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ABSTRACT. This paper considers multivariate population processes in which general, not
necessarily Markovian, multivariate Hawkes processes dictate the stochastic arrivals. We
establish results to determine the corresponding time-dependent joint probability distribu-
tion, allowing for general intensity decay functions, general intensity jumps, and general
sojourn times. We obtain an exact, full characterization of the time-dependent joint trans-
form of the population process and its underlying intensity process in terms of a fixed-point
representation and corresponding convergence results. We also derive the asymptotic tail
behavior of the population process and its underlying intensity process in the setting of
heavy-tailed intensity jumps. By exploiting the results we establish, arbitrary joint spatial-
temporal moments and other distributional properties can now be readily evaluated using
standard transform differentiation and inversion techniques, and we illustrate this in a few
examples.
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1. INTRODUCTION

As the world grows more interconnected, event shocks tend to spread and cluster more
easily and more forcefully. Prototypical examples include the contagious spread of diseases
across populations, financial contagion across equity or credit markets, and cyber infections
across technological networks. The amplification of event shocks over time and in space, that
is, across populations, markets and networks, arguably constitutes one of the core challenges
to modern risk measurement and risk management.

In principle, multivariate point processes can provide a probabilistic description of the
occurrence of events, and their stochastic dependencies, in time and space. Among multi-
variate point processes, the class of Hawkes processes ([32]), or mutually exciting processes,
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provides a natural contender for modeling contagious phenomena. Different from multivari-
ate Poisson, or more generally Lévy, processes, they allow for clustering to occur not just
in the spatial (i.e., cross-sectional) dimension, but also in the temporal (i.e., time-series)
dimension. Originally introduced to stochastically describe epidemics and earthquake oc-
currences, Hawkes processes have seen increased interest over the past few years, in finance
(12, B 6, 241 34]), social interaction ([14, 43]), neuroscience and genome analysis ([10} 42]),
and so on.

Analyzing distributional properties of general multivariate Hawkes processes is, however,
challenging. The existing literature often focuses on the special case of exponential ex-
citation functions under which the Hawkes process (more precisely, the vector consisting
of the counting process and its intensity process jointly) can be shown to be Markovian
(12, B, 17, 18, 19, 24], 32] 39]), or on other specific cases or asymptotic regimes (discussed
below in more detail).

In this paper, we establish exact and asymptotic results on distributional properties of
general—in our context, not necessarily Markovian—multivariate Hawkes processes and re-
lated population processes, with widespread use across various applications. In a series of
exact results, we obtain a full characterization of the joint transform of the multivariate
population process and its underlying arrival intensity process, in terms of a fixed-point
representation and corresponding convergence results. From these results, arbitrary joint
moments, including auto- and cross-covariances, and other distributional properties such as
joint event probabilities, can be readily obtained using standard transform differentiation
and inversion techniques.

Our exact results exploit a cluster representation of the Hawkes process, for the univariate
self-exciting process first described in [33]; see also [16]. The cross-excitation phenomenon
that is present in multivariate Hawkes processes significantly complicates the situation com-
pared to the univariate setting where only self-excitation is present. More specifically, cross-
excitation leads to clusters with branches (i.e., offspring) in the time-series as well as in the
cross-sectional dimensions, generating complex and highly intertwined clusters. Our analysis
of a d-dimensional population process whose arrivals are described by a general multivariate
Hawkes process, yields a fixed-point theorem that characterizes the joint transform of the
respective processes at, potentially multiple, future time points, involving suitably defined
d x d-dimensional objects to represent the full range of cross-sectional and time-series depen-
dencies. We establish convergence of successive iterations of the fixed-point mapping, thus
obtaining the joint transform uniquely.

In a series of asymptotic results, we characterize the tail behavior of our population process
and the underlying intensity process in a setting of heavy-tailed intensity jumps. These
results pertain directly to the respective probability distributions and enable us to derive
associated tail probabilities. We also establish several class properties, and irreducibility
results, using the nomenclature of Markov chains.

Intuitively, when analyzing the asymptotic tail behavior in our general multivariate set-
ting, one might expect that the heaviest tail among the tails of the distributions of intensity
jumps that excite component ¢ ‘dominates’, and therefore dictates the tail behavior of com-
ponent ¢. Our asymptotic results reveal that this intuition is not necessarily true as, due
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to the cross-excitation phenomenon, heavy tails originating in different components may
propagate to component ¢ indirectly, through other components in the system. From the
full representation of the mutually exciting behavior within the system as provided by our
fixed-point theorem, along with suitable Tauberian theorems ([7]), we derive a system of
vector-valued renewal equations that jointly characterize the asymptotic tail behavior of
our population process and the underlying intensity process. Both our exact and asymp-
totic results are directly amenable to numerical evaluation and we illustrate our results in a
collection of numerical examples.

This paper relates to several branches in the existing literature, which we categorize
along three dimensions. First, a starting point for our analysis is provided by the branching
structure that underlies a Poissonian cluster representation of multivariate Hawkes processes.
In the univariate self-exciting setting, this branching structure was first discussed in [33]; see
also e.g., the formal and extensive treatment in [16, 6], and [38, Chapter 4]. We use a cluster
representation for the complex intertwined spatial-temporal structure of general multivariate
Hawkes processes to obtain suitable general and micro-level distributional equalities for our
population process and its underlying intensity process, which we next exploit to characterize
the joint transform.

Second, transform analysis and the derivation of transient and stationary moments for
Hawkes processes has received considerable attention in the literature, especially under Mar-
kovian assumptions. In a univariate Markov setting, [I7, [I5] characterize the joint transform
of the point process and the underlying intensity process by relying on the infinitesimal
Markov generator, yielding systems of ODEs for the moments of both processes; see also
[18, 19, 37] and the recent closed-form expressions in [20]. In addition, [37] and [27] consider
the case of non-exponential decay for the probability generating function of the univariate
point process and its joint Laplace transform, respectively; see also the distinct elemen-
tary approach in [13]. In a multivariate Markov setting, and more generally in the context
of (Markovian) affine point processes, [2I] provide semi-analytic expressions of conditional
characteristic functions, involving solutions to systems of ODEs; see also [3],24]. Closed-form
expressions of stationary moments as Taylor series approximations over short time intervals
in a multivariate Markov setting are derived in [2] by exploiting operator methods. Further-
more, [22] derive an integral equation for the characteristic function of the multivariate point
process allowing for non-exponential decay, as an intermediate step to a fractional stochastic
volatility model. We characterize the joint transform for general, possibly non-Markovian,
multivariate Hawkes processes and induced population processes, at possibly multiple time
points, through a fixed-point representation and corresponding convergence results, allowing
for general decay functions, general distributions of the intensity jump sizes, and general
distributions of the sojourn times. We are not aware of other work on exact transform
and moment characterizations for Hawkes processes that allows for a comparable degree of
generality along all these dimensions.

Third, asymptotic results such as LLNs and FCLTs for multivariate Hawkes processes
have been established in e.g., [5, 28]. Furthermore, the nearly unstable situation is analyzed
in [35] and the setting of a large initial intensity is considered in [30]. Large and precise
deviation results are obtained in e.g., [8, B1] for large times and general univariate Hawkes
processes and in [29] for a large initial intensity in the Markov case. These large and precise
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deviation results are obtained in a setting of light-tailed counting and intensity processes.
We study the asymptotic tail behavior of the general population process and its underlying
intensity process in the setting of heavy-tailed intensity jumps.

We finally note that the population process analyzed in this paper may be naturally
interpreted and applied in the—mow highly relevant—context of epidemiological modeling.
It provides an appealing probabilistic description of the contagious amplification of viruses
among populations across the globe. Recent work that uses Hawkes processes, potentially
in conjunction with SIR-models, to stochastically describe pandemics such as COVID-19
includes [I1, 12].

The remainder of this paper is organized as follows. In Section [2, we define the gen-
eral multivariate Hawkes process, describe its cluster representation, and discuss some of its
properties. In Section |3 we exploit the branching structure to obtain distributional equal-
ities, which we use to characterize the joint transform of the process under consideration.
In Section [, we represent the joint transform as the fixed point of a certain mapping and
establish corresponding convergence results. In Section [5, we derive the asymptotic tail be-
havior. Section [6 contains our numerical illustrations. Conclusions are in Section [l The
proofs of some auxiliary results are relegated to the Appendix.

2. MODEL AND UNDERLYING BRANCHING STRUCTURE

In this section, we provide a formal definition and a cluster representation of general multi-
variate Hawkes processes, and discuss their properties and branching structure. Throughout,
we adopt the notation @ = (z1,...,24)", for a given value of d € N.

2.1. Definition and properties. Hawkes processes constitute a general class of multivari-
ate point processes. In full generality, we consider a d-dimensional cadlag point process
N(:) = (N(t))ier, where each increment N;(t) — N;(s) records the number of points in
component i € [d] := {1,...,d} in the time interval (s,t], with s < ¢. The points will be
referred to as events, where each event consists of a tuple (7,.,7) that specifies the time of
occurrence T, € R of the r-th event and the component i € [d] in which it takes place. As
is well-known, a point process IN () can be characterized by its conditional intensity A(-).
The i-th component of A(t), i € [d], is given by

E[Ni(t + h) — Ny(t) | Fi-]

Ai(t) = lim - , (1)

where F;_ = 0(N(s) : s < t) is the sigma algebra of events up to, but not including, time ¢;
see e.g., [10, Chapter 7]. We refer to A(+) simply as the intensity, where it is noted that it
may itself be a stochastic process. Clearly, A(-) is predictable.

Definition 1. A general multivariate Hawkes process ([32]) is a point process N (-) whose
components N;(-), for i € [d], satisfy

P(Ni(t +A) = Ni(t) = 0] F) =1 = Mi(t)A + o(A),

P(Ni(t + A) = Ni(t) = 1| F) = Xi(t)A + o(A), (2)
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as A L 0. Here, F; = o(N(s) : s < t) is the natural filtration generated by N (-). With
Nioco > 0 and g;;(-) non-negative integrable functions, the intensity \;(-) takes the form

d t
Ai(t) = Aioo + Z / Bij(s) gij(t — s) AN, (s), (3)

where, for each i, j € [d], the (B;;(s))s constitutes a sequence of cross-sectionally and serially
independently distributed random variables that are distributed as the generic non-negative
random variable B;;.

Informally, the definition above is understood as follows. The constant \; o, represents the
base rate corresponding to component i. An event generated by N;(-) in component j leads
to a jump in the intensity \;(-) of component i, with 4, j € [d]; its size is distributed as the
random variable B;;. After the occurrence of this event, the decay functions g¢;;(-) govern
the path of the intensity A;(-) back to the base rate \; ».. The base rates can, in principle, be
allowed to be time-varying, and take the value zero for a strict subset of [d], at the expense
of additional notation in the results that follow.

The multivariate Hawkes process N (+) is also known as a mutually exciting point process.
When an event in component ¢ impacts the intensity of component i, we speak of self-
excitation—a purely temporal effect. When an event in component j impacts the intensity
of component i, with ¢ # j, we speak of cross-excitation—a temporal as well as spatial effect.
Mutually exciting point processes accommodate both effects.

One may introduce functions h;;(-) = B;; ¢;;(+), where the B;; is understood to be sampled
at every event in /V;(+) in the manner described in Definition . These h;;(-), frequently called
excitation or impact functions (see e.g., [32,138]), couple the jump size and the decay function
in a multiplicative manner. We can thus compactly rewrite in vector notation by setting

Alt) = A + /_ t H(t — s)dN(s), (4)

where H(-) = (hi;(-))ijefg- The matrix form H(-) in (), where for each j € [d] we define
the random vector H7(-) = (hy;(+),...,hgi(-))", justifies the indexing convention of h;(-):
h;j(-) describes the impact of events in source component j on the intensity \;(¢) of target
component 7. We note that the corresponding random vectors B? could be considered as
mark random vectors associated to each event in component j, such that tuples of the form
(T, j, BY) constitute a multivariate marked Hawkes process; see [38] and [16, Chapter 6.4].
Note that in the special case that B;; = 0 for all 4,5 € [d], A\i(-) = i such that N(-)
reduces to a d-dimensional homogeneous Poisson process with rate A.

With (B;,), a sequence of i.i.d. random variables distributed as the generic B;;, observe
that \;(t) can be completely expressed in terms of the aggregated impact of the B;;, due to

f:(tl), where k, € [d] is the component

all past events. Indeed, considering the tuples {(7}, k,) }
of the event and R(t) € N is the total number of events strictly prior time ¢, we can rewrite
as
R(t)
Ai(t) = Nioo + Z Bik, »Gir, (t = T}.). (5)

r=1
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Existence, uniqueness and positivity of the intensity A;(t) is guaranteed if g;;(-) satisfies
the conditions given in Definition |l|and B;; < oo with probability one; see e.g., [L6, Example
7.2(b)]. To guarantee stationarity of the Hawkes process, [32] shows that a stability condition
must be imposed. In the current multivariate setting, this condition takes the form p(||H]|) <
1, where [|H|| = (Ilhi )i e with

hijll = E[By] - |9ill 21 y) = E[Bz‘j]/o g9i5(t)dt,

and p(-) denotes the spectral radius; see also [9]. In this case, as shown in [32], the entries
of the expected stationary intensity vector are the constants \; := E[X;(¢t)] = E[dN;(¢)]/dt.
In vector form these intensities can be expressed as A = (I — || H||) ' As. In the sequel, we
assume the stability condition applies.

While the methodology developed in this work applies to general non-negative integrable
functions g¢;;(-), a parametrization of special interest is that of exponential decay.

Example 1 (EXPONENTIAL). Let the decay functions g;;(-) be of exponential form g;;(t) =
et for some oy; > 0 known as the decay rate. Eqn. 15 in this case given by

d t
/\z(t) = )\i700 + Z/ Bij(S)e_aij(t_s)de (S), (6)
j=177%°
and can, by Ito’s Lemma, alternatively be expressed in SDE notation as
d d
dXi() =) (Ao — Ai(t))dt + > Bij(t) dN(2). (7)
j=1 j=1

A distinctive property of exponential decay is that the joint process (N (-), A(+)) constitutes
a Markov process; see [38,39].

The Markov property yields a number of useful tools to analyze distributional properties
of the Hawkes process in the case that g;;(-) is of exponential form. The explicit treatment
in [2] relies on operator methods applied to the Markov infinitesimal generator. In [15] [17],
the Markov infinitesimal generator is used to characterize the conditional joint transform of
(N(-), A(+)) as the solution to a system of ODEs; see also [21]. A similar characterization is
given in [37], which exploits the Markov property directly.

Departing from exponential decay renders the Hawkes process to be non-Markov in gen-
eral. An important example, extensively used to model e.g., the temporal clustering of
earthquake occurrences, is the power-law parametrization proposed in [41].

Example 2 (POWER). Consider the decay functions g;;(-) to be of power-law type by setting
9i;(t) = 1/(cij + t)P9 for some ¢;; € Ry and p;; > 1. Note that p;; > 1 ensures integrability.
In this case, by Eqn. (3)),

Ai(t) = Mo + Z / (B& dN;(s). (8)

cij +t— s)Pis

Analyzing distributional properties of the Hawkes process with power-law decay is consid-
erably more complex than under exponential decay, due to the system being non-Markovian.
From an applications point of view, the power-law type and related parametrizations are of
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significant interest, as they enable to model multivariate dynamic behavior that exhibits
long-memory properties across time and space.

The Hawkes process can be used in conjunction with other models, such as (affine) jump-
diffusion models [2, 24] or epidemiological models [IT}, 12]. In this paper, we consider a model
that also allows for departures. Considering the events generated by IN(-) as arrivals, we
introduce the Hawkes population process Q(-) by setting for t € R

Q(t) == N(t) — D(t), (9)

where D(-) is a point process such that D;(t) records the number of departures in component
j among the arrivals up to and including time ¢. In what follows, we assume that all events
(T}, j) have sojourn times (i.e., times spent in component j) that form a sequence of i.i.d.
random variables distributed as the non-negative random variable J;. Of course, if J; = oo
for all j € [d], then D(-) =0, and hence Q(-) = N (+).

Two examples of population processes occur in demography and epidemiology. First,
suppose @;(-) represents the number of (living or active) people in population ¢ € [d] and
D;(+) the number of deaths. Assuming that the individual lifetimes J; are exponentially
distributed with mean p; ' for some j; > 0, the process D;(+) is an inhomogeneous Poisson
process with rate 11;Q;(t); cf. [4]. Second, @;(-) may represent the number of infected people
in geographic location i € [d] and D;(+) the recovery process.

In Figure [, we plot a sample path of our model when d = 2. One readily observes
that each event, irrespective of which component serves as the source, leads to jumps in
both intensities, depending upon the B;;’s involved, as described by . Excited intensities
increase the likelihood of future events and it is clearly visibly that events in IN(:) are
clustered in both time and space. Note furthermore that the departures occurring in Q(-)
do not impact the intensities.

2.2. Cluster representation and branching structure. An interesting approach to rep-
resent the Hawkes process, which will play a pivotal role in our analysis, is as a Poisson cluster
process. This so-called cluster representation is first described in [33] in the setting of the
conventional single-dimensional Hawkes process; see also [16, Example 6.3(c)] and [38, Ch.
IV]. Tt essentially consists of immigrant processes that generate events from the base rates
and cluster processes that generate events occurring due to self- and cross-excitation. In our
multivariate setting, the cluster representation can be described as follows.

Definition 2 (CLUSTER REPRESENTATION). On the interval [0, 7] with T € Ry U {oco}, we
define a point process N (+) through a sequence of events generated according to the following
procedure:

(1) For each j € [d], let 1;(-) be a homogeneous Poisson process with intensity \; o that
generates immigrant events

(@, )y,

T r=1

where R;O) (t) is the total number of immigrant events in component j strictly prior
to time t € [0, 7].
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Figure 1. Bivariate model: Sample paths of N(-) = (N1(-), N2(+)), Q(-) = (Q1(-),Q2(+)) and
A() = (A1(+), Aa(+)) under exponential decay and exponentially distributed sojourn times. Param-
eters: Moo = Aooo = 0.5, 1 = p2 = 1, ay1 = a2 = 2.3, g1 = ap = 2, By = 1.3, Bia = 0.6,
Bgl = 0.8, ng =0.5.

(2) Next, each immigrant event (TT(O), J) generates a d-dimensional cluster process con-
sisting of generations of descendants:
(a) (Tr(o),j) generates first-generation events

{ (T(l) m) }RS)(t)

T r=1

in each target component m € [d] according to K,,;(t —TT(O)), where Kp,;(-) is an
inhomogeneous Poisson process with intensity B, gm;(+), given the jump size
By, associated to (T, ).

(b) Upon iterating (a) above, given the r-th event of the (n — 1)-th generation in
source component m € [d], descendant (T,S”_l),m) generates n-th generation
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events
R{™(t)

{(Tr(n)> l>}r:1

in each target component | € [d] according to K, (t — Tr(”*l))_

By taking the Cartesian product over all components and the union over all generations—
immigrants and their descendants—, we have that
- AP A
Nt = ({2, DR o (T, a4 ), (10)
n=0

constitutes a general d-dimensional Hawkes process.

The cluster representation in Definition [2| agrees with Definition [1| provided the stability
condition is satisfied, as shown in [33]16]. The stability condition has a natural interpretation
in the context of the cluster representation: it requires that each individual event generates
a.s. finitely many descendants; see [16, Example 8.3(c)]. The proof in [33] amounts to
comparing the cluster representation to an age-dependent birth-death process allowing for
immigration, and where the death process is set to zero. Hence, we can naturally extend
the cluster representation to our population process Q(-), by including departures seen as a
death process.

The richness, and complexity, of the cluster representation is apparent from the cluster
processes that each immigrant event generates. For each immigrant (TT(O), j) in component
j € [d], we explicitly denote the d-dimensional cluster process it generates by S JN (+), counting
the events in each component of the cluster described in Part (2) of Definition 2] Henceforth,
the time u = t — T\ is always understood as the remaining time after the arrival of the
immigrant event. The cluster process S JN (u) at time wu is then given by

vaej (u)
SN (u) = : : (11)
Sgiij(“)

where each entry S% . (u) records the number of events generated in component i, up to and

]
including time w, Wit}]l as oldest ancestor the immigrant event in component j that generates
the cluster S7V(-); see also [6]. Each entry S} ;(-) therefore contains part of the entire
cluster described in Part (2) of Deﬁnition (Note that the immigrant event (T j) itself is
included in the cluster when i = j to avoid double counts.) Due to our multivariate setting,

events recorded in Sﬁj

(+) may have propagated through other dimensions m € [d] before
arriving in 7. Thus, we have to meticulously keep track of the event times and components
of descendant events.

Three basic distributional properties, which we will later exploit to operationalize the
cluster representation, are noteworthy. First, each immigrant event from source component
j € [d] generates a cluster according to the same distribution modulo a time shift to account
for the arrival time; see also [16, Section 6.3]. Hence, we index the cluster process SJN (+)
by the source component it corresponds to, not by individual immigrant. Second, each
event from the same source component generates offspring according to the same iterative
procedure and, as such, there is a branching structure, and self-similarity, underlying each
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cluster. Third, the cluster processes are generated independently across source components:

SN(-) L SN(), jom € [d], j #m.

Our analysis will exploit the branching structure that underlies the cluster representation
for all three processes N (-), Q(-) and A(-) to characterize distributional properties of the
processes jointly. To explicitly describe their dynamics, we introduce the following two cluster
processes, resembling the cluster process SjN (-) in (11)). Denote the N%-valued cluster process
S2(-) and the R%-valued cluster process S3(-), corresponding to Q(-) and (") respectively,
at time u by

S?(—j(u) Sﬁ—](u)
Q — . A o .
Sj (u) = o : ) Sj (u) == : . (12)
Sde(u) S (1)
Here, Sg_j(u) equals S{Y ;(u) minus the departures in component i up to and including time
u. Furthermore, Sf;j (u) records the aggregated change in the intensity of component i

caused by the jump sizes that are distributed as B;; and the decays g;;(-) following events
in the cluster SN (u) strictly prior to time u.

To fully appreciate these clusters and their entries, we explore in the next section the dis-
tributional properties that occur as a consequence of the branching structure that underlies
the different cluster processes.

Remark 1. Most of the results in this paper pertain to the joint process (Q(-), A(+)), which
includes (N(-), () as a special case when J; = oo for all j € [d]. We remark that it
is possible to extend our results to cover the joint process (N(-),Q(-), A(:)) at the cost of
heavier notation.

3. JOINT TRANSFORMS

In this section, by exploiting the branching structure underlying the cluster represen-
tation, we first derive a collection of distributional equalities that play a key role in next
characterizing a general joint transform of the random object (Q(t), A(t)), for any ¢t € R, in
terms of a semi-closed-form expression. The generality of this characterization also allows
us to obtain, as corollaries in specific cases, several additional new transform results that are
of independent interest.

3.1. Analyzing distributional equalities. The cluster processes appearing in the cluster
representation describe how the offspring events due to self- and cross-excitation are gen-
erated. To illustrate how these cluster processes behave, Figure 2| displays a realization of
N(-) and A(-) with corresponding clusters SN () and S}(-) in the bivariate case d = 2. In
the upper two subplots, the dotted arrows between events (crosses and diamonds) indicate
how events are generated across time and components, revealing the branching structure

() and SR .(+), for

of the cluster processes. In addition, we plot the cluster processes S e

14—

i,7 = 1,2, so as to make visible how they relate to the processes N;(-) and A;(+).

As the visualization in Figure 2[suggests, the clusters defined in and are formally
connected to the processes N;(-), Q;(+) and \;(+) via a set of distributional equalities. More
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Figure 2. Sample paths of: N(-) = (N1(-), N2(-)); A(-) = (A1(+), A2(+)); the cluster processes orig-
inating in component 1 (diamonds), SN () = (SF_1(-), SN () and SP(-) = (Sp_1(), S _1(1));
and the cluster processes originating in component 2 (crosses), SN () = (SN 5(-), SN 5()) and
S () = (SP_a(+), S _5(+)), under exponential decay. Parameters: A\ oo = Ag,00 = 0.5, 11 = a1g =
2.3, Q921 = (99 = 2, BH = 1.3, Blg = 0.6, B21 = 0.8, B22 = 0.5.

precisely, the equivalence between the cluster representation in Definition [2]and the intensity-
based Definition (1| allows us to probabilistically describe events, and their impact on N;(-),
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Qi(+) and \;(+), in terms of the clusters of immigrants and offspring. Indeed, for given ¢t € R,
d I(
<>
7=1 k=
d It
d
=22 S5 (13)

7=1 k=1

Aid
05 Nt 22

where (7)) are the immigrant event times and 1 ]-( -) is as in Definition 2| The distributional

t)
z<—j
1

t)

—

I

Tk)7

’L(—]

TTM

equality concerning \;(t) may be compared to Eqn. (), where we expressed \;(t) as the
pathwise aggregated change in intensity due to all events strictly prior to time t. We also
briefly remark that we can express the relation between the cluster entries of SJN (-) and
S2(-), at each time u, by

d Sie;)
zej Z Z zkrgzk U_T) (14)
k=1 r=1

We now fix an immigrant event (7%, j) in source component j € [d] and analyze the gen-
erated clusters S7(-), where x € {IN, @, A}. To exploit the underlying branching structure,
and the self-similarity, the idea consists in recognizing that this immigrant event generates
first-generation events into all m components, and these in turn generate their own sub-
clusters Sy (-). In order to formally capture this mechanism, we define the matrix processes

SN(-), §9() and S*(-) by
fea() - St
S ()= [Si IS0 = ] (15)
Saca () Sieal)
for x € {IV,Q,A}. The columns S%(-) correspond to the clusters defined in and
and keep track of offspring events that originate from component j, while the rows, in the

sequel denoted by S(*i)(-), record offspring events that arrive into component . Observe that
the right-hand side expressions in contain precisely the entries of the rows.

From Section [2| we know that the underlying branching structure is similar for the clusters
corresponding to N (+), Q(+) and A(-). This fact leads us to introduce unifying notation. To
this end, we define the functional A;, j € [d], that acts on X () = (Xi(),..., X4(")), a
(row-)vector-valued process taking values in R%, and P > 0, for each time u by

Kpnj(u)

AP, X()} P+Z Z Xon(u = T), (16)

where P accounts for the impact of the immigrant event and the terms in the summations
account for the impact of offspring events, with K,,;(-) as in Definition . Note the time
shift to account for the arrival time T}, of the offspring event.

The functional A; allows us to compactly and coherently formulate distributional equali-
ties for the respective cluster processes. Indeed, zooming in on specific components Sl*ﬂ( ),
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with x € {IN, Q, A}, yields the micro-level distributional equalities at time u given by

d
Siy(u) = Ai{ L=y, SO Hw),
d
SZ,(w) = A{ L=y T uy, SG ()} (), (17)
d
S j(u) = Ai{ By gij(u), 83 () } (),
which will prove to play a crucial role in the analysis of the cluster processes that follows
(in Section . Note the difference in the first arguments for the different processes, and
(+)) is the i-th row of the matrix
5*(-), which accounts for the offspring events. The By’s in the expression for S} ;(-) are
understood to be sampled for each event in the cluster. Intuitively, Eqn. says that the
total impact of a cluster process from source component j on target component 7 is equal in

note that the second argument Sf () = (S7_,(), ...

*
) Mi—d

distribution to the superposition of first-generation events and the impact of their offspring.
The equality for Sg]() in is the multivariate counterpart of [37, Eqn. (4.20)], in the
sense that they coincide when setting d = 1 in our setup.

Remark 2. The distributional equalities in (17) can be extended to the vectors S3(-) for
* € {N,Q, A} using the mapping A;, defined at time u by

d Kmj(u)
AP X(Hu)=P+> Y Xu(u—Th). (18)
m=1 k=1
Here, P € Ri accounts for the immigrant event, X () is an R‘fd-valued matrix process,
and X,,(+) is its m-th column vector. For x € {IN,Q, A}, one can substitute appropriate
values P*(u) for P and use the matriz S*(-) defined in to account for the offspring
events, to obtain the vector-valued versions of Eqn. . Note that describes the un-
derlying branching structure of entire clusters S3(-), and that the entries of A; correspond

to Al,...,Ad.

3.2. Transform characterization. The distributional equalities are key to characterize
a general joint transform of (Q(t), A(t)). We first make precise what we mean by joint
transform.

Definition 3. Let (X(-),Y () be a stochastic process taking values in N x R%. For any
t € Ry, the joint transform of (X (t),Y (t)) is given by

d
jX7Y(t) = jX,Y(t, s, Z) — zX(t)e—sTY(t)} = E[HZj(i(t)e_siYi(t)]7 (19)
=1

where s € Ri and z € [—1,1]%, and we denote the space of such transforms by J, such
that Jx y () € J. Here, E[-| is understood as Eq -], i.e., expectation conditional upon the
respective filtration att = 0.

Note that Eqn. is well-defined, i.e., exists for any t € R, s € Ri, and z € [—1,1]¢
Throughout the paper, s € Ri and z € [—1,1]? remain fixed, unless stated otherwise, and
are therefore sometimes suppressed in the notation for readability. The results that follow
can, in principle, be extended to allow for complex-valued s and z. In our setting, we
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consider the joint transform of (Q(t), A(t)), with Q(0) = 0 and A(0) = A, given by

Tall [H e (20)

We proceed to show that we can obtain a semi-closed-form expression for Jg x(t) using
the distributional properties derived in Section 3.1} Specifically, we use Eqn. to describe
the entries @;(-) and A;(+) in terms of the respective cluster processes SJQ() and S}(-). To
that end, we also need to consider the joint transform of (SjQ(u), S}u)), with SJQ(O) = e,
the unit vector with j-th entry equal to 1, and Sj‘(O) = B, given by

d
SS— (u) —5:92 (u
jsz’S]}\(U) = IE[I_[ZZ I gmsiSi )} (21)

=1

We can now state the first main result regarding the joint transform Jg (), expressed in
terms of js]‘f:’, X (u) for j € [d] and u € [0, t]; later in this paper (in Section it is shown how
the .75197 > (u) can be identified. By using the cluster representation, the independence of
the cluster processes across components, and exploiting the derived distributional equalities,
we establish the following identity.

Theorem 1. The joint transform Jga(t) satisfies

d

Jox(t,s,z) = Hexp ( — Njoo(t+55) ]Oo/ jSQ SA u, s, z)du). (22)

j=1

Proof. We start by conditioning on the number of immigrants in each component, and use
the fact that these arrive independently. For brevity, we introduce the vectors I(t) =
(Ii(t),...,14(t))" of immigrant processes and n = (ny,...,nq)" € N¢ (with Ng := {0,1,2,...}).
From the distributional equalities , we obtain

Toalt,s,2) =) E[e*STA(t)zQ(t)

neNd

-y E[H e H i SR F T pp () — )

nGNd Jj=1

Z H —8; JOCE[H 7812;6 1Su—1(t Tk)ZFZil Sij(t_Tk)} P(I(t> = ’I’L),

nGNd j=1

I(t) = n] P(I(t) = n)

where we have used the independence between the clusters and immigrant processes in the
second equality, the independence among clusters in the last equality, and write

for brevity. Recalling that each I;(¢) is a Poisson process, we can use the property that
conditional on the number of events at time ¢, the event arrival times are i.i.d. according
to a uniformly distributed random variable on the interval [0,¢]. With T) being uniformly
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distributed on [0,¢] (independent of anything else, that is), we thus have that, for each
j € [d], the sequence (T})re[n,) are i.i.d. copies of TW). This allows us to write

d d )
i [T e S St i T _ (] [ e STy

i=1 =1

= (jS]Q,S;\(“ _ T(j)))nj’

by the definition of Jge ga. Now using that T is uniformly distributed on [0,#] and that

I;(-) are Poisson processes with rate \; ., we obtain that

Ja(t) Z H 5 J°° / st s>\ —u)d ) j—()\j;jz;)nj e~ Mool

nGNd Jj=1

S e e (Ve J Tap s ()
= e 7,00 J

neNd j=1 7

t
_ Hexp ( Njoolt + 55) )\j,oo/ JSQ75A(U))du>,
0 J J

where the second equahty holds by an elementary change of variables. 0

We proceed by presenting a number of corollaries of Theorem [I| which are already new
to the literature in their own right. The first one considers the univariate case.

Corollary 1. In case d = 1, the joint transform Jgoa(t) of (Q(t), A(t)) is given by
¢
E[ZQ(t)e—sA(t)} = exp ( — Aot +5) + /\OO/ JTse sx(u, s, 2) du>, (23)
0
with s € Ry and z € [—1,1] and where Jsa sx(u, s, 2) is defined in the obvious manner.

By taking s = 0 in Corollary (1| one recovers the probability generating function of Q(t)
that was established in [37]. The second corollary considers Q(t) and A(t) separately.

Corollary 2. By taking s; = 0 for all i € [d] in , we obtain the probability generating
function of Q(t):

E[zQ(t)] _ ﬁexp ( — Nt + Ao /tIE“i[ Sit ]du> (24)
j=1 0 i=1

By taking z; = 1 for all i € [d] in we obtain the Laplace-Stieltjes transform of A(t):
[ ] Hexp( Njoo(t+85) + / [He 5 Zw(“] ) (25)

As noticed before, choosing J; = oo for all j € [d] implies that Q(-) = IN(-). The following
corollary is based on that observation.

Corollary 3. The joint tmnsform INaA(t) of (N(t),A(t)) is given by

t
Ina(t) Hexp < Njoolt + 55) )‘j,oo/ jsjz_vﬁ]g(u, s, 2) du). (26)
0
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In multivariate time-series analysis, where multivariate point processes play an important
role, one often wants to compute auto- and cross-covariances, involving expressions of the
form E[Q;(t)Q;(t + 7)] for a combination of 4, j € [d] and where 7 > 0, which in turn
enable one to compute the respective auto- and cross-correlation functions. Indeed, these
functions are central objects in the identification and statistical inference of multivariate
Hawkes processes; see e.g., [2] in the Markovian case. In the next proposition, we provide
a characterization of the probability generating function of Q(-) associated with different
time points, by extending Theorem [I We note that this characterization may be extended
further to include A(+) as well as to cover any finite number of time points.

d
Q

Proposition 1. For y,z € [-1,1]¢ and 7 > 0, we have that
(5i=2) )] = 1))
=1

d d !
E [ H yiQi(t) Zini(HT)] = H exp (/\j,oo / (]E [
i=1 j=1 ’ .

X exp ()\jpo /HT (E[ foij(“)] — 1)du>-
¢

=1

(27)

Proof. The proof is similar to the proof of Theorem (I We therefore omit the details and only
explain the general structure of the proof. Compared to Theorem|[I}, one now has to condition
twice: first one conditions on the number of immigrant events up to time ¢, and next, given
the information up to time ¢, one re-conditions on the number of immigrant events up to time
t + 7. By the independent increments property of the (immigrant) Poisson processes, the
immigrant event arrival times for the respective conditioning events are uniformly distributed
among the intervals [0,¢] and [t, ¢+ 7]. Properly using the independence among the clusters
similar to Theorem (1| and collecting terms, then yields the stated result. 0

Remark 3. A related process, with ample applications in e.q., insurance and risk, is the mul-
tivariate compound Hawkes process, constructed as follows. For each i € [d], let (Ui("))neN

be a sequence of non-negative i.i.d. random variables independent of N (-). Define the mul-
tivariate compound Hawkes process Z () .= (Z,(-), ..., Z4(-))" entry-wise for t € R by

Zi(t) =Y U™, (28)

For fized t € R, the Laplace-Stieltjes transform T{Z(t)}(s) of Z(t) satisfies

d

T{Z(O}Hs) = E[e* 0] =E| [T (T{U:}(s))™"]. (29)

=1

where T{U;}(s) = E[e™*Y] is the Laplace-Stieltjes transform of U; evaluated in s. Also
observe that T{Z(t)}(s) can be expressed in terms of quantities discussed earlier in this
section, as the right-hand side of can be interpreted as the probability generating function

of N(t) evaluated in z = T{U}(s) = (T{U1}(s1),...,T{Ua}(s4)). In other words,

T{Z(t)}(s) = Ina(t,0, T{U}(s)). (30)
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4. FIXED-POINT THEOREM

In the previous section, we expressed the joint transform Jg x(t) of (Q(t), A(f)) in terms
of

g](u) = js]‘{s]?\(u) = jSJQ,S;‘ (U, S, Z); (31)

see in particular Eqn. in the characterization of Jga(t) that is given in Theorem [I] In
this section, we focus our analysis on . More specifically, by employing the previously
derived distributional equalities, we first characterize the joint transform in terms of
the fixed point of a certain mapping. Next, we provide an iteration procedure involving this
mapping that, as we formally prove, converges to the fixed point, yielding the joint transform
uniquely.

4.1. Spaces of joint transforms. Recall from Definition [3| the space J of time-dependent
joint transforms of d-dimensional vector-valued processes (X(-),Y (-)). To handle the ma-
trices S*(+) for x € {IN, Q, A}, we extend the space J to include matrices, as follows.

Definition 4. Set J¢ to be the d-dimensional analogue of J, in the sense that an element
T xy(-) €I is given at time u by

Ix v (u)
T xy(u) = : ; (32)
chhYd (u)

where for each j € [d], the entry Jx,y,(-) € J is the joint transform corresponding to
(X(u), Yj(u)) = (Xiy(u), Yij(), ..., (Xg(u), Yg(w)))" as defined in Eqn. (19).

Note that an entry on the right-hand side of Eqn. (32 can be viewed as the joint transform
of the columns of the matrix-valued random object (X (u), Y (u)) = (Xy;(u), Yij(w))ije(q-

When considering the processes (S?(+), S*(+)), recall that for each j € [d] we have that
the transform G;(-) is an element of J by Eqn. (21)). The space J? plays an important role
in the exploitation of the distributional equalities given in Eqn. . Since in our general
multivariate Hawkes model a cluster originating in source component j can in principle
generate events in any of the components, characterizing G,(-) requires us to simultaneously
consider G,,(-) for all m € [d]. This explains why we work with the following vector of
time-dependent joint transforms:

js?,sﬂu) Gi(u)
G(u) == Tgesr(u) = : = : . (33)
\75;;’,5;\ (u) gd(u)

Here, as for any j € [d] the entry G;(-) is in J by Eqn. , we have that G(-) € J¢. In
words, G(u) is the vector containing the time-dependent joint transforms corresponding to
all pairs of cluster processes (S]Q(u), S}u)) for j € [d], i.e., the columns of (S9(u), S*(u)).
This informally entails that the object G(u) contains a full probabilistic description of all
underlying components.

Next, we state the following definition.
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Definition 5. Consider the mapping ¢ : J* — J¢ which maps an element J = T x vy (+) € J?
to:

Ji(+) o1(J,- -, Ta) () o1(T)(")
JO=| 1 |~ : = : = &(T) (), (34)
Ja(") Ga(Tns -, Ja)(+) ¢a(T)(-)
where each entry ¢;(T)(-) € I is defined at time u by

¢j(J)(u) = (bj(jl; cee 7Jd>(uvs7z)

= E[ZJ{JPU}] ﬁE[exp ( — 5:Bi;jgi; (u))} (35)

X ﬁ E[exp ( — B /Ougmj(v)(l — Tm(u —v)) dv)].

m=1

Note that, in Deﬁnition we suppressed the function notation J = J(+) in the argument
of ¢ for ease of readability, allowing us to denote the image of J(-) as ¢(J)(-). It is not
immediately clear that the mapping ¢ is well-defined, i.e., that for any Jxy(-) € J?, we
have ¢(J x.y)(-) € J¢ as well. We can show that ¢(T xy)(-) € J¢, as desired, by suitably
modifying the arguments used e.g., in the proof of [I, Theorem 1] to this more complex
setting.

Lemma 1. The mapping ¢ in Eqn. 1s well-defined.

Proof. See Section [A]in the Appendix. O

4.2. Fixed point and convergence results. In this subsection, we characterize J sq g (u)
in terms of a fixed point involving the mapping ¢. We then show that iterating the mapping
¢ leads us to a unique limit (i.e., the value of J go gx(u) that we are after). To facilitate the
analysis, we need to define an appropriate notion of distance for the space J¢. We endow
the space J? with the topology induced by the norm ||-||;«, defined by

HJHJd = 861[10%] Hj(uvsvz)HRd = Sgguj(uv&z)HRd-

d
s€R+
z€[—1,1)¢

The following result can be proven by suitably applying standard topological methods.

Lemma 2. The mapping ¢ in Eqn. is continuous with respect to the norm ||-||ya.
Proof. See Section [A]in the Appendix. O

Before we can state the main results of this section, we need an intermediate result. In
Definition [2| we saw that every event in source component j generates events into target com-
ponent m according to an inhomogeneous Poisson process K,,;(+), with intensity B, gm;(-),
with B,,; understood to be sampled at every event in N;(-). We need to specify when the
offspring events arrive exactly, since these can generate further offspring only after they ar-
rive. Given u as the remaining time after the arrival of the source event, let v < w and
denote by H;;(v|w) the probability that an offspring event was already generated before
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v, conditional on it being generated before u. Also recall that each first-generation event
generates a sub-cluster, as part of the original cluster.

Lemma 3. Consider the cluster process S5(-) for x € {IN, Q, A} generated by an immigrant
event (T?), §) in component j € [d] and let u =1t — T be the time after this arrival. Then
the following statements hold:

(i) Sub-clusters are i.i.d.; more precisely, for each m € [d], the sequence
S* (u—T, > ,
CATE )
is an i.i.d. sequence, conditional on {Kj(u) = n} for some n € N and with (T}); the
arriwval times of the first-generation events.

(ii) For v < u, the density hij(v) = L H;;(v|u) is given by

(0 ) = % (36)

Proof. To prove part (i), fix m € [d]. Then, conditional on {K,,;j(u) = n}, the number of
first-generation events, the sub-clusters S¥, (u — T}) can be considered clusters generated by
an immigrant in component m € [d], which are i.i.d. due to the construction in part (2) of
Definition [2, modulo the time shift.

To prove (ii), we note that K;;(t) is distributed as a Poisson random variable with param-
eter fg B;;gi;(s)ds, conditional on the realisation of B;;; see Definition . Using Bayes rule,
we compute

Hij(v|u) = P(Ky;(v) = 1, Kij(u) — Kij(v) = 0| Kij(u) = 1)
_exp (= Jo Bigij(w)dw) [§ Bijgis(w)dwexp (— [, Bijgij(w)dw)
exp (— fy Bijgij(w)dw) [ Bijgi;(w)dw
_Jy 9i(w)dw
o 9i(w) dw’
which yields the stated result. U

We proceed to our characterization of the transform J ge ga(u), for given s, z, in terms
of a fixed point of the mapping ¢. Here, by ‘fixed point’ we mean that there exists an
element in J¢ such that applying the mapping ¢ to it returns the same element. (Uniqueness
considerations will be dealt with later.)

Theorem 2. The vector of time-dependent joint transforms G(u) = J sq gx(u) defined in
(33) satisfies the fized-point equation

G(u) = o(G)(u). (37)

Proof. The structure of the proof is as follows. We start with the law of total expectation,
then use the i.i.d. nature of (sub)-clusters, write out the distribution of the first-generation
events, and then collect terms.

We fix j € [d], and show that Eqn. holds for the entry ¢;(G). We throughout
keep s,z fixed. We start the computation of G;(u) by applying the tower property and
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conditioning on the number of first-generation events. For brevity, introduce the vector

K;(u) = (Kyj, ..., Kg(u)T, and note that P(K;(u) = n) = [[%_, P(Kp;(u) = n,,). Using

m=1
the distributional equalities , in combination with the conditional independence between

S% (u), S ;(u) and Kpj(u), we have

’LF]

d
Q u
Gj(u) = E[ > E[Hzgg’”( ) emsi8h,(w)

nenNd  i=1

K;(u) = n| P(K;(u) = n)|

nm

d u— —s u—
— c(u)E[ Z E[sz e ol Tk)e Zmzlkg—: Stk Tk)} P(K;(u) =n), (38)

neNd =1

ﬁM&

where, for brevity, we introduced the constant

| C

We now use the i.i.d. nature of the sub-clusters, as described by Lemma[3] to write the inner
expectation in as a product over the source components of the first-generation events.
To that end, let 7™ be a random variable with probability density function humj(+) as given
in (ii) of Lemma , such that T0™) is distributed as T}, if it was generated by K,,;(-). With
these observations and the definition of G(-), we can write

nm

d
EE R E by

E[ﬁzr Lk=1 e m=lk=1
=1
d . d Nm
1:[ [H “_m (u— T(my)) —siSA  (u— T(mj))] Nm _ H <gm(u . T(mj))> )

i=1 m=1
Using that the K,,;(-) are Poisson processes with intensity B,,;gm;(:), and writing out the
density h,;(-), we thus find

0,00 = ) E[ =TT ([ 1009t - 0100) ™

neNd m=1
% ( mj fo 9;;!1}) dv)"mj ox ( 5, /Ou anslo) dvﬂ
[%\%wﬂl - ( my/ Gmj (V) G (u — v) dv) eXp<—ij/O Gmi (V) dv)]

) H B exp (B | 9030)(@nlu—v) = 1)),

where the last equality holds due to independence between the random variables B,,;. Note
that this last expression equals G;(u) = ¢;(J se.sx)(u, 8, 2) as was introduced in (35, which
finishes the proof. 0J

The functional equation described in Eqn. can be exploited to numerically approx-
imate the joint transforms of the cluster processes. The convergence result of Theorem
below entails that iterating the map ¢ leads to the desired fixed point, thus having found
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G(u) uniquely. Once G(u) has been obtained, numerical inversion can be applied to ob-
tain the corresponding joint densities and distribution functions; likewise, arbitrary joint
spatial-temporal moments can be evaluated by differentiation.

We now proceed to establish the convergence result. Consider a joint transform J (0)(-) €
J¢. Define the sequence (J™ ())nen, by T™ () == ¢(T" V() for n € N, where ¢ is the
mapping in Eqn. . Note that J™(.) € J for all n € Ny by Lemma [1| and induction.

Theorem 3. For any J9(-) € J¢, the sequence (T"™ )pen, () converges pointwise to the
fized point G(u) = T ga sx(u), i.e., asn — oo, for any u < t,

j(n)(u) = J(n)(ua S,Z) — JSQ’SA(U, S,Z) = JSQ,S’\(U)' (39)

Proof. Consider, for JES)(-), Jg))(-) € J¢, the sequences JXL)(-), J](3n)(~) € J?¢ by
TV =6TV0). T = eTy V0,

where n € N. We show that the sequences have a unique limit by first proving that there
exists a constant M; > 0 such that, uniformly in n € Ny and u < ¢,

()0~ (T8, 0] < (M) (40)

where (Jl(n))J(u) it the j-th entry of Jgn)(u), for i € {A,B}. We prove inductively.
For n = 1, using the bounds appearing in the proof of Lemma [2] we have

(T),0) = (T8)), ()] < drnaxBIBy] g2 ey = My,

where we choose M; 1= dmax;ciq E[Bj;] |95 v, ), which is finite by assumption. For the
induction step, assume that holds for some n € N. Again by the bounds appearing in
the proof of Lemma [2] we have

(TE), ) = (T5) ()]

< ZE{BW‘ /0 G (v) /Ou (TE),0) = (T5™),, (0] dv]

[ 1
<M= Mao)ydy = ———
n! Jo (M) dv (n+1)!

Since this holds for all j € [d], it is clear that implies that

(Mju)n-I—l'

n 1 d
175 () = T8 (W)l < Z o < (Mu),
‘= n! n!
where M := max;¢c[q M;. Letting n — oo, we note that both sequences have the same limit
Jm 73 w) = i T () = T () (41)

We now show that J(-) € J¢, which we argue to hold by applying Lévy’s continuity
theorem for Laplace-Stieltjes transforms. (It suffices to consider z € [0, 1]¢; the case z €
[—1,0) can be dealt with analogously.) Note that (J™);(u) can be considered to be a
Laplace-Stieltjes transform; indeed, as a consequence of J (”)(-) € J¢, we can rewrite, for
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certain Y,,(u) = Y, (v), Xm(u) = X9 (w), and with Z0m () := (Y 0 (1), X 6 (4))T
a random vector of length 2d,

d 2d
(j |: H Z;;m —smXm u)] |: H Ym(u H e_sm—de—d(u)i|
m=d+1
d 2d
|: H e_'rmym H e_Tme—d(u):| — E[exp ( _ TTZ(j7n) (u))]7
m=1 m=d+1
where we set, for m = 1,...,d, e = 2, and, for m =d+1,...,2d, r,, = Sp_q, With

rm = 0 for all m € [2d]. As a result, (J™);(u) is the Laplace-Stieltjes transform of the
random vector ZU™ (u). Since we established above that the limit of J™ (u), as n — oo,
exists, Lévy’s Continuity theorem, see e.g., [25, XIII: Theorem 2], now implies that there
is a random vector Z\) such that ZU™ (u) converges weakly to Z9) as n — oo, with the
Laplace-Stieltjes transform of Z\9) being (J);(u). This implies (J);(-) € J, and hence also
J() e ]

Finally, by Lemma [2| we know that ¢ is continuous, so

T () = lim J"(u) = lim (T™)(u) = ¢( lim T™)(u) = ¢(T)(w),

n—oo

implying that the limit point is a fixed point of ¢. By Theorem [2| we know that J s ga(:)
is a fixed point of ¢ and combined with , where we derived that every sequence has
the same (unique) limit, we have that J™(u) — J s@ gr(u) as n — oo, irrespective of

T e I, 0

5. TAIL PROBABILITIES

In the previous sections, we have provided an exact analysis of the probabilistic behavior
of (primarily) the random object (Q(t), A(t)) for t > 0. We have characterized in particular
the associated joint transform and established a corresponding fixed-point representation,
allowing for general decay functions g;;(-), general distributions of the jump sizes B;;, and
general distributions of the sojourn times .J;. In the present section, we provide an asymptotic
analysis pertaining directly to the probability distribution functions of Q(t) and A(t), in the
setting where the jump sizes’ tail distributions are essentially of a power-law nature.

5.1. Power-law tails and the Hawkes graph. We start our exposition by introducing
the concept of asymptotically power-law tails.

Definition 6 (ASYMPTOTICALLY POWER-LAw TAIL (APT)). We say that a scalar-valued
non-negative random variable X has an asymptotically power-law tail if there exist positive
constants C' and v such that

P(X >z)z" — C,
as x — oo. We write: X € APT(C,~) and refer to ~y as the tail indez.

In the sequel, we assume that, for each ¢, j € [d], either B;; € APT(Cj};,;;) for constants
Ci; > 0 and 755 > 1, or B;; = 0. Later in this section we discuss a few generalizations.
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In the literature, a substantial amount of attention has been devoted to probabilistic
systems in which some of the underlying random variables have a distribution function with
a power-law tail. One often works with a class of distributions that is closely related to, but
slightly wider than, APT, namely the class of regularly varying distributions: then, P(X > x)
behaves as ¢(z) ™7 when x — oo, for some slowly-varying function ¢(-) (i.e., for all @ > 0
we have that ¢(az)/l(x) — 1). A detailed exposition of regular variation in the context of
insurance and finance can, for instance, be found in the monograph [23], and for examples
of its use in queueing theory we refer to |26, [47]; a general treatment is in [7]. A powerful
concept in this branch of the literature is the so-called ‘principle of a single big jump’: in
many systems, rare events happen with ‘overwhelming’ probability due to a single extreme
outcome of a random quantity that features in the model. In a simple single-dimensional
counterpart of our model, it is shown in [37] that in the spirit of this principle Q(t) essentially
inherits the tail behavior of the jump size B.

An important result that we exploit in the general context of this section, is a closure
property related to the sum of independent random variables in APT. If X, is in APT with
tail index ~;, for ¢ = 1,2, and X; and X, are independent, then X; + X5 is also in APT
with tail index equal to min{vy;, 12}, i.e., the heaviest tail dominates; cf. [23]. Based on this
property, one could naively guess that in the present multivariate setting, the tail of Q;(t)
will resemble the tail of the heaviest among B, ..., Byg. This is however not necessarily
the case: due to potential cross-excitation, heavy tails originating in another component
may indirectly propagate to component 7. This concept of propagation can be conveniently
reasoned about relying on so-called Hawkes graphs, defined in the present setting as follows
(see also, e.g., [0, B0] for related, different definitions).

Definition 7 (HAWKES GRAPH). Let V = {1,...,d} be a set of vertices. Let an edge e;;
from j to i exist if B;; € APT(Cyj,vi;) for Ci; > 0, vi; > 1 (i.e., By is not identical to 0),
and call the resulting set of directed edges E. Then, the directed graph (V, E) is called the
Hawkes graph.

Note that the vertices V' of the Hawkes graph are associated to the components of the
Hawkes process (Q(:),A(-),IN(+)), i.e.,, i € V corresponds to Q;(t) (or X\;(t), N;(t)). The
states in the Hawkes graph (V, E) can be classified similarly to how this is conducted for
Markov chains. To this end, we set P, ; = 1 if a path from j to ¢ in (V, E) exists, and
P, ; = 0 otherwise. (The order of the indices in P;,; might look unnatural at first sight,
but it should be borne in mind that B;; € APT(C;;, v;;) implies that there is an edge from j
to 7 in the Hawkes graph, with corresponding jump sizes generated according to the random
variable B;;.) We say that vertices ¢ and j belong to the same class if P, ; = Pj; = L.
We shall call a class recurrent if there is no path to vertices outside the class, otherwise it is
transient.

Example 3 (BIVARIATE, TRIANGULAR). Let d = 2 and assume that B is identical to 0.
The corresponding Hawkes graph can be visualized as in the figure below.

€21
JGOMROSE
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In this example, P,y =1, Poe 1 =1, and Py 5 =1, but P = 0. We conclude that there
is one transient class {1} and one recurrent class {2}.

Example 4 (TRIVARIATE). Let d =3 and assume that Bya, Bi3, By and Bsy are identical
to 0. Then, the Hawkes graph takes the following form.:

€21 €32
HEOBROWBOSE
€23

It is directly seen that there is one transient class {1} and one recurrent class {2,3}, since
there is no path to 1 from the other vertices.

The following lemma relates the cluster processes to the Hawkes graph path indicators.
The proof follows using standard techniques and is for completeness given in Section [A] in
the Appendix.

Lemma 4. Consider u > 0. The following statements are equivalent:

(i) E[SZ;(w)] > 0;
(i) E[S_;(u)] > 0; and

(il) Proy = 1.
Proof. See Section [A]in the Appendix. O

5.2. Tails of the marginal distributions. In this subsection, we establish the asymptotic
behavior of P(Q;(t) > x) and P(\;(t) > x) as & — oo, for any i € [d]. We start by introducing
a few objects that play a pivotal role in our analysis:

0;j = min{vm; : Py, = 1}, 4 :=mind;;, [, :=argmind;;, I;; = argmin{v,,;:j € L;}.

me|(d] j€ld] j€ld] me

Given the existence of a path from m to 7, J;; determines the smallest ,,; associated to B,,;
over all such m for a given j. Here, it is noted that we do not assume that min;cy d;; is
attained at a unique argument, i.e., I; is a set that potentially consists of more than one
element; the same applies to I;;.

In addition, we introduce two functionals, in the same spirit as Eqn. . First, with
z(-) = (z1(-), ..., 2q4(")) a (row-)vector-valued function and P > 0, for j € [d],

d u
Bi{P,@(-)}(u) =P+ Z E[B;] /0 Gmj (V) T (w — v) do. (42)
m=1
Second, with y(-) = (y1(-),...,ya(-)) denoting another (row-)vector-valued function and
d € (1,2), for i,j € [d],

BL{Pa() | y()} () =P+ 3 E[Byy) / " G (0) (1t — 0) do

mel;
d

b Y Cos ([ omumtu—oa0) @

melij

where w; = I'(1 — §) with I'(-) the Gamma function.
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In the sequel, we will intensively work with functions Rj;(-) and R;‘]?‘S(-), * € {Q, A},
defined using (#2))-(43)), and their row-vector-valued counterparts R (-) and R@f (+), defined
analogously to Sf;(-). The functions Rg (-) and R}(-) for i,j € [d] satisfy the system of
coupled functional equations

R3(uw) = Bi{lu—py P(J; > u), R () }(w),  R3(u) = BAE[By) gyj(w), RY) ()} (w),  (44)

whereas the functions Rg’é(-) and R;‘j"s(-), with j € I; and ¢ € (1,2), satisfy the system of
coupled functional equations

RZ*(u) = BY{0, R ()| R (D} (w), Ry (uw) = By {wiCyj, RE ()| RY) () }(w).  (45)

The following theorem reveals how APT-behavior is inherited by Q;(t) and \;(t), i € [d].
Henceforth, for positive functions f(-) and g(-), we write f(z) ~ g(z) as * — x¢ to mean

limg, .0, f(2)/g(x) =

Theorem 4. Fizi € [d] and t € R,. Assume that %; € (1,2). Then, Q;(t) € APT(C?,5;)
and \i(t) € APT(CM,5;) for some C2,C} > 0. More precisely,

E[zc?i(ﬂ —1+(1-2)E[Qi(t)] ~ —(1—2) ZAM/ R (u) du,

Jjel;
]E[e_s’\i(t)] 1+ sE[X ~ =g Z)‘JOO/ R>‘% (u) du,
JEI;
as z T 1 and s | 0, respectively, and the first moments equal
d t d t
0] =D N / RE(u)du, E[N(H)] =) e / R} (u) du.
j=1 0 j=1 0

Before we give the proof of Theorem we discuss the systems of Eqns. f. First, ob-
serve that they can be considered as vector-valued renewal equations, owing to the structure
of —. We point out how to solve these for ; can be dealt with analogously,
hence we only provide its final result. In the sequel, we denote the Laplace transform of f(-)
by

LU = / e f () du

for r > 0. Taking the Laplace transform of (44]), recognizing the convolution structure, we
readily obtain, with F(-) = P(J; > -),

L{RZ()}(r) = Laep LLFO) () + D E[Buyl - £{9i ()} () - L{RE,()}(r). (46)

For a given argument r > 0 and component ¢ € [d], Eqn. is a linear system from which
the unknowns z;;(r) = E{Rg (1)}(r) can be solved. This is done by first solving for any
recurrent class the corresponding linear subsystem, and then iteratively for any transient
class leading to these recurrent classes. Having computed z;;(-), standard Laplace inversion
can be invoked to identify the functions Rg(), see also Section

A similar argumentation applies when taking the Laplace transform of , leading to,

L{RZ ()}r) = D BBl - L{gms ()} (r) - L{RE ()} ()

mel;
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@i D Cong £ (s * BE) () }0), (47)

mEL;j

where, as usual, * denotes the convolution operator, i.e.,
5

(9 820 = [ os0)RE 0= 0)0)

This is again a linear system, from which the z;;(r) = £{R$’5(~)}(r) can be solved for any
given r > 0. Recall that at this stage the functions Rffn() are available, thus allowing us to
evaluate the last term in . We can obtain similar equations for the transforms pertaining
to A\i(t); as these are fully analogous, we leave them out.

Proof of Theorem[). We fix i € [d] and prove the result for Q;(t); the arguments for \;(¢)
are similar, mutatis mutandis. To that end, we set s, = 0 for all m € [d] and 2z, = 1 for
k # i and z; = z € [—1,1] in the joint transform of (Q(t), A(t)), Jo.x(t). We thus obtain
the z-transform of Q;(¢) in terms of the cluster process entries ng(u),

E[zQi(t)} = ﬁexp ()\jm /t (E [Zsfj’_j(u)] — 1)du>,
j=1 0

d u
E[zsg—j(“)] = E[zl{i:ﬂlwﬁ“}] H T{Bn;} (/ 9mj<U)(1 - ]E[ZSZQH"(WU)] )dv);
m=1 0

where the latter equation holds by our fixed-point theorem, i.e., Theorem[2] and T{B;}(s) =
E[e*Pmi] denotes the Laplace-Stieltjes transform of B,,;. The idea is to analyze expansions

(48)

of the z-transform appearing in by using Tauberian theorems, so as to establish the tail
behavior of Q;(t).

Under the assumption that B,,; € APT(C,,;, Vmj), the B,,; that have index 7,,; € (1,2)
satisfy

T{Bmj}(r) ~ 1 —=7rE[By;] — Crj (1 — yimg)r™, (49)

as r | 0, where I'(+) is the Gamma function, by virtue of a Tauberian theorem; see e.g., [7,
Theorem 8.1.6]. Observe that

/u gmj(v) (1 — E[zsg—m(“_”)})dv 10
0

as z 1 1. Using this in (49)), we obtain
T{Bm;} </ gmi(0) (1 — E[zsz%m(“*”)])dv)
0
~ 1 —E[B,,] / i (0) (1 = E[255m =) dy (50)
0

— Cp(1 = 7mj)</0u gmj(v)(l - E[ng_m(u_v)})dv>’ymj'

Q
We substitute in the expression for ]E[zsiw’(“)] in in combination with the calcula-

tion E[z' =100 ] = P(J; < u) + 2 0= P(J; > u) = 1 — (1 — 22=1)P(J; > u). This allows
us to write, up to O((1 — 2)?) terms,

1—E[55®) ~ 1 — (1= (1= 22=0)P(J; > u))
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< |1 {1 — E[Bn] /Ou Gmj (0) (1 = E[z55n 0] ) dy

m=1

— CgT'(1 = Ymj) ( /0“ 9mi(v) (1 = E[Zsim(u_v)})dv)%j}

d u
= (1= 2P > u)+ 3 E[Boy / g (0) (1 — E[25%=2] )y
#32 G =) [ () =BT ao) ™

We now focus on the linear terms, and the next term of order strictly between 1 and 2,
yet to be determined. As for the linear terms, consider the expansion

Q u
| —E[550) =1 - (1 (- Z)E[Sfij(u)}) FO((1 - 2)?)
= (1= 2)E[SZ;(w)] + O((1 = 2)*) = (1 = )R (u) + O((1 — 2)°),
where the last equality follows from the observation Rf]? (u) = E[Slf%j (u)]; applying the
distributional equality to E[S? ;(u)] yields Eqn. (44).

For the next term (beyond the linear terms, that is), we expand 1 — E[ZSZ%J‘(“)} again,
now including a term of fractional order ¥;; € (1,2) (whose value will be determined below),
yielding

1 —E[255®] = (1 = 2)R2(u) + (1 — 2)" R2%(w) + O((1 — 2)?),

where Rg"s(u) is the solution to |D which we argue next. By substituting this expansion
in (51f), equating the terms of order between 1 and 2, and ignoring higher-order terms, we
obtain

(1— 2% R (u) = 3 (1 = 2)""E[By,] / 9 (V)RS (u — v)dv

m=1
d u
#3 Cg1 = 2T =3 ([ gm0 RE (o)
m=1 0
The problem of solving this system of equations comes down to determining v, ..., %4

and finding the term(s) of lowest order among the 7,,;. In other words, we need to equate
0;; on the LHS with the minimal 7,,; on the RHS among the non-zero terms. As RZ, (u) =
E[S9 . (u)], we have by Lemma [4| that R (u) is non-zero if there is a path from m to i in
the Hawkes graph. We therefore obtain the condition 9;; = ¢;;, with d;; introduced at the
beginning of Section . Note that ¥;; does not necessarily equal 7,5, but rather corresponds
to the heaviest tail originating from j with a potential path of propagation to i. Taking into
account the source and target component of this heaviest tail, we obtain Eqn. (45)). Finally,
we substitute this back into the z-transform of @;(¢) in , yielding, up to O((1 — 2)?)

terms, as z 1T 1,

]E[zQi(t)] ~ jli[lexp ( — oo /Ot (1 —2)RZ(u) + (1 — z)ﬂingﬁ(u))du)
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d t d

t
R /0 R(u)du — 3 (1= 2)7 /0 RO (u)d,

Jj=1 Jj=1
where in the last asymptotic equality we used the Taylor expansion of the exponential ex-
pression. To obtain the lowest order term among the ¥;;, we set 7; := minje[d]{ﬁij}, and the
components from where the heaviest tails originate are given by I; := arg min,¢ 4 {9} C [d].
After rewriting this last expression and observing that the linear term equals E[Q;(t)], we
obtain

E[zQi(w] — 1+ (1= 2)E[Qi(t)] ~ —(1 — 2) Z)\joo/ R (u)du. (52)

J€l;

Note that is now in the general form stated in [7, Theorem 8.1.6], as an expansion of
the z-transform of Q;(t), which yields that Q;(t) € APT(C®, ;) for some C? > 0. O

The result of Theorem M in combination with suitable Tauberian theorems allows us to
describe the asymptotic tail behavior of @;(t) and A;(¢). In order to properly take care of
the constants that appear in the application of this theorem, we introduce, for x € {Q, A},
the function Rff() through

R (u) =T(1 = 0) R (w). (53)

Note that Rff(u) satisfies Eqn. without the w; term. We can then rewrite Eqn. as

E[zw)} — 1+ (1= 2)E[@i(t)] ~ —(1 = 2)"T(1 = %) > Ajo /0 R (u)du.

Jjel;

Corollary 4. Fizi € [d] andt € Ry. Assume that 7; € (1,2). Then, as x — oo,
P(Q:(t) (Z Aj, Oo/ Rgﬁi (u) du) x 7,
J€el;
P\ (¢ (Z A, Oo/ l]m( )du) x

An interesting special case of Theorem [4, and Corollary [4] concerns the situation in which

(54)

the Hawkes graph is irreducible, i.e., the case where there exists a directed path between
every pair of vertices. Theorem |4 then implies that all components Q;(t) and \;(t), i € [d],
inherit the minimum v = min; jeq{7i;}, i-e., all components Q;(t) and A;(t) are APT with
tail index ~.

Remark 4. In the setting of Theorem we have assumed 7; € (1,2). In case7y; € (m, m+1)
for some m € {2,3,...}, a similar analysis can be performed, but additional terms are
to be included in the expansions of ([48). The statement that Q;(t) and X\;(t) are APT
with tail index 7; carries over. While the proof is conceptually analogous to the case of

€ (1,2), various expressions that will appear in the corresponding proof are substantially
more involved.

Remark 5. We conclude this subsection with a remark on extensions to cases in which
some of the jump size distributions are not of APT type. Following Definition [0, we have
assumed that the B;; are either of APT type or identical to 0, for a transparent exposition.
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At the expense of additional notation and administration in the proof, also the cases that
some of the B;j are identical to a positive constant b;; can be covered. Likewise, using a
similar but more cumbersome treatment, one can also handle the situation in which, besides
the dominant jump sizes B;j of APT type, there are light-tailed jump sizes as well.

5.3. The tail index is a class property. To fully appreciate how the chain structure of
the Hawkes graph is reflected in the tail indices of Q;(t) and \;(¢), ¢ € [d], this subsection
systematically studies this feature, starting by revisiting the two examples discussed earlier.
We focus primarily on Q;(t); the analysis for \;(¢) is analogous.

In the setting of Example [3 the tail index of Q1 (t) is 711 and the tail index of Qs(t) is
Ao = min{ye1,v22}. In Example , @1(t) has tail index 777, whereas both @Q2(t) and Q3(¢)
(which together form a recurrent class) have tail index 42 = 33 = min{~s1, 732, V23,733 }. The
above suggests that the tail index is, like recurrence, transience and periodicity for Markov
chains, a class property, i.e., the tail index is the same for all states belonging to a class.
This claim is confirmed in the next result.

Proposition 2. Fori € [d] in a given class of the Hawkes graph, all P(Q;(t) > x) have the
same tail index, i.e., the tail index is a class property.

Proof. The proof follows from Theorem [ in particular, from the role played by d;; in the
proof of that theorem. 0

The following somewhat more elaborate example demonstrates how in general to itera-
tively compute the tail indices corresponding to the individual classes.

Example 5 (A MORE INVOLVED HAWKES GRAPH). In this example, we consider a system
of 6 states such that the vertex set V.= {Q1,...,Q¢} and the directed edges E are drawn
below.

€21 €32
G OWBOOs
€23
€14 €36
€54
o Qs T e
€45

The different colors (drawing styles) represent the class each vertex belongs to. Observe
that there are three transient classes, viz. green (G,solid), cyan (C, dashed-dotted) and
blue (B, dotted), and one recurrent class, viz. red (R, dashed). We start by determining the
tail index of the transient class that is the ‘furthest away’ from the recurrent class, viz. C.
This class has distance 2 to the recurrent class, as one has to go through another transient
class to reach the recurrent class. In evident notation,

Yo = Y4 = Y5 = min{yss, 54 }-
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We proceed with the transient classes with distance 1 to the recurrent class, i.e., G and B,

and find

Yo = Y1 = min{yc, Y14, Y11} = min{s4, Va5, Y14, Y11}
B = Y6 = 7Ve6-

We finally determine the tail indices of the recurrent classes. In this case, there is just one
recurrent class, viz. R:

YR = Y2 = Y3 = min{yq, B, V21, V36, V32, V23, V33 }
= min{%s, Y545 Y145 V11, V665 V215 V365 V32, V235 733}-

5.4. The asymptotic behavior of linear combinations. In the above, we have focused
on the asymptotic (marginal) tail behavior of the i-th components Q;(t) and \;(¢). To gain
insight into the corresponding joint asymptotic behavior, we now consider the tail behavior
of (c,Q(t)) for some ¢ € R%, where (x,y) denotes the inner product. As before, the
case (¢, A(t)) can be dealt with analogously. For convenience, we do so for the case that
the Hawkes graph is irreducible; the case that the Hawkes graph is not irreducible can be
addressed as well, but its analysis is somewhat cumbersome and mechanical, as it requires
distinguishing various cases.

As demonstrated above, in the irreducible case, 7; = « for all i € [d]. Likewise, also the

set I; does not depend on 7, and is therefore denoted simply by 1.

Proposition 3. Fizt € R, and c € ]Rd Let the Hawkes graph be irreducible. Assume
v € (1,2). Then, (c,Q(t)) € APT(C ,7) for some C > 0. More precisely,

B[00 — 14 (1= 2)E[(c, Q)] ~ (1~ 2) Z Z%oo/ R (u)du,  (55)

J€eI

as z T 1. The first moment equals

E[(c, Q(1))] Z)‘JOO/ ZCiRQ(u) du

J=1

Proof. The proof follows the lines of the proof of Theorem [4} we therefore omit the details.
One has to properly take care of the multivariate setting when taking expansions and equat-
ing linear and fractional order terms. Due to irreducibility, the term of order ~ effectively
propagates throughout the system. 0

Proposition [3{can be used to determine the asymptotic tail behavior of (e, Q(t)) analogous
to Corollary [} under the assumptions of Proposition [3| as © — oo, we have that

P((c, Q1) (Z IS N / R2(u) du> . (56)

jelI
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6. NUMERICAL EXAMPLES

This section provides a collection of numerical examples to illustrate the results derived
in the previous sections. All the numerical computations in this section are conducted in
Python and the computer code is available from the authors upon request. The first part of
this section focuses on the exact analysis. The characterization of the joint transform in The-
orem [l|and the fixed-point representation and convergence results in Theorems enable us
to numerically compute arbitrary joint moments of N;(t), Q;(t) and X;(¢), for any i € [d] and
t € R, using standard numerical techniques. The second part of this section considers the
asymptotic analysis. The characterization of the heavy-tailed asymptotic behavior of Q;(t)
and \;(¢) in Theorem {4] allows us to numerically evaluate their tail probabilities. For both
the exact and asymptotic analyses, we compare our numerically evaluated results to Monte
Carlo simulated counterparts. Our simulation procedure is based on Ogata’s [40] thinning
algorithm (see also [38, Algorithm 1.21] for details), which in our general multivariate setting
essentially relies on the cluster representation in Definition . Once a sample path of N ()
has been simulated for some ¢t € R, one can easily obtain the corresponding A(t) and Q(t).
The simulation procedure is, in principle, elementary, but can be highly time consuming
when t € R, is large, in the presence of heavy tails, or when a high level of precision is
pursued. By contrast, the numerical evaluation of our exact and asymptotic results is nearly
instantaneous.

Because our results allow for general decay functions g;;(-), we illustrate two examples
of parametrizations, namely exponential and power-law decay. Throughout this section, we
consider the bivariate case d = 2. In the instances considered, we let the stability condition
be satisfied, i.e., the spectral radius of the matrix ||H|| = (||hsj||)i ez is smaller than 1,
which results in the condition

(T = NlPaa )X = [[h22ll) > [[hazlll[ A1 |- (57)

The stability condition implies that the processes N;(t), @;(t) and \;(t) converge to a
steady state as t grows.

6.1. Exact analysis. We focus attention on the processes Q(t) = (Q1(t), Q2(t)) and A(t) =
(A1(t), A2(t)) and illustrate the joint transform characterization of (Q(t), A(t)) under both
exponential and power-law decay. More specifically, by means of a standard finite difference
method, we approximate the derivatives of the joint transform Jg x(t) obtained by relying
on the fixed-point characterization of Theorems so as to numerically evaluate arbitrary
joint moments. We focus on moments corresponding to the first components, i.e.,

E[Q:(1)] = E[Q:(8) [@1(0) = 0, E[M ()] = E[M () [ M(0) = At o],

and the associated variances, as well as the joint moments E[Q;(t)Q2(t)] and E[Q1(t) A1 (1)].
Recall that the departures of events in ;(t) are governed by the non-negative random
variable J;, which we assume here to be exponentially distributed with parameter p; > 0.

6.1.1. Ezponential. We let the decay functions g;;(-), with ¢, j € [2], be of exponential form.
In our bivariate setting, we assume

g (t) = gio(t) = e™ 1, g21(t) = goa(t) = 7%, (58)
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Figure 3. Plots of the expectations and variances of Q1(-) and A1 (-) and the joint moments
E[Q1(t)A1(t)] and E[Q1(t)Q2(t)] (solid lines), compared to Monte Carlo simulated averages (dashed
lines), in the bivariate model (d = 2) under exponential decay, with t € [0,10]. Parameters:
)\1’00 = )\2’00 = 05, M1 = U2 = 2, a11] = 12 = 2.3, Q921 = Q99 — 2, Bll = 1.3, B12 = 06, Bgl = 08,
BQQ =0.5.

for oy, 0 > 0. Further, in this example we take the random variables B;; to be positive
constants, i.e., B;; = b; € Ry. This yields, for i,j € [2], that ||h;| = b;;/as, and we will
select parameters such that the bivariate stability condition in Eqn. is satisfied.

In Figure 3| we plot the expectations E[Q:(¢)] and E[);(¢)], the variances Var[Q:(¢)] and
Var[A;(t)], and the joint moments E[Q;(t)A\;(¢)] and E[Q:(t)Q2(t)], obtained from the fixed-
point characterization. These are plotted against their Monte Carlo simulated counterparts
based on M = 10° runs, for ¢ € [0,10]. In all cases, the numerical evaluation of our exact
results closely matches the Monte Carlo simulated counterparts. Around t = 6, the effect
of the initial state has vanished, in that the processes enter the stationary regime. We note
that the CPU time associated with the exact results is negligible compared to the CPU time
required for the simulation results. Furthermore, for large ¢, the exact results remain smooth
while the simulation results become a little rougher.

6.1.2. Power. We next let the decay functions g¢;;(-), with 4, j € [2], be of power-law type.
In particular, we take

1 1

g21(t) = goa(t) = (

Gt (59)

gui(t) = g12(t) = m»

where ¢, ¢ > 0 and py, pa > 1 to ensure integrability. Again taking B;; = b;; € R, we now
have ||hi;|| = bijel 7 (p; — 1)~ As before, we choose the parameters such that the bivariate
stability condition in Eqn. (57)) is satisfied.
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Figure 4. Plots of the expectations and variances of Qi(-) and A (-) and the joint moments
E[Q1(t)A1(t)] and E[Q1(t)Q2(t)] (solid lines), compared to Monte Carlo simulated averages (dashed
lines), in the bivariate model (d = 2) under power-law decay, with t € [0,20]. Parameters: \j o =
)\2700 = 1, H1 = H2 = 1.5, Cc1 = 1.5, Cy = 2, P1 = 2.5, D2 = 3, Bll = 1.5, Blg = 05, Bgl = 1,
BQZ =0.5.

Figure 4| displays the expectations E[Q(t)] and E[\;(t)], the variances Var[Q(t)] and
Var[A(t)], as well as the joint moments E[Q(¢)A1(¢)] and E[Q1(t)Q2(t)], plotted against
their Monte Carlo simulated counterparts. We observe again a highly accurate match. We
note that, compared to the case of exponential decay, it now takes longer for the processes to
reach the stationary regime. This is due to the fatter tails of power-law decay: heuristically,
the processes now ‘have more memory’.

6.2. Asymptotic analysis. We proceed by numerically illustrating our asymptotic results
on the tail probabilities of NV;(t), as established in Corollary 4l In particular, we compute
the Rg ’5(~),function appearing in Corollary |4 and the corresponding tail probability approx-
imations, and compare these to tail probabilities estimated using Monte Carlo simulation.

In our specific bivariate example, we consider only one direction of cross-excitation and
one heavy-tailed random variable. More precisely, we set B1; = 0, By = 0, Bis = 1 and
assume Boy € APT(1,v) with v = 1.8, such that this system can be represented by the
following Hawkes graph:

€12

() (v e
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The index v of the heavy-tailed random variable Bss is inherited by both Ny (-) and Na(+). In
this setting, we compute the functions R;)(-) and Rf;m(‘), with 4, j € [2], using the system
of equations of their Laplace transforms given in Eqns. , and . By solving this
linear system and inverting back, we obtain R[Y(-) at time u by

1 — E[Byp]L{gn}() )7
N 1 L{1}()
R22(u) :‘C {1 —E[BQQ];C{QQQ}()}(U)’

where Go(u) = fou gi2(v)dv. Note that RYY(-) = 1 by Eqn. (44)) since By; = 0, and RN (:) =0
by Lemma 4| as Py ; = 0. In a similar manner, we obtain Rij 7(+) at time u by

L{(g22 % RY)"} (") }(u>
1 —E[By]L{g}(-) ) 7
E{(gzz * Ré\zl)v}() }(u)
1 —E[Ba|L{gn}(-)) "~
This allows us to compute the analytical expressions that appear in Corollary [4, which in
our bivariate setting are fot R (u)du and fot Ry (u)du for components Ni(t) and No(t),

respectively. We next discuss two parametrizations of the decay functions to compute these

RY(u) = E[Bp)
(60)

RNY(w) = £71
{ (61)

Ry (u) = £7

terms explicitly.

6.2.1. Fxponential. We choose our decay functions as in Eqn. , and select the remain-
ing parameters such that the stability condition (57)) is satisfied. In Figure [5| we plot the
analytical expressions from Corollary |4 against the Monte Carlo simulation-based approxi-
mations of the tail probabilities P(Ny(t) > x) and P(Ny(t) > z) as x grows, for fixed ¢t = 1.
The simulations are performed by sampling M = 2 - 10° runs of N (1) = (N;(1), Na(1)) and
counting the proportion of these runs that lead to values larger than any given threshold x.
The number of simulation runs is chosen sufficiently large to obtain reasonable estimates of
small tail probabilities. As expected, we see that as x grows, the simulation approximations
of the tail probabilities converge toward the analytical asymptotic expressions.

6.2.2. Power. We now choose our decay functions as in Eqn. , and the remaining param-
eters such that the stability condition (57)) is satisfied. We substitute the decay functions into
and , and compute the analytical expressions appearing in Corollary Figure |§|
is the counterpart of Figure [f, but now for power-law decay. We observe again that both
Monte Carlo simulated approximations converge to the analytical asymptotic expressions.

7. CONCLUSIONS

This paper has focused on multivariate Hawkes processes and associated population pro-
cesses, establishing both exact and asymptotic results. Importantly, we allow our model to
be non-Markovian, in that the processes’ decay functions can be chosen generally. We have
characterized their joint transform via a fixed-point theorem, by exploiting suitable exten-
sions of the existing results on cluster representations for Hawkes processes and associated
distributional equalities induced by the underlying branching structure. For the case that the
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Figure 5. Plots of the tail probabilities P(N1(t) > x) and P(Na(t) > x) for fixzed t = 1 in
the bivariate model (d = 2) under exponential decay, using the analytical expressions appearing
in Corollary |4 (solid lines), compared to Monte Carlo simulated approximations (dashed lines).
Parameters: Moo = 0.5, Moo = 1.5, 11 = 12 = a1 = a2 = 1.5, B11 =0, Bio =1, By =0,
By € APT(I, 1.8).
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Figure 6. Plots of the tail probabilities P(N1(t) > x) and P(Na(t) > x) for fized t = 1 in
the bivariate model (d = 2) under power-law decay, using the analytical expressions appearing
in Corollary |4| (solid lines), compared to Monte Carlo simulated approrimations (dashed lines).
Parameters: M\ o = 0.5, Aooo = 1.5, c1 =co =1, p1 = 2.5, pp =3.5, Bj1 =0, Bio =1, By =0,
Bay € APT(1, 1.8).

intensity jumps are heavy-tailed, we have also succeeded in determining the corresponding
asymptotic tail behavior.

A (partially) more general setting than that analyzed in our paper is provided by the ex-
tensions of Hawkes processes introduced in [9], referred to as non-linear Hawkes processes,
and versatilely analyzed further in [44] [45] [46]. Then, the form of the intensity process is
governed by a general auxiliary function, rather than the additive structure . Impor-
tantly, the cluster representation applies to the additive case only. As a consequence, our
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results cannot be readily generalized to the non-linear case, which will require an intrinsically
different approach.

APPENDIX A. ADDITIONAL PROOFS

Proof of Lemma [l We start by considering a pair of matrix-valued processes (X (), Y (+)) =
(X35 (), Y;j(-))i’je[d] and denote by X(;(-) and Y{;(-) the i-th rows of the respective matrices.
We define a mapping ® acting on the space of such pairs of processes at time u by

(Xi (u)> Y;j(u))i,je[d} = @ ((XZ](), Yij('))i,jE[d]) (u) =o (X> Y) (u)a
=t (A{ Ly Lsup X (), A{Bijgii(w), Yo () }w) ey (62)
where A; is as defined in Eqn. . We note that the above mapping could be equivalently
expressed in terms of distribution functions of X () and Y (-). Now observe that the mapping
in Eqn. (62)) is the probabilistic analogue of the mapping ¢ given in Eqn. (35). We can verify
this, as the time-dependent joint transform Je(x,v)(-) is, at time u, due to Definition ,
explicitly given by
T, (x,v)(u)
Jaoxy)(u) = : , (63)
Jaax ) (1)
where each entry, for j € [d] corresponding to the j-th column ®;(X,Y)(-), is given by

Jo,;x,v)(v) = Jo;x,v)(u, 8, 2)

AL Lo X ON0) 4 (Bosgus (). Yoo (64)
:E[sz‘ i i=i) 1>y X @) e slAJ{B”g”(u),Y(Z)()}(u)i|.
i=1
Mimicking the steps of the proof of Theorem , we derive that the right-hand side of Eqn. (64])
equals ¢;(J x,y)(u). Therefore, the joint transform of ®;(X,Y)(:) satisfies Jo,x,v)(-) =
0;(T xy)(-) € J. Since this holds for every entry j € [d], we have that (T xy)(-) € J%. O

Proof of Lemma[3. Let J (), J(-) € J¢ and € > 0. We will show that for a certain choice of
0 > 0, we have

1T = Tle <8 = [|¢(T) = (T30 < e

It suffices to prove continuity in each entry separately. Considering the j-th entry of ¢, which
is the mapping ¢; defined in , observe that it can be rewritten as

s>y

(T, ..., Ta)(u, s, z) :E[zj ]

X li[ E[exp ( — Buj (Smmj(u) + /Ou Gmi(0) (1 = T (u — v, s, z))dv))].

m=1

We then have

l65(T) = &5(II? (65)
= sup ’¢J(J>(u7 S,Z) - ¢J(3)(u’ s, z)‘Q

u,8,2
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< sup
u,8,z

M=

E[exp(—

— exp ( N Z B, (smgmj(u) - /Ou gmj(“)(jm(u —0,8,2) = l)dv)ﬂ ‘2’

m=1

Binj (Smgmi () + /0“ G (V) (Tm(u — v, 8,2) — 1)dv)>

1

3
I

(66)

where we have used that |z;| < 1. We then apply the mean value theorem to the difference
of the exponential terms; for an exponential function, it states that e® — ¢’ = (a — b)e® for

some ¢ € [a,b]. We have that

d u
- Z Binj (Smngj(u) + / gmj(v)(l - jm(u -v,8, z))dv) <0,

m=1 0
due to Jm(u—wv, s, z) < 1, By,; being non negative, s € R% and g,,,;(v) > 0 by assumption.
The same holds for the terms involving 7,,. Hence, we can apply the mean value theorem
with some ¢ < 0. We thus obtain the following upper bound on (66)):

2

sup , (67)

u,8,2

i E[ij /Ou Gmj (V) (Tm(u —v,s,2) — jm(u — 0, s, z))dv]

m=1

since the By,;Smgm;(u) terms and the constants cancel. By an application of the triangle
inequality we can bound this expression further. Indeed, @ is dominated by

2

ZsupE‘Bm]/o G (v )(jm(u—v,s,z)—jm(u—v,s,z))dv

u,8,z

d
< E[ij]Q sup

u,8,2

T ()

/" Gmi (V) (Tm(u — v, 8,2) — Tmu—v,s, z))dv

m=1 0

where E[B,,;]? < oo by assumption. Finally, this term can be bounded by applying Young’s
inequality for convolutions, which yields that is dominated by

ZE mJ sup

u,8,z

/ Imj(v)ds /OU (Tm(v,8,2) — Tm(v, 8, z))dv ’

sup
u,8,2

gdmaxE mj ‘/gmj dv

m,j€ld

/Ou (Tm(v,8,2) — jm(v, s,z))dv i

2
dﬂ%g}[({ﬂE[ij] HngHLl(R+ to”,

where ||gmj||L1 ®y) = (Jy~ gmj(v)]dv)? < oo and | T (v, s, 2)—Tm(v, 8, z)| < 8 by assumption,

in combination with the standard inequality Zizl a; < dmaxie[d]{ai} for real numbers q;.

Hence, choosing ¢§ as

5 = ‘

2 12 12 ’
td nlg}fé}[fi]E[BmJ] ||gm]||L1(]R+)

implies that becomes ||¢;(T) —&;(T)||? < €. Doing this for all j € [d] yields the result.

Of course, for the proof of Lemma 2| to work, we need ¢ > 0, E[B,,;] > 0 and g,,,; # 0 for
at least some combination of m, j € [d]. However, it is clear that choosing all of these to be
0 yields an irrelevant model. O
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Proof of Lemmal{] (i) = (iii). We have that E[Sff_j(u)] > 0 implies that ]P’(Si?_j (u) > 0) is
a positive probability, implying that a path must exist from component j to ¢, which proves

the result immediately.
(73i) = (7). Using the distributional equality of Sfij (u), as given in 1} we have
d u
E[SE;(w)] = LuzpP(Ji > u) + ) E[Bn] / Gmj(V)E[SE,,(u — v)]dv. (69)
0

m=1

If P, ; = 1, then the path must start with an edge ey;, for some k € [d] and so E[By;] > 0 by
definition. If k = 4, then E[B;;] > 0 and so this direct link implies E[S ()] > 0. If k # i,

1]
then we apply Eqn. to E[S? . (u — v)] on the RHS to obtain the next edge along the
path. Iterating this procedure for the non-zero terms on the RHS, we obtain a path from

component j to i, proving that E[SZ_.(u)] > 0.

14—J

(1) < (i4). We can use the same argument, now for X. We have that E[S}_;(u)] satisfies

E[S?;(w)] = E[Bylgy(u) + ) E[By,] /0 ) Gmg (VB[S (u = v)]dw, (70)

due to the distributional equality for S .(u) that is stated in . A similar reasoning as

]

above yields the result. O
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