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Abstract

This text serves as an Electronic Companion to the paper “Robust Optimization of Rank-
Dependent Models with Uncertain Probabilities”. For context, notation and definitions, see the
main paper. We summarize its contents:

e In we provide Tables and
e In[EC.2] we provide all the proofs.

e In we provide detailed derivations of the conjugate functions and epigraphs for the
collection of examples in Tables and
e In[EC.4] we provide additional details on the reformulation of ().

o In[EC.5| we provide a visualization of the shapes of Uy 1(p).
e In we provide further details on the optimistic dual counterpart.

e In Algorithm we provide the adaptation of Algorithm|[I|to problem (P-constraint]).
e In we provide the SOS2 formulation of the nomimal problem (P-Nom-EG]) with

constraints , if the set A is polyhedral, f(a,x) = aTx and u is piecewise-linear.
e In we provide the details of the Hit-and-Run algorithm used in Section



EC.1 Tables [EC.1land [EC.2]

Distortion family Function Conjugate Epigraph of perspective Conic
h(p), p € [0,1] (=h)*(y),y <0 AM=h)" (5%) <z A>0 representation
Expectation P 0,y <-—1 0<z,v>\ CQ
CVaRi_a min{£-,1}, a € [0, 1) max{(1 — a)y + 1,0} max{—(1 —a)r +X,0} <z v >0 CcQ
T = —\1-r 1—r_ r
- S <
Proportional Hazard b rﬁ(l + D)yl Ar ) =2 PC
re(0,1) v>0
(I+7r)p p<1/2
— A+ Ar)/2,0} <
Absolute Deviation (I—-rp+r p>1/2 | max{(y+1+4+7r)/2,0}, y<—-(1-71) max{(—v+ A+ Ar)/2,0} < 2 cQ
—v< —(1—=r)A
r € (0,1)
z=z1+ 22
(1+ ) 2 1 { +1 0}2 +1< _V+>‘(1_T):£1+§2
e T)p—Tp 1 Maxy +, Yy ST 2
Gini Principles ar > /% — )2 > C
’ {7“6(071) {y+1 Y17 (BN 25+ =) 2 2 6 Q
&4+2r<w
61 S 0752111}71/ 2 0
A+ (n 7T —n )& <2
— (1 =p)™ + ¢(n) - min 77L"7%1—|—1 nT_l 1-n-t
Dual Moments 1-(-» v+ eln) 7i|y\ i# S A ) PC
n>1 e(n) = (n "=t —no T —Vv+6& <0, &> 6&,
§2,83,64 > 0.
(1= -pm/r 9(1_5%>+(1—s)% “vHE 0,624
MAXMINVAR { . s e+ (€8] n. <2 PC
n s = 71,
14|y n—1 §2,63 >0
T(l | ( T)) fd + )\e—(52+§3)/)\ + (rfrr _ rflr)£4 <z
—lo
Lookback Transform P s\ Closed form unknown & <VEgTT EXP x PC
r e (0,1) -
627§3a€47y >0

Table EC.1: Canonical distortion functions with explicit expressions of their conjugates (—h)* and conic representations of the epigraphs of
their perspectives. The cones are abbreviated as: CQ: quadratic cone, PC: power cone, EXP: exponential cone. Note that (—h)*(y) = 400
for y > 0; see Remark [I| For Expectation and CVaR;_,, see Follmer and Schied|(2016), Section 4.6; for Proportional Hazard, see Wang
(1995); for Absolute Deviation and Gini Principles, see Denneberg| (1990b); for Dual Moments, see Muliere and Scarsini| (1989) and
Eeckhoudt et al.|(2020); for MAXMINVAR, see |Cherny and Madan|(2009); for Lookback Transform, see Denneberg| (1990a).



Divergence family Function Conjugate Epigraph of perspective Conic
o(x), x>0 " (y),y€R ~p* ( ) <t, v>0 representation
log(2X <0
Kullback-Leibler zloger —x+1 eV —1 {’y 08(3) +s < EXP
w—7v <t
log(2) <t
Burg entropy —logx+xz—1 —log(l—vy), y<1 {'Y 0g(7) < EXP
v=y—35,v>0
2y —2w <t
x>-distance L@ —1)? 2-2y1—-y,y<1 w24 iy =02 <Li(v+0) CQ
w>0,v=y—s, v>0
Variation distance |z — 1] max{s, —1}, s <1 max{s, —y} <t, s <~ CQ
\/11)2 + t2 < 2y
Modified x2-distance (xz—1)? max{0,y/2 +1}* — 1 4=z CcQ
0<w,s/24+y<w
—v+v<t
Hellinger distance (Vr —1)? 4, y<l1 A/ w)? < (v +w) CcQ
— s, w > 0.
0 — 1 9o <t 0<
x-divergence of order > 1 | |z — 1| y+ (60— 1)(M)%1 {s + 1w 0 v PC
|s| < Wt T
: 1 —y(1—g)T -1 | < (t6+7) = A
Cressie and Read %, 0<o<1 0 | 0 PC
Y> 15 w=7vy-5(1-90), s< 5

Table EC.2: Canonical ¢-divergence functions taken from Table 2 of Ben-Tal et al.| (2013), but with the explicit epigraphs of their
perspective functions (provided in the fourth column) and corresponding conic representations (provided in the fifth column). The cones
are abbreviated as: CQ: quadratic cone, PC: power cone, EXP: exponential cone.



EC.2 Proofs

Proof of Theorem [1]. Let q be an arbitrary probability vector and denote by Q the corresponding
probability measure on the sigma-algebra 2/Yl | i.e., the set of all subsets of . Recall Eqn. . By
Denneberg (1994), pp. 16-17, the set function induced by the composition h o Q is monotone and
submodular. It then follows from Proposition 10.3 of Denneberg (1994)) that, for any X : Q — R,

Pupq(X) = sup Eg[-u(X)],
qcEMp(aq)

with Mjy(q) defined in (15).
Hence, we have that

Sup pu,h,q(f(a7 X)) = sup Sup E(_l[_u(f(a7 X))]
€Dy (p,7) 9€Dy(p;r) GEMp(q)

— s - gulfax)

(a,@)€Upn(P) 7
where Uy, ,(p) is as defined in (13). This proves the stated result. O

Proof of Theorem [2. Suppose that a pair (a,c) € R satisfies the inequality

sup Zqz fla,x;)) <ec (EC.1)
(a,@) €Uy, (

Then, the left-hand side of (EC.1|) constitutes a maximization problem upper bounded by ¢ < oc.
Moreover, the set Uy ,(p) contains (p,p) as a Slater point, since ¢(1) =0 < r and h(Zkte Pr) >

Yok 1, pr for all subsets I; C [m] that are not () and [m]ﬂ Therefore, strong duality holds, and we
consider the Lagrangian function

L(a7 q, (Laaﬁv ()‘])]7’7)

m m m 2m
=zqiu<f<a,xi>>a<zqi1)ﬁ<zqi1)z S-S a
=1 =1 =1

j=1 kEI k‘EIj
— (ZPW (%> —7“>
i=1 bi
—a+ B+ + Y —(ulf(a,x)) + Z Aj Zqﬁz —ag; — (Zm (§)>
j=1 i=1 ¢

=1 kel;

—Z N DY a |

kel;

for a,8 € R and A\;,7 > 0. We analyze supgy 5>0 L(a,q,d, @, B, (););,7), which excluding the

'This is because h(z) > z for all z € (0,1) due to concavity (excluding the trivial case where h(z) = z for all
z € [0,1]).



constant o + 8 + ~yr is equal to:

sup Z—(u(f(a,xz Z Aj qu-i-z —aq; — '7pz¢)< )
9,420 ;= j=1 kel;

om_2

=D NER DY

j=1 kel;

m om_2
:b:upZ*(U(f(a,Xz Z >\ ZQk+SupZ —ag; — Ypi® ( >

az0,- j=1  kel; pi

om 9
=D ONED DY
=1

We examine both supremum terms separately. The first supremum gives:

m

§upZ—(u(f(a,xz Z Aj qu—supz fla,x;)) + 5+ Z N Gi
az0= =1 kel az0 - ji€l,
- 0 ifu(f(a,x;)+08+ Zj:ielj A >0, Vi
oo else.

The second supremum gives:

SUPZ —ag; — ypio < ) Z/\ ) D

q>0

kEIj
m gi 2m—2
= s 33 can e (L) - T A Cnw) v =
q>0 - Pi T
N =1 j=1 kel;
Wi,...,wam _2>0 J

2m—2
. qi
= inf sup g —ag; — Ypid ( g /\ (wj) — E vi | wy — Z Ak
Vl,...,Vom _o q>0 i1 j=1 kel
WY yeeny me,QZO J

2m—2
= inf Supz —a+ Z vi | ¢ — Ypi¢ < Z) + sup Z —vjwj — Aj(—=h)(w;)

yeesVom g q>0 jiel; W1,...,Wom _5>0 =1
2m—2

= inf su -+ vi|t— + )\

Vlye.yVom g sz t>%)) Z J r)/d) Z < j )

juel;
inf i % —a+ Zj:ielj ]/j 22 \ h % —I/j

= 1 ; + S ,

Vl,y...,Vom _o ;pﬂ/(b v ]; ]( ) )‘j

with ¢* and (—h)* the conjugates of ¢ and —h.



Therefore, strong duality implies that a pair (a, c¢) satisfies (EC.1)) if and only if

_a+z [-Z/' om_9 L
inf 0‘+5+7T+2pm¢ < Ji€l; J)—FZ)\j(—h)*(A'j)ﬁC
o,B,v;ER 1 ¥ — j
X;,7>0 i= J=1

subject to —u(f(a,x;)) — 8 — Z Aj <0, Viem].

jZiEIj

Since the infimum is attained due to the boundedness of the primal problem (EC.1)) and the strong
duality theorem, we may remove the infimum sign and obtain that the above holds if and only if
there exist A\;,v > 0,a, B,v; € R such that
—at+der, Vi
a+ B+ r+ 355 pive” (; = ]> +2
—u(f(a, Xl)) -
a,B,vj €R, Vj e 2™

2m— 2)\

j=1 (=h)* (%;J) <c
B =2 jier; A <0, Vi€ [m]

— 9.

For the nominal problem, the Lagrangian function is given by

om_2
bl 00)) = =3l o) (zqﬁ—l)—zxj Sa-n(Yn
j=1

kel,
—6+2Ah > m +Zqz u(faxi)—B— > N
kel;

kG]j

Hence, we have

Ju€el;
sup —qiu(f(a,x;))
quh(P);
5@&“} oS0 L(a,q, 8, ()\;);)
2"L 2
= el 018+ Z Ajh kezfpk —u(flaxi) =B — Y A <0, Vie[mly,

juiel;

where the above strong duality holds since we are solving a linear programming problem. Therefore
we have that supge s, (p) 2oie1 —4
that

giu(f(a,x;)) < cif and only if there exist 5 € R, (\;); > 0 such
B+ 22 _2)‘ h (Zkelj Pk) <c

—u(f(a,x;)) — B — Zjn-elj Aj <0, Viem]
BeR,N >0, Vje[2m—2.

the quadratic cone with a general cone. We have

O
Proof of Lemma [1 The proof follows Ben-Tal and Nemirovski| (2019), except that we replace
Epi(f

N ={(y,s) :y'x— f(x) <s,Vx} ={(y,s) : y'x —t < 5,¥(x,t) € Epi(f)}



Therefore, (y,s) € Epi(f*) if and only if

n}tin{—yTx—kt tAx+tv+Bw+b >k 0} > —s.
x,t,wW

This minimization problem is strictly feasible and bounded from below. Hence, the conic duality
theorem (see Ben-Tal and Nemirovski, 2019) implies that it is equal to

mgax{—bTﬁ cATe = —y B¢ =0,vie¢ =1,¢ e K*}.

Therefore,

Epi(f*) ={(y,s): 3 €€ K": AT¢ =y BTe=0,vlie=1s> bTE}.

O
Proof of Lemma [2 Following Ben-Tal and Nemirovski (2019), we have
s X
oi(/) = {0 a7 (3) <6 = { o (55) emoicn)}
={(x,\t): 3w e RF: A(x/\, w,t/A)T — b=k 0}
= {(x,\t): 3w e RF: A(x/\, w/\t/N)T — b=k 0}
={(x,\t): I W eRN: A(x, w,1)T — \b =k 0}
= {(x,\,t): 3w e RF: [A, —b](x,W,t,\)T =k 0}.
O

Proof of Lemvma [3 By definition, q* € Dy(p,r). Hence, we only need to show that q* € Mj(q*).
Using Lemma 4.98 of [F6llmer and Schied| (2016]), we have that p, p o+ (X) > Eq+[—X] for all random
variables X (where p,, p q«(X) is as defined in with measure Q = q*). In particular, this holds
for all X = —14, for any measurable set A C Q. Hence, (q*,q") € Uy 1(P). O

Proof of Theorem [3. First, we have, for any a',a? € A,

Z@ (a%,x;)) qu (a',x;))| < [lall2ll(u(f(a® %)) — u(f(a", %)% 2
=1 . (EC.2)

< @l li(u(f(a® x)) = u(f(a', %)) 12
= [l(u(f(a®,x:)) — u(f(a', %)) |12,

where the first inequality follows from Cauchy-Schwarz; and the second inequality follows from
lall2 < ||all1 for a probability vector q, since g; < gx for |gx| < 1.

Suppose now that the cutting-plane method has not terminated at the ¢-th iteration, i.e., the
optimal solution and objective value (a;, ¢;) violate the eo-feasibility condition at step [4| of Algo-
rithm [I} Let (q;,q;) be the new worst-case scenarios that are added to U; at step [5| of Algorithm
Then, by definition, we have

Z%Z (at, ;) — ¢t > €tol- (EC.3)



For any s > t, we also have that at the s-th iteration:
m
=N Gl f(as,xi) — e <0, (EC.4)
i=1

since this is part of the constraint at the s-th iteration. Let ¢ be the optimal objective value of
(P-ref). By Assumption |1, we have that —oo < ¢é < oo. Furthermore, we have ¢ > ¢; for any
iteration ¢ since the cutting-plane algorithm always yields a lower bound on . Hence, we
may assume that for ¢ and s sufficiently large, the lower bound improvement is upper bounded,
ie., cs—c < %etol, since otherwise the cutting-plane will yield a lower bound that exceeds ¢, after

finitely many iterations. Therefore, it follows from (EC.3)—(EC.4]) that
m m 1
Zq‘;iu(f(at,xi)) - Z 0y u(f(as, xi))| > €0l — (€5 —ct) > 5 Ctols
i=1 i=1

which implies that

(@, x0)) = o %) 2 > et (EC.5)

This shows that the minimum distance between any two outcomes of the cutting-plane method,
when evaluated in utilities, is at least %etol.

The idea is now to show that if the cutting-plane method does not terminate, then there is
a sequence of infinitely many cutting-plane solutions {aj}}";l for which the corresponding vector
(u(f(aj,%i)))~, remains in a bounded set. Since we know from above that for each of these
solutions their utility values are a distance %etol away from each other, we conclude that the
cutting-plane method must terminate since a bounded set can not contain infinitely many disjoint
balls with radius %etol, as argued in Mutapcic and Boyd (2009).

Therefore, we define

T A {(u(f(a, X;)))ie1

ac -A> - Zplu(f(av Xl)) < E} .
i=1

Then, for all iterations ¢, we have (u(f(as, x;)))i", € T, since p € U, for all ¢ > 1, hence we
have the inequality — > ", piu(f(as,x;)) < ¢ < é We show that T is bounded in the Euclidean
2-norm ||.|[2. Indeed, by assumption, M = SUPacA,icfm] U(f(a,%;)) < oo. Hence, for all vectors
(u(f(a,x;)))™, € T, its individual entry is always bounded from above by M. It remains to show
that all its entries are also bounded from below. Let pmin = min{"; p; > 0 (by Assumption [2)) and
imin (@) = argmin;u(f(a,x;). Then, we have for all (u(f(a,x;)))", €T,

D@ (f(@ X @) — Y, paulf(ax) <é
iiimin(a)
which implies
< c+M < c+M
pimin(a) Pmin
=4

—u(f (2 X, ()

c+ M
>

Pmin

u(f(a7 Ximin(a))) > —

Hence, 7 is bounded in the Euclidean 2-norm ||.||2. O



Proof of Theorem []]. Before we proceed with the proof, we recall the notion of a KKT-vector.
For a generic convex optimization problem

min{fo(x) | fi(z) <0,vi € [L]},

with X a suitable convex subset and fy, ..., fr, convex functions, the KKT-vector corresponding to
the constraints f;(x) < 0,4 € [L] is a vector A € R such that

L
inf {fo(iﬁ) + ;/\ifi(w)} = min{fo(z) | fi(z) <0,Vi € [L]}.

The existence of the KKT-vector is guaranteed when Slater’s condition and the boundedness of the
optimization problem are satisfied (see Theorem 28.2, Rockafellar] [1970)).
The proof now consists of two parts. In the first part, we show that Algorithm terminates
after finitely many iterations, for any €, > 0. The second part shows the convergence as €y, — 0.
First part: We reexamine the proof of Theorem First, we have, for any a',a? € A, the
following inequality:

< [I(u(f(a® %)) — u(f(a’, %))y [l2-

m
axl E axl

Let ¢ be an iteration where Algorithm has not yet terminated and let (q;,q;) be the new
worst-case scenarios that are added to U;. Then, we have — > /", (jt*lu( f(as, x;)) — ¢ > €41 For any
s > 1, we also have that at the s-th iteration — > ", ¢; ,u(f(as,%;)) — ¢ < 0. Hence,

m
Z sziu(f(at, Xz Z Qt K as; X )
i=1

> €tol,

which implies that

[(u(f(as,xi)) — u(f(at, xi)))iZqll2 > €tor-
We define the set

T= {(U(f(& Xi)))it1

ac A, sz (a,x;)) _c}.

Then, for all iterations ¢, we have (u(f(as, x;)))7, € T, since p € U; for all ¢ > 1. Tt follows from the
proof of Theorem [3|that 7" must be bounded in the Euclidean 2-norm ||.||2. Hence, Algorithm
must terminate after finitely many steps.

Second part: Let g(a.,,,) be the objective value of the solution a., , obtained at the final iteration
of Algorithm for a tolerance parameter € > 0. Let P(0) be the optimal objective value of

(P-constraint)). Define, for any ¢ > 0,

acA

P(¢) = min {g(a)

N
sup = Y gru(ap(a)) < C+€}-
(@) EUp,n(P) 11—

By construction, we have P(et1) < g(a,,) since a,,, is feasible for the problem of P(eto). Fur-

thermore, the cutting-plane algorithm yields a lower bound on P(0). Hence, g(a,.) < P(0) for all
€101 > 0. Therefore,



Thus, it remains to bound P(0) — P(€i1) from above. This can be done by utilizing the strong
duality theorem, which is guaranteed by Assumption [d Therefore, we have, for any e > 0,

N
P(e) =sup inf g(a) + A ( sup  — Z qgru(zp(a)) —c— e)
( p) k=1

A>0acA qQ,q) €U 1 (

N

> —Ae+ inf g(a) — \* < sup  — » qru(zg(a)) — c>
acA (a,9) €Uy, v (P) ;

= —\e+ P(0),

where \* is the KKT-vector of the problem P(0) corresponding to the supremum constraint, which
is a strictly positive constant (by Assumption [4]) independent of €. Hence, we have

P(O) - P(etol) < A€ol
Therefore, the convergence follows as €y — 0. [

Proof of Lemma [4] We first show that, for any a € A, we have that

sup Y —gu(f(a,x;)) = sup - Gu(f(a,xi), (EC.6)
(a,@)€Us,n(P) =1 (@a@)eus s "™ (p) =1

for any ranking (i1,...,i,) € Z(a) as in Definition |2 We fix a, denote Y £ f(a, X) and consider
the ranking u(y)) > ... > w(y(m)). By the definition of pypq(Y) in (@), we have that in our
discrete setting py, n.q(Y) is equal to the rank-dependent sum

puna(Y)==> 0> ay | (wlye) — ulye-)),
=1\ j=i

where —u(y(o)) £ (0. We now claim that we have an equality between the rank-dependent sum
above and the following optimization problem:

c’?el[%}é ZZ; B — 43) (U(y(i)) - U(y(i,l)))

subject to Z(j(j) <h ZQ(j) , Vi€ [m]

G >0, Vie|m].

Indeed, we can define qfy 2 h (X7 q0)) = h (S)his1ag))s where @, 2 hlggn). Then,
>t Qy = h (Z;”:Z q(j)), and * is a probability vector since h(1) = 1, h(0) = 0, and h is
non-decreasing. Hence, q* is feasible for the above optimization problem. Furthermore, since

10



—(u(y@)y) — w(y-1))) = 0 for all 7 > 2, the maximum is attained at a vector q such that the con-
straint > 70, @) < h (Z;n:z q(j)) is an equality for all 4, which uniquely defines @*. An expansion

of the alternating sum > ", — (Z;n:l q(j)> (u(y(s)) — u(y(—1y)) shows that it is also equal to the

sum Y " —q)u(ye)). Therefore, (EC.6) holds for all a € A and any ranking (i1, .. .,in) € Z(a).

Let V* be the optimal objective value of (P-constraint). Then, for any ay such that Z(ag) C Z(a*),

we have that U*(ag) < V*, since a* is feasible for the problem by (EC.6). On the other hand,
Uu

i17'-'7im)

we also have the upper bound relation V* < U*(ap), since Uy n(p) C Uy, (p) for any index
vector (i,...,%4n,). Hence, U*(ag) = V*. O

Proof of Theorem [5. Let (qf,q) € argmax(q’q)euqﬁ,h(p)—x?;l qgiu(f(an,x;)). Denote g(a,q,q) =
— > giu(f(a,x;)). Since the set A x Uy p(p) is compactﬂ we may assume that there exists a
limit (an,q),q;) — (ar.qr,qrn) € A X Uy p(p), as n — oo. We will show that a; must be an

optimal solution for (P-constraint]). Indeed, since (q, q}) are maximizers, we have that

m
¢+ €toln = — Z Q:;iu(f(an7 xz)) > (@ qllelgfh(p) Z qiu ana X;))
i= =1

Taking the limit as n — oo yields

m
c> =Y g u(f(ar,xi)) > max ZQz (aL,xi))-
=1 )

(q,a)€Uy,1(P)
Hence, by Theorem 1}, this implies that a, is feasible for (P-constraint)). Since a,, is a sequence of
solutions such that g(a,) converges to the optimal objective value of (P-constraint]) by Theorem
it follows from the continuity of ¢ that g(ar) equals to the optimal objective value of (P-constraint]).
Hence, ay, is an optimal solution of (P-constraint)). Continuity of the functions —u(f(a,x;)) in a,

for all @ € [m], implies that there exists some N > 0, such that for all n > N, we have the inclusion
of the ranking set: Z(a,) C Z(ar). Therefore, Lemma {| implies that U*(a,) converges to the

optimal objective value of ([P-constraint]). O

Proof of Lemma [ If (q, q, t) satisfies the constraints in , then g; < lj-q;+t;; for alli € [m]
and j € [K]. Then, by the non-negativity of the variables ¢; ;, we also have that, for any subset
I C [m] and any j € [K],

SNG<LY g+ Y ti; <l Zqﬂrztuél > ai+b;

i€l i€l i€l i€l el

Hence, > ;c; @i < minjerg) hyi(3er i) and thus (q,q) € Uy (p)-
Conversely, let (q,q) € Usp(p). Then, ¢ < I; - ¢ +t;; for all i € [m] and j € [K]| with
t;; = max{q — l;q;,0}. Moreover, we have that, for all j € [K],

th = Zma}({qZ —1;q;,0} = Z qi — Z ljqg; <bj, where Iy = {i: g —l;q > 0}.

el el

Hence, (q, q,t) satisfies the constraints in . O

2The set Uy, (p) is compact due to the lower-semicontinuity assumption made in Assumption

11



Proof of Theorem [6 We reformulate the constraint

max E gu(f(a,x;)) <c,
(a,a,t) im1

where

. . Yot =1L G =1, > pi¢d <gj> <r
U=<(q,q,t) € R X Rgo Zyil ti; <bj, Vje [K}
G — lijgi < tij, Vi€ [m], Vj € [K]

We note that (p, p, {max{(l; — 1)p;,0};;}) is a Slater point in ¢/ and that the left-hand side of the
constraint above constitutes a maximization problem upper bounded by ¢ € R. Therefore, strong
duality holds, and we examine the Lagrangian function

L(a q, (Ia Oé,ﬁ Y )\Z]a ti,jv VJ)

Eomr o) () (E0(0)

i=1
m K
_ZZ)‘M(Q ligi —t; J ZVJ (Zt’J )
i=1 j=1
K m
=atf+ar+y vb -y |u(fax) +3+Z)‘U)%
j=1 i=1

m K m K
) i [ | o DNl % — ¢ <Z(f> + 03 (N — vyt
i=1 =1 v v i

We have

m K
Z u( aXZ'))—i-ﬁ—i-Z)\ij @

_Jo ifu(f(a,xi>>+6+ZK Aij >0, Vi € [m]
] else,
K m K
; ; L a0 Nigly
ap S [ (ot Sag | & qe (2) ) =S pme =120
q1,.. 7¢Im>OZ 1 ]:1 pl p’L i=1 ’Y
and
0 if N <vy, Vie[m], Vj€[K]
su ; i = J=r ’ EC.8
tia,.. ,tpK>o;]Z1 i I {oo else. ( )

12



Therefore, employing the same arguments as in the proof of Theorem [2| the reformulated robust
counterpart is given by

0t il
a+5+77‘+2§(:1%‘b'+2?11pﬂ¢* (W) <ec
—u(f(a,x;)) = B — Y10y Aij <0, Vi € [m]

Aij S vy, Vi€ m], Vi€ [K ]
aaBGRv’Ya)\ijayjzo'

In the nominal case where q = p, we have to reformulate the following constraint:

max E gu(f(a,x;)) <c,
qt)eunom

where

Z?il G =1
Z/{nom £ ((Ivt) € RQO X Rg({( Z?il t’i,j < bja V] € [K}
G — ljpi < tij, Vi € [m], Vj € [K]

The above maximization problem is a linear programming problem bounded from above. Therefore,
strong duality applies, and we examine the Lagrangian function

L<a7 Q7B7)‘ij7ti,jayj)

:_gq_iu( a,x;)) (Zqz—l> ZZM ~lipi — tij) é(: (Zt )

=1 j=1 =1

K m K
—54‘21/][) +Zz/\z]lgpz+z% _u(f(avxi)>_/8 Z +ZZ t”
j=1

i=1 j=1 i=1 j=1

By (EC-7)-(EC), we have that

inf sup L(a,q, S, \ij, tij, Vj)
Aij, Vg 2> Oqt>0

BER
K
= inf /3+Zu]b +ZZMPZ —u(f(a,x;)) = B— > Xij <0,¥i, A\ij < v;,Vi,j
ij Vi .
BER =1 j=1 j=1

Hence, the reformulated robust counterpart is given by

B+ S by + 2 Y Ailypi < ¢
—u(f(a,x;)) — B — Z;il Aij <0, Vi € [m]
/\ij < Vj, Vi € [m], Vj € [K}

/\ij,Vj >0, Vie [m], Vi € [K]
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Proof of Lemma [6 First, we have that

h(ziy1) — h(z;)

Li+1 — X4

ei(wiin) = sup {h(az) - (& — 1) - h(xn} ,
z€[x;,1]

since, by concavity, the supremum is only taken in the interval [z;, z;1+1]. Therefore, we can extend
the feasibility region to [z;, 1].
h(ziy1)—h(z:)

Tit1—T;
for all = € (x;,1]. Therefore, e;(z;4+1) is increasing in x; 1. It is also a continuous function in ;1.
This is because the function

éi(y) = sup {h(x) —y(z —x;) — hz)},

z€[x;,1]

Next, again by concavity, we have that — (x — x;) is an increasing function of 11,

is convex in y; indeed, it is a supremum of a linear function of y. Hence, €; is continuous on
the interior of its domain, which is the whole of R, because €;(y) is a supremum of a continuous

function on a compact interval. Thus, €;(y) exists and is finite everywhere. This implies that e; is
h(@iy1)—h(zs)

: _ ) is a composition of continuous
Tij41—Tq

continuous for all x;41 € (x4, 1], since e;(x;y1) = & (
functions.

Finally, we show the existence of a ;1 such that e;(x;11) = €, for any given € > 0, under the
assumption that e;(1) > e. This is guaranteed if we can find a z € (z;, 1) such that e;(z) < e. Since

h has decreasing slope and is increasing, we have that for any y € (x;,1) and all = € [z;,y]:

h(y) — h(zi)
Yy—x

h(zx) - (# —wi) = h(zi) < h(y) — h(wi).

We note that the maximization problem in e;(y) can be restricted to the interval [z;,y]. Therefore,
ei(y) < h(y) — h(x;). Taking y | x;, it follows by the continuity of A that such a point z must
exist. O

Proof of Theorem @ (Part I). We split the proof into two parts. We first treat the case of
problem (P)) and next the case of problem ([P-constraint). Fix an a € A and consider the ranked
realizations u(f(a,x(1))) > ... > u(f(a,X(m))). Let hi, he be any two concave distortion functions

such that supycpo 1) |21 (t) — ha(t)] < €. Set u(f(a,x())) £ (0. Then, we have

=1

Pumalf(@X) =) M Zq(j) (u(f(a,x-1))) — ulf(a, %))

ha ZQ(]‘) + e | (u(f(a,xq-1))) — u(f(a,xq))))

j=i

< —u(f(a,xq))) +

(2

— pumra(F@X)) e (maxu<f<a, %)) — min u(f(a, xm)

1€[m] i€[m]

m m
=2

< puma(F(@,X)) + ¢ (M T max —u(f(a, xm) ,

i€[m)]

where M £ SUPac A ic[m] U(f(a,%;)) < 0. The idea now is to bound the term max;c(,, —u(f(a,x;))
on a subset Ay C A of the feasible region, for which the restriction of the minimization problem
on Ag does not change the original optimal value.
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We take hy = h and hy € {he,ﬁg}. By Assumption there exists ag € A such that
SUPgeD, (p,r) Pushalf (@0, X)) < oo. This implies py,np(f(a0, X)) < 0o, hence max;em) —u(f (a0, x;))
< 00. Then, we also have that

sup Pu,hz,q(f(amX)) S maX _u(f(a()7xi)) < o0.
q€Dy(p,7) i€[m]

Therefore, we may define the finite number
€0 £ max sup Pu,hj,q(f(aO,X)) < 0.
J=12 | aeDy(pr)

Then, for all a € A such that supgep, (p.r) Puh;q(f(@, X)) < co for any j € {1,2}, we have that

=D piulf(a,xi) < punyp(f(a,X)) < co, (EC.9)
i=1

due to concavity (which implies h;(z) > x,Vz € [0,1], for any j € {1,2}). Therefore, for all such
a, we have,

sup —u(f(a,x;)) < cot M, (EC.10)

i€[m) Pmin

as shown in the proof of Theorem [3] Define,

sup —u(f(a,x;)) < “ +M}.

1€[m)] Pmin

Aoﬁ{aEA

Then, we have that for any j =1, 2:

a€A gDy (p,r) a€Ao geDy(p,r)

since any potential minimizer a satisfies Supgep, (p,r) Pu,h;,a(f (@, X)) < o and thus (EC.10). There-
fore,

min - sup  pun,q(f(@, X)) =min  sup  pypn q(f(a, X))

a€A geD, (p,r) a€Ao geDy(p,r)
. co+ M
< min  sup  pPun,q(fla, X)) +e- <M+ 0 >
acAo qeDy (p,r) Pmin

. co+M
=min  Sup Py, q(f(a, X)) +e- (M + 2 > .
a€A qeDy (pyr) Pmin

By symmetry, we thus have

. . co+ M
miy s (@ X) iy s pua(f(aX)| < e (2 2,
a€A qeDy (p,r) acA geDy(p,r) Pmin
which approaches zero as € — 0. O
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Proof of Theorem 7 (Part II). We define

acA q€Dy(p,7)

L. & min {g(a)

Sup Pu,he,q(f(aa X)) S C} 9

sup  p, 5 o(f(a, X)) <cp,
acA q€Dy(p,r) whed

U. £ min {g(a)

and let Py denote the optimal objective value of . By definition, L, < Py < U..

We first note that L. has a nonempty feasible set, which follows from Assumption [4and the fact
that py p.q(f(a, X)) < punq(f(a, X)) for all a € A and any probability vector q. Then, following
the first part of the proof of Theorem [7, we can show that for any a € A that is feasible for L., we
have that, for all q,

pu,he,q(f(a, X)) > p%h’q(f(a, X)) _ ¢ <M T c+ M> ‘

Pmin

Therefore, we also have the following implication for any a € A:

c+ M
o puna(f@X) e s punglf@X) scre(ar S,
q€Dy(p,r) q€Dy(p,r) Pmin

Hence,

s punalf(aX) < c e (214 ”M)}

L. > min < g(a)
a€Dy(p,r) Pmin

acA

() M
> sup inf g(a) + A sup  punq(f(a, X)) —c—e (M +° i >
A>0 acA q€Dy(p,r) Pmin

M
> inf g(a) + A* sup  punq(f(a, X)) —c—e (M + et )
acA a€Dy(p,r) Pmin

(E)PO—A*-E<M+C+M),

Pmin

where in (%) we used weak duality and in (xx) we used \*, the KKT-vector of ([P-constraint)
corresponding to the constraint supgep, (p,) Pu,hq(f(a,X)) < ¢, which is a strictly positive constant
by Assumption [ and does not depend on €. Therefore, we have

c+ M )

Pmin

0§P0—L€§)\*6<M+

which approaches zero as € — 0.
Similarly, we have the following implication for any a € \A:

c+M
sup  pung(f(a, X)) <c—e <M+ > = sup  p,; o(f(@,X)) <ec

q€Dy(p,r) Pmin q€Dy(p,r)
Therefore,
M
Ue < min 1 g(a) SUp  puhq(f(a, X)) <c—e (M + et > . (EC.11)
acA a€Dy(p,r) Pmin
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We note that the minimization problem on the right-hand side of ((EC.11|) contains a Slater point,
for e sufficiently small. Indeed, by Assumption 4] there exists a point ag € int(.A), such that

SUPp  Puhq(f(a0, X)) £ < e

a€Dy(p,7)
Then, for € < ﬁ, we have that
c+ M
Sup  puhq(f(ag, X)) <c—e <M + > . (EC.12)
qa€Dy(p,7) Pmin

Therefore, together with Assumption |4 as well as the reformulation in Theorem (1], we may apply
the strong duality theorem and obtain the upper estimation

. c+ M
U < supming(a) + A sup  puhq(f(a, X)) —c+e <M + )
A>0 acA q€Dy(p,r) Pmin

. " + M
—ming(@) + 30 [ sup  pung(Fa, X)) —cte (M L )
acA a€Dy(p,r) Pmin

< M\ (e) - € (M + c+ M> + supming(a) + A ( sup  puhq(f(a, X)) — c)

Pmin A>0 a€ a€Dy(p;r)
M
—)\*(6)-6<M+ °r ) + P,
Pmin

where A*(e) is the KKT-vector of the minimization problem on the right-hand side of ,
corresponding to the supremum constraint, which depends on €. As a final step, we will show that
A*(€) can be further bounded by a constant that does not depend on e, for e sufficiently small.
Indeed, let ag be the point in and let € < # Since Py < U,

c+M>
+pmin

. " + M
P <ming(@) + X0 (s punali@X) —ere (34 S
acA q€Dy(p,r) Pmin

* c+ M
< glao) + X'(9) ( up punalf(a0. X)) c-+e (01 + ))
a€Dy(p,7) Pmin
o, C—C
< gla0) = N'(6) 5,
which implies that, for all € < m, we have

Pmin

)\*(6) < 2(g(a0) _PO) éc*
C—C

Hence, for € sufficiently small,

M
0<UE—P0<C*-6<M+C+ >

Pmin

which converges to zero as € — 0. O
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Proof of Proposition [1 Choose the function h(p) = p?. Then h(0) = 0, h(1) = 1 and h(p) <
p, Vp € (0,1). Due to the compactness of U, there exists a maximizer q* of SUPgeu Ph,q(X). Let

ﬁ(p) = p be the concave envelope of h. By the assumptions on U/, we have that qj < 1. Hence,

Phge(X) = g (X Z ( (Z Qk> —h <Z qk>> zio1 = i) >0,

=2
since h(p) > h(p) for all p € (0,1) and z;_1 — 2; > 0 for all i € [m]. Therefore, SUDgers Pj, o(X) >
SUPger( Ph.q(X)- O

Proof of Theorem [8. It is sufficient to show that for any X, with outcomes {z;},, we have
m

Ph,p(X) = Sup Z —q;x; — Sup Z qixi,
aeMp2(p) ;4 qENCV

since pu,np(f(a, X)) = ppp(u(f(a, X)). Let —z() > ... > —2(y,) be the ranked realizations of X.
Let &* be the index where & (fo; p(s)> < h(p°) < h (Zk +1 (s)). Then,

Ph,p(X)

) o) o)
( (kip ) ) Tk 4) +Zkz*+2< (Zp5>>—h<2ps>)) ~2(3),

where an empty sum 22:1 is zero by convention. We can also express the second line of the
previous expression in terms of the dual function h(p) £ 1 — h(1 — p), and rearrange the indices to
obtain:

i1 k*+1
Z ( (ZP > —h (ZP@))) (=) + (h <Z P(s)> - h(po)) (=g 41))
i=k*+2 =1 s=1
Z ( (ZP ) ( > p@)) (=z)) + (5(1 —p°) —h ( > p(s)>> (=T 11))
i=k*+2 s=i+1 s=k*+2
m—k*—1 ~ i—1
= Z ( (Zp(m st1 ) —h (Zp(m—s—l—l))) “T(m—it1)
=1 s=1
B B m—k*—1
- (h(l _PO) —h < Z P(ms+1)>) "L (k*+1)>

s=1

where the empty sum > .- 41 1s again zero. It remains to show that the sums are equal to their
dual representations:

an 3= 3 (1 (S0 ) - (S0 ) ) oo

quca(p)z 1 =1

(o a{En) e

18
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and

m—k*—1 ) i—1
sSup Z%xz = Z (E (Zp(m—s+1)> —h (Zp(m—s+1)>> " T(m—i+1)
s=1 s=1

aene = EC.14
~ ~ m—k*—1 ( ’ )
+ (h(l —p’)—h < > p(m—s+1)>> (e 41)
s=1
We will first show (EC.13|); (EC.14) follows similarly. Let ko be defined as follows:

h < pY

ho(p) 2 (p()) P=r (EC.15)
h(p’) p=p°.

Then, hg is non-decreasing and concave. Let P be the probability measure induced by the vector
(pi)*4. Then, by Lemma g1 = hg o P is a monotone, submodular set function. By the
definition of a Choquet integral, we have

/Xdul
= Z (ho (st) ho (i%))) (=) + ( <ZP ))) —T (1))
) () e o) e

Moreover, since u1 is monotone and submodular, we have by Proposition 10.3 of Denneberg) (1994)),

/_Xdﬂlz{z —qix; | qi > 0, Z%<h0 (sz) VJC ] ZQi:hO(po)}a

ieJ ieJ i=1
which involves the same feasible set as in .
Similarly, define the function

ho(p) 2 {h(p) psl=p" (EC.16)

h(1—p% p>1-p°

Then, hg is concave and non-decreasing. Hence, by the same arguments as above, we have that
AT .
2 = hg o P is monotone and submodular. Therefore,

m— k*—l % i—1
/Xduz (71 <Zp(m—s+1)> —h (Zp(m—s—l—l))) T (m—it+1)
s=1 s=1
- B m—k*—1
+ (h(l —po) —h < Z p(s))) . x(kurl).
s=1

7G>0, G <ho (Zm) L VI C[m], Y@ = ho(1 —PO)},
i=1

ieJ ieJ

Moreover, we have

m
/de = sup {Z qiti
i1

which implies . O
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Lemma EC.1. Let Q be a set and let F = 2 be the collection of all subsets of Q. Furthermore,
let b : [0,1] — R be a non-decreasing concave function such that h(0) = 0 and let P : F — [0,00)
be an additive set function. Then, p = ho P is a monotone, submodular set function.

Proof. Monotonicity of u is clear due to the additivity of P and the monotonicity of h. Let
A, B € F. Additivity of P also implies that

P(AUB)+P(ANB)=P(A)+ P(B).
Let a = P(A), b= P(B). Then, we have
PANB)2i<a<b<u2P(AUB).

Since b — i = u — a, we have that by concavity of h,

() — h(i) . h(w) - hla)
b—i —  u—a

which, via h(i) + h(u) < h(a) + h(b), implies the submodularity of p. O

Proof of Theorem[9. By Theorem [8 it is sufficient to show that the sets M;*(p) and N¢¥(p)
are the projection of the following sets on the coordinates q and q, respectively:

g <1Wp;+ 11D, Vi € [m), Vk € K]

g >0

Mpi(p)=<a¢e R™, 1) ¢ Rm*K1 s ltz(l? B bl(g ) vk e K, , (EC.17)
>t ai = h(p°)
and
g =0
NEY(p) = { g e R ¢ e rmfe | G = Ui+t Vi€ [m], Yk € [K)] ’ (EC.18)

St S b0k € (1)
Zz 1ql_h’(1_ )

We will only show this for My (p), since the case for N}—‘;'j;(p) is identical, mutatis mutandis.

Let (q,t™M) € M;5(p). Then, ¢; < l](gl) P + tl%) for all ¢ € [m] and k € [K;]. Thus, for any
subset I C [m], we also have that, for all j € [Kj],

Sa <tV i+ Y o) < Zp,+2t2k<l 'S g+

i€l el el el el

Hence, q € M{*(p). Conversely, let q € My*(p). Then, ¢; < l,(fl) “pi + tz(-,i) for all ¢ € [m] and
k € [K;] with tl%) £ max{q — l,(gl)pi, 0}. Moreover, we have, for all k € [K1],

thk = Zmax{q, — lk pz,O} = Z G — Z l,(cl)pi < b,(:), where I, 2 {i:q; — l,(cl)pz- > 0}.

iely iely

Indeed, the last inequality follows from the fact that, for any q € M;*(p), we have that >, ; ¢ <
l,(:) doicr @i+ b,(gl) if Y;crpi < h(p®). For any index set I such that >,.;p; > h(p°), we also have
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—

)
that 10V S0, pi + 08 > 1R + 0 = 10Rp0) + 0% = h(p°) > Yic; ai, where (x) follows

from our ordering of the slopes and the intercepts (l,gl), b,(cl))kK:l1 as described in . Hence, the

inequality under consideration indeed holds for the index set I,. Thus, (q,t() € M fLal(p) The
reformulation in now follows as in Theorem @ O

Proof of Theorem [10, We first note that, by Theorem [§]

puna(f(a,X) = sup > —gu(f(ax)) - sup > Gu(f(ax)).
aeMp?(q) ;=1 QENY (@) =1

Since U; C Dy(p,r), we have that for each iteration ¢, the cutting-plane procedure yields a lower
bound ¢! on the true optimal objective value (]ED, which we denote by ¢. By Assumption |1} ¢ is
finite. Hence, we may assume that |c® — ¢f| < %eml, for all s,t sufficiently large. Otherwise, the
lower bounds will attain or exceed ¢ after finitely many iterations. Assume now that s > t. Let q'
be the worst-case probability vector added to U; and let a;, as be the optimal solutions obtained at
the t, s-th iteration. By definition,

m m

sup S —gu(falx))—  swp > Gu(f(a’ix) > + e (EC.19)
aeMp*(dt) ;= aeEN(d") ;=
and
sup > —qu(f(a®,x))— sup Y Gu(f(a,x;)) < c’. (EC.20)
aeMpr(ab) ;.4 GeNEV(at)
Therefore,
sup —qu(f(a',x;)) — sup —qiu(f(a®,x;))
qeMg*(qt) ; aeMp*(qt) ;
+ sup giu(f(a®,x;)) — sup giu(f(a',x;))
4eNsv(at) ; 4eN;Y(at) ;

1
> €tol — (cs - Ct) > ietol-

We can further upper bound the differences of the suprema as follows:

sup —giu(f(a',x;)) —  sup —qiu(f(a®,x;))
aeM;? (') ; aeMg*(a') ;

= qEJSMl;]i?(qt) ; —qi(u(f(a’®,x;)) —u(f(a’,x;)))

< sup a2l (u(f(a®, %)) — u(f(a’,x:)))iZ1 12
aeMp2(q?)

< (u(f(axi) — ulf(@’,xi)))iZs |12
Similarly,

m m

Csup > Gu(f(at,xi) = sup Y gu(f(at,xi) < [[(u(f(a®,x:) — u(f (@' x:))i |2
4eNY () 5= 4eN(q") ;=1
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Therefore,

1

I(u(f(a”, %)) — u(f(a", %))l = o

However, we have the assumption that sup,e4ejm)[u(f(a,%;))| < oo. Hence, this leads to a
similar contradiction as in the proof of Theorem [3] Therefore, the cutting-plane procedure must
terminate. O

Proof of Theorem [T Let M 2 supac 4 icim |u(f(a,%i))| < co. Similar to the proof of The-
orem |7}, for any two distortion functions ki, hy such that sup,coqy|h1(p) — h2(p)| < €, we have
that

P (8.0 < o0, X0) + € (mxu( ) = min u(2.x)
< pu,hg,p(f(a7 X)) + 2Me.
Since 2M e does not depend on both a and q, we have that, in the nominal case,

iy 12 X)) = i o (12, X)| < 2006

and similarly, in the robust case,

min  sup pu,h1,q(f(a7 X)) —min  sup pu,hz,q(f(aa X)) < 2Me,

a€A qeDy(p,r) a€A geD, (p,r)

which both approach zero as ¢ — 0. Since Algorithm [3] yields a final objective value ¢* such that

' —min  sup Py, ,q(f(aX))| < €,

a€A geDy(p,r)

it follows that

" —min  sup  pyhq(f(a,X))| < €ol +€2M — 0,

a€A geDy(p,r)

as €ol, € — 0. ]

Proof of Theorem [12 The proof that Algorithm [3]terminates after finitely many steps for prob-
lem ([P-constraint|) is similar to the proof of Theorem where we now take ¢® = ¢! = ¢, with ¢

the constraint value in (P-constraint]). To show convergence, we note that U; C Dy(p,r). Hence,
g(ae,,,) is always a lower bound of (P-constraint]), for which we denote its optimal objective value
by P(0). We define

sSup pu,h,q(f(a7 X)) <c+ el p-
€Dy (p,7)

P(etor) = min {g(a)

Then, by Algorithm 3| the final solution a., is feasible for the minimization problem of P(e).
Hence, P(e01) < g(ae,,) < P(0). It remains to show that lim, 0 P(e01) = P(0), which follows
from the proof of Theorem [13| below. O
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Proof of Theorem [13 Let

acA

L 2 min {g(a)

SUp  pu,h,q(f(a, X)) <cp.
q€D¢(p7T)

Then, by the proof of Theorem for all a € A,

sup pu,he,q(f(aa X)) - sup pu,h,q(f(aa X))
€Dy (p,7) a€Dy(p;r)

< eM,

where M £ 28UPac 4,icm] [u(f(a,%;))| < oo, which follows from the continuity of u(f(a,x;)) in a
and the compactness of A. Hence, we conclude that P(e) < L. < P(0), where P(0) is the optimal

objective value of (P-constraint|), and

P(¢) £ min {g(a)

acA

sup  punq(f(a, X)) <c+eM ;.
qa€Dy(p,1)

We will now show that lim.o P(¢) = P(0), hence concluding the proof. To show this, we use
Berge’s maximum theorem (Bergel 1963), for which we have to show that the set-valued function

e— Gle) = {a €eA: sup  punqg(f(a, X)) <c+ eM}
a€Dy(p,r)

is a compact-valued, continuous correspondence at ¢ = 0. We first examine compactness, which
entails that for each € > 0, the set G(¢) must be compact. We note that since A is compact, we have
that G(e) is bounded for all € > 0. Hence, we only need to show that G(e) is closed. This holds if
a > SUPgep, (p,r) Puh,a(f (@, X)) is continuous, which can be proven as follows: by Lemma we
have that (q,a) — pynq(f(a,X)) is jointly continuous in (q,a). Since the set Dy(p,r) is compact
and independent of a, Berge’s maximum theorem implies that a — supgep +(P7) Puhq(f(a,X)) is
continuous. Hence, G(¢) is compact.

We now show that G(e) is lower-and upper-hemicontinuous at e = 0. For upper-hemicontinuity,
we must show that G(0) is non-empty, which holds due to Assumption 4} and that, for any e; — 0
and any sequence a; € G(¢;), there exists a convergent subsequence aj, such that aj, — ag € G(0).
Note that due to the compactness of A, there is indeed a subsequence a;, — ap € A. It remains
to show that we have ag € G(0). This follows from continuity: SUPgeD, (p,r) Pu.hq(f(a0, X)) =
limy oo SUPgeD, (p.r) Puhg(f(aj,, X)) <limgooc+ €, M =c.

Finally, for lower-hemicontinuity at e = 0, we have to show that, for every apg € G(0) and every
sequence €; — 0, there exist a J > 1 and a sequence a; such that, for all j > J, we have a; € G(¢;)
and a; — ag. However, since €; > 0 for all j, we can take the sequence a; = ag € G(¢;). Hence,
we may apply Berge’s maximum theorem to conclude that lim¢ o P(€) = P(0), which concludes the
proof. O

Lemma EC.2. Let u(f(a,x;)) be continuous in a for alli € [m] and let h be a continuous distortion
function. Then, the rank-dependent evaluation function

(q7 a) — Pu,h,q(f(av X>)7

is jointly continuous in (q,a).
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Proof. For any a € A, we denote the indices 1(a), ..., m(a) such that
_u(f(av Xl(a))) < S _u(f(av Xm(a)))a

and we define

Au(f(a X)) £ —ulf(a Xi@), Aulf(a Xig)) = ulf(a,Xe-1)@)) — ulf (@ X)),

for ¢ = 2,...,m. Denote the index set
Zi(ag) = {i €{2,....,m} : Au(f(ao,X;(a,))) > 0}.

We enumerate the elements in Z (ag) as i1 < --- < ig, for K = [Zy(ag)] < m—1. Set ip =1
and ig 1 =m + 1. Then, the index set [m] is partitioned into K + 1 disjoint classes II; £ {i(ap) :
ij—1 < i < ij}, with j € [K + 1], that have the following two properties: (i) If k,I € [m] are
indices of adjacent classes, e.g., k € II; and [ € II; 4, for some j, then u(f(ag,xx)) — u(f(ao,x;)) =
Au(f(ao, X;;,,(ag))) > 0. (ii) If k, I belong to the same class I1;, we have u(f (a0, xx))—u(f (a0, %)) =
0. Continuity of u(f(a,x)) in ag implies that for all a sufficiently close to ag, the ranking indices
1(a),...,m(a) can also be partitioned such that {i(a) : i;_1 <i <i;} = {i(ag) : ;1 < i < i;}, for
all j € [K +1]. In particular, this means that within each class, the ranking indices of a constitute
a permutation of that of ag.
Hence, we have

Pu,h,q (f(a, X))

m m K+1 %=1
=D h (Z qk(a)) Au(flaxi@)) = >, h (Z Gk(a ) (@ Xi@))
=1 \k=i

J=1 1=ij_1

K+1 K+1 -1
[ | Aura, )+ ST S (z ) Aulf (8 %)
j=1 k=i;_1 j=1 i=i;_1+1 k=i
( K+1 m
q,a quaO
Z h Z q0,k(ag) Au(f(a()’ Xij_1(ao))) +0
k‘=7;j71
= Pu,h,qo (f(aO7 X))
This completes the proof. O

EC.3 Derivations of the Conjugate Functions and Their Epigraphs

In this appendix, we provide detailed derivations of the explicit conjugate functions, as well as
the epigraphs of A(=h)*(57) < z,A > 0, and y¢*(2) < ¢,7 > 0, for the collection of canonical
examples in Tables we only provide the details in case the derivations are considered
to be non-trivial.

EC.3.1 Distortion Functions

e For h(p) = {

(I+7)p p<1/2

(1—r)p+ > 1/2 and 0 < r < 1, we examine the conjugate
—r)p+r p>

(—=h)*(y) = max{ s[up )(y + (1 +7))t,sup(y + (1 — 7))t +7}.
tef0,3 t>3
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We have (—h)*(y) = oo fory > —(1 — 7). For —(1+7r) <y < —(1 —r), we have (—h)*(y) =
max{1/2(y+ (1+7)),1/2(y+(1—7r)+r}=1/2(y+ (1+7r)). Fory < —(1+7r), (— h)*(y) =
max{0,1/2(y+(1—r))+r} = 0. Therefore, (—h)*(y) = max{(y+1+r)/2,0}, fory < —(1—r
Let h(p) = (1 +7)p —rp?, 0 < r < 1. For y < 0, we have

(=h)*(y) = sup {ty + (1 4+ )t —rt*} = sup {(y + (1 +r))t — rt?}.

te(0,1] t€l0,1]

Differentiating the objective w.r.t. ¢ yields
y+ (1+7r)—2rt,

which is non-negative for ¢t < %1;”" and negative otherwise. If %1;”" < 0, then the derivative
is always negative, hence the maximum is obtained at ¢ = 0 and thus we have (—h)*(y) = 0.

If y+1+r > 1, then the derivative is always positive, hence (—h)*(y) =y +1. If y+1+r € [0,1],
y+1+7~
2r

then the maximum is attained at ¢ = . Hence, for y < 0, we have

+max{y+1+70}*> y+1<r
y+1 y+1>nr.

(=h)"(y) = {

The epigraph of (—h)* can be represented by

t=1t1+to+r

y+l—r=y1+y

t > % max{y; + 2r,0}% —r, ta > 1o

y1 < 0,92 > 0.
Indeed, let (y,t) € Epi((=h)*). If y+1—r < 0, then we can choose y1 =y+1—r, t; =t—r,
yo =1t =0. If y+1—r >0, then choose y1 =t1 =0, yo=y+1—r,to =t —r.
Conversely, let (y,t,y1,y2,t1,t2) satisfy the above constraints. Define

f(2) = L max{z+2r,0}>2—r 2<0
z z > 0.

Then, (—=h)*(y) = f(y+1—7r)+r. Hence, (—h)*(y) <t< f(y+1—r) <t—r. Since y; <0,
y2 > 0, we have that y; < y; + y2 < yo. Since f is convex and f(0) = 0, we have

[+ ) = F) _ [() = F(0)

— 9

Y2 Y2

and thus f(y1 +v2) < f(y1) + f(y2). Therefore, (—h)*(y) = f(y +1—7) +r = f(y1 +1o) <
fly) + fly2) +r <ti+ta+r=t

The epigraph of A(—h)*(5¢) < z is then given by

(z:zl—i-z'g

VAl =—r) =&+

(z1+A) > 1"72-5-(21—/\)27 29 > &2
& +2r<w

§1 <0,&,w,v > 0.
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1-(1-p)" 0<p<l
p=1
(—h)* using duality. We have

e For h(p) = , we will derive a tractable reformulation of the epigraph

Epi(—h) = {(p,t) € Rzo x R: 3 (ug,uz) € REy 1 ug — 1 < tup < uyn?l —p < ug}.

Indeed, let (p,t) € Epi(—h). If 0 < p < 1, then (1—p)"—1 < t. We can choose ug =1—p >0
and up = uy > 0. If p > 1, then —1 < ¢t. We can choose u; = us = 0. Conversely, let
(p,t,u1,uz) satisfy the above constraints. If p > 1, we have ¢ > —1 +u; > —1. Thus,
(p,t) € Epi(—h). f0<p<1,then (1—-p)" —1<uf —1<wu —1<t Hence, we also have
(p,t) € Epi(—h).

Consider the epigraph of (—h)*. We have

Epi((—=h)*) = {(y,s) : yp — (—h)(p) < s,¥p >0} = {(y,s) : yp — t < s,Y(p,t) € Epi(—h)}.

Therefore, we have that (y, s) € Epi((—h)*) if and only if the optimization problem

1 1/n
min — Hut —1 < t.us < u l—p<u
P7u17u220,t€R{ yp + | 1 =bLU2 =Y b= 2}

is bounded below by —s. Since this is a convex problem with a point p = 1,us = 0,u; =
1,t = 0 that satisfies Slater’s condition, we may apply the duality theorem and obtain that
this optimization problem is equal to

. 1/n
ma inf —yp+t+&(up —1—1t)+ & (us —u +&3(1 — p — uo9),
51752,5?3(20 p,u,u2>0,tER P fi(w )+ & ! )+ &l P 2)

which, after some rewriting is equal to

__n_ S
max {—1+ &+ (n T —n 1) [y +63<0,86 > &)
£2,632>0

Therefore, we have

Epi((—h)")
={(y,5):3&,>0:1-&+ (n_ﬁ —n e < s,y 4 €3 < 0,6 > £3)
={(y,s) : 3 &, &, & >0:1 &+ (n_ﬁ ST < 5,6 < 51%1 S il

y+& <06 > &)

This gives the reformulation of the epigraph of the perspective A\(—h)*(5¢) < z as

A—&+ (n_ﬁ —nT ) < 2
n—1 n—
G <€ AT

A (S Sz -t g <0
§2 > &3
k£2’£3’€4 > 0.
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1-(1-pm" 0<p<1
p=1
using duality. We have

e For h(p) = , we will derive a tractable reformulation of the

*

epigraph (—h)
Epi(—h) ={(p,t) € R>o x R: Fuj,ug > 0:uy > —t,u;/n > up, (1 —ug)V/™ > 1—p,ug < 1}

Indeed, if (p,t) € Epi(—h), then for 0 < p < 1, we have —(1 — (1 — p)™)%/® < t. Choose
ug=(1—(1—p)") and u; = u%/n gives the right inclusion. If p > 1, then choose uy = 1 = uy,
which also gives the right inclusion. Conversely, let (p,t,u1,us) satisfy the above constraints.
If 0 < p < 1, then, by construction, (p,t) € Epi(—h). If p > 1, we have u; < u;/n < 1. Hence,

t > —uy > —1, thus (p,t) € Epi(—h).
Consider the epigraph of (—h)*. Again, we have

Epi((—=h)*) ={(y,s) :yp — t < 5,¥(p,t) € Epi(=h)}.
Therefore, we have that (y,s) € Epi((—h)*) if and only if the optimization problem

. 1/n 1/n

min —yp +tlug > —t,u,’ > up, (1 —u >1-

is bounded below by —s. Since this is a convex problem with a point p = 2,us = 1,u; =
1/2,t = 1 that satisfies Slater’s condition, we may apply the duality theorem and obtain that

this optimization problem is equal to

+ inf —(y+ &)+ (1= E)E+ (&2 — &)ur — Eouy™ — E3(1 — up) /"
5172121%?20{53 oo ver (y+&p+ (1 = &)t + (&2 — &)ur — Sauy’ ™ — &3(1 —ug) /™ }
_ . f _ 1/1’L _ 1 _ l/n — 1’ < O > .

52%??0{53 + uzlen[O,l] §oy &3(1 —ug)/"[& y+8& <06 >4}

The convex function —§2u;/ " — €3(1 — ug)Y/™ has derivative

4
d’LL2

1—n

= (G- w)F - ),

which has a root at

S &3
n-1 n—1
Uy ™ (1 —ug)m

n—1

n—1
Sl —ug) m =E&uy"

_n_
n—1

ug = 277@ S [O,].]

n
n—1 n—1
2 &3
Since we are examining a convex function, this is where the minimum is attained. Hence, we
have

n 1/n n 1/n
n—1 n—1
. 1
inf —§2ug/n —&1-uw)/n=-& | 22— — & | ==
u2€[0,1] 271,71 + 5;71 27171 + 53:7,71

n”il n”il
+¢ .
2 3 n—1 n—1
( n—1 +§ﬁ)1/n ( 2 53 )
2 3
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Therefore,

—1

Epi((=h)*) = {(y,5) : 362, >0:y+ 83 <0, > 1, -8+ (& +f S < s)
={(y,5) 1 36,6 20:y+8&<0,L 21, -6+ [[(&2,8)].o < st

where ||.||, is the p-norm for p > 1. Thus, the reformulation of the epigraph of the perspective
A(=h)*(5F) < z is given by

MR () €20 —v+6 S0, &2 A —G+ (€&l =, <2 &.620.

EC.3.2 Divergence Functions
e For ¢*(y) = €Y — 1, we have
yet —l) <tow—y<t et <2 ew—y<tylog(L)+s<0.
v w
Note that ylog() is the relative entropy.
e For ¢*(y) =2 —2y/1—y, y <1, we have

y2-21- <t s<yeo2y—2y /T2 <t s<n
v y

<:>2727\/?§t,v:'ys,s<’y<:>272,/yv§t,v:*ys,v>0
v

S22y —2w<tw <yu,w>0,v=y—s0v>0

1
S5Oy +v),w =0,

1
@27—2w§t,\/w2+4(7—v)2 5

v=7y—s,v>0,
where in the last equivalence we used the equality zy = 1 ((z 4+ y)? — (z — y)?).
e For ¢*(y) = ﬁ =—-1+ ﬁ,y < 1, we have

1 1
1+ —<ty<le-14v<t,—<v,w=1—-y,w>0
1—y w

1 1
& —1+v <t 1+Z(v—w)2§§(v+w),w:1—y,w>0.

The epigraph of the perspective function can then be obtained as

1 1
fyd)*(i) <te —v+ov <t \/’)/2+4(v—w)2 < §(v+w),w:’y—s,w>0.
Y
%)
e For ¢*(y) =y + (0 — 1)(%)97 e show that the epigraph can be represented by a power
cone, which is P?’l_a 2 {x € R : afad™™ > |x3], 21,22 > 0}, for 0 < a < 1. More on

tractability of power cones can be found in Chares (2009). We have that

y+ 015 <oy s @- 1o w<t, Y7 <o

%

6
Sy+0-1)0T0w <t |y <ws1. 1777,
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is conic quadratic representable. Hence, so is the epigraph of the perspective

0 0 q__0

’yqﬁ*(%) <tes+0—-1)017w<t, |s| <wd-T1. .4 01,

e Similarly, for ¢*(y) = 3(1 —y(1 —0))71 — 1,y < 15, we have that
1 _ _
<ty < g lul < t0+1)% 1% w=1-y(1-0),
1

< —,
Y=1"9¢

S —y(1 - 07 2

is conic quadratic. Hence, so is the epigraph of the perspective

1) <t ul < (10 +9)F AT w1 = 0),s <
: !

EC.4 Robust Rank-Dependent Evaluation Using Penalization

This section investigates the comparison between

SUP  Puhg(*), (EC.21)
a€Dy(p;r)
and
ﬁrob(') £ sup pu,h,q(') - 91¢(q> p)7 0> Oa (ECQQ)

qQeAp,

and associated optimization problems, where A,, denotes the set of all m-dimensional probability
vectors.

Lemma EC.3. Let h : [0,1] — [0,1] be a concave distortion function. Then, the robust risk
measure prop defined in (EC.22) admits the dual representation

ﬁrob(X) = Ssup Eﬁ[_u(X)] - C((_]),
qcAm

with ambiguity index

0, ifqe Mp(q);

oo, else;

o@ = inf 0I,(q,p)+ a(d, q), a(q,q)é{
Q€A

where My (q) is as defined in ([15]).

Proof. By Denneberg (1994)), Proposition 10.3, we have the dual representation

Puha(X) = Sup Eg[-u(X)] = a(q, q)-
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Hence, we derive

q€lAnm,

m
peob(X) = Sup puna(X) — 03 pio (;)
i=1 v

= sup sup Eg[-u(X)] —a(a,q Qszqﬁ <qz>

q€A, GEAR
_ qi

= sup sup Eg|—u(X)] —al(q,q)—10 pmﬁ()

s sup Bl-u(X)] (g, Z &

. _ S gi

= sup Eg|l—u(X)]— inf |a(q,q)+0 i ()

Sup Egl-u(X)] qum< (@, q) ;pcé o )
— sup Eqf-u(X)] - ().

qelnm

O

We next show that a decision-maker who minimizes (EC.21)) obtains the same minimizer as
when minimizing (EC.22)), for a specific 6.

Proposition EC.1. Assume the existence of a minimizer a* € argminge 4 SUPqep,, (p,r) Pu,ha(f (2, X)).
Then for each r > 0, there exists a 0, such that

a® € argminge 4 SuAp Puha(f(a,X)) —0"1s(q, ).
[ [SYAVSS

Proof. As we have shown in Lemma Milac 4 SUPgeA,, Pu,h,q(f(a, X)) —014(q, p) is equivalent
to

m
. di
min{ sup  sup giu(f(a,x; Di () , (EC.23)
acd | 920 gqeM(a) ZZ; z ) ; RAVS
qf'1=1

for any fixed constant 6 > 0. Let a* be a solution of minae 4 Supqep, (p,r) Puh,q(f(a, X)). Then,
strong duality implies the existence of a v* (depending on a*), such that

m

sup sup — Z giu(f(a®,x;))
a€Dy(p,r) GEMp(a) ;4

m

G

=*r+ sup  sup Zqz (@"x:) = 7" Y _pid <Z>
q>0 geMp(q) ;4 i=1 pi
ql1=1

(EC.24)
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Since a* is a minimizer, we also have

m

sup  sup — Y Giu(f(a*,x;))
a€Dy(p,r) G€Mu(a) ;5

m

< sup osup - gu(f(axi)
a€Dy(p,r) GEMp(a) ;=

. N - q;
=inf yr+ sup  sup — Y gu(f(a,x)) =Y pid <)
720 ) — i=1 pi

q>0 geMp(
qf1=1
m m g
ot sw =S gu(rex) -2 >one (1),
(Tl?olquh(Q) i—1 i=1 pi
q =

Bringing v*r to the left-hand side of the inequality, we obtain from (EC.24)) that

m m

_ i

sup  sup — Y Gu(f(at,x)) — "> pio (’)

920 geMy(a) 5 i=1 pi
qf1=1

m m g

< sup sup — chiu(f(a, x;)) =" Zpiﬁb <l> ;
;1%01 qeMp(a) ;- i=1 pi

q =

for any a € A. Hence, a* is also a solution of (EC.23|), where 8* = ~*.
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EC.5 A Visualization of the Various Shapes of the Uncertainty

Set U(p,h(p)
1.2 1.2
1.0 1.01
0.8 1 0.8
- 0.6 - 0.6
q2 az
0.4 1 0.4 1
0.2 021
0.0 1 0.0
-0.2 T T T T T T -0.2 T T T T T T
-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
a1 a1
(a). n =100 (b). n =500
1.2 1.2
1.0 104
0.81 0.8
- 0.6 - 0.6
g2 q2
0.41 0.41
0.2 1 0.2
0.01 0.0
—-0.2 T T T T T T -0.2 T T T T T T
-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
q1 q1
(c). n =100 (d). n=5

Figure EC.1: Projections of the uncertainty set Uy ,(p) in (13) on the coordinates (gi, @), for p =
(1/3,1/3,1/3) and 7 = Lx3 o5 5, plotted for a range of values of the sample size n. We choose the modified chi-
squared divergence function ¢(¢) = (t—1)? and the second dual moment distortion function h(p) = 1—(1—p)2.
As n approaches 0, we observe that the uncertainty set grows and the projection eventually approaches the
entire probability simplex in R2, the case in which the decision-maker is completely ambiguous w.r.t. p.

EC.6 The Optimistic Dual Counterpart

Beck and Ben-Tal| (2009) and |Gorissen et al.| (2014)) have shown that a robust minimization problem
with a compact convex uncertainty set can also be reformulated by considering the optimistic dual
counterpart, obtained by maximizing the dual of its uncertain problem over all uncertain variables.
In this section, we derive and reformulate the optimistic dual counterpart of the robust problem

min {ald+(¢-c
acA,ceC

sup )— chiu(f(a,xi)) < c} , (EC.25)
i=1

(a,9)€Uy (P
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where
271%:2?1@:1

Uy n(p) = § (aa) € B2 | Z=tPo (o) <
2ics @ < h (ZieJ 4) . VJ C [m]
qi, G > 0, Vi € [m)]
Here, we have either (C = R,d =0,{ = 1) or (C = {¢o},d # 0,{ = 0), where d € R™ ¢y € R.
Note that Uy n(p) is a compact set since it is bounded and closed due to Assumption (3| that the
functions ¢, —h are lower-semicontinuous convex functions.
To derive the optimistic dual counterpart of , we first consider its uncertain problem,
which for a given (q, q) € Uy ,(p) is defined as

qu a Xz _C}

=Y Gu(fla,xi) < ¢ fila) <0, € [L]} -

i=1

acA,ceC

min {aTd+C-c

(EC.26)

= min ald+¢-c
acR! ceC

Here, recall that A is a set represented by convex inequalities, hence we can express it as A = {a €
R|f;(a) < 0,i =1,...,L}, for some convex functions f;’s. Assume that (EC.26]) satisfies Slater’s
condition and is bounded from below. Then, the dual of (EC.26)) is given by

m L
ma. inf ald+¢-c— giu(f(a,x;)) — yoc + a),. EC.27
omax  nf { Ce—yo ; giu(f(a, %)) — yo ; Ui Sl )} ( )

The optimistic dual counterpart is defined by maximizing the dual over all uncertain variables in
the uncertainty set, i.e.,

m L
sup max inf {aTd +C-c—yo Z giu(f(a,x;)) — yoc + Z ykfk(a)} . (OD)
k=1

— I
(a,@) €Uy p(p) Y0r---¥L=0a€RT ceC P

The following theorem states a reformulation of .

Theorem EC.1. The optimistic dual counterpart is equivalent to the following concave
problem:

sup zi(—uo f)* ( ) Zyk‘ fr)* <k>—y000ﬂ{¢0}

z,2ER%0 i=1
Y0,--,yL=>0
Al,...,}\m,nl,...,nLERI
m L
subject to Z)‘i = —an —d

i= k=1
m m (EC.28)
Z Zp = Z Zi = Yo
i=1 i=1
>z~ yoh (Zief > <0,vIe2,
icl Yo
m
> yopio < ) —yor <0,
i—1 Yopi



where z = yoq and z = yoq. If Slater’s condition holds for problem (EC.28|), then (EC.25)) is equal
to (EC.28)). Moreover, the KK T-vector of (EC.28|) corresponding to the dual equality constraints

S A= — Z£=1 1, — d gives the optimal solution of (EC.25).
Proof. We have that

m L
inf {aTd +¢c—yo Y Gu(f(a,x)) — yoc+ Zykfk(a)}

)i
acR! ceC i1 —1

m L
= inf {aTd —y0 > Giu(f(a,x;)) + Zykfk(a)} +1nf(C —yo)e
=1 k=1

acR!

m L
= — sup {—aTd +y0 Y qiu(f(a,xi) - ; ykfk(a)} +1nf(¢ —yo)e.

acR! i=1
Note that C is either R (if ( = 1) or {¢p} for some ¢y € R (if ( = 0). Hence, we have that

—YoCo ifC = Co
inf(¢C —yo)e =140 fC=R, yo=1
—00 else.

We examine the supremum term. We have

m L
sup {—aTd +y0 Y qu(fa,xi) =Y ykfk(a)}
k=1

aERI i=1

m L
= sup —ald + yo Z(jiu(f(wi,xi)) — Zykfk(vk) w;, =a, vy =a,i € [m],k € [L]
a7W17---7wm17 i=1 k=1
Vi,..,VLER

L m

= _inf sup {—aTd +> Al(wi—a)+ ) ni(vi—a)+y0 Y qulf(wi,xi)
i=1

ALy Am, AW Wi, i—1 k=1
”71"~~:77L€RI v1i,...,vER! - -

L
- Zykfk(vk)}
k=1

m L T m
- (- (Saemera) ar St watuG)
nl,...,nLGRI V1,.4.,VL€]RI i=1 k=1 i=1

L
+ Z NEvE — Y fi(Vi)
k=1
m Ai & n - ¢
= inf Zyotfi(—uof)*< 1_7Xi>+zyk(fk)* <k> Z)‘i:_znk_d ’
Al,...Amﬁy pat YoGi P Yk i—1 k=1
1717"'717L€

where (—u o f) denotes the composition of the two functions. A change of variables z = yoq and
Z = yoq and a multiplication of the constraints in Uy (p) by yo yields the desired statement. [

EC.7 Optimization of Rank-Dependent Models in the Constraint
We describe in detail the adaptation of Algorithm [1] to (P-constraint]) in Algorithm [EC.1]
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Algorithm EC.1 Cutting-Plane Method with RDU Constraint

: Start with ¢, = {(p,p)}. Fix a tolerance parameter e > 0.
: At the j-th iteration, solve the following problem with the uncertainty set f;:

[N

(a,@)el; ;1

min {g(a)

acA

sup Z —qgu(f(a,x;)) < c} . (EC.29)

3: Let a; be the optimal solution of . Determine the ranking:

—u(f(aj,xq))) < ... < —ul(f(aj,Xm))-

Then, solve the optimization problem , which gives an optimal objective value v; and a
solution (q}f, (1;)

4: If vj — ¢ < €01, then the solution is accepted and the process is terminated.

5: If not, set U;11 =U; U {(q},q;)} and repeat steps

EC.8 SOS2-Constraints Formulation

Let w : [lg,up] — R be a non-decreasing, piecewise-linear utility function defined on some interval
[lo, ug] that contains the image set {ax; | a € A,i € [m]}. Let {t;, u(tj)}JK:1 be the support points
of u, where lp = t1 < --- < tg = ug. Then, the constraints in can be formulated using the
following bilinear and SOS2 constraints:

B h(p®) + Sy b + 0 S Nl p = S Gz < e
—2i— B =30 ik <0, Vi € [m]

Aik < vk, Vi € [m], Vk € [K4]

G < 1Pp; + i, Vi € [m], Vk € [K)]

STt S B, Vi € [

Sty @i =h(1-p°)

alx; = Z]K:1 Aijts, Vi € [m]

o1 Agulty), Vi € [m]

(EC.30)

n
S
I

/\ij >0, SOS2, Vi € [m], Vi e [K]

EC.9 The Hit-and-Run Algorithm

In this appendix, we explain how the Hit-and-Run algorithm is applied to generate a uniform sample
on the ¢-divergence set. Let S be an open subset in R?. The general procedure of the Hit-and-Run
algorithm is fairly simple. Start with an interior point z¢ € S. Choose uniformly a random direction
u € D where 0D 2 {z € R?: ||z|| = 1}. Draw uniformly a scalar A € {\ € R : 2o + \u € S}
and then update xo with xg + Au. It is shown by [Bélisle et al.| (1993)) that for a convex set S, this
sampling process will converge to a uniform sample on S.

To apply the Hit-and-Run algorithm to the ¢-divergence uncertainty set, we first re-parametrize
the set. Recall the definition of the ¢-divergence set . Using the equality q”'1 = 1, it is clear
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that we can parametrize the ¢-divergence set with the following set:

Dy(alp, )

m—1 m—1 m—1
m— qi 1= 21 (EC.31)
2{qeR quo,l-zqizo,zm(p)+pm¢<%1)@
i=1 i=1 v

m

Since this is a set with convex inequalities, and we assume Slater’s condition, its interior is an open

convex set. Hence, we can apply the Hit-and-Run algorithm to obtain a uniform sample of the

interior of 75¢(q\p, r) and thus also the interior of Dy(p,r) due to their one-to-one correspondence.
The precise procedure is the following.

e We start with an interior point qi € intﬁqg(q]p, 1), where we set qg = (p1,...,Pm—1). Then,
we draw a uniform element u € 9D of dimension d = m — 1. This can be done by drawing
d standard normal i.i.d. samples X = (X7,..., X,;) and setting u = ”;((”2, where ||.||2 is the

Euclidean 2-norm. Then, u follows a uniform distribution on 0D.

e Given u and qi, we determine the set A 2 {A € R: qx + Au € Z%(q\p,r)}. Note that since
ﬁ¢(q\p,r) is convex, bounded and closed, there exist Amin, Amax such that [Amin, Amax] = A.
We may find both values using a bisection search. Indeed, since qi € int@¢(q|p, r), there
exists a sufficiently small Ag > 0 such that Ay € A. Take a sufficiently large Ay > g such that
A1 ¢ A, which also exists since A is bounded. Then, perform the bisection search on [A\g, \1]
to find A\pax. Do the same for Apin.

e We draw a random A € [Anyin, Amax] and update qx+1 = qi + Au. We then repeat the process.
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