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Abstract

We introduce the resilience rate as a measure of financial resilience. It captures
the expected rate at which a dynamic risk measure recovers, i.e., bounces back, when
the risk-acceptance set is breached. We develop the corresponding stochastic calculus
by establishing representation theorems for expected time-derivatives of solutions to
backward stochastic differential equations (BSDEs) with jumps, evaluated at stopping
times. These results reveal that the resilience rate can be represented as a suitable
expectation of the generator of a BSDE. We analyze the main properties of the re-
silience rate and the formal connection of these properties to the BSDE generator. We
also introduce resilience-acceptance sets and study their properties in relation to both
the resilience rate and the dynamic risk measure. We illustrate our results in several
canonical financial examples and highlight their implications via the notion of resilience
neutrality.
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1 Introduction

Over the past decades, an extensive literature across diverse fields has studied the question
of how to measure financial risk, both in a static and a dynamic environment. Measures
of financial risk are employed for a wide variety of purposes, e.g., to determine optimal
economic policies, set risk capital requirements, calculate insurance premia, and explain
variation in asset prices (e.g., [30, 4]).

Yet, irrespective of the quality of the risk measurement and the ensuing economic policies,
adverse events are inevitable and continue to occur, with sufficient ferocity to put the entity
under scrutiny — whether individuals or households, firms, markets, financial institutions or
society at large — in jeopardy. The natural, and pivotal, question that arises then is: at what
pace can the entity be expected to recover from adverse events, i.e., to what extent is the
entity financially resilient? Quite surprisingly, relatively little is known about measurement
theory and methods to answer this fundamentally important question.

In this paper, we introduce a measure of financial resilience. Our measure, which we
will refer to as the resilience rate, evaluates the expected rate at which a dynamic risk
measure recovers, i.e., bounces back, upon the occurrence of an adverse shock in the form
of a certain stress scenario. More formally, our measure of financial resilience is defined as
the expectation of the time-derivative of a dynamic risk measure at the first time the risk
measure breaches a risk level deemed as acceptable by the financial investor, institution or
regulatory authority.

Our measure builds on the theory of dynamic risk measurement using backward stochas-
tic differential equations (BSDEs). Since the seminal work [54] on BSDEs, significant
progress has been made. Main references dealing with BSDEs and their relation with dy-
namic risk measures in a purely Brownian filtration are [26, 40, 57, 4], while [13, 61, 59] deal
with the enlargement of the Brownian filtration to include Poissonian noise. Our starting
point is a Brownian-Poissonian filtration, featuring random jumps coupled with a pure dif-
fusion component. To establish that our measure of financial resilience is well defined, we
develop the required stochastic calculus, by deriving representation theorems for expected
time-derivatives of solutions to BSDEs with jumps, evaluated at stopping times. These
results demonstrate that our measure of financial resilience takes the form of a suitable
expectation of the generator of a BSDE at a stopping time.

More specifically, this paper adopts a probabilistic setting in which dynamic risk assess-
ment is conducted using a risk functional defined as (the first component of) the solution to a
BSDE. Formally, given an m-dimensional standard Brownian motion W and a compensated
Poisson random measure N on Ry x R% := [0, +-00) x (R \ {0}), we consider the following
BSDE:

T T
pe(X)=X +/ g(s,ps(X), Zs,Us) ds —/ Zs - dWs — Us(x) dN (s, z),
t t (t,T]xR¢

where (g, T, X) are the parameters of the equation, and the triple (p(X), Z, U) is the (un-
known) solution. The random variable X is commonly referred to as the terminal condition

of the BSDE, g is called the driver or generator, while T € (0,+00) is the terminal time

or horizon of the BSDE. As is well-known, many financially meaningful dynamic risk mea-



sures are induced via BSDEs, in diverse settings with e.g., Lipschitz continuous or quadratic
drivers and possibly infinite activity jumps (see [28, 47, 43, 53], among others).

Whereas the properties of p;(X) have been extensively studied over the past three
decades, e.g., in relation to the minimum capital requirements needed to achieve risk-
acceptance with respect to the underlying risk measure, to our knowledge, there is no detailed
account of possible definitions of expected time-derivatives for solutions to BSDEs. In this
paper, motivated by the conceptualization of the resilience rate, we introduce and analyze
the concept of the expected time-derivative of (the first component of) the solution to a

BSDE. Formally, we investigate the quantity

. .1
pr(X) = lim ~Elp,4o(X) = p, (X)|r < T1, (L1)
e—0t €
where 7 is a stopping time taking values in [0, 7.
In particular, we first demonstrate that, under standard Lipschitz or quadratic assump-
tions on the BSDE driver and for deterministic times ¢ € [0,7), the above limit equals

(minus) the expectation of the driver evaluated at the solution, i.e.,

pe(X) = =E[g(t, pi(X), Zi, Up)],

which we refer to as the bouncing drift. This representation admits a particularly intuitive
interpretation: whereas p;(X) reflects the level of risk associated with X at time ¢ € [0,T),
its expected time-derivative p;(X) captures the drift or intensity at which the risk level
changes over time. To further support this interpretation, the direct dependency on the
driver g, whose role as an infinitesimal generator of local risk preferences has been studied
in [4, 28], offers a meaningful perspective: the bouncing drift is intimately related to the
local risk preferences of a decision-maker.

When proceeding to the more general setting of stopping times instead of deterministic
times, the standard assumptions on the BSDE parameters are no longer sufficient to guar-
antee the well-posedness of the limit in (1.1). Therefore, we identify sufficient conditions
involving the path-regularity of both the driver g and the solution (p(X), Z, U) under which

we demonstrate that
ﬁT(X) =-E [Q(T, pT(X)7ZT+7UT+)|T < T] ’

which is mathematically more subtle, and we provide a detailed verification analysis of the
required conditions.

Once the well-posedness results have been established, we investigate how the usual
axioms for a (dynamic) risk measure, such as time consistency, positive homogeneity, cash-
additivity, continuity, convexity or star-shapedness, are connected to analogous properties
of its resilience rate. We also establish a version of the comparison theorem that holds for
the expected time-derivative of the first component solution to a BSDE. In a spirit similar
to [38], we also manage to show that — under suitable conditions — the implications can
be reversed, so that the main properties of a BSDE-induced resilience rate are inherited by
its driver.

Furthermore, we introduce the new concept of a family of resilience-acceptance sets.



While the literature contains several ways to define acceptance sets for risk measures that
fully characterize the associated risk functional, to our best knowledge, this is the first
study to address resilience-acceptance sets. For levels of financial resilience a € R and times
te€[0,T), we set

2(p) = {X € IP(Fr) : pu(X) < a}.

In particular, we demonstrate that the resilience rate is fully characterized by resilience-
acceptance sets and we establish a correspondence between key properties of the resilience
rate — such as time consistency, cash-insensitivity and positive homogeneity — and analo-
gous properties of the resilience-acceptance sets.

Next, we study the behavior of the resilience rate in several canonical financial exam-
ples. Beginning with the analysis of the price of a European put option in a Brownian
financial market, we derive a closed-form expression for its resilience rate. We also obtain a
closed-form formula for the resilience rate of a zero-coupon bond price, assuming the short
rate follows a mean-reverting, Vasicek model. We further consider a financial setting with
ambiguity regarding the appropriate risk-free rate to discount a bond’s cash flows and, in
this context, we derive explicit formulas for the corresponding bouncing drift. Moreover,
we evaluate the resilience rate of an investor employing exponential utility-based risk mea-
sures — specifically, the entropic risk measure —, and we provide a detailed analysis of the
resilience rate in an incomplete financial market framework where the underlying asset is
subject to jump activity.

In the last part of the paper, we delve further into the financial interpretation and
implications of the resilience rate. Whereas acceptance sets for cash-additive risk measures
support the interpretation of such measures as the level of capital that, when added to a
financial position (and invested in a risk-free asset), renders the position risk-acceptable, a
cash-insensitive measure of resilience can be interpreted as an additional drift that, when
added to the driver g, makes the position resilience-acceptable. Moreover, the time integral
of the resilience rate defines a resilience risk adjustment — namely, a correction term that
can be added to the risk assessment provided by the dynamic risk measure to ensure a
resilience-neutral attitude for the financial position.

The concept of resilience has many different facets. It is widely studied in psychology,
where psychological resilience refers to the process of adapting to adversity, through behav-
ioral, emotional or mental flexibility (cf. [2]). It is also extensively studied in e.g., ecology,
where ecological resilience refers to the ability of an ecosystem to absorb adverse shocks and
adapt to change while maintaining its current functions (cf. [34]). In economics, insurance
and finance, the concept of resilience is only nascent. We define financial resilience through
the resilience rate: the expected rate at which a dynamic risk evaluation recovers, that is,
bounces back, following adverse shocks in the guise of a financial stress scenario.

Resilience should be distinguished from robustness. Robust measures of risk take into
account that the probabilistic model may be misspecified, as the true probabilistic model is
unknown (cf. [30]). They induce optimal economic policies that are robust against model
misspecification, performing sufficiently well under a wide variety of probabilistic models
(cf. [33]). Measures of resilience induce policies, hence financial positions, that are resilient,
i.e., they are expected to recover sufficiently quickly when adverse events nevertheless occur.

Resilience should also be distinguished from stability/solidity as the ability to withstand



adverse events. Financial positions are stable if they are not much affected by adverse
scenarios. We refer to [12] for a general discussion of resilient societies.

This paper is organized as follows. In Section 2, we introduce preliminaries. In Section 3,
we introduce our measure of resilience and establish representation theorems. In Section 4,
we examine how the main properties of dynamic risk measures are connected to the resilience
rate and introduce the concept of resilience-acceptance sets. Section 5 contains examples.
Section 6 expands further on the resilience rate’s financial interpretation. Section 7 provides

a conclusion. Some additional technical details are relegated to four online appendices.

2 Preliminaries

In this section, we present the definitions of the functional spaces used in this paper and the
basic definitions of dynamic risk measures, the required results on BSDEs and their relation

with dynamic risk measures, and some useful preliminaries on Malliavin calculus.

2.1 Functional spaces and dynamic risk measures

In the following, we denote Ng := {n € Z : n > 0} U {+oc} and endow it with the power
set o-algebra. We also let R, := [0, +0c) and R? := R?\ {0}, for d € N, with the induced
Euclidean topology. We denote the Euclidean scalar product between a,b € R? as a - b, and
the induced norm by |a|. For a topological space E, we let B(E) be its Borel o-algebra.
Moreover, ¢; denotes the Lebesgue measure on Z(R), or its restriction to Borel subsets of R.
We use the symbol ® for the product of two o-finite measures.

Let (Q, F,P) be a complete probability space. As usual, the probability P, when re-
stricted to a sub-o-algebra, will still be denoted by P. If p € [1, +00] and G is a sub-o-algebra
of F, we denote by L? (G) the normed space L? (2, G,P) of real-valued, G-measurable and
p-integrable (or essentially bounded for p = co) random variables X : Q — R, endowed with
the usual norm topology.

Let

N:Qx 2Ry xRY) - Ny

be a Poisson random measure on R, x R (see, for instance, [62, Chapter 4]) that satisfies

the following conditions. There exists a (non-negative) measure v on R? such that:

1. v is o-finite and /i(M 2]?) du(z) < +oc.

2. The intensity measRlire (sometimes called mean measure, or compensator) of NV satisfies
E[N(A)] = (1 ® v)(A), for all A € B(R; x R}).

3. Denoting the compensated random measure of N as N := N -/, v, see, e.g., [16,
Chapter 13|, if B € Z(R?) is such that v(B) < +oo, then the (—o0,+oc]-valued
process (w,t) — N(w, [0,] x B) is a martingale.

We introduce the linear space A? := L?(RY¢, Z(R%),v) with its natural inner product
(u,0)p2 = [pauvdy, for u,v € A% and the induced norm || - [[52. Furthermore, let
W:Q xRy —:Rm be a standard Brownian motion, with m € N.

Let 7V := o(W, : r € [0,t]) and F; := F}V Vo(N([0,7] x A) : Ae BRY), r€[0,1]),

for any t > 0. Then we define the complete and right-continuous filtrations F" := (FtW ) >0



and F := (F¢)i>0, on (2, F,P), by augmenting (ftw) and (F):>0, respectively. Namely,

>0
}‘tVV::ﬁthﬂﬁ!Vv/, ft::]}tvﬂﬁsv/, V>0,

s>t s>t

where .4 is the family of all events in F of null P-probability. The filtrations F", F
will be referred to as the Brownian and Brownian-Poissonian filtration, respectively. We
denote by P (and P") the o-algebra on 2 x R, generated by continuous F-adapted (resp.
F W—adapted) processes 2 x Ry — R. Unless otherwise stated, equalities and inequalities
between random variables will be understood P-a.s., whereas equalities and inequalities for
processes must be interpreted P ® ¢;-a.e.

When, referring to a function ¢ : Q@ x Ry x E 3 (w,t,e) — ¥(w,t,e) € R, for some
non-empty set E, we say that ¢ satisfies P ® ¢1-a.e. the property P in E, we mean that, for
P® f1-a.e. (w,t) € Q x Ry, the function E > e — 9(w,t, e) satisfies the property P. For
any T € (0,+00), p > 1, and E € {R™ A%}, we define the following classes of stochastic
processes:

~
_
Il
—

T
F ® $([0,T))-measurable H : Q@ x [0,T] >R : E [/ |H|P dt] < +oo},
0

< oo},

cadlag F-adapted Y : Q x [0,T] = R : esssup sup |Yi(w)| < +oo} ,
we  te(0,T)

T p/
( |1z dt)
(0]

SF =< cadlag F-adapted Y : Q x [0,T] = R : E | sup |Yi|”

t€(0,T]

2

)

H3

|
—_—N— T /N

HE(E) := § P-measurable Z : Q x [0,T] - E : E < 400 g,
T
BMO(E) := { P-measurable Z : Q2 x [0,T] — E : esssup sup E {/ 1 Zs]1% ds J—"t} < 400 p,
Q  tel0,T) t
where || - ||z =| - |if E=R™, or | -|[g =] - ||z for E = A%. With slight abuse of notation,

we use the same symbols for the normed spaces obtained as quotients of the above under the
equivalence relation induced by their respective natural (semi)norms. With this convention,
a process in 8§ or 8 is unique up to indistinguishability, while processes in L., H%.(E),
BMO(FE) are unique up to a set of null P ® ¢;-measure. All these spaces can be defined
also in the Brownian setting, by replacing F-adaptedness and P-measurability with F"-
adaptedness and P" -measurability, respectively. A right-continuous F-adapted stochastic
process Y : Q x [0,7] — R is said to be of class (D) if the family of random variables
{Y; : 7is a [0,T]-valued F-stopping time} is uniformly integrable; see [39, Definition 4.8].
Moreover, if Y € S} for some p € [1,+00], then Y is of class (D).

Definition 1 (Dynamic risk measure). Assume p € [1,+00] and T > 0. A dynamic risk
measure on LP(Fr) is a family p = (pt)iejo,r) such that p; : LP(Fr) — LP(F;) for any
tel0,T].

A static risk measure pg : LP(Fr) — R is defined as the evaluation at time 0 of the dynamic
risk measure p; see [19, 30].
Let us now fix p € [1,+00] and T > 0. We present a non-exhaustive list of well-known

axioms for a dynamic risk measure p on LP(Fr). We adopt the actuarial sign convention



and interpret risk measures as the risk evaluation of a claim; see [4, 32].

« Normalization: p;(0) = 0 for any ¢ € [0,T7].

« Time consistency: p;(ps(X)) = pi(X) for any X € LP(Fr) and 0 <t < s < T.

o Monotonicity: For any X,Y € LP(Fr), if X <Y, then pt(X) < pi(Y) for any t € [0,T].

o Cash-additivity: If h € LP(F;), then pi(X + h) = pi(X) + h for any X € LP(Fr) and
te 0,77

« Positive homogeneity: p:(aX) = ap:(X) for any X € LP(Fr), « >0 and t € [0,T].

o Convexity: py(AX + (1 =N)Y) < Ape(X)+ (1= X)pe(Y) for any X,Y € LP(Fr), A € [0,1]
and ¢t € [0,T].

o Star-shapedness: p:(AX) < Apt(X) + (1 — A)p:(0) for any X € LP(Fr), A € [0,1] and
t e 0,77

 Continuity from above (below): For any X € L?(Fr) and any P-a.s. non-increasing (resp.
non-decreasing) sequence (X")nen in LP(Fr) such that X™ — X, P-a.s., we have, for
any t € [0,T], that p;(X") — p:(X), P-a.s.

For further details on the financial interpretation and implications of the properties listed

above, interested readers are referred to, e.g., [30, 4, 19, 7].

In a Brownian setting, it is common to define a dynamic risk measure by assuming a
priori the additional property of monotonicity, as it typically constitutes a desirable feature
in the evaluation of risk. We follow the approach of [59, Section 5|, where, in a Brownian-
Poisson filtration, monotonicity is not assumed a priori, since it does not follow directly
from the structure of a generic BSDE.

In the recent literature, the property of cash-additivity has been proved to be too restric-
tive in the case of ambiguous interest rates, defaultable contingent claims and/or absence
of a zero-coupon bond in the financial market. Thus, [28] suggested employing the ax-
iom of cash-subadditivity, weakening cash-additivity. In addition, also positive homogeneity
and convexity have been shown to be too restrictive, for example, when an economic agent
wants to disentangle diversification and liquidity risk. Thus, a recent stream of literature
proposed the axiom of star-shapedness (see [15, 43, 44] for an extensive discussion of static
and dynamic star-shaped risk measures).

If p is a dynamic risk measure on LP(Fr), and X € LP(Fr), we will often work with the
naturally defined F-adapted stochastic process p(X) : Q x [0,T] 3 (w,t) = p(X)(w) € R.
This notation highlights the connection to BSDEs, which will be examined in the next

subsection.

2.2 Backward stochastic differential equations

Throughout the remainder of the paper, we assume that T' > 0 is a fixed finite time horizon.

We now provide the main results on BSDEs that we will use in this paper.

Definition 2. We call a driver a P @ #B(R) ® B(R™) ® B(A?)-measurable function
g:Qx[0,T] xR xR™ x A* 3 (w,t,y, z,u) — g(w,t,y,2,u) €R.

If g is a driver, T' € (0,T) and X :  — R is Fr-measurable, then a solution to the BSDE
with parameters (g, 1", X) is a triple (Y, Z,U) € 82, x Hz (R™) x H2,(A?) such that, for



any t € [0,77],

T T
Yi=X +/ 9(s,Ys,Z5,Us)ds — / Zs- dWs — Us(z) AN (s, z). (2.1)
t t (t,T"]xR¢

In equation (2.1), the integral with respect to the random measure N is to be understood
as in [63]; see also [16, Chapter 13]. Let us recall from [36, Section IL.3] that, if U € H2(A?),
then the process f[o,.]fo

In the following, we occasionally restrict our analysis to a Brownian filtration. In
this case, a Brownian driver is defined as a PV ® %(R) ® %(R™)-measurable function
g:Q2x[0,T] xR x R™ — R. Moreover, for 7" € (0,T] and X € L?(F}¥), a solution to the
Brownian BSDE with parameters (g, 7", X) is a pair (Y, Z) € 82, x H2,(R™) such that, for
any t € [0,7"],

UdN is a square integrable JF-martingale.

T T’
Yt:XJr/ g(s,Ys,Zs)ds—/ Z, - dW. (2.2)
t t

Remark 3. Consider a driver g and a time 77 € [0,T]. If, for any X € L*(Fr), the
BSDE (2.1) with parameters (g,7”, X) admits a solution, then the first components of
these solutions naturally induce a conditional non-linear expectation, see [64, 55], or, ac-
cording to Definition 1, a dynamic risk measure. Indeed, if p(X) € S2%, denotes the
first component of the solution to the BSDE with parameters (g,7’,X), then the func-
tion p; : L2(Fr/) 2 X = pi(X) € L3(F,), is well-defined for any ¢ € [0,7’], and the family
p = (pt)epo, 7] is a dynamic risk measure on L?(Fzr). We say that p is induced on L*(Fyv)
by the driver g. The same reasoning holds for the dynamic risk measure on L? (.7:%/ ) induced
by a Brownian driver g, for which the Brownian BSDE (2.2) with parameters (g, 7", X) ad-
mits a solution for each X € L? (.7-'%‘,/ ) This remark can be generalized to dynamic risk
measures on LP(Fr/) (and LP(F}Y)) for any p € [1,+o0] if, for any X € LP(Fr) (resp.
F), a solution to the associated BSDE exists and is proved to be in S%.,.

We recall some theorems of existence, uniqueness and regularity for solutions to BSDEs.

In the Brownian-Poissonian setting, the following assumptions have been considered.

(L) Let g be a driver such that the following holds. There exist K > 0, o € R, and
a non-negative ¢ € L2, such that, for all (t,y,2,u) € [0,T] x R x R™ x A% and all
(v, 2, u') € R x R™ x A%

l9(t.y, z,0)| < o+ K (lyl + 2] + [[ulla2),
l9(ty, 2,u) — gty 2", u)| < K (2 = 2] + lu—o/[la2),
(y - y/) (g(t7ya Z,’U,) - g(ta y/a Z,’U,)) < Oé(y - y/)Za

Ry~ g(-,y,2,u)is P® ¢-a.e. continuous.

Then, for every X € L2?(Fr) there exists a unique solution to the BSDE (2.1) with
parameters (g, T, X). See [53, 61].

(Q) Assume that the driver g is independent of the y-component and that there exist a pro-
cess ¢ € BMO(R), a P® {1 ® v-essentially bounded process ¢ € BMO(A?), constants



K1, K>, K3, Ky,e > 0, such that, for all (¢, z,u) € [0, T]xR™x (A? N L>=(RY, B(RY),v)):

g(t,0,0) =0, P-a.s,

0 < g(t,z,u) < Ky (1+[=]*) + K2/ [exp (“(:”)> )
Ré K, Ko

R™ x (AN L>®(v)) 2 (2,u) +— g(t, z,u) is P-a.s. Fréchet-differentiable in R™ x A?,

10:9(t, z,u)| < o + K3z,  P-as., [0u9(t,z,u)| < ¢+ Kalu|, P®v-ae,

- 1} dv(z), P-a.s,

P > —1+¢, P® v-a.e.

Then, for every X € L (Fr), there exists a unique solution (Y, Z,U) to the BSDE
(2.1) with parameters (g, T, X).! Moreover, (Y, Z,U) € 8° x BMO(R™)x BMO(A?),
and U is P ® ¢; ® v-essentially bounded. See [47, Appendix A] for this result, while a

similar statement can be found in [27, Section 5].

In the Brownian setting instead, the most common settings that grant existence and unique-

ness to solutions are the following.

(BL) Let g be a Brownian driver such that g(-,0,0) € L2 and such that, for some K > 0
and all (y,2),(y,2") € R x R™:

‘g(vyvz) _g('vylvz/)| < K(|y_yl| + "Z - ZIH)) ]P)®‘€1'a‘e‘

Then, for every X € L?(F}Y), there exists a unique solution (Y, Z) to the Brownian
BSDE (2.2) with parameters (g, T, X). Moreover, Y is P-a.s. continuous. See [54] and
[67, Theorems 4.2.1, 4.3.1].

(BQ) Let a Brownian driver g satisfy the following assumptions. There exist K, K’ > 0 such
that, for any (¢,y,2) € [0,7] x R x R™ and (y/,2') € R x R™:

lg(t,y, 2)| < K(1+[y| +]2]?),
9ty 2) — gty 2 )| < K'[ly —y'| + L+ [yl + |y + 2] + [2])]z — 2]

Then, for every X € L>(F)), there exists a unique solution (Y, Z) to the Brownian
BSDE (2.2) with parameters (g, T, X ). Moreover, (Y, Z) € S x BMO(R™) and Y is
P-a.s. continuous. See [40] and [67, Theorems 7.2.1, 7.3.3].

As is well-known, the properties of dynamic risk measures induced via BSDEs are mainly
dictated by the corresponding drivers. In the following list, we make explicit the relation
between the driver g and the induced dynamic risk measure (see, for instance, [64, 59, 14] or,
in the Brownian setting, [4, 38, 43, 60]). Let g be a driver satisfying the condition (L) and
let p denote the dynamic risk measure induced by g on L?(Fr), as explained in Remark 3.
Then the following properties hold.

1. Zero-one law: If g(-,0,0,0) = 0, then p;(14X) = L 4p(X) for any ¢t € [0,T], A € F; and

X € L?(Fr). In particular, p is normalized.

!The assumptions can be relaxed further by letting u vary in the Orlicz heart corresponding to the
function R¢ 5 z — el®l — |z| — 1. This space is indeed a subset of A? larger than A2 N L> (RY, B(RY),v),
with inclusions dense in the norm | - ||[,2. Moreover, the hypothesis of Fréchet-differentiability can be
replaced by the one of convexity and the partial derivatives by elements of the subgradient.



2. Flow property:? For all s € (0, 7], if (pt,s)tefo,s) 18 the dynamic risk measure induced by
g on L*(F,), then for any X € L*(Fr) and t € [0, s], we have py 7(X) = p,s (ps,r(X)).

3. Monotonicity: p is monotone if g satisfies the following condition.

(C) There exist C; € (—1,0] and Co > 0 such that, for all (y,z) € R x R™ and all
uy,us € A2, there exists a P-measurable process I' : Q x [0, 7] — A? such that

Ci(1 A |z]) < Te(w)(z) < Co(1 Az)), P® fi-ae. (w,t), v-a.e x
g(y,z,u1) —g(-,y, z,u2) < <u1 - uz,F>A2.
4. Convexity:
e If gis P® ¢y-a.e. convex in (y, z,u), then p is convex.
o If, for P® l1-a.e. (w,t) we have g(w,t,y,0,0) = 0 for ¢1-a.e. y € R, then p is convex if
and only if g is P ® ¢1-a.e. convex in (y, 2z, u).
o If g satisfies the condition (C), then p is convex if and only if g is independent of y (i.e.,
it is defined on Q2 x [0, 7] x R™ x A?), it is P®{;-a.e. convex in (z,u), and g(-,0,0) = 0.
5. Positive homogeneity:
o If g is P® ¢1-a.e. positively homogeneous in (y, z,u), then p is positively homogeneous.
o If P®/;-a.e., we have g(-,y,0,0) = 0 for £1-a.e. y € R, then p is positively homogeneous
if and only if g is P ® £1-a.e. positively homogeneous in (y, z, u).
6. Cash-additivity: If g does not depend on y, then p is cash-additive.

The previous results still hold for the Brownian filtration, if g satisfies the condition (BL).
However, for such a Brownian driver g and its induced dynamic risk measure p, the following
additional properties hold.

6’. Cash-additivity: If P®¢1-a.e., we have g(-,y,0) = 0 for all y € R, then p is cash-additive

if and only if g is independent of y.

7. Star-shapedness: p is star-shaped if and only if g is P ® ¢1-a.e. star-shaped in (y, 2).

Remark 4. Let us note that condition (C) is required to apply the BSDE comparison theorem
in the Brownian-Poissonian filtration, see [61, Theorem 2.5]. If one reduces to the Brownian
setting, then this condition is trivially satisfied, and can be omitted. In other words, a

dynamic risk measure induced by a Brownian driver is automatically monotone.

There are sufficient conditions under which dynamic cash-additive risk measures can be
represented via BSDEs; see [64, Proposition 3.3] and [61, Theorem 4.6], or [56, 57, 60] for
the Brownian setting.?

2.3 Malliavin calculus

For n € N, let us denote by C5°(R™) the space of all smooth functions f : R™ — R that
are bounded and have bounded derivatives of all orders. We let .¥ denote the space of all

random variables of the form

sz(/oTwl(t)- th7...7/(JTson<t>~ th>,

2Note that, in a Brownian setting and under the normalization condition on the driver g( -,0,0) = 0, the
flow property reduces to time consistency as formulated on page 7 (see [22] for details).

3In the Brownian setting, similar arguments can be applied to positively homogeneous risk measures;
see [45]. In particular, it is possible to employ the one-to-one correspondence in [45] to derive sufficient
conditions under which a positively homogeneous risk measure can be induced via geometric BSDEs.
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for some n € N, f € C°(R™) and @1, ..., ¢, € L2(0,T;R™). We call a Malliavin derivative
operator a mapping D : . — L% such that:

n T T
DF = Z%O”!]f </ gOl(t) th,,/ (pn(t) th), VF e /.
j=1 0 0

Next, we introduce the norm ||F|[; 2 := E [|F|2 + fOT |D.F|? dt}, for F € ., and we let D2
denote the completion of .7 in L? (]—'%V) under || - |l1,2. It can be shown, see, e.g., [51],
that D is a densely defined, closed linear operator from . C D2 to L2, with a unique
extension to D2, still denoted by D. For each F € D2, we call a Malliavin derivative of
F the stochastic process DF :  x [0,T] 5 (w,t) = (D:F)(w) € R.

We now recall two basic results that will be used later in the paper, without further
mentioning. For every X € D2, any h € C1(R), and f;-a.e. times t,s € [0,T], we have:
DE [X|.7-";/V] =E [DtX|]-'SW} 1,4 (t) and D;h(X) = W/ (X)D: X.

The general theory of Malliavin calculus can be found in [21, 51|, among others. An
important stream of research has also investigated the link between the solutions of BSDEs
and Malliavin calculus. Specifically, it has been shown that, under various assumptions on
the parameters of the Brownian BSDE, it is possible to express the second component of the
solution in terms of the Malliavin derivative of the first component. In this subsection, we
do not detail the exact results, as they are established under different sets of assumptions
in the literature. Instead, we present a brief list of the most relevant works for our purposes
that address this topic, namely [26, 66, 48]. We mention that Malliavin calculus can also
be defined in the Brownian-Poissonian filtration and that, in this setting, also the third
component of the solution to a BSDE can be characterized as the Brownian-Poissonian

Malliavin derivative of the first component, see [52, 21].

3 A Measure of Financial Resilience

Fix T € (0, 4+00) and define the set
Tr = {]:—stopping times T:Q —[0,T] : P(r<T) > 0}.

Let p be a dynamic risk measure on LP(Fr), for some p € [1,+0o0], and let X € LP(Fr) be

a risky claim. For ¢ € R, let us define
=T Ainf {t € [0,T]: p(X) > c},

with the convention inf{(}} = +o0.

Clearly, 7¢ is an F-stopping time, which can be interpreted as the first time at which the
risk of the claim X, evaluated through the dynamic risk measure p, exceeds the threshold
¢ € R. The threshold level can be chosen in such a way that the probability of a hit in
[0,T) is non-zero. Then, 7¢ € Tr. When ¢ = 0 and p is a dynamic normalized cash-additive
risk measure (cf. [19, 30]), 7° admits a natural interpretation: it represents the first time
the risk of X becomes unacceptable, i.e., it breaches the risk-acceptance set, requiring an

additional risk capital margin to cover the risk of insolvency, as stipulated e.g., by financial
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regulators. An increasingly important regulatory concern is how long this capital margin
must be maintained in the financial portfolio, and whether it is expected to increase or
decrease in the near future. We note that the threshold level ¢ may be generalized to
depend on time, i.e., to be maturity-dependent, in a continuous and deterministic way.

In this section, we introduce a measure of financial resilience, capturing the expected rate
at which the risk associated with X, evaluated using the dynamic risk measure p, recovers
(i.e., bounces back) upon the occurrence of a stress scenario. Clearly, not all dynamic risk
measures will exhibit favorably signed resilience. In the sequel, we provide a precise formal

definition of our measure of financial resilience.

3.1 Resilience rate

Assume that p(X) is F-progressively measurable. Then, we can consider the family of

random variables (thanks to [39, Proposition 2.18])

1
(p(TCJrE)/\T(X) — Pre (X))7 Ve > 0.

C(X) = -
pse(X) 8

If p2.(X) is positive for all £ > 0, then the risk evaluation of X increases after 7¢, meaning
p(X) is not recovering. On the other hand, if pZ.(X) is negative for all ¢ > 0, then the risk
evaluation of X diminishes, indicating that p(X) is exhibiting favorably signed resilience.
While the limit as e — 07 of p2.(X) might seem appealing, it is well-known that stochas-
tic processes (and solutions to BSDEs) generally do not possess differentiable paths. For this
reason — and also because we aim to identify a scenario-independent quantity, i.e., one that
is immediately readable and interpretable for regulatory purposes, and allows for an “instan-
taneous” evaluation of resilience — we propose defining the expected time-derivative of a

dynamic risk measure at a stopping time, in the sense specified by the following definition.

Definition 5 (Resilience rate). Let p be a dynamic risk measure on LP(Fr), for some
p € [1,4+00], and let X € LP(Fr). Assume that the process p(X) is of class (D). For
T € Tr, we define the resilience rate of p;(X) as the limit

. .1
pr(X):= lim —E [p(T-‘rE)/\T(X) - pT(X)|7' < T] )

e—0t €

whenever it exists in R := R U {Zoc}. Similarly, for o,7 € Tr such that o < 7, we define

the conditional resilience rate of p;(X), conditioned at time o, as

R TP . E [P(T E)AT(X) - pT(X)|fa}
prio(X) i= IA(F) - lim —=—2 s :

whenever the limit exists in LP(F). Here, F, denotes the sigma-algebra of o-past, which is
defined as Fo :={A€F : An{o <t} eF, Vte[0,T]}.

We point out that, if 7 € 77, then (7 +¢) AT is a [0, T|]-valued F-stopping time for every
e > 0. Consequently, if p(X) is of class (D), both p(;oyar(X) and p.(X) are well-defined,
integrable random variables and their difference converges to 0 in L*(F) as ¢ — 0%. This
observation gives meaning to the quantities under consideration. Nevertheless, it does not

suffice to guarantee the existence of the limits appearing in the definition. The assumptions
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under which these limits do exist will be analyzed in Sections 3.2, 3.3 and in Appendix B.

Whenever p,(X) is well-defined, its financial interpretation is clear: it measures the
expected instantaneous rate of change for the risk evaluation of X immediately after the
condition specified by the stopping time 7 is met, provided this occurs before maturity.
If p-(X) < 0, we say that the risk evaluation of X is resilient, since p,(X) is expected
to recover (i.e., decrease) directly after 7. Instead, if p,.(X) > 0, the risk evaluation is
expected to increase, and does not display resilience. Finally, whenever p.(X) = 0, the risk
evaluation is said to be resilience neutral. We further discuss the role of resilience neutrality
in Section 6.

It is worth noting that if p(X) is a class (D) submartingale (resp. supermartingale,
martingale), then for any F-stopping times ¢ < 7 < T the optional sampling theorem
(cf. [58, Theorem 17, Chapter I]) yields E[p,(X)] > E[p,(X)] (resp. <, =). In particular,
for any 7 € Tr, the function ¢ — E[p(ﬂ_s) AT (X )] is non-decreasing (resp. non-increasing,
constant), thus, whenever p,(X) is well-defined, it is non-negative (resp. non-positive, zero).
We refer to [18, Section 3.1] for sufficient conditions on a dynamic risk measure that ensure

the existence of a cadlag modification satisfying the submartingale property.
Example 6 (VaR and ES). For a € (0,1), let us define the dynamic version of the Value-
at-Risk as follows (see, e.g., [65, 30]):

VaR{ (X) :=essinf {Y € L*(FY) : P(X >Y|FY) <a}, VXeL*(Fr), te[0,T]

Then we can compute the resilience rate of the (dynamic) Value-at-Risk for the F¥ -measurable

random variable

T T
X:a:+/ ,usds—i—/ os dWs,
0 0

wherex € R, and p, 0 : [0,T] = R are continuous functions. Since X is normally distributed,
it is easy to verify that, for all t € [0,T],

T t T
VaR?(X):x—i—/ ,usds—i—/ adeS—zam,
0 0 t

where z, is the a-quantile of the standard normal distribution. A straightforward computa-

tion shows that, for any T € Tr,

T T 2
. z z g
VaR$(X) = lim ——FE / agds—\// o2ds|T<T|="2F | ——|7<T

The result is negative if a € (0,1/2), zero at o = 1/2, and positive otherwise.

Similarly, let us define the dynamic version of the Expected Shortfall as follows:

ESH(X) = é/o VaR}(X)dy, VX e L*(Fr), t €[0,T).
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For the same choice of X as before, we have

T t 1 T
Bt =0t [ st [ oWt SoGa/ [ ozas
0 0 « t

where ¢ is the probability density function of the standard normal distribution, and we
used the known relation xp(z) = —¢'(z) to integrate z, for v € (0,a]. A straightforward

computation shows that, for any ™ € Tr,

ESe(x) = — £l g O __|r<T

The result is negative for any choice of o € (0,1).

In Definition 5, we may limit our study to the case of deterministic times, namely for
T(w) =t and o(w) = s for allw € @ and some 0 < s <t < T. In this setting, the assumption
that p(X) is of class (D) and the conditioning on the event {r < T} = Q can be omitted.
Moreover, for any t € [0,T') there exists ¢ > 0 such that, for all € € (0, ), we have t +¢ < T
Thus, the time evaluation of the difference quotient can be done at t+¢ instead of (t+e)AT.
Consequently, for deterministic times, the resilience rate and its conditional version reduce

to:

pt(X) = lim 1]E [thrg(X) - pt(X)] )

e—=0t €

) = L) i B [ (00 = (3|

Remark 7. For t,s € [0,T] with s < ¢, both the resilience rate p,(X) and its conditional
version py|s(X) are well-defined and finite if and only if the respective maps

[0,T)>r — El[p-(X)] € R, [0,T) > r — E[p.-(X)|Fs] € LP(F),

are right-differentiable at t. In this case, they equal the respective right-derivatives at t.
Analogously, if 7 € Tr, then the resilience rate p,(X), and its conditional version p,|,(X),

for fixed o € Tr s.t. 0 < 7, are well-defined and finite if and only if the respective maps

L®(F)D>Trove—= Elpar(X)|v < T] €R,

]E[pu/\T<X)|]:o’]

L¥(F) D Tr 2w ==

€ LP(F),
are right-Gateaux-differentiable at 7 in the direction 1. In this case, the resilience rates
equal the right-Gateaux-derivatives at 7 in the direction 1 of the respective functions.
Remark 8. Let us remark that, in the setting of Definition 5, if p,.(X) exists in LP(F),
then p;(X) exists, is finite and p,(X) = E[p,-(X)].

We also highlight that our measure of resilience p,(X), for any fixed choice of the pa-
rameters for which it is well-defined, is a deterministic quantity independent of the paths of

the risk measure p or of the random realizations of X and 7. A random quantity arises only

when considering the conditional resilience measure |, (X), where the source of randomness
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stems from the conditional expectation of the rate at the future time 7, given the informa-
tion available at the present time o. Consequently, the conditional version can be viewed as

for fixed t € (0,T), or as (pys(X)) for

a stochastic process either as (ﬁt‘S(X)) te[s.T)

fixed s € [0,T).

Let us note that, in the first part of Definition 5, one could alternatively consider the

s€[0,t]

conditional expectation with respect to the sigma-algebra generated by the event {7 < T},
instead of the expectation conditioned to the same event. This alternative would entail
defining the resilience rate as a random variable that coincides with the current definition of
p-(X) on the event {7 < T}, and is identically zero on the complementary event {7 = T}.
However, the latter is not relevant for the purposes of our study, as the recovery rate of the
risk evaluation of the claim X is only meaningful before maturity. Therefore, we have opted
for the current definition.

Note also that our measure of financial resilience, just like the dynamic risk measure it
is derived from, reflects possibly subjective risk preferences, with decision-theoretic founda-
tions, and is not a purely objective statistical property of the underlying stochastic financial
process. Further discussion on this point will be provided in the examples; see Section 5.

To aid the mathematical formalization, we present a preliminary proposition that can be
regarded as an extension of Proposition 2.2 in [38] that, instead, is limited to the statement

(i) for the case ¢ > 1 (with strict inequality).
Proposition 9. The following statements hold true.

(i) Lety € L. for some ¢ > 1. For {1-a.e. t € [0,T), we have:

t+e
I ] R E -
Yy = LY(F) im ) Yy dr,
1 t+e
E[y¢|Fs] = LY(F) - lim E [/ Yy dr ]-"S} , Vs e0,t].
e—0t+ € Jt

The limits hold for all t € [0,T), if ¥ has P-a.s. right-continuous trajectories.
(it) Assume that the F @ 2([0,T])-measurable process ¢ : Q x [0,T] — R satisfies the
following conditions.

e P-a.s., for any t € [0,T), the right limit ¢+ := lim,_,+ ¥ exists.
e 1) has P-a.s. at most countably many discontinuities.

e There exists ¢ > 1 such that E[SUPSG[O,T] |1/)s\q} < +o00.

Then, for any [0, T]-valued F-stopping times 1,0 such that o < T, we have:

T+e
Y+ = LYF) - lim — Yrar dr,
e=0t e /-
1 T+e
E[,+|Fo]= LYF) - lim E [ Ypar dr ]-'U] ;
e—0t € Jr
where P+ (w) :=  lim  Ysar(w), P-a.e. w e

s=(T(w)*

Proof. The first convergence in statement (i) directly follows from the Lebesgue differenti-
ation theorem for the Bochner-integrable function [0,7] 3 t — v € LI(F) (cf. [23, Theo-
rem 9, Chapter II]).
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Step 1. We now proceed to prove the first convergence in the second statement. To begin
with, we show that supy 1) || is F-measurable, thus giving sense to its expectation. For
P-a.e. w € Q, let D(w) C [0,T] denote the countable set of discontinuities of ¢(w). Then
¥(w) is continuous at any ¢ € C(w) := [0,7] \ D(w). The supremum of |¢)(w)|? over the
set C(w) equals the supremum over the dense countable subset C(w) N Q, thanks to the

continuity of |1)(w)|? over C(w). Therefore, we have:

sup th(w)quaX{ sup |¢(w)|?,  sup th(w)q},

t€(0,T] teD(w) teQNC(w)

which shows that sup,c(o 7y [1¢|? is the supremum over a countable family of F-measurable
random variables, hence is F-measurable itself.
Let us now fix an infinitesimal sequence of real positive numbers (,),en. We aim to

apply Lebesgue’s dominated convergence theorem, with respect to integration in probability,
to the sequence of random variables

( ) | 1)
neN

Let Q denote the set of all w € Q such that, for ¢ € [0,7T), the right limit of ¢ (w) at
time ¢ exists in R U {00}, denoted by ¢+ (w). Fix w € Q. For any n € N, there exist
T (w), t5(w) € [T(w), T(w) + &5] such that

1 T4+eEn
- / wr/\T dr - ¢7‘+

En

1 frw)ten
Ugnr(@) < = [ L () dr Sdgn) (3.2
Let us momentarily fix n € N and prove the existence of ¢7(w) that satisfies the left inequal-
ity above. The right inequality can then be proved similarly, mutatis mutandis. Denote,
for the sake of brevity, I := inficr(u),r(w)+e,] Yiar(w) and (Y) = EL f:((:))-ﬁ-sn Yspr(w)ds.
By direct inspection, we have I < (¢). If I = —oco, then for any M € R, there ex-
ists t € [T(w), 7(w) + €, such that Yuar(w) < M. Choose M = (1) and conclude. Sup-
pose now that 7 € R. If I < (¢), then for any ¢ > 0 there exists t € [r(w),T(w) +

€n] such that Yuar(w) < I +e. Choose e = (¢) — I and conclude. If T = (¢), then
T(w)+en
.

() (Yrar(w) —I)dr =0, and since the integrand is non-negative, we infer that the

function v.(w) is constant. Were this the case, then the claim would be trivially satisfied.
Moreover, for ¢ = 1,2, the bounds 7(w) < tH(w) < 7(w) + &,, n € N, imply that

th(w) — (T(w))+ as n — oo. Hence, for the fixed w above, we have

lim wt?(w)/\T(w) =  lim  Yar(w) = ¥+ (w), 1=1,2.

n—o0 s (r(w)*

By the squeeze theorem, the middle term in (3.2) converges to t,+(w) as well, as n — occ.

Namely, we proved that

1 T+En
lim — / Yepar dr = P+, P-a.s.,

n—00 £,

in particular, the sequence in (3.1) is P-a.s. infinitesimal.
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Finally, for any n € N, we have P-a.s.

q

<27 sup [¢]7,
r€l0,T]

1 T+en
- / wr/\T dr — w7'+
-

En

thanks to the fact that 7 takes values in the interval [0,7]. By assumption, the random
variable on the right-hand side is integrable with respect to P, and allows us to apply

Lebesgue’s dominated convergence theorem to the sequence in (3.1):

.

Eventually, the thesis follows from the arbitrariness of the sequence (&,)nen-

1 T+en
/ wr/\T dr — ’(/}T+

En

lim E

n—oo

Step 2. The second convergence in statement (i) follows from the F,-measurability of
E[,+|F,] and Jensen’s inequality for conditional expectations:

1 T+e 1 T+e q
E ‘]E |:5 / Yy dr ’5 / Year dr — P+ >

where the second term is infinitesimal, as € — 0", by the first convergence in statement (7).

q
<E

7o | = Blns 17

Similarly, one can prove that the second convergence in the first statement follows from the

first convergence. a

Example 10. We consider the entropic risk measure as a standing example throughout this
paper. It is intimately connected to the Kullback-Leibler divergence (see [17, 9, 8, 31, 46,
30]), and it is used by [35] to obtain robustness in macroeconomic models. We recall (see,

e.g., [4]) that the dynamic entropic risk measure, with parameter vy > 0, is defined as follows:
1
el (X) = ;mﬂa[aﬂft], vt e [0,T), (3.3)

for any Fr-measurable random variable X such that E[ePX] < oo for all p > v. We now
proceed to compute its resilience rate, according to Definition 5. To this purpose, for fized
v and X as above, we denote by M the cadlag version (cf. [16, Corollary 5.1.9]) of the

square-integrable martingale
M, :==E[e"¥|F], vt e [0,T). (3.4)

Then, by the martingale representation theorem (see, e.g., [16, Theorem 14.5.7] or [37,
Lemma 4.24, Chapter I1I]), there exist processes H € HA(R™), K € H2(A?) such that:

t
Mt:IE[e”YX]—i—/ HS-dWS—i—/ K,(2)dN(s,z), Vte[0,T].  (3.5)
0 [0,t]xRZ

By direct inspection, we have P(M; > 0) = 1 for all t, hence we can apply Itd’s generalized
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formula (see, e.g., [16, Theorem 14.2.3]) to explicitly compute In My, yielding:

H, K,(z) -
-dWS—i—/ ln(l—i-) dN(s,z
M- [0,t] xR2 M, )

[ 525 o)

where all the integrals are P-a.s. well-defined and absolutely convergent (cf. [16, Lemma 14.2.2]).

t
In M; = InE[e?™] +/
0
(3.6)

If we further assume that X is bounded, we are able to compute the resilience rate of the

dynamic entropic risk measure, at {1-a.e. t € [0,T), by means of Proposition 9(i):

1
¢](X) = lim —E [In My,. — In M|

e—0t+ Y€
e[ L 5) ) o
:%E l-é'ﬁf +/Rf {m (1 + IX}E””)) - Igf)} du(x)] . (3.7)

In the second equality above, the stochastic integrals vanished because they have zero expecta-
tion. We postpone to Appendiz A the rigorous justification for applying the cited proposition.
The computation of the resilience rate at stopping times, by means of Proposition 9(ii), re-
quires further technical conditions that will be discussed later in Section 3.3. However, if we
further assume that H, K are caglad (continuous on the left with finite right limits), then
the hypotheses of Proposition 9(ii) are met, and, with a similar argument as before, we infer
that, for any T € Tr,

a(x) = Lk [_1 Hoo / [m (1 | Ko (x)) Ko <x>} (@)

T<T

)

gl 2 M? M M,

were we implicitly used the trivial fact that lim_,+ M- = M.

3.2 Bouncing drift

Let us now assume that the dynamic risk measure is induced by a BSDE. Then, Proposition 9
can be used to formally justify the definition of our measure of financial resilience, as we

establish in the following theorem.
Theorem 11. Let (p(X), Z,U) be a solution to the BSDE (2.1) with parameters (g, T, X).

(i) If there exists ¢ > 1 such that

IE[/ l9(pe(X), Zy,Uy) | dt| < +oo, (3.8)
0

then, for £i-a.e. t € [0,T), and all s € [0,t], both pys(X) and p¢(X) exist, are finite,
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and satisfy:

pris(X) = —E[g(t, pu(X), Zs, Up) | Fs ], P-a.s.,
pe(X) = —E [g(t, pe(X), Z,, Up) ] . (3.9)

(ii) Assume the following:

e P-a.s., for any t € [0,T), the right limit limy_,,+ g(s, ps(X), Zs, Us) exists.
° g( - p(X), Z, U) has P-a.s. at most countably many discontinuities.
o There exists ¢ > 1 such that E[SUPte[O,T] |g(t,pt(X)7 Zy, Ut)ﬂ < +oo0.

Then, for any 7,0 € T such that o < T, we have:

E []1{7<T} 8£m+g(s,ps(X), Zs, US) fa]
0 (X) = — . P-a.s.
Prio(X) P(r <T) ) -8
pr(X)=-E [ lim+g(s7pS(X),Zs,Us) T < T] .
S—T

Proof of (i). We prove the first part of item (i) by means of statement (i) of Proposition 9.
For any t € [0,T) and € > 0, we have, by direct inspection from equation (2.1):

t+e t+e ~
Ptte — Pt = —/ g(r, pr, Z,, U) dr +/ Z, - dW, +/ U.(x)dN(r,z), P-as.,
t t (t,t+e] xR

where we suppress the dependence of p on X for simplicity. For s € [0,¢], we take the
conditional expectation with respect to F, and divide by e:

1 1 t+e
EE[pH»E - pt|]:s] = _EE |:/ g(r7pr7Zr>Ur) dr
t

}'5} : (3.10)

where both the It6 integral and the integral with respect to the Poisson random measure
have disappeared due to the martingale property. Recall indeed that Z € HZ(R™) and
U € H2(A?) from Definition 2, hence both their stochastic integral processes are martingales,
see [37, Theorem 1.33, Chapter II].

Since (Z,U) is P-measurable and p is cadlag and F-adapted, g(p, Z,U) is F @ B([0,T])-
measurable. This, together with condition (3.8), yields g(-,p, Z,U) € L%. Thus, by the
first thesis of Proposition 9, we get, for ¢1-a.e. t € [0,T) and any s € [0, 1],

1

t+e
-E {/ q(r, pry Z,, U,.) dr
€ t

e—0t . q
‘FS B E[g(tapt72tvUt)|‘FS]a in L (‘F)

Eventually, the first part of (i) follows from Equation (3.10) and from Definition 5 of re-
silience rate, where 7 = t identically.
The statement p; = —E [g(t, pt, Zt, Uy)] follows from Remark 8. O

Proof of (ii). Let us now fix 7 € Tr and denote by 1) the process g(-, p(X), Z,U). We have

1

1 (T+E)/\T (T+E)/\T 1 N
g [p(r-l-e)/\T - p'r] = 7g 1/’5 ds + g/ Zs - AWy + /( Us(l‘) dN(57$)7

T € 7,(T+e)AT]xR2
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where we again implied the dependence of p in X. If we take the expectation on both sides

of the above expression, we get, by Doob’s optional sampling theorem (see, for instance [58,

Theorems 16, 18, Chapter I]):
1 [T+eNT 1 [+enT
g/ ws ds| = -E g/ ws/\T ds| .

Here, after employing the martingale property in the first equality, we have noticed that

1
EE[p(TJrs)/\T - P-r] =-E

s = sy for all s € [, (1+&) AT]. We now proceed by splitting the interval of integration

depending on the values of the stopping time 7:

—E |1p7r-- / Ysar ds + L ip_o 1y (T / YsaT dS]

- 1 T+e€ 1 T+e
= —E (ﬂ[o,T—e] () + Lir—em) (7')) - / sar ds — 1(T—5,T)(T)* /T Yr dS}
TH+e—

= —-FE ]1[0 (T / YsaT dS} +E []l(T ey (T)——— Z/JT]

For the first equality we used the additivity of the second integral and noticed that, if
T € (T —¢,T), then sar = 7 for s € [T, 7+ ¢]. In the last passage, we employed the
linearity of expectation, reassembled the first two indicator functions and computed the
second integral.

In view of the hypotheses on the process ¢ = g( -, p, Z,U), we can apply Proposition 9 (i)
to the integral in the last line of the above chain of equalities, and conclude that the first
expectation converges to —E []1 (0,7)(7) limy_, -+ ws}.

As far as the second expectation is concerned, we observe that 7 € (T — ¢,T) implies
T+e—T < e, hence

T+e-T

Lir—em (T)fwT

< ]l(T—s,T)( )| i> 0, P-a.s.

The boundedness of the indicator function and the hypotheses on ¢ = g(-, p, Z,U) allow us
to apply the dominated convergence theorem to infer that the second expectation converges

to 0, as € — 0T. Therefore, we conclude that

1 ot .
EE[/)(T+6)/\T - p;] == -E [ﬂ[o,T)(T) g1_1gl+ Ps |,

and the thesis follows after dividing by P(r < T).
The statement concerning the conditional resilience rate is proved analogously. O

We highlight that the hypothesis on the number of discontinuities of the process ¥ in
Proposition 9(ii) and of g(-,p(X),Z,U) in Theorem 11(ii) is sufficient to assure that the

supremum in time is an F-measurable random variable.

Example 12 (continued from Example 10). Let us now recall that the dynamic entropic
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risk measure, in our filtration JF, is actually induced by the following BSDE:

T T
t t (t,T]xR¢

YVt € [0,T), with driver
m 2 i 2 1 U
g R™ X A2S (z,u) > L] +7/ (€ — yu—1) dv;
2 Y Jre

see [6, Theorem 4.1], [27, Proposition 3.2 or [49, Example 4.1]. It satisfies condition (Q),
thus admitting a unique solution for any bounded terminal condition. Choose X € L (Fr)
and denote by (7(X), Z,U) the unique solution to the BSDE with parameters (g,T,X),
where e7(X) has the explicit expression in equation (3.3). We are going to show that the
process g(Z,U) is in Li., which allows us to apply Theorem 11(i) and conclude that, for
li-a.e. £ €1]0,T):

(X) = ~Elg(Z,U))] = —E

gl 1 VU (e
§\|Zt\|2+ 7/Rg (e Ue(@) _ U (z) — 1) du(:c)] . (312

One easily verifies that |Z|? € Li because Z € BMO(R™) C HA(R™), thus, we will
only show that f]Rd h(yU)dv € LY., where h(u) :=e* —u—1 for u € R. To begin with, it is
easily proved that |h(u)| < el"lu?/2 for all u € R. Therefore, we obtain

El/OT /OT/M Uf(m)du(m)dt],

where C > 0 is the constant that P ® {1 ® v-essentially bounds U. The last expectation is
finite because U € BMO(A?) C HA(A?).

Let us now observe that formulas (3.7) and (3.12) indeed coincide, providing two alterna-

2
at| < %eVCE

/Rd h(vUi(z)) dv(x)

tive representations of the same quantity: the first in terms of the coefficients H and K from
the martingale representation theorem applied to the process M = exp(ve?), and the second
in terms of the solutions Z and U of the BSDE that induces €. To show this, it is sufficient
to compare the BSDE (3.11) with the explicit forward definition of ¢¥ = (1/v)InM from
equation (3.6). It is then clear that H/M_ =~Z and In(1+ K/M_) = ~U. The application
of Theorem 11(ii) to the dynamic entropic risk measure requires further structure that will
be considered later in Section 3.3.

We emphasize that equation (3.12) reduces to a much simpler version when the filtration
is generated only by the Brownian motion. Indeed, in this case the dependence of the driver

on the u-component vanishes and the resilience rate is given by
&) (X) = —%IE 1217, VX eL=(FY), ti-ae te0,T).

In the case of a Brownian setting, the previous Theorem 11 has the following stronger

version.

Corollary 13. Let (p,Z) be a solution to the Brownian BSDE (2.2) with parameters
(9,7, X).
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(i) If there exists ¢ > 1 such that:

< +00,

T
E UO lg(t, pe. Z4)|" dt

then for £1-a.e. t € [0,T), pe(X) is well-defined, finite, and satisfies:

pe(X) = —E[g(t, pt, Z¢)]. (3.13)

In addition, if the process g(+,p,Z) : 2 x [0,T] > (w,t) — g(w,t,pt(w),Zt(w)) has
P-a.s. continuous trajectories, then equation (3.13) holds for allt € [0,T).
(i) Assume the following:
e g(+,p,Z) has P-a.s. continuous trajectories.
o There exists ¢ > 1 such that E[SUPte[o,T] ‘g(t,pt, Zt)’q} < +o0.
Then, for any 7,0 € T such that o < 7, we have:
. (X) _ _E[]I{T<T}g(7_up'r7ZT)|]:a]
p‘l"ﬂ' IP)(T < T) Y
pr(X) = =Elg(7, pr, Z:)|7 < T].

P-a.s.,

In the sequel, we will refer to the right-hand side of (3.9), (3.13) as the bouncing drift.

Remark 14. Corollary 13 is a straightforward application of Theorem 11 to the special case
of a Brownian filtration. Indeed, the further assumption on the P-a.s. pathwise continuity
for g(-,p, Z) yields several simplifications of the statement. First, it ensures that we can
apply the second part of Proposition 9(i) to obtain the validity of equation (3.13) for all
times. Second, it allows us to apply Theorem 11(ii). Finally, it simplifies the expressions
for the resilience rates from Theorem 11 (7).

The respective hypotheses can indeed be verified in the Brownian setting (see Propo-
sition 39); however, we are not aware of any non-trivial sufficient conditions that ensure
continuity of the solutions to Brownian-Poissonian BSDEs. Therefore, even though the
last corollary could, in principle, be correctly stated in the Brownian-Poissonian filtration,
it would be of limited practical use, as the required assumptions are too restrictive to be

satisfied in non-trivial cases.

We emphasize here that the deterministic setting with ¢ € [0,7) and the setting with
stopping times 7 € T allow for a similar interpretation. That is, instead of employing
stopping times as in Definition 5, one could alternatively condition upon a stress scenario
where the risk-acceptance set is breached at a fixed deterministic time ¢. In this case, the
claim under management, X, is evaluated conditionally upon, for example, Y exceeding
a certain threshold at time ¢ € [0,T), and the rate at which the resulting risk measure
recovers, i.e., bounces back is analyzed. This is a typical approach in stress testing using
risk models. As is evident from the previous theorem, upon comparing items (i) and (i),
the approach with deterministic times requires fewer conditions on the pathwise regularity

of the trajectories, but it is mathematically and practically less elegant and appealing.
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Remark 15. In this remark, we stress the difference between our definition of the resilience
rate and the Greek © as usually defined in the option pricing literature. It is well known
that, when considering a price (St)te[o,T] of a given underlying financial asset, the solution
P, at time t € [0,T] to a BSDE with terminal condition X = f(St) and a carefully chosen
driver g can be interpreted as the fair price (or the hedging cost) at time ¢ of a European-
style derivative written on the underlying S with payoff X (see also Section 5). In general, if
p: R4 x[0,T] — Ry is the pricing functional for a financial instrument (namely, p(St, t) = P;
for all ¢ € [0,T]), the Greek © is defined as ©(S5,t) := Oyp(S,t). At first glance, both the
Greek © and the resilience rate P in this setting consist of a time-derivative of the fair price
of the financial instrument. However, we note that, for the Greek ©, this time-derivative
is taken as a partial derivative of the price, assuming that the underlying S is fixed. By
contrast, the resilience rate accounts for the (expected) total derivative of the price, explicitly
incorporating its time-dependence through ¢, rather than treating S as a fixed quantity. In
this context, it is important to note that while the pricing functional is a deterministic
differentiable function, the definition of the resilience rate (cf. Definition 5) involves taking
the time-derivative of the expected price of the instrument. This is necessary because the

price process itself usually exhibits non-differentiable trajectories.

3.3 Verification of the assumptions

In this subsection, we provide natural, sufficient conditions under which the assumptions in

Theorem 11 and Corollary 13 are verified. We first deal with the case of deterministic times.

Proposition 16. Assume any of the following two conditions:
e The driver g satisfies the condition (L) and X € L?(Fr).
o The driver g satisfies the condition (Q) and X € L (Fr).
Then the assumption of Theorem 11(i) is satisfied.
Moreover, assume any of the following two conditions:
o The Brownian driver g satisfies the condition (BL) and X € L*(F}).
o The Brownian driver g satisfies the condition (BQ) and X € L™ (.FTW)
Then the first assumption of Corollary 13(i) is satisfied.

Proof. The first estimate for the driver ¢ in condition (L), together with the minimal
regularity imposed for a solution to the BSDE (2.1), cf. Definition 2, trivially implies
g(+,p(X),Z,U) € L%. Hence, the assumption of Theorem 11(i) is satisfied with ¢ = 2.

Similarly, the Lipschitz assumption on the Brownian driver g in condition (BL) yields
l9(-,p(X), 2)| < lg(-,0,0)| + K (Ip(X)| + 12]),  P®bi-ae,

which again implies g(-, p(X), Z) € L%, thanks to the hypothesis g(-,0,0) € L2..

In case of quadratic growth for a Brownian g and bounded terminal condition, the first es-
timate in condition (BQ) yields g( -, p(X), Z) € LL. Similarly, if g satisfies the condition (Q)
and X € L>®(Fr), then (Z,U) € H2(R™)xH2(A?) and U is P ® ¢; ® v-essentially bounded.
Thus, reasoning as in Example 12, we get g(-,Z,U) € L. O
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3.3.1 Stopping times in Brownian-Poissonian filtration

We now analyze when the additional conditions in item (7) of Theorem 11 are verified. Let

n € N and assume the following:

iR = R™, o:R" — R™W™, v :R" x RY — R, h:R" = R,
f:R" xR xR™x A? = R.

We consider the following system of forward-backward stochastic differential equations (FB-
SDE) with coefficients u, o,~, h, f, initial point 2 € R™ and horizon T > 0:

t t
Xt [ ds+ [o(yawes [ 500N,
0 0 [0,t] xR2

T T
Yt:h(XT)+/ f(Xs,Ys,Zs,Us)ds—/ 7, AW, — U.(€) dN (5, £).
t t (t,T]xR4
(3.14)
The second equation of the above system is a special case of the BSDE (2.1), where the

driver g takes the form
gl ty,zu) = FG W)y ), V(@ by, zu) € A x [0,T] x R x R™ x A2,

and the terminal condition is hA(Xr). Further assume the following regularities for the
coeflicients:
(A1) p € C3(R™;R") with bounded partial derivatives of order 1,2, 3.
(A2) o € C3(R™;R™™) with bounded partial derivatives of order 1,2, 3.
(A3) v:R" x RY — R™ measurable s.t.:
o For £ € R?, the map R™ 3> x + y(x,£) € R™ has continuous and bounded partial
derivatives of order 1,2, 3.
e There exists K; > 0 such that |v(0,&)| < Ki(1 A [€]) for all £ € RY.
o There exists K3 > 0 such that for (z,£) € R™ x R%:

H Hled

ama'y(x,@H < Ko (1 A€, Vae Ny st 1< Zai <3.

i=1

(A4) h € C3(R™) with partial derivatives with polynomial growth.
(A5) f e C3(R™ x R x R™ x A?) with bounded partial (Fréchet) derivatives of order 1,2, 3.
Then, see [13, Section 3] and [50, Section 5.2|, we have the following result. For any
x € R™, there exists a unique solution (X,Y, Z,U) to the FBSDE (3.14) with coefficients p,
0,7, h, f, starting point = and horizon T s.t. (X,Y, Z,U) € 8L x 8% x HE(R™) x HE.(A?)
for any p > 1. Moreover, there exists a left-continuous version of (Z, U) : 2x[0,T] — R™x A2
and a function u € C12 ([0, T] x R”) with partial derivatives of polynomial growth such that
the following representation holds P-a.s., for ¢; ® v-a.e. (s,€):

YS ZU(S,XS), Zs = UT(XS*)VU(&XS*)’ Us(f) = U(S,XS— +’Y(Xs*7£)) _U(SaXs*)-
(3.15)
This representation for the solution allows us to give sufficient conditions for the verification

of the assumptions of item (%) in Theorem 11.
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Proposition 17. Assume (Al),...,(A5) above, and fix x € R™. Let (X,Y,Z,U) be the
solution to the FBSDE (3.14) with coefficients p, 0,7, h, f, starting point x and horizon T.
Then the following properties hold:

e P-a.s., for any t € [0,T), the right limit lim,_,;+ f(X57 Ys, Zs, Us) exists.

° f(X7 Y, Z, U) has P-a.s. at most countably many discontinuities.

e There exists ¢ > 1 such that E[supte[oﬂ ‘f(Xt,Yt,Zt, Ut)|q] < +00.

In particular, for any 1,0 € Tr such that o < T, we have:

E []1{7'<T} f(XTa Y‘ra Z‘r*a U‘r+) | -Fa]
P(r <T) ’

Y, (h(Xr)) = —E {f(XT,YT,ZT+,UT+) T < T] .

P-a.s.

)

Voo (W(X7)) = —

Proof. First, let us show the existence of the limit. Let £ be the set of full probability where
the trajectories of X,Y are right-continuous and the representation in equation (3.15) holds
true. Let us now fix w € Q, implied in the notation for the sake of clarity, and ¢t € [0,7).
The following limit exists by the representation (3.15) and because X (w) is cadlag:

lim Z, = lim o' (X, )Vu(s,X,-) = o' (X;)Vu(t, X;),
s—tt s—tt
and similarly for lim,_,,+ U, in A%, This shows in particular that the trajectories of (Z,U)

are P-a.s. caglad. Hence, by continuity of f and right-continuity of X (w),Y (w):

lim f(X,,Ys, Zs,Us) = f (XhYt, lim Z;, lim Us),
s—tt s—tt s—tt
the limit for U being interpreted in AZ.

We now discuss the number of discontinuities for the trajectories of f(X,Y,Z,U). We
have proved above that (Z,U) are P-a.s. caglad, and (X,Y) are P-a.s. cadlag. Hence,
(X,Y, Z,U) admits P-a.s. finite right and left limits at any time, and the same holds for the
composition with the continuous function f. Therefore, for P-a.e. w € €2, the w-trajectory of
f(X,Y,Z,U) on [0,T] is a regulated function, which are known to have at most countably
many discontinuities (see, e.g., [3, Theorem 4.7]).

Concerning the estimate, the boundedness of the first-order partial derivatives of f im-
plies the uniform Lipschitz condition in all its variables, thus, for a certain Ly > 0 we

have

E | sup |f(Xe, Y, Zt,Us)
t€[0,T]

S |f(0’0’070)|

+IL;E

sup (| X¢] + Vel + 1 Ze] + 1Ulaz) | - (3.16)
te[0,7]

If we once again use the representation (3.15), along with assumption (42) and the power-

growth regularity on the partial derivatives of u, we get, for constants L, > 0, C7 2 > 0 and
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a power a > O:

1Z) = o (X )Vu(t, X~ )| < Ci(lo T (0)] + Lo | X 1) (14 [6* + | X~ )
< Co(1+ [t + | X |*). (3.17)

Similarly, for a constant C' > 0 possibly different at every line, and for a power 5 > 0:
2 2
||UtHA2 = /Rd HU(@Xt* +'7(Xt*7£)) - U(tth*)” d’/(é)

SC/ (X OFF  sup [ Vult, 2)|? dw(e)
R¢ |zl <R:(€)

< C/Rd WX, O (1 + [P + 1 Xe- 1 + (X5, 1) dv(©), (3.18)

where the supremum is among = € R™ such that |z < R(§) := | X | V | Xi- + v(Xi-, 8-

The term with « can be estimated as follows by means of the assumption (A3):

7 (Xe=, O < (0, [ + [ X | A | Dary(, O] < KA AN+ [Xe-]),

where the supremum is among = € R” s.t. |z| < |X;-|, and D,v(z, &) is the Jacobian of
with respect to its first variable. By plugging this estimate into equation (3.18), we get, for
a different C' > 0,

U132 < C(1+ X P47) (1 + Itlﬂ)/ (LA J€]?) dw(e), (3.19)

R¢

where the integral is finite thanks to the initial assumptions on the measure v. Inserting
both (3.17) and (3.19) back into (3.16), we find a constant Cr > 0 such that

E | sup |f(X:,Y:, Z,Uy)l
te[0,T

< CrE (17 + v2])

)

sup
t€[0,T)

where ¢ := 1 + max{«,$/2}. Since X € S} for all p > 1, the right-hand side of the last

equation is finite. a

Of course, Proposition 17 can also be applied to the special case of Brownian FBS-
DEs. However, the assumptions of Corollary 13 (i) are verified under slightly more general

conditions, which are discussed in detail in Appendix B.

4 Properties of the Resilience Rate

In Section 2.1, we recalled the main properties of dynamic risk measures. Considerable
attention has been devoted in the literature to characterizing these properties for BSDE-
induced risk measures in terms of the underlying driver (see Section 2.2 for a brief overview).
It is natural to address the same problem for our measure of resilience. Thus, in this section,
we study properties of the resilience rate and identify conditions on the underlying BSDE

and dynamic risk measure that are sufficient and/or necessary for these properties to hold.
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Example 18 (Continued from Examples 10, 12). Let us consider once again the dynamic
entropic risk measure of equation (3.3). Recall the definitions of time consistency and cash-
additivity from Section 2.1, which are well known to be satisfied by the dynamic entropic
risk measure, and recall the notation introduced in Example 10. We show that the associated
resilience rate satisfies properties similar to time consistency and cash-additivity.

One may choose to evaluate the entropic risk measure at time t for the random variable
el(X), for some s € (t,T), instead of for the terminal random variable X. This is indeed

feasible as e)(X) is Fs-measurable, hence Fr-measurable, and, for any p > =, we have
s gl
E [+ )] =E[(El"|7)""] <E[E[] 7] = EleX] < +oo,

where we first used equation (3.3), followed by the conditional Jensen inequality, then we
invoked elementary properties of the conditional expectation, and finally we recalled the hy-

potheses on X from Example 10. In this case, we have
M, =E 29 ™| 5] =E [ElX|E)| F] =E[¢¥] 7],

which shows that the martingale M does not change with the proposed modification of the
terminal random variable X (which actually also derives from the time consistency property
of the dynamic entropic risk measure). Therefore, the processes H and K representing M in
equation (3.5) remain unchanged, and so does the resilience rate in equation (3.7). Hence, we
have proved that the resilience rate inherits some kind of time consistency from the entropic
risk measure:

&) (2(X)) =¢)(X), Vse(®T).

S

Similarly, if h € L (F;), we can translate the terminal random variable X to X + h, as
X + h is Fp-measurable and E[e”(x+h)} is finite for all p > . With this modification, the
martingale M becomes
M, =E {e%XW ’ ft} — M,

where we used the definition of M in equation (3.4), and the Fi-measurability of h. Con-
sequently, from equation (3.5), we see that the processes H and K representing M are
H:=e¢""H and K := " K, thus the resilience rate from equation (3.7) remains unchanged,
as it only depends on the fractions H/M_ = H/M_ and K/M_ = K/M_. To conclude, we

have showed that the resilience rate enjoys a cash-invariance property of the following kind:
e/ (X +h) = ¢ (X), Vh e L®(F).

Notation (N). If g is a driver that induces a dynamic risk measure p(g) on LP(Fr), for
some p € [1,400] (see Remark 3), and if X € LP(Fr), then (p(g,X),Z(g,X),U(g,X))
denotes the solution to the BSDE (2.1) with parameters (g,7,X). For t € [0,T) and
X € LP(Fr), the resilience rate of p:(g, X) will be denoted as p;(g, X) and will naturally
define two functions: p(g,X) : [0,T) > t — p(9,X) € R for fixed X € LP(Fr), and
pe(g) « LP(Fr) 2 X — pi(g,X) € R for fixed time ¢ € [0,T). The dependence on g or X

will sometimes be suppressed if it is clear from the context.

Although the results in this section are stated for deterministic times, most of them
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(except for Corollaries 22, 32 and Section 4.5) can be extended to stopping times, as soon
as the conditions for the existence of the resilience rates are satisfied. In more detail,
whenever the existence of the resilience rate is assumed a priori, the statements remain true
by replacing deterministic times in [0, T') with stopping times in Tr. Instead, if the existence
of the resilience rate follows from a BSDE — thanks to Theorem 11 (i) or Corollary 13(i) —
then the solution of the BSDE needs to satisfy the stronger assumptions of Theorem 11 (i)
or Corollary 13(7i), in order to allow for stopping times. In case of Corollaries 22, 32 the
generalization to stopping times does not hold, as the proof relies on differentiability in time
of the map ¢ — E[p:(X)]. Section 4.5 deals with time integration of ¢t — p:(X), hence a

statement for stopping times is not viable.

4.1 Time consistency

The following proposition shows that our resilience rate satisfies a special form of time

consistency (e.g., [11, 20, 30]), which we denote as (p, p)-time consistency.

Proposition 19. Let p € [1,+00] and let p be a dynamic risk measure on LP(Fr). If p is
time consistent, then the following (p, p)-time consistency is satisfied: If X € LP(Fr) and
t € [0,T) are such that p:(X) exists, then

pe(pa(X)) = p(X), Vs (t.T).

Proof. Fix 0 <t < s < T. The thesis follows from direct inspection of Definition 5, once

observed that the time consistency of p implies that

EE [p(t-l-e)/\T(ps(X)) — Pt (Ps(X))] = EE [p(t-i-e)/\T(X) - Pt(X)], Ve > 0.
a

The proposition above admits a clear interpretation: the resilience evaluation at time ¢
of a risky claim can equivalently be computed starting from its risk assessment at any later

time s > t.

Remark 20. We recall that if the risk measure p is induced by a BSDE, it enjoys a property
stronger than the usual time consistency of page 7, namely the flow property (or strong time
consistency) stated on page 10 (see [22]). Let us assume we are in this setting. Then one
can easily obtain a somewhat stronger thesis for Proposition 19. For each s € (0,7, let
[0,s] x L2(Fs) 2 (£, X) — pts(X) € L*(F;) denote the dynamic risk measure induced by a
driver g on LP(F;), for some p € [2,400]. Then, for X € LP(Fr) and for ¢1-a.e. t € [0, s),
we have that
Pt,s (PS,T(X)) = pr.7(X), Vse (t,T).

4.2 Cash-insensitivity and positive homogeneity

As discussed in the Introduction, two fundamental properties of risk measures are cash-
additivity and positive homogeneity. In this subsection, we show that they lead to interesting

consequences concerning resilience rates.
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Proposition 21. Let p be a dynamic risk measure on LP(Fr) for some p € [1,+00].

(i) If p is cash-additive and if p(X) exists for some t € [0,T) and X € LP(Fr), then
pt(X) is cash-insensitive; that is, for any h € LP(F;), p(X + h) exists and

(X + 1) = pu(X).

(i) If p is positively homogeneous and if po(X) exists for somet € [0,T) and X € LP(Fr),
then pi(X) is positively homogeneous; that is, for any a > 0, p(aX) exists and

pr(aX) = ap(X).

Proof. Let us show (i). Fixt € [0,T) and X € LP(Fr) such that p,(X) exists. If h € LP(F),
then the cash-additivity of p yields ps(X + h) = ps(X) for all s € [¢t,T]. Hence, for any
e € (0,T — t], we have

L pre(30) — (X)),

! [Pre(X 1) = pe(X + 1)) = -

e
By definition, the right-hand side of the above equality converges to p;(X) as € — 0*. In
particular, we infer that p¢(X + h) exists and it equals p;(X). Item (i) is proved analo-
gously. a

Let us highlight that the previous proposition does not rely on the fact that the dynamic
risk measure is induced by a BSDE. However, if one were to restrict to the study of dynamic
risk measures induced by Brownian BSDESs, a much stronger result can be proved. Indeed, it
is known that cash-additivity and positive homogeneity are closely related to the structure
of the BSDE driver, specifically, they are equivalent to the driver being independent of
the y-component or being positively homogeneous in the spatial variables, respectively (see
Section 2.2 for a formal statement). We now show that, in the Brownian setting, analogous

equivalences hold for the resilience rate.

Corollary 22. Let g satisfy condition (BL) and p = 2, or let g satisfy condition (BQ) and
p = 0o. Further assume:

e P®{ly-a.e. we have g(-,y,0) =0 for all y € R.

o Forall X € LP(F}), the process g(-,p(X), Z(X)) is P-a.s. continuous.

Then the following assertions hold true.

(i) The following conditions are equivalent:

e g does not depend on y, i.e., it is defined on Q x [0,T] x R™.
e p is cash-additive.
o Forall X € LP(F}) and t € [0,T), pi(X) is cash-insensitive.

(ii) The following conditions are equivalent:

e g is P® {1-a.e. positively homogeneous in (y, z).
o p is positively homogeneous.
e Forall X € LP(F)Y) and t € [0,T), p:(X) is positively homogeneous.
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Proof. Let us prove part (i), as part (i) can be proved analogously.

In the Brownian setting, and with the additional hypothesis of ¢g(-,y,0) = 0 for any
y € R, we already know from [38, Theorem 3.1] and [68, Theorem 5.3] that the cash-
additivity of p is equivalent to g being independent of y.

Moreover, py(X) exists for any choice of ¢ € [0,T) and X € LP(F}¥) by Corollary 13(i),
which can be applied thanks to the assumption on the P-a.s. pathwise continuity of the
process g( -, p(X), Z(X)), for X € LP(F}V).

It only remains to prove that the cash-insensitivity of the resilience rate implies that
g does not depend on the y variable. Let us assume that p;(X) is cash-insensitive for all
t€[0,T) and X € LP(F}). It is straightforward to verify that

p(X)= SEp(X), vie©T) (4.1)

Indeed, by pathwise continuity of g( -, p, Z) and the integral mean theorem, it holds P-a.s.
that
1 t+€
lim — g(S7pS7ZS)dS:g(t7pt7Zt)7 Vie (O7T)

e—=0¢ J;
Arguing exactly as in the second part of the proof of Proposition 2.2 in [38], it is easy to see

that

e—=0 ¢

1 t+e
i 26| [ g(oup Z0as| =Blaltp 20l Vi (0.7)
t

The last convergence immediately yields that, for all ¢t € (0,T),

) 1 ) 1 t+e

lim —E [pH'E(X) - pt(X)] = —lim —-E |:/ g(s, Psy Z‘?) ds| = 7E[g(ta Pt Zt)]a
e—=0¢€ e—=0¢ t

where the left-hand side defines the derivative in equation (4.1), while the right-hand side

equals the resilience rate p.(X) by Corollary 13(i), which applies thanks to Proposition 16.

By the previous point and cash-insensitivity, we have, for any ¢ € R,

CE[p(X) = p(X) =Xt = SElp(X o], Vie©T).  (42)

In particular, the real-valued function ¢ — E [p:(X) — p:(X + ¢)] is differentiable on (0,7
with null derivative. It follows that there exists K € R such that

E[p(X)] =E[p(X + )]+ K, Vte (0,T). (4.3)

Furthermore, for all ¢ € LP(F}), the map ¢ — E [p;(€)] is continuous on the closed interval
[0,T]. To see this, let us recall that, in the Brownian setting, p(§) is P-a.s. pathwise contin-

uous and verifies E {supte[O,T] |pt(£)\2} < +00, hence the family (p;(£)) is uniformly

te[0,T]
P-integrable. By Vitali’s theorem, we infer the continuity of [0,7] > t + E [p;()], obtaining

Elp(X)] =E[p(X +)] + K,  Vte[0,T]
If we now take t = T, we have

EX]|=E[pr(X)]=E[pr(X +)]|+ K=E[X 4+ + K =E[X]+c+ K,
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which proves that K = —¢, yielding E [p;(X)] = E [p:(X + ¢)] —c. If we take ¢ = 0, and recall
that FJV is the trivial o-algebra, it results that po(X +c) = po(X) +c. By [38, Theorem 3.1]
and [68, Theorem 5.3], we know that the last condition is equivalent to g being independent

of y. This completes the chain of equivalences. a

The reason why the last corollary cannot be stated in the Brownian-Poissonian setting
is that Corollary 13 is formulated only for the Brownian framework (see also Remark 14).
Consequently, if we were to adopt a general Brownian-Poissonian filtration, Theorem 11 (%)
would imply the validity of equations (4.1) and (4.2) only for ¢1-a.e. t € [0, T). This would not
be sufficient to infer the existence of a single constant K € R satisfying equation (4.3), not
even for ¢1-a.e. t € [0,T). Indeed, the Cantor function provides a simple counterexample: it
is everywhere right-differentiable and almost everywhere differentiable with zero derivative,

yet it is not almost everywhere constant.

4.3 Convexity and star-shapedness

Let us note that not all the standard properties of risk measures are naturally inherited
by the resilience rate. Whereas convexity or star-shapedness are relevant characteristics
when measuring profits and losses, this does not necessarily pertain to evaluating financial
resilience. Indeed, while diversification benefits and liquidity risk are crucial when deter-
mining capital requirements, there is no fundamental financial reason to expect the same
principles to apply when measuring the speed at which the risk evaluation is expected to re-
cover after a stress scenario. Nevertheless, we can still establish some interesting connections
between the convexity or star-shapedness of the dynamic risk measure and the concavity or

anti-star-shapedness of the resilience rate, though under rather restrictive assumptions.

Proposition 23. Let g satisfy any of the conditions (BL), (L), (BQ), or (Q), and the
following assumptions:

1. g does not depend on (z,u), i.e., g: QX [0,T] xR > (w,t,y) — g(w,t,y) € R.

2. g is P® {1-a.e. non-decreasing in vy,

8. g isP®{i-a.e. conver in y.
Then for {1-a.e. t € [0,T), p; is concave, namely, for all terminal conditions* X1, X5 and
all X € 10,1],

Ape(X1) 4 (1= N)pe(X2) < pr(AX1 + (1= N)Xa).

Moreover, if we replace the property 3. above with
3. g isP®{1-a.e. star-shaped in y,
then for f1-a.e. t € [0,T), py is anti-star-shaped, namely, for all terminal conditions* X and
all X € 10, 1],
A(X) + (1= X)pu(0) < p(AX).

Proof. Let us fix terminal conditions X7, X5 and A € [0,1]. By Proposition 16 and Theo-

4The terminal conditions belong to the appropriate spaces specified in Proposition 16.

31



rem 11(i) we have, for {1-a.e. t € [0,T),

Ape(X1) 4+ (1= N)pe(Xa) = —E[Ag(t, pe(X1))] — (1 = NE[g(t, pe(X2))]
—E[Ag(t, pe(X1)) + (1= N)g(t, pe(X2))]
—E[g(t, Ape(X1) + (1 = N)pe(X2))]

—-E [g(t,pt(/\Xl +(1- /\)XQ))]

= p(AX1 + (1 N)Xa).

IN

IN

The first inequality holds by 3. The second inequality is due to 2. and to the convexity of p;
at all times ¢ € [0, 7], which again follows from 3. (see the overview on page 10). The final
equality holds thanks to Theorem 11(3).

The second part of the statement can be proved analogously. O

Note that the previous corollary is useful, for instance, in the case of linear drivers. By
Girsanov’s theorem, a linear BSDE can be transformed into a BSDE whose driver no longer
depends on (z,u), allowing to isolate exposure to, for example, ambiguous interest rates
under the risk-neutral equivalent martingale measure. By Proposition 23, the resilience rate
is then automatically concave. In particular, any derivative priced using the Black-Scholes

model will exhibit a concave resilience rate. See also Section 5 for further details.

4.4 Monotonicity

The comparison theorem is a fundamental tool in the theory of BSDEs. One of its main
applications in the context of risk measures is in establishing their monotonicity property.
We show that a similar result can be derived for the resilience rate, under appropriate

assumptions.

Proposition 24. Let g1, go be drivers satisfying the condition (L) and the following com-

parison condition: For y1,ys € R,

N>y = inf g1(-,y1,2,u) > sup 92(+, Y2, 2, u). (4.4)
(z,u)ER™ x A2 (z,u) ER™ x A2
Further, assume that g1 satisfies the condition (C). Then the corresponding resilience rates

p(g1), p(g2) are monotone — that is, they satisfy a form of comparison principle — in the
following sense: For X1, X € L*(Fr),

X1>2Xo = pi(g1,X1) < pe(g2, X2), li-a.e. t€[0,T).

Proof. Assume the hypotheses and fix X1, X5 € L?(Fr) such that X; > X5. Let us highlight
that the condition (C) on g1 and our comparison condition in equation (4.4) allow us to
apply the comparison theorem for BSDEs with jumps (see [61, Theorem 2.5]) and infer
that, for any ¢t € [0,7T], pt(g1,X1) > pi(g2, X2), P-a.s. Then, using Theorem 11(7) and
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equation (4.4) we obtain:

pe(g1, X1) = —E [g1(t, pe(91. X1), Ze(91, X1), Ue(g1, X1)) |
S -E [gQ(tvpt(QQvXZ); Zt(QQ,XQ), Ut(QQ,XQ))]
= pi(g2, X2),  li-ae. t €0,T].

a

The comparison condition introduced in equation (4.4) is stronger than the pointwise
order relation in y for the functions g;, g2, as can be seen by taking y; = yo. Also, it is
strictly stronger, as the simple counterexample g;(w, t,y,z,u) = —i +y, for ¢ = 1,2, shows.
Moreover, in the simpler case where g; = g2 =: g, the condition reduces to g being P®{;-a.e.
non-decreasing in y and independent of (z,u).

Let us remark that, in the Brownian setting, the assumption on g; satisfying the con-
dition (C) can be omitted, as the Brownian version of the comparison theorem in [67,
Theorem 4.4.1] can be applied in place of its Brownian-Poissonian counterpart in [61, The-

orem 2.5], and the same result still holds. See also Remark 4.

4.5 Continuity

Another important property for risk measures is continuity from above/below, which is
intimately related to the concepts of lower semi-continuity and the Lebesgue property of
the risk functional (see, e.g., [10] for an exhaustive overview of these topics). The financial
meaning of continuity from above/below is intuitive: it ensures that the limit of a sequence
of acceptable (or unacceptable) positions remains acceptable (or unacceptable). We aim to
extend this concept to resilience rates: given a sequence of resilient parameters, their limit
should also be resilient (see also Section 4.6 for further discussion). In the following, we
provide sufficient conditions under which this intuition holds.

We start with a general lemma for BSDEs with jumps; Step 1 in its proof extends
Theorem 4.2.3 in [67].

Lemma 25. Let us consider a sequence of drivers (¢™)nen such that g(-,0,0,0) € L2., for
all n € N, and satisfying the following uniform Lipschitz condition:
1. There exists K > 0 such that, for alln € N, y1,y2 € R, 21,20 € R™, uq,ug € A%:

19" (- oy, z1u1) — g7 (-, Y2, 22,u2)| < K (Jyn — w2l + 21 — 22] + [lur — uz||a2).

Further, assume that g : Q x [0,T] x R x R™ x A? — R satisfies the following conditions:
2. For all (y,z,u) € RxR™ x A2, g"(-,y,2,u) — g(-,y,2,u) P®{-a.e.
3. g"(-,0,0,0) —> g(+,0,0,0) in L2( x [0,T]).
Let (X™)nen be a convergent sequence in L?(Fr), and let X € L*(Fr) be its limit. If we
denote the solutions to the BSDE (2.1) with parameters (g, T, X) and (g™, T, X™), forn € N,
by (Y, Z,U) and (Y™, Z™,U™), respectively, then it results that

g (-, Y™, Z"U™) — g(-, Y, Z,U) in L*(Q x [0,T7).
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Proof. We denote for brevity E := (Y, Z,U), 2" := (Y™, Z",U"™), and AY™ := U™ — U, for
ne€Nand ¥ € {¢,X,Y,Z,U}.

Step 1. We start by showing the validity of the following estimate. There exists C' > 0
such that, for all n € N,

T
E l sup |AY)? —|—/ |AZM? + ||AU |32 dt| < CE
0

te[0,T)

T
|AX"\2+/ |Ag”(t75t)|2dt] .
0
(4.5)
Let us fix n € N. By subtracting, member by member, the BSDE with parameters

(9,T, X) and solution (Y, Z,U) from the BSDE with parameters (¢", T, X™) and solution
E", we obtain, for all ¢ € [0,T], P-a.s.,

T T
AY" = AX™ +/ 9"(s,27) — g(s,Es) ds — / AZ" - AW, — AU (x) AN (s, )
t t (t,T]xR2

T
=AX"+ / Ag"(s,Es) + asAY + B - AZT + <'ys, AU;L>A2 ds
t

T
- / AZD - AW, — AU (z) AN (s, 2),
t (¢, T)xRd

where we introduced («, 8,7) : 2 x [0,7] — R x R™ x A? such that

gn('van) - gn('vy’ zZ", Un)

Q= NG ]lR* (AY ),
gn( 7Y7 Zn’ Un) _ gn( ! aY7Z7 Un)
8= AZ" g (AZ™),
IAvAl & ’
gn(vy,Z7Un)_gn(3E)
o= AU™ o g0y (AT™).
[AU2, a2\ {03 ( )

Let us observe that ||, | 8], [|[7]|az < K, P ® £;-a.e., by means of assumption 1. Therefore,
if we introduce §: Q x [0,7] x R x R™ x A2 — R such that

Q(w, ta Y, z, U) = Agn (wa ta Et(w)) + at(w)y + 5t(w) cz+ <'7t(w)7 U>A2a

then g is a driver satisfying the condition (L). Consequently, (AY™ AZ™ AU™) is the unique
solution to the BSDE (2.1) with parameters (g,7, AX™). By [64, Proposition 2.1], there
exists C' > 0 such that

T
E[sup AP + / IAZPJ + |AUP |32 df| < CE
0

t€[0,T)

T
|AX”\2+/ |§(t,0,0,0)|2dt] .
0
(4.6)

Estimate (4.5) follows from the linearity of the expectation and the definition of §.
Step 2. Let us now prove the statement of the lemma. Fix n € N. By the Young
inequality and the linearity of both expectation and integral, we have:

£ [/OT " (&, E0) —g(t»Etﬂth] <2E [/OT 9" (8, =7) —g”(tvEt)I2dt} +2F [/OT |Ag™(t,E)* dt| .
(47)
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The first expectation in the right-hand member can be estimated as follows:

T
E [/ 9" (t.ZF) —g"(t,Et)|2dt] < 3K’E
0

T
/'MWPHAWP+MWWM]
0

< CrE

T
wpme+/|mmF+Mwwa]
0

t€(0,T]
T
/ |Ag™(t,Z,) | dt] ,
0

where we first used the uniform Lipschitz property in assumption 1. together with the well-

< CTE[|AX"*] + C7E

known inequality (x +y+ 2)? < 3(2? +y? + 22) for x,y, z € R. For the second inequality, we
estimated the first integrand with its supremum in time, integrated it, and introduced the
constant Cr := 3K?(T V 1) > 0. For the last inequality, we resorted to the equation (4.6)
from the previous step of the proof, and renamed C%. := CCfr.

Let us now insert this estimate back into equation (4.7). We find a new positive constant
C7 = 2C% + 2 such that

T
E [/ 9" (t, =) — g(t,Z0)|" dt| < CYE[|AX"|?] + CYE
0

T
/O|Ag”(t,Et)|2dt]. (4.8)

The first term in the last member is infinitesimal as n — 0, by the assumptions of the lemma.
Concerning the second term, we aim to apply Lebesgue’s dominated convergence theorem in
L? (Q x [0, T]) to the sequence of processes (Ag”( . E))neN. First, we have Ag™(-,Z) — 0,
P ® {£1-a.e., by assumption 2.. Moreover, it is straightforward to verify that the convergence
in assumption 2. allows us to extend the uniform Lipschitzianity in assumption 1. to the
family (Ag™)nen. More precisely, there exists a constant K > 0, possibly different from the
one in assumption 1., such that, for all n € N, 41,92 € R, 21, 29 € R™, uq,ug € A?,

!Agn( Y1, 21,U1) — Ag"('ay%z%uz)’ < K(|y1 = Yol + |21 — 22| + [lus — U2||A2>-

Thanks to this property, and to the hypothesis 2. for (y, z,u) = (0,0,0) =: 0 € R x R™ x A2,

we have, for sufficiently large n € N,
[Ag" (. B)| < [|Ag" (. B) = Ag"(+, 0)| + [Ag"(-.0)| S K (Y| + 2] + [U[la= + 1).

The stochastic process in the last member belongs to L? (Q X [O,T]), because (Y, Z,U) €
82 x HZ(R™) x HZ(A?%). Therefore, Lebesgue’s dominated convergence theorem yields
Ag"(-,E) — 0in L*(Q x [0,T]) as n — oo. The thesis follows from computing the limit

as n — oo to both members of equation (4.8), thanks to the squeeze theorem. a

Proposition 26. Assume the hypotheses of Lemma 25, and the Notation (N). We have:
p(g" X™) — plg, X) in L*(0,T).

Proof. Let (p, Z,U), (p", Z™,U"™), for n € N, denote the solutions to the BSDEs (2.1) with
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parameters (g, T, X), (g™, T, X™), respectively. For all n € N,
T ) T )
/ |/-)t(gn7Xn)_ﬁt(gaX)| dt:/ |E[gn(t7p?’Ztn’Utn)_g(t?pt’ZtvUt)} | dt
0 0

T
< E [/ |gn(t7p?a Ztn7 Utn> - g(taptvztv Ut)|2 dt| .
0

The first equality follows from Theorem 11(7) and the linearity of expectations. The inequal-
ity follows from Jensen’s inequality and Fubini’s theorem. The last member is infinitesimal,

as n — 00, by Lemma 25. a

4.6 Resilience-acceptance families

In the context of static and dynamic risk measures, considerable attention has been devoted
to the concept of risk-acceptance sets (e.g., [30, 24]). We can formulate a similar notion for

measuring financial resilience, by means of the resilience-acceptance set.

Definition 27. Let p be a dynamic risk measure on LP(Fr), for some p € [1,400]. For
a €Randt € [0,T), we define the resilience-acceptance set for the dynamic risk measure

p, at level a and time t, as
tr(p) = {X € LP(Fr) : pn(X) < a}.

We say that the resilience-acceptance family (R?T(p)) is cash-insensitive and positively

a€R
homogeneous, if, for all a € R and X € LP(Fr), we have, respectively,
X eRir(p) <= X+heRi(p), Vh e LP(F),
X e Rip(p) <<= aX eRF(p), Ya>0.

The dependence of the resilience-acceptance set on the time horizon 7" and on the dy-
namic risk measure p will be suppressed when clear from the context. Let us remark that,
as the definition has been stated in full generality for dynamic risk measures, the resilience-
acceptance set R¢ could be empty for some ¢t € [0,7) and a € R.

We have the following characterization for resilience-acceptance sets.

Proposition 28. (i) If p is a dynamic risk measure on LP(Fr) for some p € [1,400],
and if p(X) exists for some t € [0,T) and X € LP(Fr), then

p(X)=min{a €R : X € R{(p)}.

(i) Let g be a driver satisfying either the condition (L) or the condition (@), and let p = 2
or p = oo, respectively. For any a € R and {1-a.e. t € [0,T), we have that

Ri(p(g)) = {X € LP(Fr) : —E[g(t, pi(9, X), Z(9, X), U(9, X))] < a}.
Proof. The first statement can be proved by recalling Definition 27 and by noticing that

minfa € R : X € R¢} = min{a € R : 5(X) < a} = p(X). The second statement
immediately follows from Definition 27, Theorem 11 (i) and Proposition 16. O
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We show in the next proposition that resilience-acceptance families can be used to char-
acterize the (p, p)-time consistency introduced in Section 4.1, under the assumption of cash-

additivity for the underlying risk measure.

Proposition 29. Let p be a dynamic risk measure on LP(Fr) for some p € [1,400]. If p
is cash-additive, then the (p, p)-time consistency of Section 4.1 is satisfied if and only if, for
0<t<s<T, we have that

o CRE+ AV, Va€eR,

where R, := {X € LP(F,) : po(X) < a} and A% := {X € LP(Fr) : ps(X) < 0}.

Proof. First, we prove that the (p, p)-time consistency implies the desired inclusion. Fix
X € R¢p, and write X = ps(X) + X — ps(X). In the last expression, ps(X) € R,
because ps(X) € LP(F;) and p¢(ps(X)) = pe(X) < a by (p,p)-time consistency, while
X — ps(X) € AV because ps (X — ps(X)) = ps(X) — ps(X) = 0 by cash-additivity of p.
Let us now prove the converse implication. First, recall from Proposition 21 (i) that the
cash-additivity for p implies the cash-insensitivity for p, (&), for any choice of r € [0,T) and
& € LP(Fr) for which p,(§) exists. Let us fix X € LP(Fr) such that p,(X) exists, and let
a:= pt(X) €R. Then X € R, while X := X — p;(X) € R% because p:(X) = p:(X) < a
by cash-insensitivity of p, and Z := X — ps(X) € A% by cash-additivity of p. Since
@ C RY + A% by assumption, we have that X — Z € RY,, hence p;(X — Z) < a, namely:

az= Pt(X -2Z)= f’t(X —pe(X) = (X — Ps(X))) = f.)t(ps(X))'

Let us now define Yy := ps(X) + (p’t (ps(X)) — p't(X)>. Then Y3 € RY, because p4(Yy) =
pt(ps(X)) by cash-insensitivity, and p¢ (ps(X)) < a as proved above. Since Rf, C RE, + A%,
by hypothesis, we have that X — Y4 € AST, which means:

02> ps(X —Yi) = ps(X) — ps(X) F pe(ps(X)) £ pe(X).

The upper sign yields p (ps(X)) > p¢(X), while the lower sign gives p¢(X) > p(ps(X)). O

Remark 30. The properties for the resilience rate that we discussed in Section 4.2 can be

trivially translated into properties for resilience-acceptance sets. In more detail, if we assume

the setting of Definition 27 and let ¢t € [0,T), then we have the following statements.

e p:(X) exists and is cash-insensitive for all X € LP(Fr), if and only if the resilience-
acceptance family (R?)a R is cash-insensitive.

o p:(X) exists and is positively homogeneous for all X € LP(Fr), if and only if the resilience-

acceptance family (Rf)a iz Is positively homogeneous.
Proposition 31. In the same setting of Definition 27, we have the following properties:

(i) If p is cash-additive, then, for all t € [0,T), the resilience-acceptance family (Rt“)

s cash-insensitive.

a€R

(i) If p is positively homogeneous, then for all t € [0,T), the resilience-acceptance family

(R?)aeﬁ is positively homogeneous.
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Proof. Let us suppose that p is cash-additive and fix ¢, X and a. If X € R¢, then py(X)
exists by definition of resilience-acceptance set, and, by Proposition 21(i), we know that
pe(X + h) exists for all h € LP(F;) and that it equals p¢(X). Hence, p¢:(X + h) < a if and
only if p¢(X) < a. This proves (i). Part (i) is then proved analogously. O

The next result easily follows from Remark 30 and Corollary 22, and is a converse of
Proposition 31.

Corollary 32. In the setting of Corollary 22, each of the statements in Corollary 22(i)
(resp. Corollary 22(ii)) is equivalent to the resilience-acceptance family (R?)aeﬁ being cash-

insensitive (resp. positively homogeneous) for all t € [0,T).

5 Examples

In this section, we provide several illustrative examples. The examples reveal that our mea-
sure of financial resilience captures both objective statistical characteristics of the underlying
stochastic financial process and subjective risk preferences. We divide this section into two
parts. First, we present a few examples in the context of a Brownian filtration. Then, we

develop examples in the setting with jumps.

5.1 Brownian filtration

Ezample 33 (Value of a self-financing portfolio). Let us consider a financial market with a
free-risk asset with null interest rate, and a risky asset .S evolving according to the linear SDE
dS; = —p Sy dt + 045 AWy, with Sy > 0, where p and o are P-a.s. continuous .’FW—adapted
stochastic processes such that o, > 0 for any ¢ > 0. Let X represent an FJ¥ -measurable
payoff function, and let 7; denote the optimal fraction of a financial portfolio invested in
the risky asset S at time ¢. Then, it is well-known (see [26, Section 1.2], among others)
that the self-financing portfolio V' (X) replicating X follows the Brownian BSDE with linear
driver g : Q@ x [0,T] X R 3 (w,t,2) = —pus(w)z/ot(w), terminal condition X, and solution
(V(X), Z), where Z := woS. In particular, the replicating portfolio V' can be interpreted as
a dynamic risk measure; see Remark 3.

We define the F"-adapted process

t s 1 t s 2
E=exp | — M—dws—f Bs ds |, Vit >0,
2
0o Os 0 Og

and introduce the probability measure Q on (£, F) whose density with respect to P is
Er. Then P and Q are equivalent probability measures. Denote by E? the expectation with
respect to Q. With this notation, the standard theory for linear BSDEs, see [67, Section 4.1],
gives a well-known formula for the replicating portfolio: V;(X) =EQ[X|F], t € [0,T].

In addition, if X, /0 € DY2, then there exists a version of the second component of
the solution, Z, that can be evaluated through Malliavin calculus (see [21, Section 4.3]),
obtaining, for ¢1-a.e. t € [0,T],

T
Zy = DV,(X) = EC lDtX - X/ D s awe
t Os

]—'t] , P-a.s., (5.1)
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where W;Q = fg g— ds+Wy, t > 0, is a Q-Brownian motion, according to Girsanov’s theorem.

In this setting,. a relevant problem for an economic agent is to determine if the capital
needed to self-finance the claim X can be expected to decrease or increase. In other words,
the agent seeks to determine V}(X ), i.e., the expected rate at which the capital required
to replicate the claim X is increasing or decreasing at time ¢ € [0,7]. By Theorem 11 (i),
and recalling that EQ[Y|F;] = & 'E[ErY|F] for all t € [0,T] and Y € L'(F), we have, for
almost any ¢ € [0,7),

T
Vi(X)=—-E[g(t, Z,)] =E [’“Zt} =E© l’“‘te‘tl (DtX—X/ Dl dwg@ﬂ .
o) Ot t Os

If X = ¢(Sr) for some Lipschitz function ¢ : R — R, then the hypotheses of Corollary 13(i:)

are satisfied thanks to Proposition 39, hence for 7 € 77, we have that the resilience rate of

V(X)) is given by
V,(X)=E® r<T

T
Hr g (DTX - X/ Dt dWS)
T Os

T

We henceforth assume that both p and o are deterministic and constant, as in the
usual setting of the Black and Scholes model (see, e.g., [35]). We provide an explicit
expression for the resilience rate of the portfolio that replicates the payoff function of a
European put option, X = (K —S7)" = ¢(Sr), where ¢(x) := (K — z)* is Lipschitz
continuous. In Appendix C.1, a different payoff is also considered. The optimal strat-

egy at time ¢ € [0,T) to replicate the put option is then m, = —N'( — d.(t,S;)), where

N(z) == 2m)~ 2 [*_ e */2dz, z € R, is the cumulative distribution function of a stan-
dard normal distribution, and d4 (¢, z) := U\/% {ln %+ ";(T - t)} for > 0. Therefore,
recalling that Z = oS, we obtain, for any 7 € Tr and almost any ¢ € [0,7T),
Vn(X) = —LE (2] = —hE[S,N(—di(.80)| 7 < T, (5.2)
Vi(X) = ~EE (2] = ~hE [SN (- d(,5))] (5.3)

which can easily be numerically computed for practical purposes.

In Figure 1, we display several trajectories of the price V(X) of a put option with
maturity one year. Some trajectories decline rapidly over time, while others increase due to
a rise in the underlying asset’s price. From the perspective of the option writer, a higher
price for the put represents an increased risk of loss, and thus the writer hopes for a recovery

towards lower option values. For a parameter ¢ > V5 (X), we define the stopping time
T:=TAinf{t € [0,T] | Va(X) > ¢} € Tr. (5.4)

We then numerically compute the quantity VT(X ), which represents the expected recovery
rate of the put option price when its value breaches the acceptability region and goes beyond
the barrier. This is illustrated in the graph by the slope of the colored dashed lines at the
points where the trajectories first hit the barrier, set to be ¢ = 80. In the same graph, we

also depict the mean put option price trajectory, as a black dotted line, and the evolution
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Figure 1: For a time interval of one year (1.0y), we simulate 108 random trajectories of the asset price S,
which follows the Black and Scholes model with initial value So = 1.0k €, deterministic drift u = 0.10y~1,
deterministic volatility o = 0.10 y_1/27 and zero risk-free interest rate. The time step is set to d¢t = y/252.
Based on these simulations, we use the Black and Scholes formula to calculate the value of the replicating
portfolio V(X) for a put option with payoff X = (K —S7)*, maturity 7= 1.0 y and strike price K = 1.0k €.
The colored solid lines in the graph are a selection of put option price trajectories. The black dotted line
depicts the expected time evolution of the put option price, namely [0,7] 5 t — E[V;(X)], numerically
computed by averaging over the 106 trajectories of V(X). The red dashed line is the time evolution of
the resilience rate, i.e., (0,7) > ¢t — Vt(X), see equation (5.3). Here, the expectation was computed via
numerical integration with respect to the probability distribution of S;. Moreover, using equation (5.2),
we computed the resilience rate V. (X) ~ —78 €y~1 at the stopping time 7 defined in equation (5.4), with
¢ = 80€, where the expectation was numerically estimated by averaging over the 108 trajectories. In the
graph, the put option price trajectories that breached the 80€ barrier were truncated. At each truncation
point, the resilience rate VT(X) is represented as the slope of an incident line.

of the deterministic time resilience rate (0,7) 3 ¢ — V;(X), as a red dashed line. This
allows us to interpret V}(X ) as the slope of the mean put trajectory at time ¢. As a matter
of fact, in the relatively simple setting of this example, the function (0,7) 3 t — E[V4(X)]
is differentiable, and therefore, its derivative at ¢ must be Vt(X ), see Remark 7. We shall
prove this statement in Appendix C.2.

Ezample 34 (Zero-coupon bond price). Consider an instantaneous (short) interest rate
driven by the SDE dr; = a(b — 1) dt + o dW4, i.e., a standard Vasicek model with speed
of mean reversion a > 0, long-term mean level b > 0, instantaneous volatility ¢ > 0, and
starting value rg > —1, see e.g., [35, Section 31.2| or [5]. In particular, r; is normally
distributed at each ¢ € [0,7], with mean p; := E[ry] = roe= 4+ b(1 — e~ ') and variance
37 :=E[(re — p)?] = 0*(1 — e72*") /2a. If there is a zero-coupon bond available in the mar-

ket, with maturity 7" > 0, then its price P under no-arbitrage assumptions is given by the

T T
Ptzl—/ rsPSds—/ ZsdWy,
t t

linear Brownian BSDE
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Resilience rate for bond price when the risk-free interest rate breaches a high barrier,
under a Vasicek model, ro = 2.0%, a = 1.0, b = 2.0%, 0 = 1.5%

;
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Figure 2: For a time interval of one year (1.0y), we simulate 10® random trajectories for a risk-free interest
rate r that follows a standard Vasicek model with speed of mean reversion a = 1.0y~ !, long-term mean level
b=2.0%y!, initial value ro = 2.0%y~! and instantaneous volatility o = 1.0% y~3/2. The time step is set
to dt = y/252. Based on these simulations, we compute the price P of a zero-coupon bond available in the
market. The colored solid lines in the graph are a selection of bond price trajectories. The black dotted line
depicts the expected time evolution of the bond price, namely [0, 7] 3 ¢ — E[P:], numerically computed by
averaging over the 10% trajectories of P. The red dashed line is the time evolution of the resilience rate, i.e.,
(0,T) 3t — P, see equation (5.6). Using equation (5.5), we computed the resilience rate Py ~ 0.050€y~!
at the stopping time 7 := T A inf{t € [0,T] ry > 5.0%y "'}, where the expectation was numerically
estimated by averaging over the 106 trajectories. In the graph, the bond price trajectories for which the
underlying risk-free interest rate breached the 5.0%y~! barrier, were truncated at the breaching time. At
each truncation point, the resilience rate Pris represented as the slope of an incident line.

with explicit solution P, = E [exp ( — ftT Ts ds) ‘ .7-}} = exp (At — Btm), where

1— —a(T—t) 2
B o

- 1 [aB? +2B; — 2(T — t)] + b[B — (T — 1)].

It is a simple exercise to show that [aB}? + 2By — 2(T —t)] < 0 for t < T, hence A, is
increasing in o.
Theorem 11 (7i), which can be applied thanks to Proposition 39, yields the resilience rate
of the zero-coupon bond price, as follows:
P.=E[r Pt <T|=E[rrexp (4, — Byr,) |t <T), 7¢€Trp. (5.5)

Since, for deterministic times ¢ € [0, T, r; follows a Gaussian distribution with mean p; and

variance ¥.2, after some algebra, we obtain the explicit formula

: > X BY
Pt = (/j,t — Btzt) exp At + 2 — /ltBt . (56)

Both P, and P, are numerically illustrated in Figure 2.

Close to maturity, i.e., in the limit as ¢ — T, the resilience rate tends to the mean
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interest rate pp. Furthermore, if b > 7o, the resilience rate is most typically increasing (in
absolute value) with the speed of mean reversion a, keeping all the other parameters fixed:
the faster the interest rate reverts to its long-term mean, the larger the recovery rate for the
bond price. In Appendix D, we provide a graphical representation to illustrate this property.
Ezample 35 (Ambiguous interest rates). The previous example assumed the existence of a
stochastic, yet non-ambiguous, instantaneous interest rate. In reality, however, a certain
degree of ambiguity regarding the interest rate dynamics can exist, which may influence the
decisions of an ambiguity averse agent. The present example, inspired by [28, Example 7.2],
analyzes the resilience rate of an asset when the interest rate exhibits a certain level of
ambiguity, specifically, when it fluctuates between an upper and a lower bound depending
on the beliefs of the agent.

Assume that (7¢)¢cjo,7) and (Ry)¢c[o, 1) are adapted, bounded, continuous and non-negative
processes, which represent the inferior and superior bounds, respectively, for the ambiguous

discount rate. Let us consider the Brownian BSDE

T T
pr =X —/ (rsp;|r — Rsp;) ds — / Zs dWy,
t ¢

where 2% := 0V (4z), for = € R.
If we assume that r and R are induced by forward SDEs satisfying the assumptions of

Proposition 39, then, by a straightforward application of Theorem 11 (i), we see that
pr(X) = Elrrpf — Rep7|r < T, vt e Tr,

which can be evaluated employing numerical simulation (see [1], where this example has
been extensively examined from a computational point of view). If we consider the case of
a deterministic time ¢ € [0, T], we can find explicit formulas. By uniqueness of the solution
to Lipschitz BSDESs, it is straightforward to verify that

T T T T
pj'zXJr—/ rspfds—/ ZFdws, pt_zXf—/ Rspt_ds—/ Z; dWs.
t t t t
Namely, (pf)te[o’T] are driven by linear BSDEs with explicit solutions. Thus, we have
pe(X) =E[rep — Ripy | =E {TtXJr@_ Jlreds _ R x—e I R ds} '

Ezample 36 (Entropic risk measure, continued from Examples 10, 12, 18). Let us now
consider a Brownian setting for the entropic risk measure, with a one-dimensional Brownian

motion. Then, it is known that e7 follows the quadratic Brownian BSDE
T, T
e] (X) = X—|—/ §|Zs|2ds —/ Zs dWs,
t t

for any F}¥-measurable terminal condition X such that E[exp(pX)] < +oc for any p > .
In particular, if X € D%2, then the solution to this BSDE is explicitly given by

E [eX/ 7D X| FV]
E[eX/7|FV]

e (X) = %ln]E (X RV, Zi =
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see [41, Example 5.1], with D; the Malliavin derivative operator at time ¢. Let us now
consider, for computational purposes, as terminal condition h(Xr), where h € C}(R) and
X7 is the terminal point of the SDE

¢ ¢
X = x—i—/ w(s) ds+/ o(s)dWs,
0 0

for some deterministic z € R and integrable deterministic functions w,o : [0,7] — R.
We are then studying a (non-coupled) system of FBSDEs that satisfies the assumptions
(B1),...,(B4) from Appendix B. Then D;h(Xr) = o(t)h'(Xr), hence, by Proposition 39,

we have

E [ty (xp)| 7V |
E [eh(XT)/w|]-‘TVV]

o(t T<T|,

(X)) = ~E[J1Z:2|r < T] = —E

for any stopping time 7 € Tr. Recalling the interpretation of =y as the risk aversion coefficient,
it is clear from the previous expression that the greater an agent’s aversion to risk, the more

negative the resilience rate of e}, hence the more resilient the financial position.

5.2 Brownian-Poissonian filtration

Ezample 37 (Conditional expectation, g = 0). The simplest case of a BSDE is induced by
the martingale representation theorem (see [47, Example 2.3], among others). Let us assume
X € L?(Fr) and consider the BSDE

T
pt(X):Xf/ ZsdWy — Us(z) dN (s, x),
t (t,T]xR2
the unique solution of which has first component given by p;(X) = E[X| F]. In this case,
the driver is identically zero and Theorem 11 (%) yields p-(X) = 0 = p,(X) for any choice
of 7 € Tp. Thus, the conditional expectation is resilience neutral, i.e., once a certain level

of risk has been reached, there is no expected trend to bounce back and recover.

Ezample 38 (Pricing in an incomplete market). As in Example 33, let us consider a financial
market with a free-risk asset with null interest rate, and a risky asset S. We now suppose

that the risky asset evolves according to a linear SDE with jumps:

t t
S; = So + / 1sSsds + / 055, dW, + / vs(x)Ss AN (s, x),
0 0 [0,t] xR,

where Sy > 0 is deterministic, while p, 0 : 2 x [0,7] — R and v : Q x [0,7] — A? are P-a.s.
continuous F-adapted stochastic processes. We suppose that p is P-a.s. bounded and that
o is P-a.s. positive and bounded away from 0. Further assume that the jump measure v is
finite, so that N; := N([O7 t] x R*), for t > 0, is a standard Poisson process with rate v(RR,).

In general, this market will not be complete; see, for instance, [52, Theorems 2.12, 2.14].
However, for a claim X, i.e., an Fp-measurable random variable, we may still define an
arbitrage-free price P;(X) at time ¢ € [0,7] by P;(X) = EQ[X|F;], where E? denotes the
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expectation with respect to an equivalent martingale measure Q. Suppose that

t . 1 t . 2
& = exp (—/ s dW, — 7/ (M) ds
0 Og 2 0 Os

exists for ¢t € [0,7] and satisfies E[E7] = 1. If we define the probability measure Q on
(2, Fr) in such a way that its density with respect to P is &, then P and Q are equivalent
probability measures. By the version of Girsanov’s theorem in [52, Theorems 1.31, 1.33], and
since /o is P-a.s. bounded, we know that Q is an equivalent martingale measure. Moreover,
if we let W2 := /o, + Wy, for t € [0,T], then W is a Q-Wiener process, while N remains
a compensated Poisson random measure of N with respect to Q, in the sense that, for all
t € [0,T] and all B € B(R,), the process N ([0, ] x B) is a Q-martingale. It is simple to show
(see [52, Theorem 4.8]) that there exists (Z,U) € H%(R) x H2(A?) such that (P(X),Z,U)
is the solution of the linear BSDE

T
=X — / 2z, dsf/ ZsdW, — Us(x)dN (s, )
t (t,T1 xRy
=X —/ Z,dw@ —/ Us(z) AN (s, ),
€ (¢, T] xR
hence P(X) can be seen as a dynamic risk measure on L (Fr), see Remark 3.

We now resort to the Clark-Ocone formula in [21, Theorem 12.22] applied to X, to
obtain, for s € [0, T,

T
Z, = E® DSX—X/ DM aw
S Or

_7:51 , Q-a.s.,

where D,, s > 0, is the Malliavin derivative with respect to W@. We recall that the following
property holds for any Y € L'(F) and t € [0,T): EQ[Y|F;] = & 'E[Y Er|F;]. Therefore, for
almost any ¢ € [0,T), we have by Theorem 11(3):

&m(DtX X/ D“sdw@ﬂ
gt Ot

The formula significantly simplifies if u and o are supposed to be deterministic. Were this

Py(X)=-E [—‘“Zt} —E

Ot

the case, we would obtain

P(X)=E FT/”DtX} . hae t€[0,T).

& oy

Let us give an explicit computation for a FEuropean plain vanilla call option, where
= (St — K)T for some K > 0, and with the additional assumption of u,o,v being

constants, with v > —1. By the chain rule for the Malliavin derivative, we know that
DtX = Dt(ST - K)Jr = O'STﬂ[K,-',-oo)(ST)-

Moreover, by direct inspection: £7& ' = exp (—%(WT -Wy) -3 (ﬁ)2 (T - t)) Therefore,
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for a.e. t € [0,7),

Pi(X) = pexp (—; (4 - t)) E {exp (— X WQ)STﬂ[K,m)(ST)} .7

We recall that )
St = Spexp <<M — 202>T+0WT> 1+,

and that Ny ~ Np_y + Ny, Wp ~ Wp_y + Wy, and Wy — Wy ~ Wr_y, where Wp_;, Wy,
N;, Nr_; are independent random variables. Thus, the expectation in equation (5.7) can
be analytically computed in terms of the distributions of the Wiener and standard Poisson
processes. The result will be expressed in terms of numerical series and Gaussian integrals,

which can be numerically simulated for practical purposes.

6 Financial Interpretation and Implications

Before concluding, we aim to provide some further insights into the financial interpretation
and implications of the resilience rate, both from a theoretical perspective and in view of its

applications for financial regulatory purposes.

6.1 Establishing resilience neutrality
Suppose that g, X satisfy any of the assumptions in Proposition 16. Then, thanks to Propo-
sition 28(ii), we have, for ¢1-a.e. t € [0,T"), that

,(')t(g,X) = min {Cl € E : _E[g(t7pt(g7X)7Zt(g7X)7Ut(gvx)) +a] S O}a

where we invoked Notation (N). This expression provides a very natural and appealing
interpretation of the resilience rate. Indeed, it shows that p;(g, X) is the smallest amount
a € R that, when added to the BSDE driver, ensures that the resulting bouncing drift is
negative. In other words, it suggests that we can properly modify the driver so as to establish
a resilience-neutral attitude for the claim X.

Let us clarify the last statement. If we introduce §: 2 x [0,7) x R x R™ x A2 — R such
that

T
gw,t,y,z,u) =g (w,t,y—/ le(gvX)dSvZau> + pe(9, X), (6.1)
t

then it is easy to see that the solution to the BSDE with parameters (g, T, X) is given by

(0(3. X), 2(3.X), U(3. X)) = (p<g,X>+ [ st0. 305, 200.%), U<g,X>), (6.2)

the equality holding in 82 x H2.(R™) x HZ(A?). Therefore, the resilience rate of the risk
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measure p(g, X) at £1-a.e. time ¢t € [0, T) will equal
/.)t(gvX) = _E[g(tapt(gvX)aZt(gaX)aUt(gaX))]
T
=-E [g<t7pt(§aX) 7/15 pe(g7X) ds, Zf(gaX)an(gaX)> +ﬁt(gaX)]
=-E [g(tvpt(gvX)aZt(gaX)aUt(gaX))] - /.)t(gvX) = Oa

where we first used Theorem 11(7), then equation (6.1), followed by equation (6.2), and
Theorem 11 (%) again for the last equality.

In particular, if ¢ is independent of y — hence, the induced dynamic risk measure is
cash-additive — then ¢ simplifies to § = ¢g + p(g, X). In this case, we can interpret the
resilience rate as the precise amount to be added to the driver g to ensure that the claim
X exhibits resilience-neutral behavior, i.e., the BSDE with parameters (g + (g, X), T, X )
has null resilience rate. Whereas cash-additive risk measures yield a level of capital that,
when added to a financial position (and invested in a risk-less asset), makes a position risk-
acceptable, cash-insensitive measures of resilience (see Proposition 21 (%)) yield an additional
drift that, when added to the bouncing drift, make the position resilience-acceptable.’

In Examples 33 and 38, the driver g is independent of the y-component, hence the
resilience rates in equations (5.3) and (5.7) can be interpreted as the minimal additional drifts
required to ensure a non-positive resilience rate, and consequently, an expected recovery
towards the risk-acceptance region. On the other hand, Example 34 does not allow for the
interpretation in terms of minimal additional drift, owing to the explicit dependence of the
driver on the y-component. Nevertheless, the resilience rate P computed in equation (5.6)
can be used to define the modified driver g(w,t,y) = —ri(w) (y - ftT P, ds) + P, as in

equation (6.1). Then, the risk evaluation p:(§) = P; + ftT P, ds of the claim induced by the
modified driver g, see equation (6.2), will exhibit resilience-neutral behavior, i.e., p(§) = 0.5

We provide further insights into the applications of this point in the next subsection.

6.2 The resilience risk adjustment (RRA)

Let us consider a risk measure p induced by a Brownian BSDE. When evaluating a contingent
claim X, it is of interest to analyze the expected evolution over time of its risk measure under
the real-world probability measure P — that is, the probability measure under which the risk
measure evolves physically. BSDE-induced risk measures are, by construction, designed to
reflect the (genuine) preferences of an agent, and naturally translate global risk preferences
encoded in (g,7T,X) into local risk preferences through the infinitesimal generator g ([4,

28]). From our theoretical results (see Remark 7 and Corollary 13), we know that — under

5This interpretation is somewhat reminiscent of the so-called net profit condition in the actuarial literature
on Cramér-Lundberg risk processes, ruin theory and large deviations theory. In particular, our bouncing
drift resembles to some extent the net profit condition. However, in our setting, not the risk process itself
but the risk measurement process is subject to scrutiny; furthermore, the net profit condition ensures that
ruin will not occur with probability one, whereas a resilience-acceptable position is expected to recover at a
sufficiently high rate.

6Similar comments apply to Examples 35 (y-dependent g), 36 (y-independent g) and 37 (y-independent
9)-
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suitable assumptions — the following expansion holds, as t — sT:

Bl (X)] = Elps(X)] + 34(X) - (t ) + O((t — )?)
=E[ps(X)] - E [Q(S,Ps(X)a ZS)} (t—s)+ O((t - 3)2)a s €[0,T).

By neglecting the O-term, the right-hand side provides an approximation of E[p;(X)] for
t sufficiently close to s. When evaluated at s = 0, this expansion becomes particularly

explicit: as t — 07T,
E[p:(X)] = E[po(X)] + po(X) - t + O(t?) = po(X) — 9(0, po(X), Zo) - t + O(t?).

The expressions above highlight that the driver g captures the agent’s local preferences over
future realizations of the risk of X. More specifically, the term ps(X) clarifies the role of g as
an infinitesimal generator. As noted in [4], g may be interpreted as the infinitesimal expected
value of a market participant. The associated resilience rate quantifies the sensitivity of the
risk functional to short-term time fluctuations under P. The expansion can also be used to
obtain a linear, first-order approximation of the expected recovery time.

Importantly, as already discussed in Section 6.1, g can be modified to induce a desired
expected behavior — e.g., by adjusting the drift — thus offering a tool to control the time
profile of risk. Such modifications are useful when modeling internal policies or regulatory
constraints that impose upper bounds on the resilience rate, limiting exposure to risk fluctu-
ations over time. From a modeling perspective, these constraints can be enforced by suitably
altering the driver g. From a financial perspective, such adjustments reflect changes in asset
pricing or risk to ensure compliance with regulatory restrictions. Suppose a firm must hedge
a claim under resilience constraints. It may then modify its portfolio (cf. [47, Section 4])
so that the associated bouncing drift — i.e., the resilience rate — is below a regulatory
threshold. This leads to a state of resilience neutrality. Naturally, such portfolio modifica-
tions incur an additional cost, which must be accounted for in the total risk margin. We
refer to this cost as the Resilience Risk Adjustment (RRA). The full resilience-adjusted risk
measure is given by p;(g, X), where § is the modified driver ensuring resilience neutrality
(cf. equation (6.2)). More generally, we define the RRA for the claim X at time ¢ € [0,7] as

T
RRA:(X) :z/ csps(X)ds,
t

where ¢s > 0 is a rescaling factor, possibly different from unity, such that ¢ € L*(0,T).

Then, the resilience-adjusted risk measure can be expressed as
pi(X) = p(X) + RRAL(X), tel0,T].

Proceeding as in equation (6.1), it can be shown that p°(X) is induced by the Brownian
BSDE with parameters (¢¢, T, X ), where

T
gc(wvtayVZ) =g <W,t7y _/ Cslbs(X) dS,Z) +Ctp.t(X)'
t
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In particular, ¢; may be externally imposed by a regulator to mitigate adverse short-term

risk fluctuations. The expected resilience-adjusted risk measure satisfies
E[pf (X)] = E[p{(X)] + (1 — ¢5)ps(X)(t = 5) + O((t = 5)%), ast—sT, s€[0,T).

When ¢; = 0, no adjustment is made; if ps(X) > 0 and ¢; = 1, a full correction is per-
formed, resulting in a resilience-neutral risk measure — i.e., g(g¢, X) = p:(g, X) = 0, for
all t € [0,7]. By letting ¢5 = 0 whenever p4(X) < 0, and ¢, € (0, 1] otherwise, one can
allow for an RRA correction to the risk only when the resilience rate is positive, thereby
accepting a negative resilience rate as a conservative and acceptable outcome. This shows
that the threshold ¢, can be tuned to protect the risk measure p against adverse short-term

fluctuations under the real-world measure P.

7 Conclusion

We have introduced the resilience rate as a measure of financial resilience. It evaluates
the expected rate at which a dynamic risk measure recovers from a certain stress scenario.
We have established that, under appropriate and natural conditions, the resilience rate
takes the form of a suitable expectation of the generator of a BSDE, which we refer as
the bouncing drift. We have analyzed the properties of the resilience rate and introduced
resilience-acceptance sets. Furthermore, we have illustrated our results in several examples
and highlighted their financial interpretation and implications.

A very extensive literature across different domains analyzes the optimal portfolio choice
problem, which seeks to trade off financial return and risk. A natural question that arises
now is how to construct portfolios that optimally trade off the triple of return, risk and
resilience. We intend to analyze this question in future work.

Furthermore, our examples have illustrated that our measure of financial resilience is
amenable to numerical evaluation. Future research may provide a more comprehensive
analysis of associated numerical methods, and suitable approaches for its statistical estima-
tion.

We hope that our proposed measure of financial resilience aids in accomplishing a shift
from measuring financial risk — and the design of (robust) risk management policies and
regulatory measures such as adequate levels of risk capital —, to (also) measuring financial
resilience — and the design of resilience management policies and contingent measures for
corrective actions such as suitable portfolio adjustments and exploring innovation opportu-

nities.”

Online Appendix

A Example 10 (cont.)

In this appendix, we justify the application of Proposition 9(i) in Example 10, by showing

that the process integrated in time in equation (3.6) is in L1.. Assume that X is bounded.

"In [25], innovation and R&D are empirically found to be key characteristics among U.S. listed firms that
are resilient.
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Then, by monotonicity of the conditional expectation, there exist constants ¢, C' > 0 such

that 0 < ¢ < M; < C for all t. Therefore,
T
| i)
0

T
/ ds<1IE
0

1|H,|? L
— 2¢?
where the last expectation is finite because H € H2.(R™). As far as the second term in the

2 M2

E

integrand is concerned, we will resort to the following property, for § > 0:
u2

— <
[ In(1+u) —u| < 552"

Yu>—-144. (A1)
Hence, we first need to show that there exists 6 > 0 such that

M£ > -1+, P® ¢ @ v-a.e., (A.2)

where M_ denotes the process (M;-):e (0,1
Let us introduce the P ® Z(R%)-measurable set

A= {(w,t,x)GQx(O,T]XR‘j : Im<—l+é},

and its #([0,T] x RY)-measurable sections
Ay, = {(t,x) € [0,T] xR? : (w,t,z) € A}, Ywe Q.

The sought lower bound for K/M_ follows if we prove that (P ® ¢; ® v)(A) = 0. Let us
suppose, by way of contradiction, that (P ® ¢; ® v)(A) > 0. Since, for P-a.e. w € Q,

N(w,A,) = / 14, (s,2)N(w, d(s,x)) = / 1a(w,s,2)N(w, d(s,x)),
[0,T] xRd [0,T] xR¢

we have

/N(w,Aw)dP(w):EV 14dN| =E
Q [0,T]xRZ

T
/ / ﬂAdVdgllz(P®e1®V)(A)>O,
0o Jra

where we used the compensation formula for the predictable integrand 14 (cf. [37, Theo-
rem 1.8, Chapter II]). Hence, there exists B € F such that P(B) > 0 and N(w,A4,) > 1
for all w € B. Let us denote by €2 the event of full probability such that M, (w) < C for all
we Qand s € [0,T)]. Fix now w € BNQ. Since N(w, A,) > 1, there exists (,z) € A, that

marks a jump for M, i.e.,

Ki(w)(z) < (—1 + %) M- (w), and M(w)= M;-(w)+ K(w)(z).

Consequently,

sei[%fﬂ M,(w) < My(w) = M- (w) + Ki(w)(z) < 5Mt*(w) <
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where we used the upper bound for M (w) at the end. We have demonstrated that

IP( inf M, <c) >P(BNQ) >0,
s€(0,T]

which contradicts the lower bound for M and thus proves the validity of equation (A.2) with
0:=¢/C.
We can now proceed to show that the second term in the Lebesgue integral of equa-

/OT /Rd (I](w(x)y dv(z) ds}

< Llg ’ A
_m ; ||K3||A2d8 .

We first used the absolute value inequality in the spatial integral, together with the inequal-
ity (A.1), which can be applied thanks to equation (A.2). We then resorted to the lower

bound for M and rewrote the spatial integral as the norm in A?. The last term in the chain

tion (3.6) is also a process in L}

E [/OT /Rd {m <1+ [jw—(f)) - %(‘f)} dv(z)

1
—E
202

ds:| <

of inequalities is finite because K € H%(A?). To conclude, the process integrated in time in

equation (3.6) is in L1, because it is the sum of two processes in L.

B Stopping times in a Brownian filtration

In this appendix, we discuss special conditions for the verification of the assumptions in
Corollary 13 (i), similar to what we did in Section 3.3.1 for the Brownian-Poissonian filtra-

tion. Let n € N and assume the following:
w0, T] x R" x R — R"™, c:[0,T] - R™™, h:R" =R,
f0,T] xR" xR xR™ = R.
We consider the following system of Brownian forward-backward stochastic differential equa-
tions (FBSDE) with coefficients u, o, h, f, initial point 2 € R™ and horizon T > 0:
t

t
Xt:x—i—/ u(s,XS,Ys)ds—i—/ os dWs,
0 0 (B.1)

T T
Yt:h(XTH/ f(s,Xs,Ys,Zs>ds—/ Z, - dW..
t t

The second equation of the above system is a special case of the Brownian BSDE (2.2),

where the driver g takes the form
g(w,t,y, 2) = f(t, Xi(w),y,2),  V(wty,2) € 2x[0,T] xRxR™,

and the terminal condition is h(X7). Assume the following:
(B1) pis #([0,T] x R™ x R)-measurable. For each t € [0, 7], u(t, -, ) is continuous. There
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exist k1, A\; > 0 such that for all (¢,z,y) € [0,7] x R® x R and (2/,y') € R™® x R:

lu(t, z,y) — pt, 2’ y")| < ki(le = 2" + |y = ¥']),
I, =, y)| < A(1+ |yl).

(B2) o is %([0,T])-measurable and bounded, and there exist Ao > 0 such that |o,' 2| > s ||
for all (t,x) € [0,T] x R".

(B3) h is Lipschitz continuous and bounded.

(B4) f is continuous. There exist kg, k3, k4, A3 > 0, a sufficiently large K > 0, and a non-
decreasing function p : Ry — Ry such that, for all (¢,z,y,2) € [0,T] x R™ x R x R™,
and all (z/,y',2') € R™ x R x R™:

(t,z,y,2) — f(t.2',y,2)| < ka2 — 2,

(t,a,y,2) = f(t,x,y, ) < Kaly — o/ + p(l2] V I2']) ]2 = 2l
z)| <
(t,x

f
f
|f(t, 2,9, )] < As(1+ [yl + p(IzD)]121),

(v =y ([t 2,y,2) = f(t, 2,0, 2) < —K(y —¢)?,

|f(ta,y,2) = [t 2y, 2) = [t 2,y 2) + f(62),, )| < kallz = 2| (Jy = ') + |2 = 2]

The following result is taken from [42, Theorem 2.5]. For any z € R", there exists
a unique solution (X,Y,Z) to the Brownian FBSDE (B.1) with coeflicients u, o, h, f,
starting point x and horizon T s.t. (X,Y,Z) € 82 x S¥ x 8 are PW-measurable and
P-a.s. continuous processes.

Under this setting, we can apply Corollary 13(ii) to the solution (Y, Z) of the back-
ward equation in the system (B.1). Specifically, we have the following result, which is now

straightforward to prove.

Proposition 39. Assume (B1),...,(B4) above, and fix © € R™. Let (X,Y,Z) be the
solution to the Brownian FBSDE (B.1) with coefficients u, o, h, f, starting point x and
horizon T. Then, the process f(-,X,Y,Z) is P-a.s. continuous and for any q > 1,

E | sup |f(t, Xy, Y, Zy)|?

t€[0,T]

< +00.

In particular, for any 1,0 € Tr such that o < T, we have:

E []1{7'<T} f(Ta XT7 Y‘rv ZT) | frr]
P(r <T) ’

YT (h’(XT)) =-E [f(Ta X, Yo, Z‘r) T < T:| .

Y, (R(XT)) P-a.s.,

C Example 33 (cont.)
C.1 Exponential payoff

In the setting of Example 33, and with y and o deterministic and constant in time, we may

consider an alternative payoff and compute the resilience rate of its replicating portfolio.
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Let

X = exp(eWr) = ¢(Sr),
where ¢(z) = 255" exp[—(u — 02/2)T] is Lipschitz continuous. We can use the results
presented in [21, Example 4.10] to evaluate the expectation in equation (5.1). For any
t € [0,T], we have P-a.s.

2 2

- o
Zy = gexp (UWt—i- %T—I— (? —u)(T—t)) ,

from which it follows that

B 2 2
Vo (X) = pexp (2/22T) E [exp ((UZ —M)(T—T) -I-O'WT) T < T] , V7 eTr,

Vi(X) = pexp (;(£+02)T—M(T—t)), Vte|0,T).

Let us note that the resilience rate depends on the expected return pu, the volatility o, and,
for deterministic times, the current time ¢ € [0,7"). Specifically, a higher positive expected
return corresponds to a larger positive expected instantaneous rate of change (as soon as
02T < 4), whereas an increase in (small) volatility (namely, for o € (0, /z]), results in
a resilience rate closer to 0. Moreover, as the asset approaches maturity, V}(f( ) increases,

indicating that the rate of change for E[V;(X)] speeds up as expiration draws near.

C.2 More on equation (5.3)

As an alternative to the proof provided in Example 33, we derive equation (5.3) by differen-
tiating in time the mean put value, which, in addition, proves its validity for any ¢t € (0, 7).
First, for fixed t € (0,T), we explicitly compute the expectation of the quantity V;(X) with
respect to the distribution of S;, by means of the Black and Scholes formula:

+o00
E[Vi(X)] = /0 [KN(—d_(t,x)) —a N (—di(t,2))] ps, (z) dz, (A1)

where, for x > 0,

1 1 @ o2\ 17
ps,(x) := mexp <_202t [IHSO - ( - 2)4 );

is the probability density function of S;. If we denote the integrand in equation (A.l)
as ®(t,z), then it is easy to verify that ® € C'9((0,T) x (0,+00)) and that, for any
€ € (0,7/2), an integrable function 6, : (0, +00) — [0, 7] exists such that |0;P(¢, x)| < 6. (z)
for any 2 > 0 and any ¢ € [e, T — ¢]. This allows us to differentiate under the integral sign,
see [29, Theorem 2.27|, and infer that [e,T — €] > ¢ — E[V4(X)] is differentiable and that,
for t € [e,T — €],

d

"/Q(X):a

+oo
E[Vi(X)] = /0 O 0(t,x)de = —pE[SN(—dy(t,5))].
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By the arbitrariness of € € (0,7/2), we conclude that (0,7) > ¢t — E[V;(X)] is everywhere
differentiable and that the above formula holds for any ¢ € (0, 7).

D Example 34 (cont.)

Bouncing drift of bond price, for different mean reversion speeds in the Vasicek model,
ro=2.0%, b =4.0%, 0 =1.0%

0.032
— a=0.05
a=0.25
a=0.45
a=0.65
a=0.85

0.030 4

0.028 1

0.026

0.024 1

0.022 1

0.020 1

0.0 0.2 0.4 0.6 0.8 1.0
Time (years)

Figure 3: Dependence of the resilience rate on the speed of mean reversion in Example 34.

In Figure 3, we plot several instances of the bouncing drift function [0,7") € ¢ — P eR
defined in equation (5.6), for the price of a zero-coupon bond P with maturity one year
(T = 1.0y). The risk-free interest rate follows the Vasicek model with fixed parameters
ro = 2.0%y ", 0 = 1.0%y 3/ and b = 4.0%y ', while the different lines correspond to dif-
ferent values of the speed of mean reversion a, which are reported in the figure and are
expressed in y~!. As is evident from the figure, the resilience rate is strictly related to the
speed of mean reversion a: the greater the force that pulls the risk-free rate to its long-term

mean b, the greater the bouncing drift for the zero-coupon bond.
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