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Abstract

This paper studies distributionally robust optimization for a rich class of risk measures with
ambiguity sets defined by ¢-divergences. The risk measures are allowed to be non-linear in
probabilities, are represented by Choquet integrals possibly induced by a probability weight-
ing function, and encompass many well-known examples. Optimization for this class of risk
measures is challenging due to their rank-dependent nature. We show that for various shapes
of probability weighting functions, including concave, convex and inverse S-shaped, the robust
optimization problem can be reformulated into a rank-independent problem. In the case of a
concave probability weighting function, the problem can be reformulated further into a convex
optimization problem that admits explicit conic representability for a collection of canonical
examples. While the number of constraints in general scales exponentially with the dimension
of the state space, we circumvent this dimensionality curse and develop two types of algorithms.
They yield tight upper and lower bounds on the exact optimal value and are formally shown to
converge asymptotically. This is illustrated numerically in a robust newsvendor problem and a
robust portfolio choice problem.
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1 Introduction

Many stochastic optimization problems in management science, operations research, engineering,

economics, and finance arise from decisions involving risk (probabilities given) and ambiguity (prob-
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abilities unknown).

A variety of models for decision under risk have been proposed. Among the most popular and
empirically viable models is the rank-dependent utility (RDU) model of |Quiggin! (1982). In RDU,
the utility loss associated to a random variable X under the probabilistic model P is measured by

a rank-dependent evaluation p with respect to a non-additive, distorted measure h o Pﬂ

punp(X) £ / —u(X)d(hoP),

where v : R — R is a utility function, assumed to be non-decreasing, and h : [0,1] — [0,1],
with A(0) = 1 — h(1) = 0 and non-decreasing, is a distortion or probability weighting function.
RDU serves as a pivotal building block of prospect theory (Tversky and Kahneman, [1992) and
encompasses expected utility (von Neumann and Morgenstern, 1944)) when h is linear and the
dual theory of |Yaari| (1987) when u is affine. It accommodates Allais (1953)) type phenomena
that are incompatible with expected utility. The utility function captures attitude toward wealth
and the shape of the distortion function, e.g., concave, convex or (inverse) S-shaped, dictates
attitude toward risk. Importantly, under RDU probabilities of outcomes are weighted according
to h(Fx(x)) £ h(P(X < z)), leading to an evaluation that is non-linear in probabilities, which
depend on the ranking of outcomes. These non-linear and rank-dependent features bring major
computational challenges.

In the aforementioned theories for decision under risk, P is assumed to be given. When ambi-
guity is present, [P is unknown. Ambiguity is often treated via a worst-case approach that is robust
against malevolent nature. For example,|Gilboa and Schmeidler| (1989) introduce maxmin expected
utility, a.k.a. multiple priors, under which risks are evaluated according to their worst-case expected
utility taken over a set of probabilistic models. [Hansen and Sargent| (2001, 2007) propose multi-
plier preferences under which probabilistic models far away from a reference model are penalized
according to the Kullback-Leibler divergence (a.k.a. relative entropy). The variational preferences
of Maccheroni et al. (2006) admit a general penalty function, thus significantly generalizing the
maxmin and multiplier preferences models. Laeven and Stadje (2023)) develop a rank-dependent
theory for decision under risk and ambiguity that encompasses both the dual and rank-dependent
counterparts of |Gilboa and Schmeidler| (1989) and Maccheroni et al.| (2006).

Parallel to these developments, the field of (distributionally) robust optimization has been
studying risk and ambiguity from a computational perspective. In robust optimization, ambiguity
sets are often constructed exogenously from data, as a confidence region of the true underlying
distribution, rather than endogenously based on preferences. A widely used family of statistical
estimators for distributional uncertainty is given by ¢-divergences (Csiszar, 1975; Ben-Tal and
Teboulle, 1986, |1987; [Pardo, |2006]). Many distributionally robust optimization problems with these

types of ambiguity sets can be reformulated into tractable robust counterparts, which can then be

1See also [Schmeidler (1986, [1989) for related pioneering developments.



solved efficiently using standard optimization algorithms (see e.g., Ben-Tal et al., |2013, Wiesemann
et al.l 2014, and |[Esfahani and Kuhn) 2018)).

Although a variety of distributionally robust optimization techniques have been developed for
optimization under uncertainty, most of the literature is concerned with stochastic models in which
the probabilities appear linearly in the optimization problems, such as (possibly generalized) vari-
ants of expected value or expected utility maximization. Despite the growing interest in and
applications of rank-dependent models across a wide variety of fields (see e.g., Denneberg, 1994,
Wakker, [2010, |[Follmer and Schied}, 2016} and the references therein), optimization of these models—
whether ambiguity is present or not—is still relatively underdeveloped. The main difficulties lie in
both the non-linearity in probabilities and the rank-dependence: for each value of a decision vector,
the rank-dependent evaluation of an uncertain objective or constraint can be permuted, since the
ranking of the outcomes depends upon the decision vector.

In this paper, we develop an efficient approach for optimizing rank-dependent models, with
and without uncertain probabilities. More precisely, we study the following nominal and robust

minimization problems, in a discrete probability space setting:

ég,fél pu,h,p(f(av X))v (1)

inf sup pu,h,q(f(av X))a (2)
a€A qeDy (por)

where a € R™ is the decision vector, A is a set of constraints, X € R! is a random vector,
f:R% x Rl — R is a deterministic function, Dg(p,r) is a ¢-divergence ambiguity set (formally
defined in (8)), and py s q(.) is a rank-dependent evaluation (formally defined in (), for some
probability vectors p,q € R™.

Our main contributions can be summarized as follows:

e We show that we can reformulate problems and , as well as their epigraph formulations,
into rank-independent, tractable (robust) counterparts, for the various empirically relevant
shapes of the probability weighting function A, including concave, convex, and inverse S-

shaped functions.

e For concave probability weighting functions, we show that the reformulated robust coun-
terpart admits a conic representation, provided h and ¢ are conic representable functions.
For a list of canonical examples of h and ¢, we provide explicit epigraph representations of
the reformulated robust counterpart that can directly be implemented into standard conic

optimization programs such as CVXPY.

e While the reformulated robust counterparts are more tractable than and , their mul-
tiplicity of constraints increases exponentially in the dimension of the underlying discrete
probability space. We provide two types of algorithms to circumvent this curse of dimen-

sionality. Each of them, or a combination thereof in the case of convex and inverse S-shaped



probability weighting functions, yields tight upper and lower bounds that, as we formally
establish, converge to the optimal objective value of the exact problem. Moreover, we show
that one of our algorithms can also be applied to a more general type of rank-dependent
model, namely Choquet expected utility (CEU, Schmeidler, 1989)E]

e We provide numerical examples of our approach in applications of robust optimization with
rank-dependent models and uncertain probabilities, in the context of inventory planning
and portfolio optimization. We efficiently obtain optimal decisions that are robust against
uncertainty, and yield accurate optimal objective values. Concrete examples with codes are

provided on https://github.com/GuanJinNL/ROptRDU. github.io.git.

To our best knowledge, our approach is the first that can handle nominal and distributionally
robust, generic optimization problems involving rank-dependent evaluations with possibly inverse

S-shaped probability weighting functions.

1.1 Related Literature

Our work builds on the decision-theoretic literature on evaluating risk and ambiguity. Specifically,
we consider in f the rank-dependent evaluations of |(Quiggin (1982) and adopt a robust ap-
proach as in |Gilboa and Schmeidler| (1989), Maccheroni et al. (2006), [Hansen and Sargent| (2001,
2007)) and Laeven and Stadje| (2023), which can be viewed as (generalized) decision-theoretic foun-
dations of the classical decision rule of Wald| (1950)); see also Huber| (1981). We contribute to this
literature by developing corresponding optimization techniques.

An initial connection between robust risk measures and robust optimization has been studied
in an early paper by [Bertsimas and Brown (2009). They show that a decision-maker’s preference,
as represented by a coherent risk measure, can provide a device for constructing an uncertainty set
for robust optimization purposes. The authors were able to obtain tractability results for distortion
risk measures under a specific parameterization and the (strict) assumption that the underlying
discrete probability space is uniform. Our paper relaxes these assumptions, while also providing
a blueprint for constructing uncertainty sets tailored to general risk and ambiguity preferences.
Postek et al.| (2016]) studied distributionally robust optimization (DRO) problems for a broad
collection of uncertainty sets and risk measures. However, for classes of risk measures that are
non-linear in probabilities, such as distortion risk measures, the tractability remained unknown
(see their Table I); they are covered as special cases in this paper. Although different choices of
uncertainty sets are possible, our paper focuses on uncertainty sets defined by ¢-divergences, which
constitute a family of divergences including the Kullback-Leibler divergence, Burg entropy and
Hellinger distance. The study of ¢-divergences in DRO is motivated by several earlier studies; see
e.g., Ben-Tal and Teboulle| (1986, |1987)) and |Ben-Tal et al.| (2013).

2Under CEU, the non-additive measure need not be obtained by distorting an additive probability measure.
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Recently, (Cai et al.| (2025) and Pesenti et al.| (2020) studied DRO problems involving distortion
risk measures with general non-concave distortion functions. Their interesting results show that
the DRO problem associated with a non-concave distortion function is equivalent to that with its
concave envelope approximation provided that the underlying uncertainty set obeys certain moment
conditions. In this paper, we show that this equivalence is typically not satisfied in our general
setting, thus requiring novel techniques. Optimization of non-expected utility models with possibly
non-concave distortion functions has also been studied in innovative work of He and Zhou (2011)),
in particular in the context of portfolio choice, introducing the so-called quantile method; see also
Carlier and Dana (2006). The effectiveness of this method relies on the ability to parametrize the
distributions of all random objective functions { f(a,X),a € A} by a set of quantile functions that
satisfy finitely many constraints. For a general convex function f and feasibility set A that are
considered in , there is, however, no systematic approach to obtain such a quantile formulation.
Our work provides a method to optimize (both robust and nominal) rank-dependent models for a
broad class of decision problems and can directly be implemented in standard optimization software.
Finally, Delage et al.| (2022) and |Wang and Xu| (2023)) analyze ‘preference robust’ optimization,
which considers uncertainty in the distortion function rather than in the underlying probabilistic
model.

The remainder of the paper is organized as follows. Section[2]introduces the setting and notation.
Sections (3| to [5| study the optimization problems and for concave distortion functions.
The techniques we develop are extended in Section [6] to non-concave, inverse S-shaped distortion
functions. Section[7]presents our numerical experiments. Conclusions are in Section[§] In Electronic

Companions [EC.1 we provide all the proofs, additional examples, and technical details.

2 Setup and Notation

2.1 Rank-Dependent Evaluation

Let (€2, F) be a measurable space. We define the rank-dependent evaluation p, g of the utility
loss associated with a random variable X :  — R under a given probability measure Q on (€2, F)
as the integral with respect to the non-additive measure h o Q (Denneberg, 1994)), or equivalently,
as a Choquet integral (Choquet|, [1954]):

punaX) 2 [ —u(x)d(hoQ) 3)
0

= [ h@un) > yaee [ @) > 0) - D (4)

—0o0

Here, u is a non-decreasing utility function defined on a suitable domain containing the support of
X. Furthermore, the function A : [0,1] — [0, 1] is a distortion, or probability weighting, function
that is non-decreasing and satisfies 2(0) = 0 and h(1) = 1. We note that p, g is also known as



a distortion risk measure when wu is the identity function. In this paper, we consider distortion

functions that may be concave, convex or inverse S-shaped.

Definition 1. We say that h is inverse S-shaped if, for some p° € (0,1), we have that h is concave

for p < p° and h is convex for p > p.

If Q is discrete with |Q2] = m, then the integral reduces to a rank-dependent sum. Let
T(1) > T(z) = ... = T(y) denote the ranked realizations of X, with {(i)};Z; denoting the indices

of the ranked realizations. The monotonicity of u preserves the ranking of (z;)7,. Therefore, we

have
punaX) =D = (D ap | =0 D ap | | u (@), (5)
i—1 =i j=it1

with q € [0, 1]™ the probability vector associated to € and Z;“:m +190) £ 0, by convention.
A well-known example of a rank-dependent evaluation is the Conditional-Value-at-Risk (a.k.a. Ex-
pected Shortfall; [Follmer and Schied, 2016, Section 4.6), CVaRj_(X), which is defined as

1
_a(X) 2
CVaR1 ( ) l—a

11—«
/' VaR,(X)dy, 0<a<l, (6)
0

where VaR,(X) £ inf{z: Q(—X <) > 1—+}, 0 < v < 1, is the Value-at-Risk. For a certain level
a € [0,1), CVaR;_,(X) can be interpreted as the (sign-changed) average of the left (1—a)-100% tail
of the risk X. It is easily verified that CVaR;_, is a rank-dependent evaluation with linear utility
function and distortion function h(p) = min{%, 1}. Other canonical examples of distortion
functions are given in Table of Electronic Companion The distortion function captures
attitude toward risk whereas the utility function describes attitude toward wealth (see e.g., Quiggin,

1982, [Yaari, 1987, (Chew et al. 1987, and Eeckhoudt and Laeven, 2021)).

2.2 ¢-Divergence Ambiguity Sets

We construct ambiguity (or uncertainty) sets using ¢-divergences. For discrete outcome spaces €2

with |Q2| = m, the ¢-divergence I4(q, p) between two probability vectors q,p € [0,1]™ is defined as
To(@p) 2 pio () | (7)
i=1 t

Here, ¢ : [0,00) — R is a convex function that satisfies the following conventions: ¢(1) = 0,
04(0/0) = 0 and 0¢(x/0) = xlims .o ¢(t)/t (see |Pardol, 2006, Definition 1.1). For a nominal
probability vector p and r > 0, the ¢-divergence ambiguity set is defined as

Dy(p,7) = {q€R™ [ q>0, q'1=1,14(q,p) <r}. (8)



Here, 0,1 € R™ are the vectors with all entries equal to 0 and 1, respectively. As outlined in
Ben-Tal et al| (2013]) (Section 3.2), one may construct Dy(p,r) as a statistical confidence set by
replacing p with an empirical estimator p,. Indeed, as shown in [Pardo| (2006 (Corollary 3.1),
under the null-hypothesis Hy : p = pg, and provided ¢ is twice continuously differentiable in a
neighborhood of 1 with ¢”(1) > 1, the following object converges to a chi-squared distributionﬂ
2n .

¢//(1)I¢(p07 Pn) ~ X%mfl,lfa‘ 9)

Here, n is the sample size used for constructing the empirical estimator, and an_m_ o Is the (1—a)-

quantile of the chi-square distribution with m —1 degrees of freedomﬁ Using @D, one can construct

an asymptotic confidence set Dy(pp, ) by choosing

¢// 1
r= zgl)in—l,l—a- (10)

2.3 Problem Formulations, Terminology and Assumptions

We study the following nominal and robust minimization problems:

;Ielﬁl pu,h,p(f(av X))v (P—NOHI)

inf  sup  punq(f(a, X)), (P)
a€A qeDy (p,r)
where a € R™ is the decision vector contained in a compact set of constraints A consisting of convex
inequalities, X € R! is a random vector, f : R™ x R — R is a jointly convex function in (a,x),
Dy(p, ) is a ¢-divergence ambiguity set defined in with respect to a nominal probability vector
P, and py pq(.) is the rank-dependent evaluation defined in , with respect to some probability
vector q € R™.
Henceforth, we often consider the nominal and robust rank-dependent evaluations in a constraint

form induced by the following epigraph formulation:

IN

c, (P-Nom-EG)
c. (P-EG)

punp(f(a; X))

SUp  puhq(f(a, X))
a€Dy(p,r)

IN

That is, we emphasize that we are able to deal with a robust rank-dependent evaluation both in the

3From a statistical perspective, it may be more natural to consider I;(Pn, po), where the true model po appears as
the reference model. However, in the robust optimization literature, I4(po, Pr) appears more commonly. According
to Theorem 3.1 and Corollary 3.1 of |Pardo| (2006]), both objects have the same limiting distribution under the null.
“That is, P(Z < Xon11-a) =1—a, for Z~xZ 1.



objective and in the constraint, where in the latter case we consider the following type of problem:
min g(a
acA g( )

st sup pung(f(a, X)) <c,
q€Dy(p,7)

(P-constraint)

where g is convex in a, and ¢ € R is a fixed parameter (in contrast to being an epigraph variable).

The nominal version of ([P-constraint|) is defined analogously, with the only difference that the

robust constraint is replaced by the nominal constraint (P-Nom-EG]).
Additionally, we would like to mention the alternative, but highly related, approach of defining a

robust rank-dependent evaluation, which appears in the decision theory literature (see e.g., Laeven
and Stadje, 2023)):

Prob(X) £ sup Puhq(X)—014(q,p), 6>0. (11)
q>0,qT1=1

In Electronic Companion we provide additional details on how can be reformulated
similar to (P-EGJ), and that the minimization problem is equivalent to minimizing for a
specific 6.

Let [m] £ {1,...,m} for an integer m. The following assumptions are made throughout this
paper:
Assumption 1. The optimization problem (]ED is finite: —oo <(]ED < 00.

Assumption 2. The nominal probability vector p satisfies p; > 0 for all i € [m].

Assumption 3. The functions ¢(t), —h(p), —u(f(a,x)) are lower-semicontinuous on their respec-

tive domains.

Assumption 4. (P-constraint|) is finite and contains a Slater point, i.e., there exists ag € int(.A)
such that SUPgeD,, (p,r) Pu,hq(f(a0, X)) < c. Furthermore, we assume (P-constraint]) > infac 4 g(a).

Assumption [I| can be satisfied if e.g., the image set {u(f(a,x)) | a € A,x € supp(X)} is con-
tained in a bounded interval. Assumption[2]constitutes a weak redundancy condition. Assumption 3]
is to ensure that the optimization problem has an optimal solution in A, and Assumption 4| is
to ensure that satisfies the strong duality theorem.

In this paper, the term robust solution refers to an optimal solution of or .
Similarly, a nominal solution refers to an optimal solution of or the nominal version of

(P-constrari).

2.4 Further Notation

For a convex function g : R? — R, we denote by g* its convex conjugate g*(y) = supzedom(g){yTz —

g(z)}, where dom(g) £ {z | g(z) < +o0} is the effective domain of g. Note that ¢g* is always convex,



since it is the pointwise supremum of a linear function in y. Furthermore, g* is non-decreasing if
dom(g) C [0,00). For A > 0, the perspective of g is the function g : (z,\) — Ag (%). By convention,
9(0,0) = 0 and g(z,0) = oo for x # 0. Note that g is convex if g is convex. The epigraph of a
function g is the set Epi(g) £ {(z,t) : g(z) < t}. An epigraph may have a conic representation
expressed in a conic inequality >k, where K is a proper cone (i.e., pointed, closed, convex and

with a non-empty interior) and K* denotes its dual cone, defined as
K*2 {AecRY: \Tz >0,z € K};

see (Chares| (2009) and Ben-Tal and Nemirovski| (2019)) for further details.

3 Robust Counterpart of Rank-Dependent Models

In this section, we show how the optimization problems f can be reformulated into
rank-independent problems with finitely many constraints. Our idea hinges on the insight that a
rank-dependent evaluation with a concave distortion function admits a dual representation that is
itself a robust optimization problem with linear probabilities and convex uncertainty set. Although
the dual representation holds only for concave distortion functions, we show in Section [6] how the
same idea can be extended to encompass convex and inverse S-shaped distortion functions. This

makes it possible to conduct robust optimization for a broad class of rank-dependent models.

3.1 Reformulation into the Robust Counterpart

We start by reformulating the constraints (P-EG|)—(P-Nom-EG]|) with concave distortion functions,

since they form the basis of the more complicated convex and inverse S-shaped cases described

in Section [f] In Sections without further mentioning, we assume the utility function to be
concave; Section [f] allows u to be non-concave. The reformulation relies on utilizing the following

dual representation, which involves a composite uncertainty set.

Theorem 1. Let h : [0,1] — [0,1] be a concave distortion function. Then, for all (a,c) € R™+1

we have that (P-EG)|) is satisfied if and only if

sup Z —qiu(f(a,x;)) <c, (12)
(a,9)€Uy n(P) =1

where Uy 1,(P) is a convex composite uncertainty set given by

Yt =i @i =1

Doty Pith (;172) <r

e @i <h (Ciesai), VI C [m]
qi,Gi > 0, Vi € [m)]

Upn(P) 2 < (q,q) € R*™ (13)



As a special case of interest, (P-Nom-EG)|) is satisfied if and only if

m

sup Y —qu(f(a,xi)) <, (14)
aEMu(p) ;—1
where My, (p) is the set induced by h:
Yitiai=1
My(p) = (@ €R™ Yies @i <h (Xieypi), VI C[m] o (15)

g >0, Vie|m]

As a consequence, Theorem implies that the robust problem is equivalent to the following

rank-independent problem that is more suitable for robust optimization techniques:

min  sup -y qu(f(a,x;)). (P-ref)
a€A (q,g)€Uy, 1 (p) ;

Similarly, the nominal problem (P-Noml|) can be reformulated to

m
min sup — Zqiu(f(a, X;))- (P-Nom-ref)
acA ge My, (p) i=1

Moreover, the equivalence between and features an interpretation somewhat sim-
ilar to that in Bertsimas and Brown| (2009), which connects the shape of an uncertainty set to
decision theory. Indeed, this equivalence can be viewed as a device for constructing a myriad
of preference-based uncertainty sets Uy 5 (p) for robust optimization. In Figure of Electronic

Companion[EC.5] we provide an illustrative visualization of the widely varying shapes of uncertainty

sets Uy n(p) that can be generated by selecting specific examples of the deterministic, univariate

functions h and ¢.

The following theorem establishes how the semi-infinite constraints and can be further

reformulated into finitely many constraints, yielding a (more) tractable robust counterpart problem.

Theorem 2. Let h : [0,1] — [0,1] be a concave distortion function. Then, we have that, for all
(a,c) € R™tl the inequality holds if and only if there exist o, 8,7, (V)12 (\)or 2 € R,

j=1 J)j=1
such that

—a+d s Vi m_ .
a+B+r+ >0 pivd* <,]Y€IJ]> + Z?:l 2 Aj(—=h)* (ﬁ) <eg,

—u(f(a,%:)) = 8= jier, N <0, Vi € [m] (16)
Aj,7 >0, vj e [2m — 2],
where Iy, ..., Iom_o are all subsets of [m], except the empty set and the set [m] itself.

10



In the nominal case, we have that the inequality holds if and only if there exist B € R,
(Aj)j > 0 such that

B+ 5 Agh <Zkgj pk) <c
—u(f(a,xi)) = B =2 jer, A <0, Vi € [m] (17)
BeR\ >0, Vje[2m -2

Remark 1. For technical reasons, the conjugate (—h)* in Theorem [2|is taken with respect to the
domain [0,00): (—h)*(y) = sup;>o{yt + h(t)}, by defining h(x) =1 for all z > 1.

Remark 2. In Table we provide (—h)* explicitly for a collection of canonical examples.
may also be further reformulated using the “optimistic dual counterpart” (Gorissen et al., 2014).

* cannot be computed analytically, as is the case e.g.,

This approach is particularly useful if (—h)
for h(p) = ®(®~*(p) + v), v > 0, with ® the standard normal cdf; see Wang| (2000) and |Goovaerts

and Laeven| (2008]). Further details are provided in Electronic Companion m

3.2 Conic Representability of the Robust Counterpart

In this subsection, we explore the conic representability of the robust counterpart reformulated in
Theorem Following Ben-Tal and Nemirovski| (2019), a set S C R™ is conic representable by a
cone K if and only if

xGS@Hw,A,b:A(X> — bk 0.

w

A function is said to be conic representable if its epigraph is. The reformulated robust counterpart
in Theorem [2| contains constraints that are expressed in the perspective of the univariate

conjugate functions (—h)* and ¢*. We focus on the conic representability of these constraints:

A(—h)* (T) < z, and y¢* (j) <t.

In practice, the derivation of the conjugate functions might be difficult. However, the epigraph
representation of a conjugate function does not always require an explicit form of the conjugate
function itself. The following two lemmas provide a generic approach for determining the conic
representation of the epigraph of the perspective function through that of the function itself. Inter-
estingly, this procedure does not require any derivation of the conjugate function. In Tables
and we provide the explicit conic representation for many canonical examples of the conjugate
functions (—h)* and ¢*, where the representations are composed of a combination of standard cones
such as the quadratic, power, and exponential. These explicit conic representations are useful for
the implementation of these constraints in standard optimization software such as CVXPY. Details
on the derivations of the epigraph representations can be found in Electronic Companion

The following two lemmas originate from Ben-Tal and Nemirovski| (2019) (Propositions 2.3.2

11



and 2.3.4), where they were stated only for the quadratic cones. However, they can be extended to

general cones.

Lemma 1. If f is conic representable with a cone K, i.e., there ezist (A,v,B,b) such that
Epi(f) = {(X,t) :dw:Ax+tv+-Bw+b >k 0}7

and Ax +tv+Bw + b =k 0 for some (x,t,w), then f* is conic representable with the dual cone
K*:

Epi(f*)={(y,s): 3 € cK*: AT¢ = —y BT¢ = 0,vI¢ = 1,5 > bT€}.

In particular, f and f* are representable by the same cone if K is self-adjoint.
Lemma 2. If f is conic representable with a cone K, then so is ils perspective.

We provide an example illustrating how the ideas in the proofs of Lemmas [I| and [2| can be
systematically applied to determine the conic representation of the epigraph of the perspective

transformation of a distortion function.

Example 1. Consider h(p) = p"(1 —log(p")), 0 < r < 1. Instead of deriving a closed-form
expression of (—h)*, which can be challenging in specific cases, we determine a conic representation

of the epigraph A(—h)* (_TV) < t by first determining a conic representation of Epi(—h). We have
(p,t) € Epi(—h) & Fw>0: —w+wlog(w) <t,w <p",w <1,

due to the fact that = — —x + xlog(x) is decreasing on [0, 1]. Following the proof of Lemma |l we
have that (y,s) € Epi((—h)*) if and only if

< - _ tl— ] <tw<p . w<l1}
8_p,wr§(ngeR{ yptt|—wtwlogw) s tyw<phw< 1

Since this is a bounded convex problem satisfying Slater’s condition, the duality theorem implies

that the minimization problem is equal to

max —&+  inf  {—yp —&p" + (& + & — &)w + Suwlog(w) + (1 — &)t}

£1,82,§3>0 p,w>0,t€R
= oax — inf {—yp—&ap” -1 lo
5;2-3?0 3+ pg}zo{ yp — &ap" + (&2 + &3 Jw + wlog(w)}
1
_ L, — o528 ( = 1%) Tl
= max e + (r — T Sy <O,
52,5320{ & 2 1yl |y <0}

where in the last equality we computed inf,>o{—yp — &p"} explicitlyﬂ This gives that (y,s) €

_1 _r_ 1% 1—-—1
s
®infp>0 —yp — E2p” =< y<0, &=0
e y>0, &>0.
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Epi((—h)*) if and only if there exist &3,&3,£4 > 0 such that
_r_ _1 1
ot ety (rH _ TH> &G <s, &<reT, y<o.
Lemma [2| then yields that A(—h)* (_TV) < z if and only if there exist &, &3,&4 > 0 such that
€3+ he (E2+8)/A 4 (7’ﬁ — Tﬁ) &<z SLWEgT, v>0,

which is a combination of the power cone and the exponential cone.

In some cases, one can also calculate a conjugate function by writing it as an inf-convolution.
For example, if f is a sum of individual f;’s: f(x) = Y_;", fi(x), then the conjugate of a sum is the

inf-convolution of the sum of the conjugates (see Theorem 2.1, |Bertsimas and den Hertog, 2022):

<Zfi> (s)= inf {Zfﬂvi) Zvizs},
=1 i=1

{Vi}ié[n] i=1

where the infimum can eventually be omitted when considering the epigraph formulation.

4 Solving the Robust Problem I: A Cutting-Plane Method

As shown in Theorem [2| the number of reformulated constraints grows exponentially, as 2", where
m is the dimension of the probability vector. If m is of small or moderate size, then the reformula-
tions in and can be applied to solve the minimization problems (]ED and exactly.
However, for larger m, this becomes computationally intractable. In this section, we show how the
reformulation of to (and similarly for (P-Nom)) to (P-Nom-ref])) by Theorem [1| enables

us to devise a suitable cutting-plane method, which circumvents this curse of dimensionality.

4.1 The Cutting-Plane Algorithm

The standard cutting-plane algorithm is one of the most applied algorithms to solve robust opti-
mization problems and has shown great efficiency in many applications (e.g., Mutapcic and Boyd,
2009, Bertsimas et al., 2016). The general idea is simple: Approximate the uncertainty set & with a
suitably chosen subset U; C U and solve the corresponding robust problem, which is often a simpler
problem, similar to the nominal problem. If the solution is feasible according to the robust evalu-
ation with respect to the original set U{, then the process is terminated. Otherwise, the worst-case
parameter in U associated with the current solution is added to U}, and the process is repeated.
In our case, we apply the cutting-plane method to the reformulated problem , where
the uncertainty set is given by the composite uncertainty set Uy »(p). After obtaining a candidate

solution using a suitable subset U}, we verify its feasibility with respect to the original uncertainty

13



set Uy p(p). This involves solving the following optimization problem, for a given solution a:

m
sup Y —giu(f (@, X))
(a,9)€Uy n(P) =1
At first sight, this seems problematic due to the 2 number of constraints in Uy ,(p). Fortunately,
this can be avoided, since the equivalent robust rank-dependent evaluation is the optimization

problem:

SUp  Puhg(f(as, X)). (18)
qu(b(par)

Problem can be solved efficiently. Indeed, for a given solution a,, we can assess the ranking

of the outcomes: u(f(a;,x(1))) > ... > u(f(a;,X(y))). Then, by rewriting the alternating sum in

, problem becomes equal to the following convex optimization problem:

Sup Z h Z 95) (u(f<a*’ X(jfl))) - u(f(a*, X(])))) ) (19)
=k

9€Dy(P:7) —1

where u(f(ax,x())) := 0. The optimal solution of is a probability vector q* € Dy(p,r).
This probability vector further yields a g* such that g = h (ZZ; qgk)) —h (22;. » qgk)) and
q‘E‘m) = h(qz“m)), which is precisely the probability vector that constitutes the rank-dependent sum
. The following lemma justifies that we may add the probability vectors (q*, @*) as the worst-case

probabilities at each iteration of the cutting-plane procedure.
Lemma 3. We have that (q*,q") € Uy n(P).

We can now describe the cutting-plane procedure in full detail, which we do more precisely in
Algorithm [I We note that the cutting-plane algorithm always computes a lower bound c¢; on the
optimal objective value of , since solving at each iteration j with respect to a subset
U;j C Uy p(p) is a less conservative problem. Moreover, the lower bound is improved iteratively,
since U; C Ujy1. Furthermore, by solving , which is a robust rank-dependent evaluation of a
particular feasible solution, we obtain an upper bound v; on at each iteration. Hence, the
final step of the cutting-plane algorithm yields an upper and a lower bound on the exact optimal
objective value , with a gap value v; — ¢; < €01 > 0 that can be chosen arbitrarily small.

The natural, formal question that arises is whether the cutting-plane algorithm actually termi-
nates after finitely many iterations, thus yielding convergent upper and lower bounds as €y, — O.
The following theorem, which has its roots in [Mutapcic and Boyd (2009), states that, for any
€tol > 0, the termination is indeed guaranteed. We note that [Mutapcic and Boyd (2009) imposes

Lipschitz continuity conditions, which we avoid in our setting.
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Algorithm 1 Cutting-Plane Method

1. Start with Uy = {(p, p)}. Fix a tolerance parameter ey, > 0.
2: At the j-th iteration, solve the following problem with the uncertainty set U;:

min sup giu(f(a,x;) (20)
aE.A qq Eu Zz; ! '

3: Let (aj,c;) be the optimal solution and objective value of . Determine a ranking of the
realizations:

—u(f(aj,x(l))) S PN S —u(f(aj,x(m))).

Then, solve the optimization problem , which gives an optimal objective value v; and a
solution (qj, qj}).

4: If vj — ¢j < €401, then the solution is accepted and the process is terminated.

5: If not, set Uj 11 =U; U{(q},q;)} and repeat steps

Theorem 3. Let h be a concave distortion function. Suppose supae 4 icfm) u(f(a,%;)) < oo. Then,

for all er) > 0, Algorithm [1] terminates after finitely many iterations.

Remark 3. Algorithm (1] also applies to the nominal case (P-Noml), where r = 0 in the set Uy 5 (p).

Furthermore, Theorem [3] still holds in this case, since its proof does not depend on the choice of r.

4.2 Robust Optimization with a Rank-Dependent Evaluation in the Constraint

In the previous subsection, we have shown that our cutting-plane algorithm yields convergent upper
and lower bounds to problems 7, where the rank-dependent evaluation appears in the
objective function. In this subsection, we discuss how the cutting-plane algorithm can be adapted
to the robust problem , where the RDU model appears in the constraint, to provide
a convergent lower bound. The adaptation of Algorithm |1} I to problem ([P is presented
in full detail in Algorithm in Electronic Companion °| The following theorem establishes

the convergence of the cuttlng—plane algorithm.

Theorem 4. Let h be concave. Suppose SUDac A ic(m] u(f(a,x;)) < oco. Then, for all e > 0,
Algorithm terminates after finitely many iterations. Moreover, if the function a — u(f(a,x))

is concave for all x € RY, then the optimal objective value of the final solution obtained from

Algorithm converges to that of (P-constraint)), as €y, — 0.

Thus, using the cutting-plane algorithm, we can obtain lower bounds that converge to the exact
optimal objective value of (P-constraint|), as €, — 0. Naturally, one would also like to obtain an

upper bound on (P-constraint|), as well as a feasible solution of (P-constraint). We note that this
is not guaranteed by the cutting-plane algorithm as described in Algorithm since it only

5Tn a nutshell, we replace in Algorithm by (P-constraint|) adapted to the set U; and replace ¢; in step |4| by
the constraint parameter c.
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provides a solution that is feasible within a tolerance e, > 0. With this objective in mind, we
explore the rank-dependent nature of p, 5 q(.) and propose a method to obtain an upper bound
and a feasible solution of ([P-constraint]), which requires solving an optimization problem with only

3m + 3 number of constraints. We first state the following definition.

Definition 2. Given an a € A, we let Z(a) denote the set of all permutations (i1, ...,%,) of the
index vector (1,...,m) such that the ranking —u(f(a,x;,)) < ... < —u(f(a,x;,,)) holds.

The idea is that for any given solution ag € A, we can determine a ranking of the realizations
{—u(f(ap,x;))}™, and obtain a vector of indices (i1, ...,im) € Z(ag). A natural upper bound on
(P-constraint)) can then be computed by solving the following optimization problem induced by the

ranking (i1,...,%,) of ap:

m

U (ag) = min § g(a) sup =Y qu(flax)) <cp, (21)
(@a@)eu} "™ (p) =1

where the rank-dependent uncertainty set is

D € =2 G =1

Srpie (L) <7

Srd, <h(Sfa). vk e )
¢,q >0, Vi € [m]

Uy (0) 2 { (a.q) € B

Indeed, since Uy 1(p) C L{g};""im)(p), solving (which can be done using Theorem [2) yields an
upper bound and a feasible solution of . In particular, if ay is a good approximation
of the optimal solution of , such that the ranking coincides, then U*(ag) is exactly
equal to the optimal objective value of . This observation is made precise in the
following lemma and is pivotal for developing a convergent upper bound for .

Lemma 4. Let a* be a minimizer of (P-constraint)). Then, for any ag € A such that Z(ag) C
Z(a*), we have that the value U*(ag) as defined in is equal to the optimal objective value of

(P=constraim).

Lemma [ suggests that if one approximates the optimal solution of (P-constraint|) with a se-
quence of cutting-plane solutions as €;,; — 0, then under certain continuity conditions, the upper

bounds computed in also converge to the exact value. This is established in the following

theorem.

Theorem 5. Let h be concave. Assume SUPac 4 icfm) U(f(a,%;)) < oo. If the functions g(a) and
u(f(a,x;)) are continuous on A, for all i € [m], and a, is a sequence of solutions obtained from
Algorithm with €1y, — 0, then (U*(an))n>1 is a sequence of upper bounds that converges to

the optimal objective value of (P-constraint]).
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4.3 Choquet Expected Utility

In this subsection, we briefly discuss how our cutting-plane method can also be extended to solve
optimization problems for a more general rank-dependent model, namely the Choquet expected
utility model (Schmeidler, 1986 [1989). Let ¢ : F — [0, 1] be a monotone set function[] such that
c(@) =0, ¢(Q) = 1. The Choquet expected utility model evaluates a random variable X by the
Choquet integral:

/—Xdcé/oooc(—X>t)dt+/0 (c(—X > 1) — 1)dt. (22)

—00

The rank-dependent evaluation p, g as defined in is a special case of the Choquet expected
utility, where ¢(A) = h(Q(A)). If ¢ is a submodular set functionﬁ then the Choquet expected utility

can also be written as a worst-case expectation (see |Denneberg) 1994)), similar to Theorem

/_X de = sup — Z Qi i, Z,{C 2 qE R™ ZiEJ q; < C(J), VJ C [m] . (23)
acte

q >0, Vi e [m}

The uncertainty set U, has essentially the same structure as the set Uy ,(p) defined in and
consists of only linear constraints. Therefore, the same procedure of the cutting-plane algo-
rithm can be extended naturally to solve the more general rank-dependent minimization problem
minge 4 [ —f(a,X)de. By contrast, the piecewise-linear approximation methods, which we will
discuss in Section [B constitute a more restrictive, but as we will explicate in some cases more

efficient, approach.

5 Solving the Robust Problem II: Piecewise-Linear Approxima-
tion
In this section, we develop a different method for computing lower and upper bounds on the optimal

objective value of (P-ref]), which relies on a suitable approximation of the distortion functions, and

is leveraged in Section [6]

5.1 Piecewise-Linear Distortion Functions

In this subsection, we show that if the distortion function h is concave and piecewise-linear, then
the exponential complexity of the constraints in Uy ,(p) can be reduced to the order of m- K, where

m is the dimension of the probability vector, and K is the number of linear pieces of h.

"c(A) < ¢(B), if AC B.
8¢(ANB) +c¢(AUB) < c(A)+¢(B), VA,B€ F.
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More precisely, we consider a function h = minc[x) hj, with affine functions h;(p) =1, - p + by,
such that the slopes I} > --- > [ are decreasing and the intercepts b; < --- < bx are increasing.
The affine functions are assumed to be defined on a set of support points 0 = zg < 1 < -+ < xg =
1, such that h(p) = h;(p), if p € [zj_1,;], for all j € [K]. Furthermore, we impose b; = 0 and
Ik +bx =1, so that h(0) = 0 and h(1) = 1. We refer to this type of function as a K -piecewise-linear
distortion function. Clearly, this function is non-decreasing and concave.

We prove the following lemma.

Lemma 5. Let h be a K-piecewise-linear distortion function. Then, (q,q) € Uy n(p) if and only
if there exists t = ({t”}ﬁl)le € R™E such that the variables (q,q,t) satisfy the constraints

(

%> Gis tij > 0, Vi € [m], Vj € [K]
G <lj-qi+tij, Vi€ [m], Vje K]

Dt tig < bj, Vi€ [K] (24)
22'11 q; = Zﬁl g =1

Srpio (L) <r

Hence, for K-piecewise-linear distortion functions, we obtain the following reformulation of the
robust counterpart ((12]).

Theorem 6. Let h be a K-piecewise-linear distortion function. Then, we have that (a,c) satisfies
the constraint if and only if there exist variables o, 3,7, {\ij }icim] je[K]» {Vj}fil € R such that

o [ —ar K Al
@+ B+ 2 viby + S pivd <O‘Ziy1”> <ec

—u(f(a,x;)) = B— Y12, Aij <0, Vi € [m] (25)
Nij <y, Vi€ [m], Vi € [K]

’}/,)\ij,Vj > 0, Vi € [m], Vj S [K]
In the nominal case, we have that holds if and only if there exist variables 3, \;;,v; € R such
that holds with o = -y = 0, whence the first line becomes B—I—ZJK:l vibi+>" Z]K:l Nijlipi < c.

Thus, for K-piecewise-linear distortion functions, the exponential complexity in the uncertainty
set Uy n(p) can be reduced. This result also provides a tractable approximation for general non-
piecewise-linear concave distortion functions, as we outline in the following subsection, exploiting

that each concave function can be approximated uniformly by a piecewise-linear concave function.

5.2 Piecewise-Linear Approximation of General Concave Distortion Functions

For a general concave h, we can reduce the complexity in Uy (p) by approximating h with a

piecewise-linear function h,, such that max,c(o 1) |h(z) — he(z)| < € for any given € > 0. An upper
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approximation h. > h and a lower approximation h. < h yield an upper and lower bound on
the optimal objective value of , respectively. Uniform approximation of general concave
functions with piecewise-linear functions has been studied in the literature (see, e.g., Imamoto and
Tang, 2008, (Cox, (1971)).

More specifically, using the concavity of h, one can approximate h from below by choosing a
set of support points {xi}fio and considering the concave piecewise-linear function that connects
the values {h(x;)};. Given an € > 0, the required number of support points K can be minimized.
We briefly describe our approach of determining the minimal K support points {z;}X such that
h is lower approximated by a piecewise-linear function with a prescribed error €. Set o = 0. At

the i-th iteration, we choose the next support point x;41 such that the maximal error is equal to e:

h(z;y1) — h(z;

ei(rip1) 2 sup {h(x) _ hl@ir) = I Z)(:v—xi)—h(:vi)} = e (26)
TE[Xi,Tit1] Ti41 — T4

If €;(1) < €, then we simply choose z;41 = 1. Otherwise, we choose x;4; such that holds.

By construction, the piecewise-linear approximation h. induced by this set of support points has a

maximum approximation error of € and satisfies he < h, due to concavity. The existence of such

xiy+1 at each iteration is verified in the following lemma. Moreover, it implies that we can solve
(26)) for x;41 using the bisection method.

Lemma 6. Let h be a continuous, increasing, strictly concave function on [0,1]. Then, e;(x;y1)
is an increasing and continuous function in x;y1. In particular, for any € > 0 and iteration i, if

ei(1) > €, then there exists a xi+1 € (x4, 1) such that e;(x;41) = €.

5.3 The Piecewise-Linear Approximation Method and its Convergence

Given a piecewise-linear lower approximation h. < h of h, we can approximate the uncertainty
set Ug 1 (p) with Uy, and apply Theorem @ This yields a lower bound on ([P-ref). Similarly, the

concave distortion function h., which we define as

. 0, ~0
help) £ " 27)
min{h(p) +¢1}, 0<p<1,

yields an upper approximation of h with uniform error e. Hence, we can also approximate Uy ,(p)
by U " (p) and apply T heorem|§| (note that the constraints for he are the same as those
for he, but with b; replaced by b; + €). This yields an upper bound for (P-ref) since Uy, (p) C
U " (p). Therefore, we obtain an upper and lower bound using the piecewise-linear approximation
method that we summarize in Algorithm We also show that both bounds converge to the
optimal objective value of the exact problem ([P-ref]), if the approximation error e approaches zero.

Thus, Algorithm [2| terminates for any parameter 6 > 0. This also applies, mutatis mutandis, to

problem (P-constrait).
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Algorithm 2 Piecewise-Linear Approximation Method

1: Set an € > 0. Approximate h from below by a K-piecewise-linear distortion function h,
such that: (1) The number of pieces, K, is minimized; (2) he(z) < h(z), Vx € [0,1]; (3)
sup,c(o,1) 1(7) — he(z) <.

2: Solve problem with Ug (p) replaced by Ug p, (p), using Theorem [} This gives a lower
bound L* and an optimal solution a*. Do the same with A, to obtain an upper bound U*.

3: If U* — L* < § for some prescribed > 0, then we take a* as the final solution.

4: Otherwise, set € — ¢/2 and perform all previous steps to obtain new bounds and solutions.

Theorem 7. Let h be concave. Suppose SuPac g icm) w(f(a,%;)) < oo. Then, Algom'thmlg termi-

nates after finitely many iterations, for any €,0 > 0. If the function a — u(f(a,x)) is concave for

all x € R!, then this also holds when Algorithm[d is applied to problem (P-constraint).

6 Non-Concave Distortion Functions

In the previous sections, we have discussed how to optimize a rank-dependent model when the dis-
tortion function is concave. We now extend these ideas to convex and inverse S-shaped distortion
functions, which are often found in empirical work (see e.g., [Wakker, 2010, [Prelecl |1998). Opti-
mization problems with non-concave distortion functions are challenging due to their non-convex
nature. Moreover, rank-dependent models with non-concave distortion functions lack a dual rep-
resentation, which was a pivotal tool that enabled us to reformulate the rank-dependent problem.
In the recent literature (e.g., Cai et all 2025/ and [Pesenti et al. 2020)), uncertainty sets with a
specific structure have been identified for which optimizing the robust distortion risk measure with
non-concave distortion function is equivalent to optimizing the same model with A replaced by its
concave envelope EEI However, this equivalence is typically not satisfied in our setting, as we state

in the following proposition.

Proposition 1. Let U be a compact set of probability vectors. Enumerate the realizations of X as
T1 > ... > xy, and suppose that U does not contain the probability vector for which q1 = 1, which

s concentrated on x1. Then, there exists a continuous distortion function h such that

sup pp,q(X) < sup pj, (X).
qeU qeu

Therefore, it is necessary to study how to reformulate a robust or nominal rank-dependent
evaluation (constraint), in the case of a convex or inverse S-shaped distortion function. We will
first study how to reformulate a nominal constraint of the form (P-Nom-EG]).

9The concave envelope of a function A is the smallest concave function that dominates h.
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6.1 The Nominal Problem

Although rank-dependent models do not admit a dual representation for general non-concave dis-
tortion functions, we can still express them as inner robust optimization problems if the distortion
function is convex or inverse S-shaped. The idea is to treat the concave and convex parts of the
inverse S-shaped function separately, where the convex part is transformed into a concave part via
the dual function h(p) £ 1 — h(1 — p). This result is stated in the following theorem. Henceforth,

the utility function is allowed to be non-concave.

Theorem 8. Let h : [0,1] — [0,1] be an inverse S-shaped distortion function with p® € [0,1]
as in Definition . Define the dual function h(p) = 1 — h(1 — p). Then, we have that, for all

(a,c) € Rt (P-Nom-EQG)) is satisfied if and only if there exist z € R,q € Ng¥(p) such that

24y —qu(fa,x)) <c
= (28)

wp 3 —gu(f(ax)) < =

aeMg*(p) 11

where

qi >0
ca .y m . 0
Mh (p) - qc R Eie] qi S h (Zzejpl) ) vJ C [m] . Eiejpi S p ) (29)
Zzil q;i = h(po)

and

g >0
PP ECAER™ | Y G <h(Sie i), VI Cm e pi<1—p0 . (30)
Z?il q = B(l _pO)

Remark 4. In particular, if h is convex, we have that

m

pu,h,p(f(a7 X)) = — Sup quu(f(a7 Xi))? (31)
GENE(p) T

with p? = 0.

Theoremshows that can be reformulated into rank-independent constraints ,
where the supremum constraint can be reformulated further as in Theorem [2 However, both
and still feature an exponential number of constraints. As outlined in the previous section,
we can circumvent this using piecewise-linear approximation. Let h be a piecewise-linear, inverse
S-shaped distortion function with its concave and convex parts specified by the concave functions

hy, h; (note that h; is the dual of the convex part of h), respectively, on the domains [0,p°] and
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[0,1—p%]. Due to concavity and monotonicity, they can be expressed as minima of affine functions:
hi(p) = min{l{Vp + 0, p 40 Y, hu(p) = min{lPp + 07D D), (32)

defined on the support points

Ozsél)§sgl),...,3%371§3%3:po, 0= (2)<s(2).. s%1<s§(i—1—p,

such that, for all k € {1,..., K },v € {1,..., Ko},
hi(p) =1p + 01 vp e s, sM], i) = 1®@p + b2 vp € [s?;, 52, (33)

The following theorem establishes a reformulation of the constraints in , when h is piecewise-

linear.

Theorem 9. Let h be a piecewise-linear, inverse S-shaped distortion function with its concave and
convex part specified by hy, hy as in . Then, for any (a,c) € R** (P-Nom-EG)) is satisfied if
and only if there exist variables \ig, Vi, tir, @ > 0, B € R such that

RP) + S0 ey + S S Aady i = ST qu(f(a,xi) < e
—u(f(a,x:)) = B— Y1y Ak <0, Vi € [m)]
ik < vk, Vi € [m], Vk € [Ki]
@ <1Pp; + t, Vi € [m), Vk € [Ko]
St <P VE € (K
Sl @ = h(1—p%).

Importantly, this yields a problem with only O(m - K V K3) constraints. We note that, not
surprisingly, contains a non-convex constraint due to the product term g;u(f(a,x;)). Hence,
the computation of with the reformulated constraints in requires a mixed-integer
nonlinear programming (MINLP) solver, such as BARON that uses the branch and reduce search
method to obtain a global optimum (see e.g., Ryoo and Sahinidis|, [1996). In particular, if the set
A is polyhedral (i.e., A = {a € R"% : Da < d}), f(a,x) = a’x and u is piecewise-linear, then
the nomimal problem (P-Nom-EG|) with constraints can also be solved efficiently by Gurobi
(Gurobi Optimization, LLC| 2023)), using bilinear and special ordered sets of type 2 (SOS2) con-
straints; see the precise formulation in in Electronic Companion further elaboration
on the SOS2 constraints in , and a numerical study on the performance of Gurobi in this setting
in Section [7.4]
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6.2 Robust Rank-Dependent Models with Inverse S-Shaped Distortion

In this subsection, we study the robust constraint when h is inverse-S-shaped. We note
that then cannot be reformulated using a composite uncertainty set as in , since the
convex part of the distortion function gives rise to a sup-inf term when combining the set Dy (p,7)
with . However, we can still circumvent this using a suitable cutting-plane approach, where we
iteratively solve a nominal problem using , and compute the robust rank-dependent evaluation
for each nominal solution.

Indeed, for any given feasible solution a, € A, we can assess the ranking of the outcomes

u(f(al,xy)) > ... > u(f(a’,x(y)). Then, we calculate the robust rank-dependent evaluation:

m m

sup Z h (Z Q(k)> (u(f(as), x-1))) — u(f(aw, x@))) - (35)
€Dy (P,7) ;=1 k—i

Problem is, quite naturally, non-convex and can again be computed using a solver such as

BARON. If h is piecewise-linear and the divergence function ¢ is linear or quadratic, then one

can also solve using SOS2 constraints in Gurobi. Specifically, given a set of support points

(tj,h(tj))JK:O, where 0 = tg < t; < -+ < tg_1 < tg = 1, the SOS2 constraints can be formulated

as follows:

x| —uflanx)) + Zj zi(u(f(as %)) = ulf (2 X))
AcRExm -

zER™

m K
subject to Zq(k) = Z)‘Utj’ Vie{2,...,m}

k=i j=1
K (36)
Zi = Z )\ijh(tj)a Vi € {2, e ,m}
j=1
K
Z)\Zj =1, Vi € [m]
j=1

Aij > 0,S082, Vi € [m], Vj € [K].

The SOS2 constraints control, for each ¢ € [m], the variables {\;; }]K:1 in a way such that only two
adjacent A;j, A j+1 can be non-zero. Since the support points {¢; }]K:O are ordered, the two non-zero
adjacent variables A;j, \; j4+1 ensure that we are only optimizing within each interval [t;,¢;41].
Thus, we can now introduce Algorithm [3] the cutting-plane approach that enables us to solve
the robust problem for piecewise-linear, inverse S-shaped distortion functions.
The following theorem establishes that this cutting-plane method terminates after finitely many

iterations.

Theorem 10. Let h be an inverse S-shaped, piecewise-linear distortion function. Suppose that
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Algorithm 3 Cutting-Plane Method with Inverse S-Shaped Distortion Function

1. Start with U; = {p}. Fix a tolerance parameter €y, > 0.
2: At the j-th iteration, solve the following problem with the uncertainty set ¢{;, to obtain a
solution a; and optimal objective value c;:

i X
gélﬂ s;lgz Pu7h,q(f(a> ))7 (37)

by applying the reformulation in Theorem |§| to each element of U{;.

3: Determine the robust rank-dependent evaluation v; of a; by solving , which gives an optimal
solution gj.

4: If vj — ¢j < €401, then the solution a; is accepted and the process terminated.

5: If not, set U;11 = U; U{q;}, and repeat steps

SUPac Aic[m) [u(f(a,%i))| < oo. Then, for all € > 0, Algorithm@ terminates after finitely many

iterations.

Next, we examine the convergence of the piecewise-linear approximation to problems ([P-Nom))
and . In conjunction with Theorem it constitutes, in a sense, the master theorem of the

paper.

Theorem 11. Let h be an inverse S-shaped distortion function and let he be such that suppe(o 1] |h(p)—
he(p)| < €. Suppose that supae 4 icpm) [u(f(a,%i))| < oo. Then, the optimal objective value of
for he converges to that of h, as € — 0.

Similarly, for the robust problem , Algorithm@ if applied to he, yields an optimal objective

value that converges to the exact optimal objective value of (]ED for h, as both €1, e — 0.

We note that when h is an inverse-S-shaped distortion function, the piecewise-linear approxi-
mation specified by {h;, b} in provides neither a lower bound nor an upper bound on h(p), for
all p € [0,1]. Indeed, h; is a lower approximation of h on [0, p°], whereas 1 — h;(1 — p) is an upper
approximation of h on [pg, 1]. Nonetheless, if one aims to bound A on the entire [0, 1], then we can
apply the same device as in (27)): either translate h; with an € (the maximal error) to obtain an
upper piecewise-linear approximation of h on [0,p°], or do the same with the dual function h; for a
lower approximation on [p°, 1]. Theorem [11| then implies that the corresponding lower and upper
bounds on the optimal objective value of (or (]ED), computed from these piecewise-linear
approximations of h, will converge to the exact optimal value, as € — 0.

Finally, we note that Algorithm [3| can also be adapted (similar to Algorithm in the
Electronic Companion) to solve problem , where the rank-dependent evaluation with
inverse-S-shaped distortion function is in the constraint. Hence, we also present the following

theorems with similar statements as in Theorems [I0] and [T11

Theorem 12. Let h be an inverse S-shaped, piecewise-linear distortion function. Suppose that

u(f(a,x;)) is continuous in a € A for all i € [m]. Then, for any e > 0, Algorithm [3 terminates
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after finitely many iterations when applied to (P-constraint|). Furthermore, if h is also continuous,
then the final solution a.,., of Algorithm[3 gives a lower bound g(ac,,,) that converges to the optimal

objective value of (P-constraint]) as €, — 0.

Theorem 13. Let h be an inverse S-shaped distortion function. Suppose that u(f(a,x;)) is con-
tinuous in a € A for all i € [m|. If g, appearing in the objective, and h are continuous, then for
any distortion function he such that he(p) < h(p) for all p € [0,1] and sup,cp 1] M (p) — he(p)| < ¢,
the optimal objective value of for he converges to that of h, as e — 0.

7 Numerical Examples

In this section, we illustrate the various methods developed in this paper by applying them to two
canonical examples of optimization problems: the newsvendor problem and the portfolio choice
problem. In both examples, we compare the solution of the robust problem to the solution
of the nominal problem . We use the phrase “robust/nominal solution” to refer to the

solution of the robust/nominal problem.

7.1 Robust Single-Item Newsvendor

In the single-item newsvendor problem, a seller is uncertain about the demand for a certain product,
and has to decide in advance how many units of the product have to be ordered and stocked in
the inventory. Let d; > 0 denote the realization of the demand in state i. Furthermore, let: ¢ be
the ordering cost of one unit, v > ¢ be the selling price, s < ¢ be the salvage value per unsold item
returned to the factory, and [ be the loss per unit of unmet demand, which may include both the
cost of a lost sale and a penalty for the lost customer goodwill. Finally, let y be the number of

items ordered, i.e., the decision variable. The profit function 7(d;,y) is defined as

m(di,y) & vmin{d;, y} + s(y — di)+ — U(di —y)+ —cy
=(s—v)(y—di)+ —Udi —y)+ + (v—0)y. (38)

Note that 7(d;,y) is concave in y since it is a sum of concave piecewise-linear functions in y
for all . Assume that the demand d; € {4,8,10}, which corresponds to low, medium, and high
demand, with nominal probabilities p = {0.375,0.375,0.25}. Furthermore, we assume that the
number of items ordered will not exceed the maximum demand, i.e., ¥y < 10. Finally, we set the
parameter values c =4,v =6,s =2, = 4.

We solve both the robust problem and the nominal problem , where the decision
variable y is subject to the constraint 0 <y < 10, d is the uncertain parameter, and 7(d,y) is the
random objective function. The nominal and robust newsvendor problem is studied in [Eeckhoudt
et al. (1995) and [Ben-Tal et al.| (2013), respectively, assuming expected utility preferences. We

choose CVaR;_,, (see @) to be our rank-dependent evaluation pypq. This corresponds to a
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Figure 1: Single-item newsvendor problem. This figure displays the worst-case evaluation WC(ag) =
SUDgeD,, (p,r(n)) CVaRj_q,(.) under the robust and nominal solutions, for a range of values of r(n) =
X3.0.5/(2n) and ag = 0.4,0.3,0.2,0.1.
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piecewise-linear distortion function h(p) = min{p/(1—ayp), 1} and a linear utility function u(z) = x.
For the robust problem (P)), we choose the KL-divergence function ¢(t) = tlog(t) —t + 1, and set
the radius of the divergence set Dy(p,r) to be r = X§,0.95/(2n) as in (10, where n is the sample
size that we assume that p is estimated from. A larger value of the objective function indicates a
larger (i.e., worse) evaluation of the utility loss; a value of ap = 0.4 means that the worst 60% of
the utility loss distribution is considered.

As the cardinality of realizations of the uncertain parameter d is merely 3, we can readily invoke
Theorem [2| to solve both the reformulated nominal and robust problems and
exactly, without reducing the number of constraints. We then perform the following experiment: For
each ayp, we first obtain a nominal solution to (P-Nom)). Then, for each radius r(n) = X%yo.%/(Zn),
we obtain a robust solution to (P]). To compare the robust solution with the nominal solution,
we calculate their worst-case evaluation supgep, (p.r(n)) CVaRi—q(.) under the radius r(n). This
is repeated for a range of n = 10,20,...,200, and «y = 0.4,0.3,0.2,0.1. As n increases, the
¢-divergence radius r decreases, and thus there is less ambiguity.

The results are displayed in Figure[I] Quite naturally, we observe that the differences between

the worst-case evaluations of both solutions decrease as n increases. We also observe a decrease in
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Figure 2: Single-item newsvendor problem (continued): This figure displays, for each sampled probability
vector q from the KL-divergence uncertainty set for n = 50, the corresponding CVaR4_,, (.) evaluation with
o = 0.4 of the robust and nominal solutions.
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the value of the worst-case evaluation as ag decreases, reflecting that the CVaR;_,, risk measure
itself is monotonically decreasing in ag. Furthermore, we see that for lower values of ag, the
differences between the worst-case evaluations of both solutions are already small for small sample
size n. Moreover, we observe a flat, constant worst-case evaluation of the robust solution at level
—2. This is the largest (i.e., worst) value that the robust rank-dependent evaluation attains for a
robust solution y* = 7. This conservativeness occurs when n is relatively small.

To further illustrate the differences between the robust and nominal solutions, we use the Hit-
and-Run algorithm (see Electronic Companion for further details) to sample 5,000 probability
vectors q from the KL-divergence uncertainty set for n = 50. For each sampled vector q, we
calculate the CVaR;_,, evaluation, with oy = 0.4. As shown in Figure |Z|, the evaluation of the
nominal solution exhibits a large variance. It also exceeds the largest (i.e., worst) evaluation of the
robust solution. On the other hand, the robust solution shows less variance and is concentrated
at the value —2, which as mentioned above, is the most conservative evaluation that the robust

optimal solution attains.

7.2 Robust Multi-Item Newsvendor

We next examine the multi-item newsvendor problem, where each item in a set of items features

its own uncertain demand. Let dgj) be the i-th realization of the j-th item’s demand, i = 1,2, 3.

We take j = 1,2,3 and consider the sum of the individual profit functions
mior(d,y) = 1 (dV, y1) + ma(d?, y2) + w3 (d@, ), (39)
where
mi(dD, y;) = vymin{d9, y;} + 55(y; — d9) 4 = 1(dY) — ;)4 — ¢y, (40)
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Table 1: Multi-item newsvendor problem. This table displays the parameters used in the multi-item
newsvendor problem.
Item(y) ‘ c [ pgj) pé]) péj)
1 4 41037 0375 0.25
2 5 8 25 3| 025 0.25 0.5
3 4 5 1.5 410127 0.786 0.087

with vj, 55,1, ¢; the parameters corresponding to item j. We assume that the demand takes on
the same possible values for all items, i.e., dz(.j ) ¢ {4,8,10} for all j. Since each realization of
dY9) contributes to a possible realization of Tiot(y,d), there are in total m = 33 = 27 possible
realizations. We solve again problems (]E[) and with the same preference specification
as in the single-item problem. Since the CVaR;_,, risk measure has a piecewise-linear distortion
function, we can apply Theorem |§| to solve and in this higher-dimensional
setting. We take the nominal probability p € R2" to be the probability of each combination
of realizations of (d(l),d(z),d(?’)), which is the product of the probabilities p™V), p(@, p(3) of each
individual realization. The parameters we use are given in Table

Similar to the single-item problem, we investigate the differences between the worst-case eval-
uations of the robust and nominal solutions, for a range of n and ag. We choose ay = 0.4,0.3
to compare the results with the single-item problem, and ag = 0.9, 0.8 to explore higher values of
ap. From Figure [3] we observe that in the multi-item problem, the worst-case evaluation is much
lower (i.e., better) than in the single-item problem, which speaks to the diversification benefits of
a multi-item inventory. The overall pattern is similar to the single-item case: for relatively low
«, the difference in worst-case evaluation between the robust solution and the nominal solution is

smaller than for larger ay. The same holds as the sample size n increases.

7.3 Robust Portfolio Choice with Concave Distortion Function

In this subsection, we investigate the performance of the cutting-plane algorithm and the piecewise-
linear approximation method described in Algorithms [I] and [2} by studying robust portfolio opti-
mization problems. We consider the returns of six portfolios formed on size and book-to-market
ratio (2x3) obtained from Kenneth French’s data 1ibrarym We use monthly returns from January
1984 to January 2014. This gives us a total of m = 360 return realizations for each of the six port-

folios. We denote by r € RS the uncertain return of the six portfolios, with empirical realizations

ri,...,rss. We solve the following nominal and robust portfolio optimization problems:
. T
min pup(l+a’r) (41)
min = sup Py pq(l+ alr), (42)

a€A geDy(p,r)

https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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Figure 3: Multi-item newsvendor problem. This figure displays the worst-case evaluation WC(ag) =
SUPgep, (p.r(n)) CVaRi—a,(.) under the robust and nominal solutions, for a range of values of r(n) =
X3.0.05/(2n) and ag = 0.9,0.8,0.4,0.3.
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where 1 + ar is the total wealth after one period with initial wealth normalized to unity, which
is evaluated under the rank-dependent utility model. The decision variable a € RS is subject to
the constraints A = {a € RS | Z?Zl aj = 1,a; > 0}. The nominal probability p is set to be the
empirical distribution with p; = ﬁ. We use the modified chi-squared divergence function ¢(x) =
(z — 1), with radius r = Lx359 995- We choose the concave distortion function h(p) = 1— (1 —p)?,
motivated by two decision-theoretic papers: Eeckhoudt et al.| (2020) and Eeckhoudt and Laeven
(2021)). Furthermore, we choose the exponential utility function u(z) = 1 — e~*/* with X = 10.
We solve problems f with the cutting-plane method described in Algorithm (1 and
compare its performance to the piecewise-linear method described in Algorithm [2 formally relying
on Theorems [3 and [} As shown in Table [2] both algorithms yield a very small gap between the
upper and lower bounds they provide. The piecewise-linear approximation method is typically
more efficient, but this is not surprising, since the cutting-plane method is a more general method

and utilizes less structure of the problems at hand.
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Table 2: Robust portfolio choice. This table displays the results of Algorithms |1 and |2| when applied to
the robust problem and the nominal problem . The respective tolerance parameters are set to
€01 = 0.0001 and € = 0.001.

Panel A: The cutting-plane method
Problem Lower Bound Upper Bound # Cuts Run Time
Robust -0.08953 -0.08948 5 54 sec
Nominal -0.09403 -0.09397 5 22 sec

Panel B: Piecewise-linear approximation

Problem Lower Bound Upper Bound Run Time
Robust -0.08951 -0.08948 14 sec
Nominal -0.09401 -0.09398 7 sec

Additionally, for the cutting-plane algorithm, we calculate the worst-case rank-dependent eval-
uation of the nominal solution, which is equal to —0.08938. We also calculate the evaluation of
the robust solution under the nominal distribution p, which is equal to —0.09395. As we can see
from the table, the worst-case evaluation of the nominal solution is not much larger than that of
the robust solution (cf. the first rows of the Panels A and B), suggesting that the nominal solution
is already “near-optimal” for the robust problem . Similarly, the robust solution is also “near-
optimal” for the nominal problem . It appears that when the dimension m of the state space

is large, the robust and nominal problems do not yield highly different solutions in this example.

7.4 Robust Portfolio Choice with Inverse S-shaped Distortion Function

In this subsection, we investigate portfolio optimization problems (41)—(42]) when A is an inverse

S-shaped distortion function. In particular, we examine the Prelec (1998]) distortion function:
ha(p) &1 —exp(—(—log(1 —p))*), 0<a<Ll (43)

We focus primarily on a = 0.6, 0.75, which are broadly consistent with common empirical findings
(Wakker| 2010, p. 260). We consider a linear utility function, u(z) = x, to isolate the effect of
inverse S-shaped probability weighting. To obtain an upper and lower bound on problems (41)—
, we approximate Prelec’s function from above and below, using piecewise-linear functions. The
approximation procedure is carried out by applying the method described in Section separately
to the concave and convex parts of Prelec’s function, where we minimize the number of linear pieces
under a pre-specified approximation errorE] The shape of Prelec’s function and its respective upper
and lower piecewise-linear approximations are displayed in Figure

We generate 100 return data for 5 assets using the same numerical scheme as in |[Esfahani

and Kuhn (2018]), where the returns for each asset j € {1,...,5} are composed of two fac-

1The approximation error is chosen to be e = 0.003 leading to 19, 13, and 6 linear pieces for o = 0.6, 0.75, 0.95.
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Figure 4: Prelec’s distortion. This figure displays Prelec’s distortion function and its upper and lower
piecewise-linear approximations (dashed) for o = 0.6, 0.75. The approximation error is set to € = 0.003.
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tors: r; = 1 + 7;, with a systematic risk factor ¢» ~ N(0,0.02) and an idiosyncratic risk factor
v; ~ N(0.037,0.25j), for the j-th asset. Here, N(u,0) denotes the Gaussian distribution. By
construction, the asset with a higher index j has a higher expected return and standard deviation.

We obtain lower and upper bounds on the nominal problem by implementing the constraints
of Theorem |§| for the lower and upper piecewise-linear approximation of h, respectively, in the
Gurobi solver (Version 11.0.3). Next, we invoke Theorems Hence, a lower bound for the
robust problem is obtained by calculating the lower bound implied by the cutting-plane method
described in Algorithm (3| (where we set ey, = 0.001), while using the lower approximation of h.
Then, with the solution obtained from the cutting-plane method, we determine an upper bound on
by calculating its worst-case evaluation using the SOS2-constraints as in , where we use
the upper approximation of h. For the robust problem, we consider the total variation divergence
¢(t) = |t — 1|. We choose the radius for the robust problem to be r = %X%%LO.%, where m = 100.

The results are displayed in Table We observe very tight upper and lower bounds. Fur-
thermore, Gurobi solves both the nominal and robust problems f efficiently. As we can
observe from Panel A, the evaluation of the nominal solution decreases with «. This is not sur-
prising. Indeed, as we can see in Figure [d] Prelec’s function has the property that if oy < o,
then ha,(p) > ha, (p) for the concave segment p € [0,1 — 1/e], which covers more than half of the
interval [0, 1]. Interestingly, Panel B of Table [3| reveals that the robust evaluation of the robust
solution can exhibit an opposite, mildly increasing relationship with respect to «. This is because
in the robust case, if the radius r is sufficiently large, then the worst-case probability qz‘m) of the
worst-case realization can be such that ¢ > 1 -1 /e (recall that (m) denotes the index of the
highest ranked realization, as in ) When this happens, all distorted decumulative probabilities
in the objective function of are increasing in «, since then all decumulative probabilities are

on the interval [1 —1/e, 1]. If the radius r would be set sufficiently small, then the same decreasing
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Table 3: Robust portfolio choice with inverse S-shaped distortion function. Upper and lower bounds (UB
and LB) obtained for the nominal problem and the robust problem when h is Prelec’s distortion
function with o € {0.6, 0.75, 0.95} (see Figure[4)) and the divergence function is given by ¢(t) = |t —1|. The
cardinality of return realizations is m = 100.

Panel A: Solutions Nominal Problem
oY LB UB  Run Time (LB) Run Time (UB)

0.6 -1.144 -1.142 1.34 sec 1.21 sec
0.75 -1.153 -1.152 0.44 sec 0.90 sec
0.95 -1.162 -1.160 0.43 sec 0.30 sec

Panel B: Solutions Robust Problem
o LB UB  # Cuts Run Time (LB) Run Time (UB)

0.6 -1.041 -1.040 9 314 sec 2.77 sec
0.75 -1.039 -1.038 9 142 sec 1.45 sec
0.95 -1.036 -1.035 9 98 sec 0.37 sec

pattern with respect to a as in Panel A would also emerge in the robust case.

8 Concluding Remarks

In this paper, we have shown that nominal and robust optimization problems involving rank-
dependent models can be reformulated into rank-independent, tractable optimization problems.
When the distortion function is concave, we have demonstrated that this reformulation admits
a conic representation, which we have explicitly derived for canonical distortion and divergence
functions. Whereas the multiplicity of constraints in the reformulation increases exponentially
with the dimension of the underlying probability space, we have developed two types of algorithms,
and combinations thereof, to circumvent this curse of dimensionality. We have formally established
that the upper and lower bounds the algorithms generate converge to the optimal objective value.
Finally, we have illustrated the good performance of our methods in two examples involving concave
as well as inverse S-shaped distortion functions, efficiently yielding nominal and robust solutions
that generate very tight upper and lower bounds on the optimal objective values.

As a direction for future research, one can investigate whether the approach developed in this
paper can be extended to encompass robust optimization problems with general law-invariant

convex functionals (Follmer and Schied (2016), S. 4.5), which also admit a dual representation.
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