (αty+ + βty
+| ln(y+)|+ γt · z + δ|z|2/|y|), ∀(y, z) ∈ R× Rn,

with the convention that all members are 0 when y = 0.
We start by proving a useful lemma. It can be regarded as a generalization of a stochastic

Grönwall lemma (see [33, 54]), accounting for the non-linearity y| ln(y)|.

Lemma 16. Consider a positive process β ∈ H∞
T and X ∈ L

p(eB+1)
+ (FT ) for some p > 1, where

B := ∥β∥T∞ · T . Let u ∈ Hp(eB+1)
T such that ut ≥ 0 dP × dt-a.s. If u verifies dP-a.s. for any

t ∈ [0, T ]:

ut ≤ E
[
X +

∫ T

t
βsus| ln(us)|ds

∣∣∣∣Ft] ,
then there exists an increasing function ψ : R+ → R such that dP-a.s. for any t ∈ [0, T ]:

ut ≤ E
[
ψ−1

(
ψ(X) +

∫ T

t
βsds

) ∣∣∣∣∣Ft
]
,

where ψ−1 : Range(ψ) → R+ is the inverse function of ψ. The function ψ is given by the explicit
formula

ψ(x) :=

{
x−2
ln(4) if 0 ≤ x ≤ 2,

ln(ln(x))− ln(ln(2)) if x > 2.

Theorem 17. Assuming the driver g satisfies assumptions A), C), and X ∈ L
p(2δ+1)(eB+1)
+ ,

where p > max{ 2
2δ+1 , 1} and B = (∥α∥T∞+∥β∥T∞)T , we consider the BSDE (3.5) with parameters

(X, g). Under these conditions, there exists a unique solution (Y,Z) ∈ Hp(2δ+1)(eB+1)
T × M2

T

such that 0 < Y ≤ Y h, where Y h is the (maximal) solution corresponding to the driver h, with
the same notation as in assumption A).3

The main tool to prove Theorem 17 is given by the following comparison principle.

Proposition 18. With the same notation as in Theorem 17, consider a driver g (resp. g′)

verifying assumptions A), C) and X,X ′ ∈ L
p(2δ+1)(eB+1)
+ with X ≤ X ′. If (Y, Z), (Y ′, Z ′) ∈

Hp(2δ+1)(eB+1)
T ×M2

T are solutions to the BSDE with parameters (X, g) and (X ′, g′), respectively,
such that 0 < Y, Y ′ ≤ Y h, and if the drivers verify

g(t, Y ′
t , Z

′
t) ≤ g′(t, Y ′

t , Z
′
t) (resp. g(t, Yt, Zt) ≤ g′(t, Yt, Zt)) dP× dt-a.s.,

then, dP-a.s., Yt ≤ Y ′
t for any t ∈ [0, T ].

Proof. We assume that g verifies the assumptions A), C) and g(t, Y ′
t , Z

′
t) ≤ g′(t, Y ′

t , Z
′
t). The

case with g′ verifying A), C) and g(t, Yt, Zt) ≤ g′(t, Yt, Zt) can be proved similarly. Fix θ ∈ (0, 1).
The proof strategy is to estimate the difference Y − θY ′ and then let θ → 1. Define P := Y−θY ′

1−θ
and V := Z−θZ′

1−θ . It holds that

Pt = PT +

∫ T

t
G(s, Ps, Vs)ds−

∫ T

t
VsdWs,

3Here, “unique solution” means that if (Y,Z) and (Y ′, Z′) are two solutions to Equation (3.5) with 0 < Y, Y ′ ≤
Y h, then Y and Y ′ are indistinguishable processes, and Zt = Z′

t dP× dt-a.s.
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where

G(ω, t, y, z) :=
1

1−θ
[
g(ω, t, (1− θ)y+θY ′

t (ω), (1−θ)z + θZ ′
t(ω))−θg(ω, t, Y ′

t (ω), Z
′
t(ω))

]
+

θ

1− θ

[
g(ω, t, Y ′

t (ω), Z
′
t(ω))− g′(ω, t, Y ′

t (ω), Z
′
t(ω))

]
,

if ((1 − θ)y + θY ′
t (ω), (1 − θ)z + θZ ′

t(ω)) ∈ R+ × Rn and G(ω, t, y, z) := 0 otherwise. By the
assumptions on g and g′, it can be checked by convexity that I{y>0}G(t, y, z) ≤ I{y>0}g(t, |y|, z),
with the convention that the right-hand member of the previous inequality is zero when y = 0.
Now, we find the dynamics of P+, which is the positive part of P. Employing Itô-Tanaka’s
formula, we obtain

P+
t = P+

T +

∫ T

t
I{Ps>0}G(s, Ps, Vs)ds−

∫ T

t
I{Ps>0}VsdWs −

1

2

∫ T

t
dLs,

where (Lt)t∈[0,T ] is the local time at 0 of (Wt)t∈[0,T ]. We consider η ≥ 2, and the function
f(x) := xη. Itô-Tanaka’s formula applied to f(P+

··· ) yields

f(P+
t ) = f(P+

T ) +

∫ T

t
η(P+

s )η−1

[
I{Ps>0}G(s, Ps, Vs)−

1

2
(η − 1)

|Vs|2

P+
s

]
ds

− η

2

∫ T

t
(P+

s )η−1dLs −
∫ T

t
ηI{Ps>0}(P

+
s )η−1VsdWs.

Observing that the third term in the right-hand member is non-positive and that by assumption
A) it holds that

I{Pt>0}G(t, Pt, Vt) ≤ I{Pt>0}g(t, |Ps|, Vt) ≤ I{Pt>0}

(
αtP

+
t + βtP

+
t | ln(P+

t )|+ γt · Vt + δ
|Vt|2

|Pt|

)
,

we obtain

f(P+
t ) ≤ f(P+

T )

+

∫ T

t
η(P+

s )η−1

[
I{Ps>0}

(
αsP

+
s + βsP

+
s | ln(P+

s )|+ γs · Vs + δ
|Vs|2

|Ps|

)
− 1

2
(η − 1)

|Vs|2

P+
s

]
ds

−
∫ T

t
ηI{Ps>0}(P

+
s )η−1VsdWs.

Choosing η = max{2δ + 1, 2}, we find that

δI{Pt>0}(P
+
t )η−1|Pt|−1|Vt|2 −

1

2
(η − 1)(P+

t )η−2|Vt|2 ≤ 0.

Hence,

f(P+
t ) ≤ f(P+

T ) +

∫ T

t
η(P+

s )η(αs + βs| ln(P+
s )|) + ηI{Ps>0}(P

+
s )η−1γs · Vsds

−
∫ T

t
ηI{Ps>0}(Ps)

η−1VsdWs

= f(P+
T ) +

∫ T

t
η(P+

s )η(αs + βs| ln(P+
s )|)ds−

∫ T

t
ηI{Ps>0}(Ps)

η−1VsdW
γ
s , (4.5)

where we used that I··· ≤ 1 and Girsanov’s Theorem since γ ∈ H∞
T . Fixing t ∈ [0, T ], let us

introduce the localization

τn := inf

{
s ≥ t :

∫ s

t
(ηI{Pu>0}(P

+
u )η−1Vu)

2du ≥ n

}
∧ T.
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Taking the Qγ-conditional expectation in Equation (4.5) and using xη ≤ eη + xη| ln(x)|, we
obtain

(P+
t )η ≤ EQγ

[
(P+

τn)
η +

∫ τn

0
eηαsds+

∫ τn

t
(αs + βs)(P

+
s )η| ln(P+

s )η|)ds
∣∣∣∣Ft]

≤ EQγ

[(
sup
t∈[0,T ]

P+
t

)η
+

∫ T

0
eηαsds+

∫ τn

t
(αs + βs)(P

+
s )η| ln(P+

s )η|)ds
∣∣∣∣Ft
]
.

Here, the conditional expectation w.r.t. Qγ is well-defined. Indeed, as is well-known, if γ ∈ H∞
T ,

the density EγT ∈ Lm(FT ) for anym ≥ 1. By regularity of Y, Y ′, we infer that P ∈ Hp(2δ+1)(eB+1)

with p > max{ 2
2δ+1 , 1}, thus (P

+)η ∈ Hp′(eB+1)
T for some p′ > 1. Similarly as done in Lemma 16,

it is possible to verify that

Γ := ψ−1

(
ψ

((
sup
t∈[0,T ]

P+
t

)η
+

∫ T

0
eηαsds

)
+

∫ T

0
(αs + βs)ds

)
∈ Lq,

for some q > 1. Choosing q′ > 0 such that 1
q +

1
q′ = 1, by Young’s inequality it holds that

E
[
EγTψ

−1

(
ψ

(
(P+

τn)
η +

∫ T

0
eηαsds

)
+

∫ τn

t
(αs + βs)ds

)]
≤C

(
E
[(
EγT
)q′]

+E

[
ψ−1

(
ψ

((
sup
t∈[0,T ]

P+
t

)η
+

∫ T

0
eηαsds

)
+

∫ T

0
(αs + βs)ds

)q])
< +∞,

where C > 0 is a constant depending only on q, q′ and we have used the increasing monotonicity
of ψ and ψ−1. Hence, the conditional expectation w.r.t. Qγ is well-defined. Employing again

that EγT ∈ Lm(FT ) for any m ≥ 1, we can check that P ∈ Hl(eB+1)
T (Qγ) for some 1 < l < p′.

Thus, all assumptions of Lemma 16 are verified, yielding

(P+
t )η ≤ EQγ

[
ψ−1

(
ψ

(
(P+

τn)
η +

∫ τn

0
eηαsds

)
+

∫ τn

t
(αs + βs)ds

) ∣∣∣∣Ft] .
Since τn → T a.s. and employing the dominated convergence theorem for conditional expecta-
tions, we can let n→ ∞ in the previous inequality to obtain

(P+
t )η ≤ EQγ

[
ψ−1

(
ψ

(
(P+

T )η +

∫ T

0
eηαsds

)
+

∫ T

t
(αs + βs)ds

) ∣∣∣∣Ft] .
Observing that (P+

T )η =

((
X−θX′

1−θ

)+)η
≤ |X|η and recalling that ψ and ψ−1 are increasing, it

holds that((
Yt − θY ′

t

)+)η ≤ (1− θ)ηEQγ

[
ψ−1

(
ψ

(
|X|η +

∫ T

0
eηαsds

)
+

∫ T

t
(αs + βs)ds

) ∣∣∣∣Ft] .
Letting θ → 1, the thesis follows. 2

Proof of Theorem 17. Existence is clear by Theorem 11. The uniqueness for Y is obvious by
Proposition 18 and pathwise continuity of Y . We prove uniqueness for Z. Let us consider (Y,Z)
and (Y ′, Z ′), being two solutions to Equation (3.5). Apply Itô’s formula to (Y − Y ′)2:

(Yt − Y ′
t )

2 =

∫ T

t
2(Ys − Y ′

s )(g(s, Ys, Zs)−g(s, Y ′
s , Z

′
s))−|Zs − Z ′

s|2ds−
∫ T

t
2(Ys−Y ′

s )(Zs−Z ′
s)dWs.

Since we already know that Y = Y ′, the previous equation gives∫ T

0
|Zs − Z ′

s|2ds = 0 dP-a.s.,

and the thesis follows. 2

17



4.4 Stability

Stability results play a central role in the theory of BSDEs as well as in their applications
involving numerical methods. The analysis of the stability of solutions has been an important
topic since the earliest works on BSDEs (e.g., [26, 36]) and continues to attract attention in the
recent literature, e.g., in [46]. In this latter contribution, the authors establish general stability
results for Lipschitz BSDEs in an enlarged filtration, thereby extending earlier findings on the
stability of BSDEs and providing a unified framework that encompasses several approaches to
numerical approximation and implementation.

In this subsection, we derive stability results for the BSDE (3.5)–(3.6) under assumptions
A) and C). In the following, we employ again the convexity of the driver to obtain an estimation
involving |Y n− θY |, and then let θ → 1 to establish the thesis. This approach has been studied
in the context of stability in [13]. However, our proof strategy is different from the strategy
used by these authors. Indeed, we construct a proof based on the comparison results obtained
in Proposition 18. Before proceeding, we need some refinements concerning the regularity of
the z-component of the solution to Equation (3.5).

Proposition 19. With the same notation as in Theorem 11, considering assumption A), X ∈
L
p(2δ+1)(eB+1)
+ with p > 1 and B = ∥β∥T∞ · T , any solution (Y, Z) to Equation (3.5) such that

0 < Y ≤ Y h verifies for some C > 0 depending on p, ∥α∥T∞, ∥β∥T∞, ∥γ∥T∞, δ and T :

E

[(∫ T

0
|Zs|2ds

)p]
+ E

[(∫ T

0
g(s, Ys, Zs)ds

)2p
]
≤ CE

[
Xp(2δ+1)(eB+1)

]
< +∞.

Furthermore, if there exists ε > 0 such that X ≥ ε a.s., then it holds that

E

[(∫ T

0

|Zs|2

Ys
ds

)p]
≤ C ′E

[
Xp(2δ+1)(eB+1)

]
< +∞,

for some C ′ > 0 depending on p, ∥α∥T∞, ∥β∥T∞, ∥γ∥T∞, δ and T .

Proof. For brevity, we assume the coefficients α, β, γ to be constant, but the same results are
valid when considering bounded random coefficients as in assumption A).

We start by proving the regularity for the z-component. If Y is bounded there is nothing
to prove since Z ∈ BMO(P) (see Proposition 14) and thus Z ∈ Mp

T for any p ≥ 1. Suppose,
instead, that Y is sufficiently large. Proceeding as in Theorem 11, we obtain the analog of
Equation (4.1) with η ≥ 2 and η > 2δ + 1:∫ T

0
η

(
η − 1

2
− δ

)
Y η−2
s |Zs|2ds

≤ −Y η
0 +Xη +

∫ T

0

(
ηY η−1

s (αYs + βYs| ln(Ys)|+ γ|Zs|)
)
ds−

∫ T

0
ηY η−1

s ZsdWs.

Using Young’s inequality, we obtain∫ T

0
η

(
η − 1

2
− δ

)
Y η−2
s |Zs|2ds

≤ C

(
sup
t∈[0,T ]

Y η+ε′

t + sup
t∈[0,T ]

Y η
t

)
+

1

2m

∫ T

0
Y η−2
s |Zs|2ds−

∫ T

0
ηY η−1

s ZsdWs,

with m > 0, ε′ > 0 to be determined later and C > 0 depending on T, ε′,m, α, β, γ. In the
following, the constant C > 0 can vary from line to line and it will not be renamed for ease of
exposition. Choosing a suitable m > 0, there exists K > 0 such that

K

∫ T

0
ηY η−2

s |Zs|2ds ≤ C sup
t∈[0,T ]

Y η+ε′

t −
∫ T

0
ηY η−1

s ZsdWs.
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Raising both members to the p-th power and taking the expectation, we obtain

KE

[(∫ T

0
ηY η−2

s |Zs|2ds
)p]

≤ C

(
E

[
sup
t∈[0,T ]

Y pη+ε′′

t

]
+ E

[∣∣∣ ∫ T

0
ηY η−1

s ZsdWs

∣∣∣p]) , (4.6)

with ε′′ = pε′. Considering the localization τn := inf{t ∈ [0, T ] :
∫ t
0 (ηY

η−1
s Zs)

2ds ≥ n} ∧ T and
employing Burkholder-Davis-Gundy’s (BDG’s) and Young’s inequalities, it holds that

E
[∣∣∣ ∫ τn

0
ηY η−1

s ZsdWs

∣∣∣p] ≤ CE

[(∫ τn

0
η2Y 2(η−1)

s |Zs|2ds
)p/2]

≤ CE

[
sup
t∈[0,T ]

Y pη
t +

1

2m′

(∫ τn

0
Y η−2
s |Zs|2ds

)p]
, (4.7)

where C > 0 is a constant depending on p and m′. Choosing a suitable m′ > 0 and combining
Equations (4.6) and (4.7), we get

KE
[(∫ τn

0
Y η−2
s |Zs|2ds

)p]
≤ CE

[
sup
t∈[0,T ]

Y pη+ε′′

t

]
.

Letting n→ ∞, we have by Fatou’s lemma

KE

[(∫ T

0
Y η−2
s |Zs|2ds

)p]
≤ CE

[
sup
t∈[0,T ]

Y pη+ε′′

t

]
.

Proceeding as in Theorem 11, we can select suitable η ≥ 2, η > 2δ + 1 and ε′′ = pε′ > 0 such
that

E

[(∫ T

0
Y η−2
s |Zs|2ds

)p]
≤ CE

[
sup
t∈[0,T ]

Y
p(2δ+1)(eB+1)
t

]
≤ CE

[
Xp(2δ+1)(eB+1)

]
,

where the last inequality is implied by Proposition 3.2 of [2]. Then, the bound

E

[(∫ T

0
|Zs|2ds

)p]
≤ CE

[
Xp(2δ+1)(eB+1)

]
,

follows similarly as the implication Z ∈ M2
T in Theorem 11.

Now we prove the regularity of the process g(···, Y···, Z···). Rearranging Equation (3.5) and
recalling that g ≥ 0, it holds that(∫ T

0
|g(s, Ys, Zs)|ds

)2p

≤ cp

(
sup
t∈[0,T ]

Y 2p
t +

∣∣∣ ∫ T

0
ZsdWs

∣∣∣2p) ,
with cp > 0 depending on p. Taking the expectation and using BDG’s inequality, there exists
another constant cp > 0 such that

E

[(∫ T

0
|g(s, Ys, Zs)|ds

)2p
]
≤ cpE

[
sup
t∈[0,T ]

Y 2p
t +

(∫ T

0
|Zs|2ds

)p]
< +∞.

Now we assume there exists ε > 0 such that X ≥ ε a.s., thus also Yt ≥ ε dP × dt-a.s., and
the thesis follows by z-regularity. 2
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Theorem 20. Utilizing the same notation as in Theorem 17, consider a family of parame-
ters (Xn, gn)n∈N and (X, g) with g satisfying assumptions A) and C). Let supn g

n verify A),
gn verify C) for any n ∈ N, and (Xn)n∈N, X be strictly positive random variables such that

supn∈NX
n, X ∈ Lp(2δ+1)(eB+1), with p > max{1, 2

2δ+1}. We call (Y,Z) (resp. (Y n, Zn)) the
unique solution to the BSDE with parameters (X, g) (resp. (Xn, gn)) such that 0 < Y ≤
Y h (resp. 0 < Y n ≤ Y h), with h as in A). Furthermore, assume Xn → X dP-a.s. and∫ T
0 gn(t, Yt, Zt)dt →

∫ T
0 g(t, Yt, Zt)dt in Lp(2δ+1)(eB+1). Then, (Y n, Zn) → (Y,Z) in Lq ×M2p

T

for any q ∈ [1, p(2δ + 1)(eB + 1)).

Proof. From Theorem 11, Proposition 19 and the assumptions on (Xn, gn)n∈N, it follows that

sup
n∈N

E

[
sup
t∈[0,T ]

(Y n
t )

p(2δ+1)(eB+1) +

(∫ T

0
|Zns |2ds

)p]
≤K sup

n∈N
E
[
(Xn)p(2δ+1)(eB+1)

]
<+∞,

for some K > 0. To establish the thesis, by Vitali’s convergence theorem, it is sufficient to show
that supt∈[0,T ] Y

n
t → supt∈[0,T ] Yt in probability. Before proceeding, we show that, if Y n → Y

in Hq
T for any q ∈ [1, p(2δ + 1)(eB + 1)), then Zn → Z in M2p

T . Indeed, by Itô’s formula and
BDG’s inequality, we have

E

[(∫ T

0
|Zns − Zs|2ds

)p]
≤ CE

[
|Xn −X|2p + sup

t∈[0,T ]
|Y n
t − Yt|2p

]

+ CE

[
sup
t∈[0,T ]

|Y n
t − Yt|p

(∫ T

0
|gn(s, Y n

s , Z
n
s )− g(s, Ys, Zs)|ds

)p ]
.

The first and second terms inside the first expectation in the right-hand member of the previous
inequality converge to 0 by assumption, since 2p < p(2δ + 1)(eB + 1). We only need to analyze

the third term. It holds that
(∫ T

0 |gn(s, Y n
s , Z

n
s )|ds

)2p
is uniformly bounded in L1(FT ); indeed,(∫ T

0
|gn(s, Y n

s , Z
n
s )− g(s, Ys, Zs)|ds

)2p

≤ C

[(∫ T

0
|gn(s, Y n

s , Z
n
s )|ds

)2p

+

(∫ T

0
|g(s, Ys, Zs)|ds

)2p
]
,

thus Proposition 19 and integrability assumptions on (Xn)n∈N give

sup
n∈N

E

[(∫ T

0
|gn(s, Y n

s , Z
n
s )|ds

)2p
]
≤ C sup

n∈N
E
[
(Xn)p(2δ+1)(eB+1)

]
< +∞,

and similarly for (
∫ T
0 |g(s, Ys, Zs)|ds)2p. Thus, Hölder’s inequality yields

E

[
sup
t∈[0,T ]

|Y n
t − Yt|p

(∫ T

0
|gn(s, Y n

s , Z
n
s )− g(s, Ys, Zs)|ds

)p]

≤ E

[
sup
t∈[0,T ]

|Y n
t − Yt|2p

] 1
2

E

[(∫ T

0
|gn(s, Y n

s , Z
n
s )− g(s, Ys, Zs)|ds

)2p
] 1

2

≤ KE

[
sup
t∈[0,T ]

|Y n
t − Yt|2p

] 1
2
n→∞−−−→ 0.

Hence, we have proved Zn → Z in M2p
T . Now, we show that supt∈[0,T ] Y

n
t → supt∈[0,T ] Yt in L

η

for some η > 1, establishing also the convergence in probability. We proceed as in Proposition 18,
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estimating the difference Y n− θY . As before, we define P := Y n−θY
1−θ and V := Zn−θZ

1−θ . It holds
that

Pt = PT +

∫ T

t
G(s, Ps, Vs)ds−

∫ T

t
VsdWs, (4.8)

where

G(ω, t, y, z) :=
1

1−θ
[gn(ω, t,(1− θ)y+θYt(ω),(1− θ)z+θZt(ω))−θgn(ω, t,Yt(ω), Zt(ω))]

+
θ

1− θ
[gn(ω, t, Yt(ω), Zt(ω))−g(ω, t, Yt(ω), Zt(ω))] ,

if ((1− θ)y + θYt(ω), (1− θ)z + θZt(ω)) ∈ R+ × Rn and G(ω, t, y, z) := 0 otherwise. Convexity
of gn yields

I{y>0}G(t, y, z) ≤ I{y>0} (g
n(t, |y|, z) + |δnθ g(t)|) ,

where δnθ g(···) :=
θ

1−θ [g
n(···, Y···, Z···)− g(···, Y···, Z···)] and with the convention that the right-hand mem-

ber of the previous inequality is zero when y = 0. Following the same steps as in Proposition 18
and with the same notation of this proposition, we obtain the analog of Equation (4.5):

(P+
t )η ≤ (P+

T )η

+

∫ T

t
η(P+

s )η(αs + βs| ln(P+
s )|)+ηI{Ps>0}(P

+
s )η−1γs · Vs + ηI{Ps>0}(P

+
s )η−1|δnθ g(s)|ds

−
∫ T

t
ηI{Ps>0}(Ps)

η−1VsdWs

≤ (P+
T )η + sup

t∈[0,T ]
(P+

t )η−1

∫ T

0
η|δnθ g(s)|ds

+

∫ T

t
η(P+

s )η(αs + βs| ln(P+
s )|) + ηI{Ps>0}(P

+
s )η−1γs · Vs ds−

∫ T

t
ηI{Ps>0}(Ps)

η−1VsdWs,

where η = max{2, 2δ+1}. By integrability assumptions on δnθ g and by the regularity of Y n and
Y , it is easy to check that

ΓnT := sup
t∈[0,T ]

(P+
t )η−1

∫ T

0
|δnθ g(s)|ds ≤ C

(
sup
t∈[0,T ]

(P+
t )η +

(∫ T

0
|δnθ g(s)|ds

)η)

verifies the hypotheses of Lemma 16, since η = max{2, 2δ + 1} and p > max{1, 2
2δ+1}. Thus,

we can use Lemma 16 as done in Proposition 18, obtaining

(P+
t )η ≤ EQγ

[
ψ−1

(
ψ

(
(P+

T )η + ΓnT +

∫ T

0
eηαsds

)
+

∫ T

0
(αs + βs)ds

) ∣∣∣∣Ft] .
Recalling the inequality (y− y′)+ ≤ (y− θy′)+ for any y, y′ > 0 and θ ∈ [0, 1], the definitions of
P+ and ψ and using Doob’s inequality for p′ > 1 small enough, it holds that

EQγ

[(
sup
t∈[0,T ]

(Y n
t − Yt)

+

)η]

≤ Cp′(1− θ)ηEQγ

[(
ψ−1

(
ψ

(
(P+

T )η + ΓnT +

∫ T

0
eηαsds

)
+

∫ T

0
(αs + βs)ds

))p′]

≤ Cp′(1− θ)ηEQγ

[(
P+
T

)p′ηeB
+ (ΓnT )

p′eB +

(∫ T

0
eηαsds

)p′eB]
. (4.9)
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For brevity and w.l.o.g. we can assume Qγ = P, i.e., γ ≡ 0. For each fixed θ ∈ [0, 1], the
integrability assumption on Xn yields

E
[
(P+

T )p
′ηeB

]
= E

[(
(Xn − θX)+

1− θ

)p′ηeB]
n→∞−−−→ E

[
Xp′ηeB

]
.

Furthermore, it holds that

E
[
(ΓnT )

p′eB
]
≤ E

[
sup
t∈[0,T ]

(P+
t )p

′ηeB

] η−1
η

E

[(∫ T

0
|δnθ g(s)|ds

)p′ηeB] 1
η

≤ CE

[(∫ T

0
|δnθ g(s)|ds

)p′ηeB] 1
η

n→∞−−−→ 0.

Here, in the first inequality we have used Hölder’s inequality with l = η
η−1 and m = η as

conjugate exponents, the second inequality follows from Lp
′ηeB -boundedness of supt∈[0,T ] P

+
t ,

while the convergence is due to the integrability assumptions on δnθ g. Thus, letting n → ∞ in
Equation (4.9), we obtain

lim
n→∞

E
[
sup
n∈N

((Y n
t − Yt)

+)η
]
≤ (1− θ)ηE

[
Xp′ηeB +

(∫ T

0
eηαsds

)p′eB]
.

The left-hand member in the previous inequality does not depend on θ, thus we can let θ → 1,

obtaining limn→∞ E
[
supt∈[0,T ] ((Y

n
t − Yt)

+)
η
]
= 0. Similarly, we can evaluate the difference

Y − θY n, yielding the analog of Equation (4.8) with P ′ := Y−θY n

1−θ , V ′ := Z−θZn

1−θ and

G′(t, y, z) : =
1

1−θ
[gn(ω, t,(1−θ)y+θY n

t (ω),(1−θ)z+θZnt (ω))−θgn(ω, t, Y n
t (ω), Z

n
t (ω))]

+
1

1− θ
[g(ω, t, Yt(ω), Zt(ω))− gn(ω, t, Yt(ω), Zt(ω))] ,

if ((1− θ)y+ θYt(ω), (1− θ)z+ θZt(ω)) ∈ R+×Rn and G(ω, t, y, z) := 0 otherwise. Once again,
convexity of gn yields

I{y>0}G
′(t, y, z) ≤ I{y>0}

(
gn(t, y, z) + |δnθ g′(t)|

)
,

with δnθ g
′(···) := 1

1−θ [g(···, Y···, Z···)− gn(···, Y···, Z···)] . Performing exactly the same algebra as before,
we obtain

lim
n→∞

E

[
sup
t∈[0,T ]

(
(Yt − Y n

t )
+
)η] ≤ (1− θ)ηE

[
Xp′ηeB +

(∫ T

0
eηαsds

)p′eB]
,

which gives limn→∞ E
[
supt∈[0,T ] ((Yt − Y n

t )
+)

η
]
= 0. Thus, we have proved

lim
n→∞

E

[
sup
t∈[0,T ]

|Yt − Y n
t |η
]
= 0,

and the first thesis follows. 2

The preceding stability results are provided under general hypotheses. However, verifying
the condition

∫ T
0 gn(t, Yt, Zt)dt →

∫ T
0 g(t, Yt, Zt)dt in Lp(2δ+1)(eB+1) might be challenging in

practical applications. If gn ≡ g for any n ∈ N, then the above integrability condition is not
needed. Indeed, stability of the solution holds automatically, as is clear from the proof of
Theorem 20, since in this circumstance it results that δgnθ ≡ 0 for any θ ∈ [0, 1] and n ∈ N.
In addition, in the following corollary, we provide some other sufficient conditions under which
stability holds.
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Corollary 21. With the same notation and hypotheses as in Theorem 20, let Xn → X dP-a.s.
and supnX

n, X ∈ Lp for any p ≥ 1. Assume that, dP × dt-a.s. for any (y, z) ∈ R+ × Rn,
gn(t, y, z) → g(t, y, z) and that there exists ε > 0 such that X ≥ ε dP-a.s. Then, (Y n, Zn) →
(Y,Z) in Hp

T ×Mp
T for any p ≥ 1.

Remark 22. The additional assumption supnXn, X ∈ Lp for any p ≥ 1 in Corollary 21 is
not unnatural. Indeed, [13] assumed the finiteness of all exponential moments for the terminal
conditions of quadratic BSDEs (see Proposition 7 of [13]), while Proposition 8 suggests that
exponential regularity for the terminal conditions of quadratic BSDEs should naturally lead to Lp

regularity for the terminal conditions when the drivers exhibit an LN-Q growth rate. Similarly,
the hypothesis X ≥ ε in Corollary 21 appears to be pivotal in case one seeks further regularities,
as shown, for example, in [6], and, within the framework of return risk measures, in [9] and
[38].

5 Two-Driver BSDEs

With the existence, regularity, uniqueness and stability results for ordinary LN-Q BSDEs of
Section 4 at hand, we are now equipped to examine general two-driver BSDEs, embedding
Equation (3.4) and given by

Yt = X +

∫ T

t
g1(s, Ys, Zs)ds−

∫ T

t
g2(s, Ys, Zs)dWs. (5.1)

Here, g1 verifies the growth rate

0 ≤ g1(t, y, z) ≤ y(αt + βt| ln(y)|+ γt|z|+ δ|z|2) =: h1(t, y, z), ∀(y, z) ∈ R+ × Rn, (5.2)

with α, β, γ non-negative and predictable stochastic processes, and δ > 0. Furthermore, the
driver g2 : [0, T ] × Ω × R+ × Rn → Rn satisfies P × B(R+) × B(Rn)/B(Rn)-measurability. We
first analyze under which additional assumptions on g2 it is possible to reduce Equation (5.1)
to Equation (3.5). A sufficient growth rate on g2 is provided in the following proposition. We
start by defining a general notion of a solution to a two-driver BSDE.

Definition 23. The couple (Y,Z) is a solution to Equation (5.1) if it satisfies Equation (5.1)
in the Itô sense, Y is a continuous and predictable process, and Z ∈ L2

T is a predictable process.

Furthermore, (Y,Z) is required to satisfy
∫ T
0 g1(s, Ys, Zs)ds < +∞ and

∫ T
0 |g2(s, Ys, Zs)|2ds <

+∞ dP-a.s.

Proposition 24. Let g1 : [0, T ] × Ω × R+ × Rn → R+ be a P × B(R+) × B(Rn)/B(R+)-
measurable function satisfying Equation (5.2) and let g2 : [0, T ] × Ω × R+ × Rn → Rn be a
P × B(R+)× B(Rn)/B(Rn)-measurable function.

If there exists K > 0 such that dP×dt-a.s. for any (y, z) ∈ R+×Rn it holds that |g2(t, y, z)| ≥
Ky|z| with g2 being injective and continuous in z, then Equation (5.1) admits a positive solution
in the sense of Definition 23 when the ordinary BSDE (3.5) with LN-Q growth rate does.

Proof. First, we note that the mapping z 7→ g2(ω, t, y, z) is a bijection from Rn into itself. The
injective continuity of g2 w.r.t. z and the condition lim|z|→∞ |g2(ω, t, y, z)| = +∞, established
by the inequality |g2(t, ω, y, z)| ≥ Ky|z|, ensure the surjectivity of g2 as a consequence of the
proof of Theorem 59 (V) in [51]. Hence, the bijectivity of g2 with respect to z enables us to
find the inverse of the function z 7→ g2(ω, t, y, z) dP × dt-a.s., for any y ∈ R+. In particular,
for any (ω, t, y) ∈ Ω × [0, T ] × R+, there exists a unique function v 7→ fω,t,y(v) such that
g2(ω, t, y, f

ω,t,y(v)) = v = fω,t,y(g2(ω, t, y, v)) for any v ∈ Rn. With slight abuse of notation, we
denote this inverse map by (ω, t, y, v) 7→ g−1

2 (ω, t, y, v) =: fω,t,y(v). Furthermore, the growth
condition on g2 implies: |z| ≤ 1

K |g2(t, y, z)|/y, which can be translated into: |g−1
2 (t, y, v)| ≤
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1
K |v|/y, for any (y, v) ∈ R+ × Rn, dP × dt-a.s. In addition, employing the substitution V··· :=
g2(···, Y···, Z···), Equation (5.1) becomes

Yt = X +

∫ T

t
g1(s, Ys, g

−1
2 (s, Ys, Vs))ds−

∫ T

t
VsdWs. (5.3)

Now we check that g(t, y, v) := g1(t, y, g
−1
2 (t, y, v)) verifies the LN-Q growth rate:

0≤g(t,y,v)=g1(t, y, g−1
2 (t, y, v)) ≤ αty + βty| ln(y)|+ γty|g−1

2 (t, y, v)|+ δy|g−1
2 (t, y, v)|2

≤ αty + βty| ln(y)|+
γt|v|
K

+
δ|v|2

K2y
.

It only remains to check that g is a P × B(R+)× B(Rn)/B(R+)-measurable function. To show
this, it is sufficient to prove that (ω, t, y, v) 7→ (ω, t, y, g−1

2 (t, y, v)) is a P × B(R+) × B(Rn)-
measurable function, since the composition of measurable functions preserves this property.
Adapting the argument provided in the proof of Theorem 4.1 in [47], we can consider w.l.o.g.
the space Ω = C0([0, T ],Rn) with the canonical Brownian Motion Wt(ω) = ω(t). Then, the
function G(ω, t, y, z) := (ω, t, y, g2(ω, t, y, z)) is a bijection of Ω × [0, T ] × R+ × Rn into it-
self. Consequently, its inverse G−1(ω, t, y, v) = (ω, t, y, g−1

2 (ω, t, y, v)) is P × B(R+) × B(Rn)-
measurable. This measurability is ensured by the completeness and separability of the metric
space Ω (see, e.g., Theorem 10.5 in [28]). Thus, if (Y, V ) is a solution to Equation (5.3), then
(Y···, Z···) := (Y···, g

−1
2 (···, Y···, V···)) is a solution to Equation (5.1). 2

Remark 25. Proposition 24 entails that if we are able to find a solution to Equation (5.3), then
also a solution to Equation (5.1) exists. Nevertheless, the regularity of the second component
of the solution, V···, still depends on the properties of g2. Importantly, this means that, in the
following, once we handle a solution with a certain regularity to Equation (5.3), we will need to
explore the regularity of the second component of the solution to Equation (5.1) as a separate
problem.

In the following, we prove results about existence and uniqueness for general two-driver
BSDEs. Informed by the analysis above, we require the following assumptions:

(G1) g1 : [0, T ] × Ω × R+ × Rn → R+ is a P × B(R+) × B(Rn)/B(R+)-measurable function
verifying the growth rate (5.2) and is continuous in (y, z).

(G2) g2 : [0, T ] × Ω × R+ × Rn → Rn is a P × B(R+) × B(Rn)/B(Rn)-measurable function
such that |g2(t, y, z)| ≥ Ky|z| =: h2(t, y, z), for some K > 0. Furthermore, g2 is injective
and continuous in z. Moreover, its inverse4 with respect to z, denoted with slight abuse
of notation as g−1

2 (t, ω, y, v) and defined for any (t, ω, y, v) ∈ Ω × [0, T ] × R+ × Rn, is
continuous in (y, z), dP× dt-a.s.

(G3) Let p > 1. Let α, β, γ be the coefficients appearing in Equation (5.2), with δ > 0, and let
K be as in (G2) such that

E
[
(1 +X

2δ
K2+1)p(e

B+1) exp

(
p(eB + 1)

(
(A+B) +

1

4k

∫ T

0
(γt/K)2dt

))]
< +∞.

Here, k ∈ (0, 1∧(p−1)
2 ), A :=

∫ T
0 αtdt, and B :=

∫ T
0 βtdt. Furthermore, there exists q′ > 0

such that E[
∫ T
0 eq

′γtdt] < +∞ and α, β ∈ Hq
T , with

1
q +

1
p = 1.

4See the proof of Proposition 24 for the formal definition of the z-inverse of g2.
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Proposition 26. Assume (G1), (G2) and (G3). Then, Equation (5.1) admits at least one
solution (Y,Z) such that 0 < Y ≤ Y h1,h2, where Y h1,h2 is a solution to Equation (5.1) with
parameters (X,h1, h2). Here, h1 and h2 are defined as in Equation (5.2) and assumption (G2),
respectively. In addition, we have the following regularities:

E

[
sup
t∈[0,T ]

Y
p
(

2δ
K2+1

)
(eB+1)

t

]
< +∞ and Z ∈ L2

T .

Furthermore, if there exists ε > 0 such that X ≥ ε, then Z ∈ M2
T .

Proof. By Proposition 24, the two-driver BSDE (5.1) admits a positive solution such that
0 < Y ≤ Y h1,h2 as soon as the following ordinary BSDE does:

Yt = X +

∫ T

t
g(s, Ys, Vs)ds−

∫ T

t
VsdWs. (5.4)

Here, V··· := g2(···, Y···, Z···) and g(t, y, z) := g1(t, y, g
−1
2 (t, y, z)), resulting in 0 ≤ g(t, y, z) ≤ αty +

βty| ln(y)| + γt
K |z| + δ

K2
|z|2
y . Furthermore, g is continuous in (y, z) as it is a composition of

continuous functions. Hence, the ordinary BSDE (5.4) admits a solution (Y, V ) by Theorem 11,
with

E

[
sup
t∈[0,T ]

Y
p
(

2δ
K2+1

)
(eB+1)

t

]
< +∞, V ∈ M2

T ,

and 0 < Y ≤ Y h, where h(t, y, v) := h1(t, y, h
−1
2 (t, y, v)). Thus, we have proved existence of

the solution to the two-driver BSDE with parameters (X, g1, g2). Note that the y-component
of this solution has the desired regularity. Clearly, Z ∈ L2

T .
It remains to prove that Z ∈ M2

T under the hypothesis X ≥ ε for some ε > 0. We proceed
in two steps.

Step 1: For any t ∈ [0, T ], it holds that Yt ≥ ε dP-a.s. Indeed, for the conditional expectation
in the two-driver BSDE, after a suitable localization (τn)n∈N, it holds that

Yt = E
[
X +

∫ τn

t
g1(s, Ys, Zs)

∣∣∣∣Ft] ≥ E [X|Ft] ≥ ε,

where we have employed the positivity of g1.
Step 2: Apply Itô’s formula to the dynamics of Y, using the function f(x) = xη, with η > 0
to be determined later. We note that Itô’s formula can be applied since Y > 0 and f is twice
differentiable on (0,+∞) for any η > 0. We have

Y η
t =Xη+

∫ T

t
ηY η−1

s g1(s,Ys,Zs)−
η(η − 1)

2
Y η−2
s |g2(s,Ys,Zs)|2ds−

∫ T

t
ηY η−1

s g2(s,Ys,Zs)dWs

≤ Xη+

∫ T

t
ηY η−1

s (αsYs+βsYs| ln(Ys)|+γsYs|Zs|+δYs|Zs|2)−
K2η(η − 1)

2
Y η−2
s Y 2

s |Zs|2ds

−
∫ T

t
ηY η−1

s g2(s, Ys, Zs)dWs

= Xη +

∫ T

t
ηY η

s (αs + βs| ln(Ys)|+ γs|Zs|)ds

+

∫ T

t
η

(
δ − K2(η − 1)

2

)
Y η
s |Zs|2ds−

∫ T

t
ηY η−1

s g2(s, Ys, Zs)dWs,
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because, by (G2), |g2(t, y, z)| ≥ Ky|z|. Taking η > 2δ
K2 + 1, t = 0 and rearranging, we obtain∫ T

0
η

(
K2(η − 1)

2
− δ

)
Y η
s |Zs|2ds

≤ −Y η
0 +Xη +

∫ T

0
ηY η

s (αs + βs| ln(Ys)|+ γs|Zs|)ds−
∫ T

0
ηY η−1

s g2(s, Ys, Zs)dWs. (5.5)

Since Y ≥ ε and η > 0, there exists a positive constant K ′ := εη > 0 such that

K ′
∫ T

0
η

(
δ − K2(η − 1)

2

)
|Zs|2ds ≤

∫ T

0
η

(
δ − K2(η − 1)

2

)
Y η
s |Zs|2ds.

We recall that E[
∫ T
0 γmt dt] < +∞ for any m ∈ [1,+∞) since γ has a finite q′-exponential

moment. After a suitable localization, we can take the expectation in Equation (5.5). By
applying Young’s inequality it holds that

K ′E
[∫ τn

0
η

(
K2(η − 1)

2
− δ

)
|Zs|2ds

]
≤ E

[
−Y η

0 +Xη+

∫ T

0

(ηαs)
q

q
+
Y pη
s

p
+

(ηβs)
q

q
+ Y pη

s | lnp(Ys)|+
(ηγsY

η
s )2

2ε
+
ε

2
|Zs|2ds

]
.

Choosing ε
2 < K ′η(K(η−1)

2 − δ), we obtain (for some C > 0)

K ′′E
[∫ τn

0
|Zs|2ds

]
≤ E

[
−Y η

0 +Xη+

∫ T

0
(ηαs)

q/q+Y pη
s /p+(ηβs)

q/q + Y pη
s | lnp(Ys)|+

(ηγs)
2m

2εm
+
Y 2ηl
s

2εl
ds

]

≤ C

(
1 + E

[
sup
t∈[0,T ]

Y ηp+ε′

t + sup
t∈[0,T ]

Y 2ηl
t

])
,

with K ′′ = K ′η(K(η−1)
2 − δ) − ε

2 > 0, 1 < l < p and 1
m + 1

l = 1. Here, the first in-
equality follows from Young’s inequality, and ε′ > 0 has to be determined. Since we have

E[supt∈[0,T ] Y
p( 2δ

K2+1)(eB+1)

t ] < +∞, where eB + 1 ≥ 2 dP-a.s., we can obtain the integrability

of the left-hand member of the previous inequality by taking η ≤ p
l (

2δ
K2 + 1). In addition, we

also need ηp+ ε′ = 2p( 2δ
K2 + 1) and choosing η such that 0 < ε′ = 2p( 2δ

K2 + 1)− ηp, we get the

further condition η < 2( 2δ
K2 + 1). In sum, we have the following conditions on η:

η < 2( 2δ
K2 + 1)

η > 0,

η ≤ p
l (

2δ
K2 + 1)

η > 2δ
K2 + 1.

It is possible to check that for any value of δ ∈ R+ there exists η > 0 verifying all the above
conditions, as p

l > 1. Applying Fatou’s lemma, we obtain E[
∫ T
0 |Zs|2ds] < +∞. 2

Remark 27. If γ ≡ 0 and (G3) is replaced by the weaker assumption

E
[
(1 +X

2δ
K2+1)e

B
exp

(
eB(A+B)

)]
< +∞,

the existence of a positive solution to Equation (5.1) is still guaranteed, with the regularity

0 < sup
t∈[0,T ]

E

[
Y

(2δ+1)eB

K2

t

]
< +∞, Z ∈ L2

T .

This follows from the proof above, using Proposition 10 (i).
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In what follows, we provide sufficient conditions to ensure the uniqueness of the solution
to Equation (5.1). We will rely on Proposition 24, and on Theorem 17 for the corresponding
one-driver BSDE. We will show that under suitable hypotheses on the composition between g1
and g2, we can obtain a general result of uniqueness ensuring, for instance, that Equation (3.4)
admits a unique solution, assuming unbounded terminal conditions and without requiring a
monotonicity condition w.r.t. y for the driver f̃ . In addition, we show that uniqueness results
hold for a larger class of drivers than those used in Equation (3.4). We require the following
two assumptions.

A’) g1 is a P × B(R+)× B(Rn)/B(R+)-measurable function such that

0 ≤ g1(t, y, z) ≤ αty + βty| ln(y)|+ δy|z|2, ∀(y, z) ∈ R+ × Rn,

where α, β are bounded and non-negative stochastic processes, and δ > 0.

C’) Given g1 as in A’) and g2 as in (G2), the function (ω, t, y, v) 7→ g1(ω, t, y, g
−1
2 (t, ω, y, v)) is

convex in (y, v) dP× dt-a.s.

Clearly, we can also add the term “yγt · z” in assumption A’), with γ ∈ H∞
T , without altering

any of the following results.

Proposition 28. Assume that the drivers g1 and g2 verify assumptions A’) and C’). Let X ∈

L
p( 2δ

K2+1)(eB+1)

+ , where p > max{ 2K2

2δ+K2 , 1} and B = (∥α∥T∞ + ∥β∥T∞)T . Then, the two-driver
BSDE (5.1) with parameters (X, g1, g2) admits a unique solution

(Y, Z) ∈ H
p( 2δ

K2+1)(eB+1)

T × L2
T

among the class of solutions such that 0 < Y ≤ Y h1,h2, where Y h1,h2 is the (maximal) solution
corresponding to the parameters (X,h1, h2) with h1 and h2 as defined in Theorem 26.5

We can also state a comparison principle for two-driver BSDEs. The proof of the following
comparison result is omitted since it can be obtained by similar arguments as those in the proof
of Proposition 28.

Proposition 29. With the same notation as in Proposition 28, consider drivers g1 and g2

(resp. g′1 and g′2) verifying assumptions A’), C’) and X,X ′ ∈ L
p(2δ+1)(eB+1)
+ with X ≤ X ′. If

(Y,Z) ∈ Hp(2δ+1)(eB+1)
T × L2

T is a solution to the two-driver BSDE with parameters (X, g1, g2),

(Y ′, Z ′) ∈ Hp(2δ+1)(eB+1)
T ×L2

T is a solution to the BSDE with parameters (X ′, g′1, g
′
2) such that

0 < Y, Y ′ ≤ Y h1,h2 and the drivers verify

g1(t, Y
′
t , g

−1
2 (t, Y ′

t , Z
′
t)) ≤ g′1(t, Y

′
t , (g

′
2)

−1(t, Y ′
t , Z

′
t)) dP× dt-a.s.

(resp. g1(t, Yt, g
−1
2 (t, Yt, Zt)) ≤ g′1(t, Yt, (g

′
2)

−1(t, Yt, Zt)) dP× dt-a.s.),

then, dP-a.s., Yt ≤ Y ′
t for any t ∈ [0, T ].

Corollary 30. (i) Consider Equation (3.4). Assume that

0 ≤ f̃(t, y, z) ≤ αt + βt| ln(y)|+ δ|z|2 =: h̃(t, y, z),

where the coefficients α, β and the terminal condition X verify (G3) with K = 1 and γ ≡ 0.

Then, there exists at least one solution (Y, Z) to Equation (3.4) such that 0 < Y ≤ Y h̃, where

5Here, “unique solution” means that if (Y,Z) and (Y ′, Z′) are two solutions to Equation (5.1) with 0 < Y, Y ′ ≤
Y h1,h2 , then Y and Y ′ are indistinguishable processes, and Z = Z′ dP× dt-almost surely.
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Y h̃ is the first component of the (maximal) solution to Equation (3.4) with parameters (X, h̃).
Specifically, (Y,Z) has the following regularity:

E
[

sup
t∈[0,T ]

Y
p(2δ+1)(eB+1)
t

]
< +∞ and Z ∈ L2

T .

Moreover, if there exists ε > 0 such that X ≥ ε, then Z has the further regularity Z ∈ M2
T .

(ii) In addition, assume f̃ can be decomposed as

f̃(t, y, z) = y(f̃1(t, y) + f̃2(t, z)),

with f̃1, f̃2 > 0, f̃1(···, y) convex in y, and f̃2(···, z) convex in z. Then, if α, β ∈ H∞
T and p ≥

max{ 2
2δ+1 , 1}, Equation (3.4) admits a unique solution such that 0 < Y ≤ Y h̃. Therefore, when

f̃ does not depend on y and is convex in z, then uniqueness holds without further assumptions.

We finally provide a stability result for two-driver BSDEs in the spirit of Theorem 20.

Proposition 31. With the same notation as in Proposition 28, consider
(Xn, gn1 , g

n
2 )n∈N, (X, g1, g2) with g1, supn∈N g

n
1 verifying A’), g2, supn∈N g

n
2 verifying (G2) and

(gn1 , g
n
2 )n∈N, (g1, g2) verifying C’). For any n ∈ N, let Xn, X ≥ ε for some ε > 0 and let

X, supn∈NX
n ∈ Lp(

2δ
K2+1)(eB+1), where p > max{ 2K2

2δ+K2 , 1} and B = (∥α∥T∞ + ∥β∥T∞)T . We
call (Y,Z) (resp. (Y n, Zn), n ∈ N) the unique solution to the two-driver BSDE with parameters
(X, g1, g2) (resp. (X, gn1 , g

n
2 ), n ∈ N) such that 0 ≤ Y n, Y ≤ Y h1,h2. Suppose there exists a

constant C > 0 such that for any n ∈ N the z-inverse (gn2 )
−1 verifies dP × dt-a.s. and for any

(y, z) ∈ R+ × Rn:

|(gn2 )−1(t, y1, z1)− (gn2 )
−1(t, y2, z2)| ≤ C

∣∣∣∣z1y1 − z2
y2

∣∣∣∣ ,
and dP× dt-a.s. (gn2 )

−1(t, y, z) → g−1
2 (t, y, z) for any (y, z) ∈ R+ × Rn.

Setting V··· := g2(···, Y···, Z···), if
∫ T
0 gn1 (t, Yt, (g

n
2 )

−1(t, Yt, Vt))dt→
∫ T
0 g1(t, Yt, g

−1
2 (t, Yt, Vt))dt as n→

∞ in the sense of Lp(
2δ
K2+1)(eB+1)-convergence and Xn → X dP-a.s., then (Y n, Zn)

n→∞−−−→ (Y,Z)
in Lq ×Mr

T for any q ∈ [1, p( 2δ
K2 + 1)(eB + 1)) and r ∈ [1, 2p).

Proof. Akin to Proposition 26, we define gn(t, y, v) := gn1 (t, y, (g
n
2 )

−1(t, y, v)) and g(t, y, v) :=
g1(t, y, g

−1
2 (t, y, v)). Thus, the ordinary BSDEs with parameters (Xn, gn)n∈N and (X, g) verify

all the hypotheses of Theorem 20. Setting (Y, V ) (resp. (Y n, V n)) the solution to the BSDE
with parameters (X, g) (resp. (Xn, gn)), Theorem 20 entails (Y n, V n) → (Y, V ) in Lq × M2p

T

for any q ∈ [1, p( 2δ
K2 + 1)(eB + 1)). We need to check that Zn → Z in Mr

T for any r ∈ [1, 2p).

We know that V··· = g2(···, Y···, Z···) and V n
··· = gn2 (···, Y n

··· , Z
n
··· ), thus Z··· = g−1

2 (···, Y···, V···) and Zn··· =
(gn2 )

−1(···, Y n
··· , V

n
··· ). By the triangular inequality, it holds that

|Znt − Zt| ≤ |(gn2 )−1(t, Y n
t , V

n
t )− (gn2 )

−1(t, Yt, Vt)|+ |(gn2 )−1(t, Yt, Vt)− g−1
2 (t, Yt, Vt)|, (5.6)

dP× dt-a.s. By the assumptions on (gn2 )
−1, the first term in the right-hand member verifies

|(gn2 )−1(t, Y n
t , V

n
t )− (gn2 )

−1(t, Yt, Vt)| ≤ C

∣∣∣∣V n
t

Y n
t

− Vt
Yt

∣∣∣∣ .
Since Y n, Y ≥ ε, Y n → Y and V n → V in probability, also V n

Y n → V
Y in probability, and the last

equation leads to
(gn2 )

−1(t, Y n
t , V

n
t )

n→∞−−−→ (gn2 )
−1(t, Yt, Zt),
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in probability. In addition, the second term in right-hand member of Equation (5.6) converges
to 0, dP×dt-a.s., by the pointwise convergence of (gn2 )

−1 to g−1
2 , hence also in probability. These

convergences and Equation (5.6) entail that Zn → Z in probability. Furthermore, the growth
rate of g2 yields

sup
n∈N

E

[(∫ T

0
|Znt |2dt

)p]
= sup

n∈N
E

[(∫ T

0
|(gn2 )−1(t, Y n

t , V
n
t )|2dt

)p]

≤ K sup
n∈N

E

[(∫ T

0

∣∣∣∣V n
t

Y n
t

∣∣∣∣2 dt
)p]

≤ Kε sup
n∈N

E

[(∫ T

0
|V n
t |2dt

)p]
< +∞,

where the last inequality follows from Y n ≥ ε for any n ∈ N, and the regularity of V n (see The-
orem 20). Hence, Zn is uniformly integrable in Mr

T for any r ∈ [1, 2p), and Vitali’s convergence
theorem gives the required convergence. 2

Remark 32. We underline that if (Xn)n∈N, X are strictly positive but not necessarily bounded
away from 0, then the convergence of Y n → Y in Hq

T for any q ∈ [1, p(2δ + 1)(eB + 1)) is
preserved, as is clear from the proof of Proposition 31, whereas the regularities for (Zn)n∈N and
Z do not necessarily hold.

6 Applications to Return and Star-Shaped Risk Measures

In this section, we apply the theoretical results on GBSDEs to study return and star-shaped risk
measures. We begin by establishing existence and uniqueness, without requiring the restrictive
condition X ∈ L∞(FT ) of Section 3 on the terminal condition. Next, we systematically analyze
the structural properties of the induced dynamic functionals. Each mathematical result is stated
in a succinct, formal form, followed by a brief financial interpretation. Finally, three examples
illustrate how specific star-shaped risk measures and (robust) Lp-norms are naturally embedded
in our setting.

6.1 General setting and properties

We consider the GBSDE

ρ̃t = X +

∫ T

t
ρ̃sf̃(s, ρ̃s, Z̃s)ds−

∫ T

t
ρ̃sZ̃sdWs, (6.1)

where X ∈ L
p(2δ+1)(eB+1)
+ and f̃ : Ω× [0, T ]× R+ × Rn → R+ satisfies the growth condition

f̃(t, y, z) ≤ αt + βt| ln(y)|+ δ|z|2, dP× dt-a.s., ∀(y, z) ∈ R+ × Rn.

Proposition 33 (Existence and uniqueness). Let α, β, δ, p and f̃ satisfy the assumptions stated
in the second part of Corollary 30. Then Equation (6.1) admits a unique positive solution (ρ̃, Z̃),

ρ̃ ∈ Hp(2δ+1)(eB+1)
T , Z̃ ∈ L2

T .

Proof. This follows immediately from Corollary 30. 2

Existence and uniqueness guarantee that the dynamic evaluation ρ̃ is mathematically well posed.

Equation (6.1) defines a dynamic evaluation on L
p(2δ+1)(eB+1)
+ without relying on the one-to-

one correspondence of Sections 2.2 and 3.3, which generally fails for these spaces. Thus, the
functional ρ̃ can be computed for a broad class of potentially unbounded payoffs, with its
BSDE representation ensuring numerical tractability and practical applicability. Next, recall
Definitions 2–3.
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Proposition 34 (Monotonicity and Lebesgue property). Under the assumptions of Proposi-
tion 33, the family (ρ̃t)t∈[0,T ] satisfies the following properties:

1. For every t ∈ [0, T ], the mapping ρ̃t : L
p(2δ+1)(eB+1)
+ (FT ) → L

p(2δ+1)(eB+1)
+ (Ft) is mono-

tone.

2. For every t ∈ [0, T ], ρ̃t has the Lebesgue property: if (X
n) ⊂ L

p(2δ+1)(eB+1)
+ (FT ), supnXn ∈

L
p(2δ+1)(eB+1)
+ (FT ) and Xn → X P−a.s., then ρ̃t(X

n) → ρ̃t(X) P-a.s.

Proof. Monotonicity of (ρ̃t)t∈[0,T ] w.r.t. its terminal condition follows from an application of
Proposition 29. The Lebesgue property follows from Proposition 31 and Remark 32. 2

Monotonicity aligns with first-order stochastic dominance: larger payoffs are never considered
less attractive. The Lebesgue property ensures a form of robustness, as evaluations of approxi-
mate or truncated payoffs converge to the true value. This entails in particular that if a sequence
of payoffs is acceptable, then its limit is also acceptable; see, e.g., [7, 30] for further insights.

In the following lemma, we introduce a simple denseness result that will be useful to prove
several properties of dynamic risk measures.

Lemma 35 (Denseness of bounded elements). For every m ≥ 1, L∞(FT ) is dense in Lm+ (FT ).
In particular, for X ∈ Lm+ one may set Xn := n ∧X ∨ 1

n with Xn ∈ L∞ and Xn → X in Lm.

Proof. We claim that L∞(FT ) is dense in Lm+ (FT ) for any m ≥ 1. Indeed, let us fix m ≥ 1 and
X ∈ Lm+ (FT ). Defining for each n ∈ N the random variable Xn := n ∧X ∨ 1

n , it is clear that
Xn ∈ L∞(FT ) for any n ∈ N, Xn → X dP-a.s., and 0 < Xn ≤ X ∨ 1 ∈ Lm+ (FT ). By dominated
convergence, it holds that Xn → X in Lm(FT ), and the denseness is proved. 2

Proposition 36 (Multiplicative convexity (GA-convexity)). Suppose f̃ satisfies the geometric-
arithmetic (GA) convexity condition

f̃(t, yλ1y
1−λ
2 , λz1 + (1− λ)z2) ≤ λf̃(t, y1, z1) + (1− λ)f̃(t, y2, z2).

Then for every t ∈ [0, T ] and all X,Y ∈ L
p(2δ+1)(eB+1)
+ ,

ρ̃t(X
λY 1−λ) ≤ ρ̃λt (X)ρ̃1−λt (Y ), ∀λ ∈ [0, 1].

Proof. We first fix X ∈ L∞(FT ). Then, proceeding as in the proof of Proposition 5, the
corresponding monetary risk measure, defined by the one-to-one correspondence for any t ∈
[0, T ] as ρt(X̄) := exp(ρ̃t(X)) with X̄ := ln(X), has dynamics given by a BSDE with parameters
(X̄, f), where f(t, y, z) = f̃(t, ey, z) + 1

2 |z|
2 for any (y, z) ∈ R × Rn. We prove convexity of f

w.r.t. (y, z). Let us fix λ ∈ [0, 1] and (y1, z1), (y2, z2) ∈ R× Rn. It holds that

f(t, λy1 + (1− λ)y2, λz1 + (1− λ)z2)

= f̃(t, exp(λy1 + (1− λ)y2), λz1 + (1− λ)z2) +
1

2
|λz1 + (1− λ)z2|2

≤ λf̃(t, ey1 , z1) + (1− λ)f̃(t, ey2 , z2) +
λ

2
|z1|2 +

1− λ

2
|z2|2

= λf(t, y1, z1) + (1− λ)f(t, y2, z2).

The usual comparison theorem for BSDEs yields convexity of ρt on L
∞(FT ) for any t ∈ [0, T ].

By Proposition A.1.1 (e), ρ̃t is multiplicatively convex on L∞(FT ) for any t ∈ [0, T ].
We want to prove

ρ̃t(X
λY 1−λ) ≤ ρ̃λt (X)ρ̃1−λt (Y ), ∀X,Y ∈ L

p(2δ+1)(eB+1)
+ , λ ∈ [0, 1], t ∈ [0, T ],
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for generic X,Y ∈ L
p(2δ+1)(eB+1)
+ . Fix λ ∈ [0, 1], X, Y ∈ L

p(2δ+1)(eB+1)
+ , and (Xn)n∈N, (Y

n)n∈N

such that Xn → X and Y n → Y in L
p(2δ+1)(eB+1)
+ . Such sequences exist as per Lemma 35.

For each n ∈ N, we call ρ̃n··· (X
n) the solution to Equation (6.1) with parameters (Xn, f̃) and

similarly for parameters (Y n, f̃). Then, for each n ∈ N, by the first part of the proof,

ρ̃nt ((X
n)λ(Y n)1−λ) ≤ ρ̃λt (X

n)ρ̃1−λt (Y n), t ∈ [0, T ]. (6.2)

We now want to let n→ ∞, proving that both members of the previous inequality converge a.s.
(at least for subsequences), preserving the inequality and yielding the thesis. To see this, we aim
to employ Proposition 31 (and Remark 32). Indeed, (Xn)n∈N, (Y

n)n∈N verify all the assumptions
stated in Proposition 31, while the driver f̃ does not depend on n ∈ N. Thus, ρ̃n··· (Xn) → ρ̃···(X)
and ρ̃n··· (Y

n) → ρ···(Y ) in Hq
T for any q ∈ [1, p(2δ+1)(eB+1)). Hence, there exists a subsequence

(ρ̃nk
··· (Xnk))k∈N (resp. (ρ̃nk

··· (Y nk))k∈N) converging to ρ̃···(X) (resp. ρ̃···(Y )) dP-a.s. for any t ∈ [0, T ].

In addition, we note that (Xn)λ(Y n)1−λ → XλY 1−λ dP-a.s. and XλY 1−λ ∈ L
p(2δ+1)(eB+1)
+ by

the interpolation inequality (i.e., a generalization of Hölder’s inequality). Hence, extracting
yet another subsequence (without renaming it), we have ρ̃nk

··· ((Xnk)λ(Y nk)1−λ) → ρ̃···(X
λY 1−λ)

dP-a.s. for any t ∈ [0, T ]. Taking the limit in Equation (6.2), the thesis follows. 2

Remark 37. It is a routine verification to show that, under the increasing monotonicity as-
sumption in y, GA-convexity in (y, z) relaxes the stronger hypothesis of joint convexity in (y, z)
for the driver f̃ (see also Example 40).

Multiplicative convexity embodies diversification in terms of compound returns: mixtures
of strategies are never penalized beyond the product of their separate evaluations. This is the
natural convexity notion in multiplicative (return-based) frameworks. Multiplicative convexity
has been firstly introduced in the context of risk measures by [9, 38] in the static setting. Here
we extend the definition to the dynamic environment and show its relation with the driver of a
GBSDE.

Proposition 38 (Positive homogeneity and star-shapedness). In the setting of Proposition 33:

1. If f̃ does not depend on y, then ρ̃t is positively homogeneous.

2. If f̃ is increasing in y, then ρ̃t is star-shaped.

Proof. First, fix X ∈ L∞(FT ) and ηt ∈ L∞(Ft). If f̃ does not depend on y, also f(t, z) =
f̃(t, z) + 1

2 |z|
2 does not depend on y, thus the family of monetary risk measures (ρt)t∈[0,T ]

corresponding to the first component of the solution to the BSDE with parameters (ln(X), f)
is cash-additive (see, e.g., [7, 34]). Thus, the corresponding family of return risk measures
(ρ̃t)t∈[0,T ] is positively homogeneous on L∞ by Proposition A.1.1 (b). Using again the denseness

argument, we conclude that positive homogeneity holds on L
p(2δ+1)(eB+1)
+ .

Star-shapdeness can be proved exactly as multiplicative convexity, by recalling that if f̃ is
increasing in y, then also f(t, y, z) = f̃(t, ey, z) + 1

2 |z|
2 has the same monotonicity in y. Thus,

the comparison theorem for BSDEs yields cash-superadditivity for (ρt)t∈[0,T ], hence (ρ̃t)t∈[0,T ]
is star-shaped by Proposition A.1.1 (c). 2

Positive homogeneity reflects scale-invariance under leverage in frictionless settings. Star-
shapedness, a weaker property, captures decreasing marginal impact of scaling, thus reflecting
liquidity costs or nonlinear exposures for large positions. While positive homogeneity is a well-
known property for risk measures (see e.g., [30]), star-shapedness has recently been introduced
in [14, 38] (see also [39]) and extended to a more general, dynamic and BSDE setting in [40].

Proposition 39 (Time-consistency and normalization). In the setting of Proposition 33:
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1. The family (ρ̃t)t∈[0,T ] is time-consistent.

2. If f̃(·, 1, 0) ≡ 0, then ρ̃t(1) = 1 for all t ∈ [0, T ].

Proof. As far as time-consistency is concerned, it is sufficient to prove the statement on L∞(FT )
and then use the denseness argument. We note that the flow property of BSDEs (see, e.g., [26])
immediately implies time-consistency for the first component of the solution to the BSDE with
parameters (ln(X), f), hence the return counterpart (ρ̃t)t∈[0,T ] is time-consistent on L∞(FT ) by
Proposition A.1.1 (g).
If f̃(···, 1, 0) ≡ 0, then by direct inspection the couple (ρ̃, Z̃) ≡ (1, 0) is the unique solution to
Equation (6.1) with terminal condition X ≡ 1, thus normalization follows. 2

Time-consistency ensures a well-structured dynamic “pasting” property, whereby evalua-
tions at intermediate times remain aligned with earlier decisions. This property has been thor-
oughly studied in the context of recursive utilities ([16, 25, 44]) and dynamic risk measures ([11])
and is naturally satisfied for BSDE-induced risk measures due to the flow property of BSDEs
(see [7], among others, for further details). Normalization anchors the measure, ensuring the
unit payoff is valued at one, consistent with its interpretation as numéraire.

6.2 Examples of dynamic return and star-shaped risk measures

In the following example, we consider a natural, dynamic star-shaped risk measure; the two
subsequent examples analyze canonical dynamic return risk measures.

Example 40. Let us consider f̃(t, y) = βt ln(1+y), where β is a positive and bounded stochastic
process. Clearly, f̃ is increasing in y, strictly positive, the mapping y 7→ yf̃(t, y) is dP× dt-a.s.
convex, and the respective growth condition is satisfied. Moreover, one can directly verify that
f̃ is GA-convex (despite being concave).

Now take a terminal condition X ∈ L
p(eB+1)
+ for some p > 2 and B = 2T∥β∥T∞. The GBSDE

ρ̃t = X +

∫ T

t
βsρ̃s ln(1 + ρ̃s) ds−

∫ T

t
ρ̃sZ̃s dWs,

admits a unique solution, as per Proposition 33. Hence, the family of functionals (ρ̃t)t∈[0,T ],

ρ̃t : L
p(eB+1)
+ (FT ) → L

p(eB+1)
+ (Ft),

is monotone, star-shaped, time-consistent, and multiplicatively convex, in accordance with Propo-
sitions 34, 36, 38, and 39. (The theory developed also applies in the special case δ ≡ 0, as here.)

This prototypical GBSDE may be particularly suitable for modeling risk/pricing in the pres-
ence of ambiguous interest rates. Indeed, by analogy to the monetary case, ambiguity on interest
rates translates into a lack of cash additivity (see, e.g., [27, 39]), which, in the multiplicative set-
ting, corresponds to a lack of positive homogeneity. In this framework, star-shapedness replaces
positive homogeneity, and β can be interpreted as a stochastic discount rate.

We now show that any dynamic (robust) γ-norm, with γ > 1, admits a unique representation
as a solution to a GBSDE. Thus, applying our theoretical results, we can describe the dynamics
of general (robust) norms in Lp-spaces in terms of GBSDEs. Hence, while the dynamics of
entropic risk measures are given by ordinary BSDEs (e.g., [7, 43, 45]), their return counterparts
([38]) follow GBSDEs. For ease of exposition, we start with the simpler case of dynamic γ-norms.

Example 41 (γ-norms). Consider γ > 1 and X ∈ Lpγ+ for some p > 1. The following GBSDE
admits at least one positive solution (Y,Z) ∈ Hpγ

T × L2
T by Corollary 30 (i):

Yt = X +

∫ T

t

γ − 1

2
Ys|Zs|2ds−

∫ T

t
YsZsdWs. (6.3)
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We claim that the explicit formula for Y is given by Yt = E
[
Xγ
∣∣Ft] 1

γ , dP× dt-a.s. To see this,
apply Itô’s formula to f(Y···) := Y γ

··· . It holds that

Y γ
t = Xγ −

∫ T

t
VsdWs, (6.4)

where V := γY γZ. Taking the conditional expectation and raising to power 1/γ both members of
the previous equation, we obtain the thesis. In addition, uniqueness of the solution follows from
uniqueness of the solution to Equation (6.4). In other words, we are able to fully characterize
the dynamics of γ-norms as the unique solution to Equation (6.3) for any γ > 1. We note
that in this simple case, monotonicity, positive homogeneity, multiplicative convexity and time-
consistency can be verified by direct inspection.

Example 42 (Robust γ-norms). Consider γ > 1 and X ∈ Lpγ+ for some p ≥ 2. The following
GBSDE admits at least one positive solution (Y,Z) ∈ Hpγ

T × L2
T , as per Corollary 30 (i):

Yt = X +

∫ T

t
Ys

(
g(s, Zs) +

γ − 1

2
|Zs|2

)
ds−

∫ T

t
YsZsdWs, (6.5)

where g : [0, T ] × Ω × Rn → R+ is a P × B(Rn)/B(R+)-measurable, convex and positively
homogeneous function such that there exists C > 0 verifying dP× dt-a.s. 0 ≤ g(t, z) ≤ C|z|, for
any z ∈ Rn. In fact, the explicit formula for Y is given by

Yt = sup
µ∈A

EQµ

[
Xγ
∣∣Ft] 1

γ , dP× dt-a.s. (6.6)

Here, A :=
{
(µt)t∈[0,T ] : |µt| ≤ C dP× dt-a.s.

}
, and Qµ is the probability measure with density

EµT . To see this, we apply Itô’s formula to f(Y···) := Y γ
··· . It holds that:

Y γ
t = Xγ +

∫ T

t
g(s, Vs)ds−

∫ T

t
VsdWs.

Here, we used positive homogeneity of g, setting V := γY γZ. Since g does not depend on y
and is sublinear in z, this BSDE admits a unique solution (Y γ , V ) ∈ Hp

T × Mp
T , whose first

component can be represented as (see, e.g., [7, 24]):

Y γ
t = sup

µ∈A
EQµ

[
Xγ
∣∣Ft] , dP× dt-a.s.

Raising to power 1/γ both members of the previous equation we verify Equation (6.6) and thus
fully characterize the dynamics of robust γ-norms as the unique solution to Equation (6.5) for
any γ > 1. The (dynamic) robust γ-norms are the natural return counterparts of (dynamic)
entropy coherent risk measures, studied in [42] in a static setting. Let us finally remark that Yt
is a dynamic, normalized, multiplicatively convex and time-consistent return risk measure for
any t ∈ [0, T ], in agreement with Propositions 34, 36, 38, and 39.
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A Online Appendix

A.1 Additional material to Section 2.2

Proposition A.1.1. For any t ∈ [0, T ], let ρ̃t and ρt be as defined in (2.1) and (2.2). Then:
(a) ρt(0) = 0 (normalization for ρ) if and only if ρ̃t(1) = 1 (normalization for ρ̃) for any
t ∈ [0, T ].
(b) ρt satisfies cash-additivity on L∞(FT ) if and only if ρ̃t satisfies positive homogeneity on
L∞(FT ).
(c) ρt satisfies cash-super-additivity on L∞(FT ), i.e., ρt(X +mt) ≥ ρt(X) +mt for any X ∈
L∞(FT ) and mt ∈ L∞

+ (Ft), if and only if ρ̃t satisfies star-shapedness on L∞(FT ).
(d) ρt is monotone on L∞(FT ) if and only if ρ̃t is monotone on L∞(FT ).
(e) ρt is convex on L∞(FT ) if and only if ρ̃t is multiplicatively convex on L∞(FT ).
(f) ρt is positively homogeneous on L∞(FT ) if and only if ρ̃t is multiplicatively positively homo-
geneous on L∞(FT ), i.e., for any t ∈ [0, T ], X ∈ L∞(FT ) and ηt ∈ L∞(Ft), ρ̃t(Xηt) = ρ̃ηtt (X).
(g) The family of functionals (ρt)t∈[0,T ] is time-consistent on L∞(FT ) if and only if (ρ̃t)t∈[0,T ]
is time-consistent on L∞(FT ).

Proof. Items (a)-(g) can easily be obtained by applying (2.1) and (2.2). 2

A.2 Proofs

Proof of Proposition 5. For each fixed X ∈ L∞(FT ), set ρt(ln(X)) := ln ρ̃t(X), whose dynamics
are given by Itô’s formula:

ρt = ln(X) +

∫ T

t

(
f̃((s, eρs , Z̃s) +

1

2
|Z̃s|2

)
ds−

∫ T

t
Z̃sdWs.

We define f : Ω× [0, T ]× R× Rn → R by the formula

f(t, y, z) := f̃(t, ey, z) +
1

2
|z|2.

It is easy to check that A1) and A2) are verified. Indeed, R2) yields

|f(t, y, z)| =
∣∣∣f̃(t, ey, z) + 1

2
|z|2
∣∣∣ ≤ C(1 + | ln(ey)|) +

(
C +

1

2

)
|z|2 ≤ C ′(1 + |y|+ |z|2).

Clearly, all measurability properties of f̃ stated in R1) are inherited by f . Thus, f verifies A1)
and A2) and we conclude that there exists a solution (Y, Z) with the required regularity. In ad-
dition, when R3) is assumed on f̃ , it easy to check that f verifies A3). Thus, uniqueness follows.
Monotonicity w.r.t. X follows from monotonicity of logarithmic and exponential functions and
the comparison principle for quadratic BSDEs (see Theorem 7.3.1 of [55]). 2

Proof of Proposition 8. We start by proving the first statement. Fix X ∈ L0
+(FT ) and define

f(x) := ln(x). Applying Itô’s formula to Y ′
··· = f(Y···) we obtain

−dY ′
t = e−Y

′
t

(
g(t, eY

′
t , Zt) +

e−Y
′
t |Zt|2

2

)
− e−Y

′
tZtdWt.

Setting Z ′
t := e−Y

′
tZt it holds that

−dY ′
t = e−Y

′
t

(
g(t, eY

′
t , eY

′
tZ ′

t) +
eY

′
t |Z ′

t|2

2

)
− Z ′

tdWt,
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with terminal condition X ′ = ln(X). By defining g′(t, y, z) := e−yg(t, ey, eyz) + |z|2
2 , it results

that

|g′(t, y, z)| ≤ e−y
(
αte

y + βte
y| ln(ey)|+ δ

e2y|z|2

ey

)
+

|z|2

2
= αt + βt|y|+

(
δ +

1

2

)
|z|2,

thus the BSDE with parameters (X ′, g′) admits a solution (Y ′, Z ′) := (ln(Y ), Z/Y ), in the sense
of Definition 4. Indeed, Y is a positive and continuous process, as composition of continuous
functions in their domain,

∫ T
0 |Z ′

s|2ds ≤ 1
ess inft Yt

∫ T
0 |Zs|2ds < +∞ and∫ T

0
|g′(s, Y ′

s , Z
′
s)|ds ≤

∫ T

0
αs + βs|Y ′

s |+
(
δ +

1

2

)
|Z ′
s|2ds < +∞.

The other implication can be proved analogously by employing the substitution Y :=
exp(Y ′), verifying that (Y, Z) = (exp(Y ′), exp(Y ′)Z ′) is a solution to the BSDE (3.5) with
parameters (X, g), where X := exp(X ′). 2

Proof of Corollary 9. Since X ∈ L∞(FT ), X ′ := ln(X) ∈ L∞(FT ), hence the correspond-
ing quadratic BSDE with parameters (X ′, g′) with g′ as in Proposition 8 admits a maxi-
mal and minimal solution verifying (Y ′, Z ′) ∈ H∞

T × BMO(P), by results in [36]. Thus,
(Y,Z) := (exp(Y ′), exp(Y ′)Z ′) ∈ H∞

T × BMO(P) is a solution to the BSDE with parameters
(X, g). 2

Proof of Proposition 10. (i) Consider

−dȲt =
(
(2δ + 1)αtȲt + βtȲt| ln(Ȳt)|

)
dt− Z̄tdWt, (A.I)

with terminal condition X̄ = X2δ+1. We define

h̄(t, y, z) := (2δ + 1)αty + βty| ln(y)|, dP× dt-a.s., ∀(y, z) ∈ R+ × Rn.

Equation (A.I) admits a positive solution if and only if Equation (3.5) does. To see this, it is
enough to apply Itô’s formula to Ȳ = u(Y ) to get Equation (A.I) from Equation (3.5) and vice
versa for Y = u−1(Ȳ ), where u(x) := x2δ+1 for any x > 0.

The existence of a positive solution to Equation (A.I) is equivalent to proving the existence
of a positive solution (w, ζ) to

wt = ln(1 + X̄) +

∫ T

t
h̃(s, ws, ζs)ds−

∫ T

t
ζsdWs, (A.II)

where, dP× dt-a.s., ∀(y, z) ∈ R+ × Rn,

h̃(t, y, z) := ((2δ + 1)αs(e
y − 1) + βs(e

y − 1)| ln(ey − 1)|)e−y + 1

2
|z|2.

To see this, it suffices to apply Itô’s formula to w := ln(1 + Ȳ ) and Ȳ = exp(w) − 1. Since
x| ln(x)|
x+1 ≤ 1 + | ln(x+ 1)|, it holds that

0 ≤ h̃(t, y, z) ≤ (2δ + 1)αt + βt + βty +
1

2
|z|2, dP× dt-a.s., ∀(y, z) ∈ R+ × Rn.

As X̃ := ln(1 + X̄) > 0, by Theorem 3.1 (i) of [2], there exists a positive solution to the
Equation (A.II) with parameters (X̃, h̃), yielding the thesis. In addition, the regularity of w

provided by Theorem 3.1 (i) yields the required regularity for Y = (exp(w)− 1)
1

2δ+1 .

(ii) Now we assume (H1)+(H2)’. Clearly, existence of the solution follows as above, while the
regularity of Y is a consequence of Proposition 3.2 in [2]. We prove that Z ∈ M2

T . We can use
a similar technique as in Proposition 3.5 of [6].
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Let us start by considering the case δ ̸= 1
2 . We apply Itô’s formula to f(x) = x2, obtaining

Y 2
t = X2 +

∫ T

t

(
2αsY

2
s + 2βsY

2
s | ln(Ys)|+ (2δ − 1)|Z2

s |
)
ds− 2

∫ T

t
YsZsdWs.

Considering the sequence of stopping times τn := inf{t > 0 :
∫ t
0 4|Ys|

2|Zs|2ds ≥ n}, rearranging
and taking the expectation, it holds that

|2δ − 1|E
[∫ T∧τn

0
|Zt|2dt

]
≤ E

[
X2 + Y 2

0 +

∫ T∧τn

0

(
2αtY

2
t + 2βtY

2
t | ln(Yt)|

)
dt

]
≤ E

[
X2 + Y 2

0 +

∫ T∧τn

0

(
2αqt
q

+
2Y 2p

t

p
+

2βqt
q

+
2Y 2p

t | ln(Yt)|p

p

)
dt

]
,

where the last inequality follows from Young’s inequality. In order to study the integrability of
Z, we make use of the inequality y2p| ln(y)|p ≤ Kε+y

2p+ε that holds for any ε > 0, with Kε > 0
depending only on the chosen ε > 0. This yields

|2δ − 1|E
[∫ T∧τn

0
|Zt|2dt

]
≤ KεE

[∫ T

0

(
2αqt
q

+
2βqt
q

)
dt+KT sup

t∈[0,T ]

{
Y 2p+ε
t

}]
,

where KT > 0. Letting n→ ∞, we have T ∧ τn → T dP-a.s., and Fatou’s lemma yields

|2δ − 1|E
[∫ T

0
|Zt|2dt

]
≤ KεE

[∫ T

0

(
2αqt
q

+
2βqt
q

)
dt+KT sup

t∈[0,T ]

{
Y 2p+ε
t

}]
.

Choosing ε = 2δp > 0, we obtain the thesis, since 2p+ ε = 2p(δ + 1) ≤ p(2δ + 1)(einfω∈ΩB + 1).
If δ = 1

2 , Itô’s formula applied to the function x2 ln(x) entails

Y 2
t ln(Yt) =X2 ln(X)

+

∫ T

t

(
αsY

2
s (1 + 2 ln(Ys)) + βsY

2
s | ln(Ys)|(1 + 2 ln(Ys))− |Zt|2

)
ds

−
∫ T

t
(2Ys ln(Ys) + Ys)ZsdWs.

Considering the sequence of stopping times τn := inf{t > 0 :
∫ t
0 |YsZs|

2 + |Ys ln(Ys)Zs|2ds ≥ n}
and arguing similarly as above we get

E
[∫ T

0
|Zt|2dt

]
≤ KE

[∫ T

0

(
2αqt
q

+
2βqt
q

)
dt+ sup

t∈[0,T ]

{
Y

2p(δ+1)
t

}]
< +∞,

for some K > 0.

(iii) Finally, consider (H1)’+(H2)”. Following the same passages as above and including the
new term γt|z| in the driver, we obtain the transformed equation

w′
t = ln(1 + X̄) +

∫ T

t
h′(s, w′

s, ζ
′
s)ds−

∫ T

t
ζ ′sdWs, (A.III)

where

h′(t, y, z) := ((2δ + 1)αs(e
y − 1) + βs(e

y − 1)| ln(ey − 1)|)e−y + γt|z|+
1

2
|z|2

≤ (2δ + 1)αt + βt + βty + γt|z|+
1

2
|z|2.

39



By the proof of Proposition 3.3 in [2], Equation (A.III) admits a positive solution if the BSDEs

with parameters (ξ, h′′) = (exp((X̄ +
∫ T
0 αs + βsds)(e

∫ T
0 βsds + 1)) − 1, γ···|z|) admits a positive

solution (Y ′, Z ′). By assumption (H2)” and Theorem 2.1 in [4], the BSDE with parameters
(ξ, h′′) admits a (unique) solution (Y ′, Z ′) ∈ Hp

T ×Mp
T . In addition, Y ′ > 0 since ξ > 0. Indeed,

after choosing a suitable localization (τ ′n)n∈N as above, it holds that

Y ′
t = E

[
ξ +

∫ T∧τ ′n

t
γs|Z ′

s|ds

∣∣∣∣∣Ft
]
≥ E[ξ|Ft] > 0,

where we employed the positivity of γ|Z ′|. Thus, the thesis follows with the required regularity
for the y-component of the solution.

It remains to be shown that Z ∈ M2
T . Suppose δ ̸= 1/2 and apply Itô’s formula to f(x) = x2,

which yields

Y 2
t = X2 +

∫ T

t

(
2αsY

2
s + 2βsY

2
s | ln(Ys)|+ 2γsYs|Zs|+ (2δ − 1)|Z2

s |
)
ds

− 2

∫ T

t
YsZsdWs.

Taking τn as above and performing similar calculations, it holds that

|2δ − 1|E
[∫ T∧τn

0
|Zt|2dt

]
≤ E

[
X2 + Y 2

0 +

∫ T∧τn

0

(
2αtY

2
t + 2γtYt|Zt|+ 2βtY

2
t | ln(Yt)|

)
dt

]
≤ E

[
X2 + Y 2

0

+

∫ T∧τn

0

(
2αqt
q

+
2Y 2p

t

p
+

2βqt
q

+
2Y 2p

t

pλ
+

2γ2qt
qλ

+
λZ2

t

2
+

2Y 2p
t | ln(Yt)|p

p

)
dt

]
,

where we have used Young’s inequality. Then, the thesis follows arguing as above by choosing
λ = |2δ − 1|. The case δ = 1/2 can be shown similarly, employing the substitution f(x) =
x2 ln(x). 2

We need a preliminary lemma, provided in [2]. For the reader’s convenience, we state this
result again.

Lemma A.2.1. Let g, g1, g2 : Ω× [0, T ]×R×Rn → R be P ×B(R)×B(Rn)/B(R)-measurable
functions and X,X1, X2 ∈ L0(FT ) with X1 ≤ X ≤ X2. Let us assume that the BSDEs with
parameters (X1, g1) and (X2, g2) admit solutions (Y 1, Z1) and (Y 2, Z2), respectively, such that:

• Y 1 ≤ Y 2,

• dP × dt-a.s., y ∈
[
Y 1
t (ω), Y

2
t (ω)

]
and z ∈ Rn it holds that: g1(t, y, z) ≤ g(t, y, z) ≤

g2(t, y, z) and |g(ω, t, y, z)| ≤ ηt(ω) + Ct(ω)|z|2, where C and η are pathwise continuous

and (Ft)t∈[0,T ]-adapted processes with η verifying
∫ T
0 |ηs|ds < +∞ dP-a.s.

Then, if g is continuous in (y, z) dP× dt-a.s., the BSDE with parameters (X, g) admits at least
one solution (Y, Z) in the sense of Definition 4, with Y 1 ≤ Y ≤ Y 2. In addition, among all
solutions lying between Y 1 and Y 2, there exist a maximal and a minimal solution.
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Proof of Corollary 12. With the same notation as in Proposition 10, we know that the BSDE

with parameters (X̄, h̄) admits a unique solution in HeλT+1
T ×M2

T , according to Theorem 2.1

in [5]. Hence, Y ∈ H(2δ+1)(eλT+1)
T , while the regularity of Z can be checked as in the proof of

Proposition 10. Thus, considering two solutions (Y,Z) and (U,Q) to the BSDE with parameter

(X,h), we have Ȳ = Y 2δ+1 = U2δ+1 = Ū ∈ H(2δ+1)(eλT+1)
T and Z̄ = (2δ + 1)Y 2δZ = (2δ +

1)U2δQ = Q̄ ∈ M2
T . In particular, U = Q dt× dP-a.s. since∫ T

0
|Zt −Qt|2dt =

∫ T

0
Y −4δ
t |Y 2δ

t Zt − U2δ
t Qt|2dt

≤ ess sup
t∈[0,T ]

{Y −4δ
t }

∫ T

0
|Y 2δ
t Zt − U2δ

t Qt|2dt

≤ Cω

∫ T

0
|Z̄t − Q̄t|2dt = 0 dP-a.s.,

where the equality Y = U leads to the above equality, while the last inequality is due to the
pathwise continuity of Y , Y > 0 and Z̄ = Q̄. 2

Proof of Proposition 14. The existence and uniqueness of the solution to Equation (4.4) has
already been established in Corollary 12. Analogously, Theorem 11 guarantees the existence of
a minimal and a maximal solution to the BSDE with parameters (X, g). We need to check the
regularity of these solutions.

Boundedness of Y for Equation (4.4): It suffices to show that Ȳ h := (Y h)2δ+1 is bounded, as
this implies the boundedness of Y h. We can prove that Ȳ h is bounded by employing the same
transformation as in Proposition 10 and applying Corollary 3.4 (i) in [2].

Boundedness of Y for a general driver g: By Theorem 11, we know that the Y -component of
the solution to the BSDE with parameters (X, g) verifies 0 < Y ≤ Y h, hence boundedness of
Y h implies the same property for Y .
Z ∈ BMO(P) : In order to prove that Z ∈ BMO(P) we first show that Z ∈ M2

T . Proceeding as
in the proof of Theorem 11, applying Itô’s formula to f(x) := ln(1 + x), it holds that

1

2(1 + ∥Y ∥T∞)2
E
[∫ T

0
|Zs|2ds

]
≤ E

[∫ T

0

1

2(1 + Ys)2
|Zs|2ds

]
≤ Y0 + ∥X∥∞ < +∞,

where we employed boundedness of X. Hence, Z ∈ M2
T . Having proved that Z ∈ M2

T and Y
is bounded and positive, the process Z

1+Y ∈ M2
T . Thus, we can follow the passage as above,

without incorporating the localization procedure, as the stochastic integral of 1
(1+Y )2

|Z|2 is a

uniformly integrable martingale. Consequently, we have

1

2(1 + ∥Y ∥T∞)2
E

[∫ T

t
|Zs|2ds

∣∣∣∣∣Ft
]
≤ E

[∫ T

t

1

2(1 + Ys)2
|Zs|2ds

∣∣∣∣∣Ft
]

≤ ∥Y ∥T∞ ≤ C < +∞,

thus Z ∈ BMO(P). 2

Proof of Corollary 15. The BSDE

Y h
t = X +

∫ T

t

(
αsY

h
s + βsY

h
s | ln(Y h

s )|+ γs · Zhs + δ|Zhs |2/Y h
s

)
ds−

∫ T

t
Zhs dWs

can be rewritten as

Y h
t = X +

∫ T

t

(
αsY

h
s + βsY

h
s | ln(Y h

s )|+ δ|Zhs |2/Y h
s

)
ds−

∫ T

t
Zhs dW

γ
s , (A.IV)
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where Girsanov’s theorem is employed. Then, by Proposition 14, there exists a (unique) solution
(Y h, Zh) to Equation (A.IV) such that |Y h

t | ≤ K dQγ × dt-a.s. and Zh ∈ BMO(Qγ). Here, Qγ

is the probability measure with density EγT . As is well known, Qγ-boundedness implies P-
boundedness. Furthermore, any BMO(Qγ) martingale is also a BMO(P) martingale (see for
instance [7]). Hence, Equation (A.IV) admits a unique solution (Y h, Zh) ∈ H∞

T ×BMO(P). The
existence of a solution (Y, Z) with the required regularity for the general BSDE with parameters
(X, g) follows similarly as in the proofs of Theorem 11 and Proposition 14. 2

Proof of Lemma 16. We want to apply Theorem 1 in [33] to the function

ψ̄(x) =

{
2 ln(2) if 0 ≤ x ≤ 2,

x ln(x) if x > 2.

It is clear that ψ̄ is convex, positive and non-decreasing on R+. Furthermore, we have that
x| ln(x)| ≤ ψ̄(x) for any x ∈ R+ and ψ(x) =

∫ x
2

1
ψ̄(r)

dr, for any x > 0. The integrability

conditions on X,β, u guarantee that E[|X+
∫ T
0 βsψ̄(us)ds|p

′eB ] < +∞, for some p′ > 1. Indeed,
ψ̄(x) ≤ Cε + xε for any ε > 1, with Cε > 0. Thus, it holds that

E
[
X +

∫ T

0
βsψ̄(us)ds

]
≤ Cε + E

[
X +

∫ T

0
βsu

ε
sds

]
≤ Cε + E

[
X + ∥β∥T∞ ess sup

t∈[0,T ]
uεs

]
.

Choosing ε > 1 such that p′eB = εpeB = p(eB + 1) (hence, ε = 1 + e−B) with p′ = εp > 1, the
integrability follows. Thus, we only need to check that

ψ−1

(
ψ

(
E
[
X +

∫ T

t
βsψ̄(us)ds

])
+

∫ t

0
βsds

)
is uniformly integrable in time. Setting Xt := E

[
X +

∫ T
t βsψ̄(us)ds

∣∣∣Ft] it holds by direct

inspection that

ψ−1

(
ψ(Xt) +

∫ t

0
βsds

)
= exp

(
exp(ln(ln(Xt)) +

∫ t

0
βsds+ ln(ln(2)))

)
≤ exp(eB ln(Xt))) = (Xt)

eB = E
[
X +

∫ T

t
βsψ̄(us)ds

∣∣∣∣Ft]e
B

≤ E
[
X +

∫ T

0
βsψ̄(us)ds

∣∣∣∣Ft]e
B

.

The integrability conditions on X,β, u and the properties of conditional expectations ensure
that

E

∣∣∣∣∣E
[
X +

∫ T

0
βsψ̄(us)ds

∣∣∣∣Ft]
∣∣∣∣∣
p′eB

 ≤ E

∣∣∣∣∣X +

∫ T

0
βsψ̄(us)ds

∣∣∣∣∣
p′eB

 < +∞,

thus the process ψ−1(ψ(Xt)+
∫ t
0 βsds) is bounded in Lp

′
, p′ > 1. Hence, it is uniformly integrable

and the thesis follows. 2

Proof of Corollary 21. As is clear from Theorem 20, we only need to verify the convergence∫ T
0 gn(t, Yt, Zt)dt →

∫ T
0 g(t, Yt, Zt)dt in L

p for any p ≥ 1 to establish the thesis. For any fixed
p ≥ 1, it holds that

E

[∣∣∣∣∫ T

0
gn(t, Yt, Zt)dt

∣∣∣∣p
]
≤ E

[(∫ T

0
|gn(t, Yt, Zt)|dt

)p]

≤ E

[(∫ T

0

(
αtYt + βtYt| ln(Yt)|+ γt|Zt|+ δ

|Zt|2

Yt

)
dt

)p]
.
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Then, by the assumptions X ∈ Lp for any p ≥ 1, X ≥ ε and applying Proposition 19, we
obtain uniform integrability of

∫ T
0 gn(t, Yt, Zt)dt for any p ≥ 1. In addition, gn(t, Vt, Zt)

n→∞−−−→
g(t, Vt, Zt) dP× dt-a.s., thus Vitali’s theorem leads to the thesis. 2

Proof of Proposition 28. Consider two solutions (Y, Z) and (Y ′, Z ′) to Equation (5.1) such that
0 < Y, Y ′ ≤ Y h1,h2 . Then the corresponding one-driver equation with parameters (X, g) with
g(t, y, v) := g1(t, y, g

−1
2 (t, y, v)) verifies all the assumptions of Theorem 17, hence there exists

a unique solution (Y g, Zg) to the BSDE with parameters (X, g). Clearly, this implies the
uniqueness of the first component of the solution to Equation (5.1). We only need to verify
the uniqueness for the z-component. Proceeding exactly as in the proof of Theorem 17, we can
prove that ∫ T

0
|g2(t, Yt, Zt)− g2(t, Yt, Z

′
t)|2 = 0 a.s.,

which entails
g2(t, Yt, Zt) = g2(t, Yt, Z

′
t), dP× dt-a.s.

Injectivity of g2 w.r.t. z gives Zt = Z ′
t dP× dt-a.s. 2

Proof of Corollary 30. Let us observe that Equation (3.4) can be rewritten as a two-driver
BSDE, by defining g1(t, y, z) := yf̃(t, y, z) and g2(t, y, z) := yz. Hence, the part of the statement
regarding existence is a straightforward consequence of Proposition 26. For the uniqueness, we
have that g1(t, y, g

−1
2 (t, y, v)) = yf̃(t, y, v/y) = yf̃1(t, y) + yf̃2(t, v/y). Thus, y 7→ yf̃1(···, y) is

convex by assumption and (y, v) 7→ yf̃2(v/y) is jointly convex in (y, v) being the perspective
function of the convex function f̃2. Hence, g1(t, y, g

−1
2 (t, y, v)) is jointly convex in (y, v) and

uniqueness follows from Proposition 28. The last thesis is obvious, by taking f̃1 ≡ 0. 2
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