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We introduce a spatiotemporal self-exciting point process (Nt(x)),
boundedly finite both over time [0,∞) and space X , with excitation struc-
ture determined by a graphon W on X 2. This graphon Hawkes process gen-
eralizes both the multivariate Hawkes process and the Hawkes process on a
countable network, and despite being infinite-dimensional, it is surprisingly
tractable. After proving existence, uniqueness and stability results, we show,
both in the annealed and in the quenched case, that for compact, Euclidean
X ⊂Rm, any graphon Hawkes process can be obtained as the suitable limit
of d-dimensional Hawkes processes Ñd, as d→∞. Furthermore, in the sta-
ble regime, we establish an FLLN and an FCLT for our infinite-dimensional
process on compact X ⊂ Rm, while in the unstable regime we prove diver-
gence of NT (X )/T , as T →∞. Finally, we exploit a cluster representation
to derive fixed-point equations for the Laplace functional of N , for which we
set up a recursive approximation procedure. We apply these results to show
that, starting with multivariate Hawkes processes Ñd

t converging to stable
graphon Hawkes processes, the limits d→∞ and t→∞ commute.

1. Introduction. In a wide variety of applied fields, self-exciting point processes are
used to model natural, economic and social phenomena that interact locally with their own
history, in such a way that past events can trigger events in the future. Besides modeling
self-exciting behavior in the temporal dimension, nowadays spatiotemporal models are often
used, where the excitation occurs both in time and in space. This is usually done by intro-
ducing a mutually exciting, or multivariate Hawkes, process on d coordinates, interpreting
the coordinates as locations in space. The basic self- and mutually exciting point process was
introduced in 1971, see [30, 31].

Such multivariate Hawkes processes are employed to capture excitation behavior over time
and space in, e.g.: seismology ([18, 33, 53]), where earthquakes tend to trigger sequences of
aftershocks both at the same location and at nearby or adjacent fault lines; neuroscience
([58]), where high-dimensional processes can be used to assess neuronal spike trains; epi-
demiology ([15]), where outbreaks of infectious diseases spread contagiously both over time
and over different geographical locations; finance ([3, 6, 44]), where financial shocks and
transactions, such as stock trades or order arrivals in electronic markets, cluster over time
and across markets; social network analysis ([22, 59]), for the prediction of online user ac-
tivity, or to explain the contagious nature of information diffusion and the spread of online
content in social media platforms; and criminology ([54]), where crimes like burglaries or
gang-related activities tend to cluster in time and across neighborhoods.

In these modeling approaches, the respective space is typically divided into d locations,
and one measures the number of events Nt = (Nt(1), . . . ,Nt(d)) that have occurred by time
t at those d locations. By not distinguishing between more granular locations within each
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of those d locations, one essentially divides the space into d approximating, ‘homogeneous’
locations or ‘subpopulations’, possibly neglecting important information. The main advan-
tage of assuming this homogeneity within subspaces is that the probabilistic behavior of the
corresponding (finite-dimensional) multivariate Hawkes process is well understood; see e.g.,
[12, 48, 63, 64]. Furthermore, it is highly tractable: moments can readily be determined for
Markovian models ([17, 20, 41]); transforms can be approximated iteratively ([38]); heavy-
tailed and heavy-traffic asymptotics have been identified ([38, 41]); a broad range of scaling
limits have been studied ([5, 32, 35, 36]); and recently results on the distribution of the cluster
duration of the Hawkes process have become available along with the combinatoric structure
inherent to its branching representation ([19]). Moreover, a substantial amount of research
has been done on statistical inference, both for the parametric case ([52]) and, more recently,
for the nonparametric case ([11, 29, 40]).

From this well-understood realm, the focus within the applied probability literature has
gradually shifted towards understanding Hawkes processes in high-dimensional settings; see
[26, 48] for early research in this direction. More recently, Hawkes processes on large, count-
able networks have been defined in the influential paper [21], where the connectivity struc-
ture is provided by an infinite directed graph. In such a model, each node still represents
a location or subpopulation. When a spatial structure is absent, and a complete graph on d
nodes is imposed for the interaction structure, the large population limit yields an inhomoge-
neous Poisson process with a deterministic intensity function solving a certain convolution
equation. This model is still quite tractable: its large-time behavior can be described in the
mean-field setting and in a nearest-neighbor version of the model exact asymptotics have
been provided ([21]); and recently, a large deviations principle for the mean-field limit has
been established ([27]).

The idea of [21] has been extended in [2], where the mean-field prelimit becomes a model
on d nodes sampled from a Euclidean space I = [0,1] or I =Rd, and where the connectivity
between those nodes is modeled by a graphon W : I2 →R+. In contrast to [21], the coordi-
nates in [2] are sampled from an uncountable space. In particular, the mean-field limit is an
uncountable collection of inhomogeneous Poisson processes, whose intensity functions sat-
isfy a convolution equation. Interestingly, in this setting, the large-time behavior can still be
analyzed, and is related to the spectral radius of an operator corresponding to this convolution
equation ([2]).

In different subfields of applied probability, there has been a rise in research on describ-
ing, or rather approximating, behavior in an infinite network with a graphon-induced ([47])
connectivity structure. Typically, finite-dimensional models with a graph-induced connec-
tivity structure approximate infinite-dimensional models with a graphon-induced connec-
tivity structure, as the dimension grows large. Such approximations have been investigated
for macro-level, deterministic SEIR models ([50]), for micro-level, stochastic SIR models
([55]), for linear threshold models ([23]), for stochastic n-player games ([4, 13, 14]), and for
stochastic n-particle systems ([7, 8]). In the case of Hawkes processes, spatiotemporal and
ETAS models have been studied in several applied fields, including seismology and statis-
tics ([25, 34, 43, 57]), but to the best of our knowledge, there is no account in the literature
of a Hawkes process with a graphon-induced connectivity structure. Perhaps the closest to
such a model are d-dimensional (d ∈N) Hawkes processes with connectivity between nodes
sampled from a graphon ([2, 62]), but those mutually exciting processes themselves are finite-
dimensional.

In the present work, we introduce, and formally establish, a spatiotemporal self-exciting
point process Nt(x) on [0,∞)×X , where (X ,A , µ) is some σ-finite measure space, that
is locally finite in both space and time, with cross-excitation determined by a graphon W :
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X 2 → R+. We define our process through a conditional intensity density λt(x), which is
such that the simple point process N satisfies

P(Nt+dt(x+dx)−Nt(x) = 1|Ft) = λt(x)dtdx,

where (Ft)t∈R is the σ-algebra generated by (Nt)t∈R, i.e., Ft = σ(Ns(A) : s≤ t,A ∈ A ). In
the linear case, for some baseline intensity λ∞, a mark stochastic processB and an excitation
function h, we set

λt(x) = λ∞(x) +
∑

(s,y,Bxy)∈N
s<t

Bxy(s)W (x, y)h(t− s).

In this way, λt(x) can be interpreted as the spatial density of the conditional intensity. In
particular, this representation of the process implies that it is locally finite over space, so
while being infinite-dimensional, it generates a finite number of events over a bounded subset
of time and space. We coin this process a graphon Hawkes process.

If we partition our space X into finite measure sets Xk, and take the parameters of the
graphon Hawkes process constant on Xk, then the location within Xk becomes irrelevant,
and our process reduces to a Hawkes process on a discrete spatial set. In this way, our novel
process generalizes both the multivariate Hawkes process and the process studied in [21].
Note that our graphon Hawkes process is fundamentally different from the process studied
in [2], which is a Hawkes process on finitely many coordinates with a sampled connectivity
graph, and its resulting mean-field limit intensity function, though defined on a continuum of
space, is deterministic and not boundedly finite over space.

We outline our main results and contributions to the literature. After having formally intro-
duced the graphon Hawkes process in Section 2, we prove corresponding existence, unique-
ness and stability results in Theorem 1 of Section 3, under a condition on the spectral radius
ρ(Thom) of a linear operator Thom related to the excitation part of the conditional density
intensity function. This provides general, weak stability conditions. Furthermore, our general
infinite-dimensional framework requires functional-analytic arguments in later sections of the
paper that would not be required should one work in a finite-dimensional setting. Whereas the
results of Section 3 can be proved by suitably leveraging and generalizing existing techniques
from [48], the results of Sections 4–6 require genuinely novel techniques and ideas.

In Section 4, Theorems 2 and 3 establish that (under suitable regularity assumptions) the d-
variate process Ñd obtained by averaging the parameters of a linear graphon Hawkes process
N — defined on compact X = [a,b] ⊂ Rm — over the elements of partitions Pd of X ,
converges uniformly on compact sets in probability to N , as d→ ∞. We prove this both
in the annealed and in the quenched case. This shows that the graphon Hawkes process is
a natural continuous-space generalization of the multivariate Hawkes process. In passing,
we prove in Lemma 2 uniform boundedness for summations over operator norms of iterates
of the kernel operators corresponding to steppings of a graphon (cf. [47], §7.5 and §9.2), a
result that may be of interest in its own right, and might be of use when infinite-dimensional
systems are approximated by finite-dimensional systems in different subfields of applied and
numerical mathematics. In Lemma 3, we prove a version of the Poincaré inequality that might
be interesting in its own right as well. Relying on those functional-analytic arguments and on
stochastic coupling, we can give insightful proofs for our convergence results in Theorems 2
and 3.

In Section 5, we provide a functional law of large numbers (FLLN) in the stable case
ρ(Thom) < 1 in Theorem 4 and we prove divergence of this prelimit in the unstable case
ρ(Thom)> 1 in Theorem 5; hence, we provide a dichotomy in large-time behavior between
those two cases. In the stable regime, we also describe a functional central limit theorem
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(FCLT) in Theorem 6. In proving our FLLN and FCLT, we show how to essentially reduce to
a finite-dimensional setting, allowing for relatively simple proofs of functional limit theorems
for infinite-dimensional systems. Given the difficulty of proving such results, our approach
may be of interest for other infinite-dimensional models as well.

Finally, we describe in Section 6 the probabilistic behavior of the graphon Hawkes process
by characterizing its Laplace functional through fixed-point equations, which provides an
iterative approximation procedure in the transform domain, non-trivially extending results
from [38, 41] to our infinite-dimensional setting. As an application, we show that, starting
with multivariate Hawkes processes Ñd

t converging to stable graphon Hawkes processes, we
can interchange the limits d→∞ and t→∞.

By not discretizing space, we obtain a natural model for phenomena occurring in time and
space that is more general, and possibly more realistic, than the classical multivariate Hawkes
process, especially in applications where heterogeneous behavior over space is expected. The
inaccuracy originating from discretizing space can be reduced by making the approximating,
‘homogeneous’ sublocations smaller, i.e., by working in a higher-dimensional setting. In the
present work, this is taken a step further by working on a continuous spatial set. In appli-
cations where excitation or infectivity depends continuously on the distance between two
locations or on other geographical characteristics, a continuous-space model provides a clear
advantage over finite-dimensional models. For example, the likelihood of an aftershock in
location x following an earthquake with epicenter y naturally depends continuously on the
distance between x and y, and may also depend on geographical characteristics. Similarly,
the likelihood of infection for COVID-19 depends on the distance between an individual and
a patient, and on characteristics such as the amount and type of restrictive measures, which
vary over space. Moreover, when applying Hawkes processes to crime modeling ([54]), the
likelihood of a crime in location y following a crime in x may depend on the distance be-
tween x and y, as well as on sociological factors, such as the level of law enforcement, of
social control, or of education. Therefore, the model developed in the present work may be
of importance to applied fields where multivariate Hawkes processes are used and spatial
aspects are relevant.

Conventions. Throughout this paper, N := {1,2,3, . . .} and N0 :=N∪{0}. Furthermore,
the positive half-line is denoted by R+ := [0,∞). In general, the temporal variable is denoted
by t, whereas the spatial variable is denoted by x.

When writing ‘a multivariate Hawkes process’, we mean a Hawkes process on d ∈ N
coordinates; in particular, a multivariate Hawkes process is finite-dimensional, and we do not
refer to Hawkes processes on countable networks or to graphon Hawkes processes by this
term.

Appendix. The proofs that are not given in the main text and some supplementary results
are collected in four appendices.

2. Definitions of the graphon Hawkes process. In this section, we formally define
graphon Hawkes processes, i.e., spatiotemporal self-exciting point processes on an uncount-
able spatial set, with a connectivity structure defined through a graphon W . We provide two
constructions: one through a conditional intensity density, and one using a cluster process
representation, i.e., by describing the dynamics as a spatial Poisson branching process. The
conditional intensity density representation allows for a form of nonlinearity, whereas the
cluster representation does not. In the linear case the two representations are equivalent. In
Section 3, we mainly use the conditional intensity density representation; in Section 6, we
mainly use the cluster representation; in Sections 4 and 5, we use both.
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We start by defining a spatiotemporal point process on [0,∞)×X through a conditional
intensity density, for which we need a formal definition. LetLp

loc(X ) be the set of measurable
functions f on a σ-finite measure space (X ,A , µ) such that

∫
A f dµ <∞ for all A ∈ A of

finite measure.

DEFINITION 1. Let (X ,A , µ) be a σ-finite measure space. Let (Nt)t≥0 be a spatiotem-
poral point process, where to each event at time t, a spatial coordinate x ∈ X is attached. Let
(Ft)t≥0 be the natural filtration generated by N , i.e., Ft := σ(Ns(A) : s≤ t,A ∈ A ). Then
any (Ft)t≥0-predictable process (t, x) 7→ λt(x) is called a conditional intensity density, if:
λt(·) ∈ L1

loc for all t≥ 0; and for all A ∈ A with µ(A)<∞, N satisfies, as ∆t ↓ 0,

P(Nt+∆t(A)−Nt(A) = 0|Ft) = 1−
∫
A
λt(x) dµ(x)∆t+ o(∆t);

P(Nt+∆t(A)−Nt(A) = 1|Ft) =

∫
A
λt(x) dµ(x)∆t+ o(∆t).

Note that the probabilistic structure of N is determined uniquely by the conditional inten-
sity density λt(x). This can be seen by treating spatial coordinates as marks, and applying
[18], Proposition 7.3.IV. Also, it follows from [18], Definition 7.3.II, that any regular spa-
tiotemporal point process (see [18], Proposition 7.3.I) admits a conditional intensity density.
Furthermore, note that when there is an event in a finite measure set A ∈ A at time t, the
conditional intensity density can be rescaled to a probability density function determining the
spatial coordinate: the spatial coordinate x follows the law P(x ∈ dx) = λt(dx)/λt(A).

Before we define a graphon Hawkes process through its conditional intensity representa-
tion, we need some regularity assumptions.

ASSUMPTION 1. Let (X ,A = B(X ), µ) be a topological σ-finite measure space. Let
λ∞ ∈ L1

loc(X ), h ∈ L1(R+), let W : X 2 → R+ be a measurable (di)graphon, i.e., a (pos-
sibly non-symmetric) measurable function (x, y) 7→W (x, y), and let, for each fixed s ∈ R,
(x, y) 7→ Bxy(s,ω) be a stochastic process in the variables x and y on X 2, defined on a
probability space (ΩB,FB,PB), that is separable w.r.t. the class U of open subsets of X 2

and is jointly measurable in (x, y,ω) with respect to B(X 2)⊗FB . Consider a collection of
i.i.d. copies of such processes. Also assume that there are p, q ∈ [1,∞] with p−1 + q−1 = 1
such that W (·, y) ∈ Lp

+(X ) and E[B·y] ∈ Lq
+(X ) a.s., for µ-a.e. y ∈ X .

The definition of separability of a stochastic process can be found in [51], §III.4.

DEFINITION 2 (Conditional intensity density representation). Grant Assumption 1. Fur-
thermore, assume that we are given some history F0 on (−∞,0] of a B-marked spa-
tiotemporal point process N with X -valued locations, meaning that for each event at
time s, s ≤ 0, a mark (x, y) 7→ Bxy(s) is attached, independently of everything else. Let
X × [0,∞)→ [0,∞) : (x, y) 7→ fx(y) be a measurable function, and assume that fx(·) is
cx-Lipschitz, for each x ∈ X , where x 7→ cx is assumed to be measurable. We say that N
is a graphon Hawkes process on R+ × X when N is generated on R+ by the conditional
intensity density

(1) λt(x) = fx

(
λ∞(x) +

∑
(s,y,Bxy)∈N

s<t

Bxy(s)W (x, y)h(t− s)

)
,

where the summation is over all events of N at times s strictly before t, at location y and
with mark Bxy(s)

D
=Bxy satisfying Assumption 1.
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Fig 1: A realization of λt(x) for a linear, unmarked model on X = [0,1] ∋ x and [0,100] ∋
t. We use λ∞(x) = 1{x ∈ [.45, .55]} and a graphon W (x, y) = 30(1/2 − d(x, y))3, where
d(x, y) =min{|x− y|,1− |x− y|} describes the distance on the unit circle.

We illustrate the dynamics of the graphon Hawkes process in Figure 1, where a realization
of the conditional intensity density for a linear, unmarked process on X = [0,1] is shown.
Here, we use a graphon W with values W (x, y) depending negatively on the distance be-
tween x and y on the unit circle.

In this paper, we mainly focus on linear processes for which fx is the identity mapping,
for all x ∈ X . We assume throughout that we work in this setting, unless explicitly stated
otherwise.

REMARK 1. When we take X compact, e.g., X = [0,1], and parameters λ∞,B,W
that are piecewise constant on the elements of some partition Pd of [0,1] into d disjoint
measurable sets [0,1] =

⋃d
i=1 Xi, then the locations within the sets Xi are irrelevant, and

the process is essentially a d-variate Hawkes process. We employ this idea in Section 4.
Similarly, when X is unbounded, σ-finite and partitioned into finite measure sets

(Xk)k∈N, then a process with parameters constant on each Xk is essentially a Hawkes pro-
cess on a countable network; cf. [21].

As is the case for multivariate Hawkes processes, a linear conditional intensity density
specification allows us to give a definition of the graphon Hawkes process in terms of a
Poisson branching process. In the linear case, events (t, x) arrive over time and space at rate

(2) λt(x) = λ∞(x) +
∑

(s,y,Bxy)∈N
s<t

Bxy(s)W (x, y)h(t− s).

With this linear rate specification, one can say that there are two types of events: those gener-
ated by the baseline intensity λ∞, which are coined immigrant events, and those generated by
the second term, which consists of intensity increases caused by previous events; therefore,
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those events are coined offspring events. Note that the immigrant events create clusters that
are i.i.d., modulo the time shift corresponding to the immigrant arrival times. Furthermore,
each event creates offspring according to the same iterative procedure, with different clusters
being independent of each other, implying that there is a branching structure, exhibiting self-
similarity. This structure is made explicit by the following cluster representation, which is
fully exploited in Section 6, when we derive fixed-point equations in the transform domain.

DEFINITION 3 (Cluster representation). Grant Assumption 1. Consider the time interval
[0, T ], where T ∈ [0,∞]. We generate the events of the graphon Hawkes process according
to the following procedure.

(i) Generate immigrant arrival times according to a time-homogeneous Poisson process I(·)
on [0, T ]×X with intensity λ∞(x), and write (T (0)

1 , x
(0)
1 ), . . . , (T

(0)
I(T ), x

(0)
I(T )) for the pairs

of event times and locations strictly before time T. Sample the corresponding random mark
functions B·x(0)

i
(T

(0)
i ) according to the law of B.

(ii) Set n= 0. For each arrival with characteristics (T (n)
i , x

(n)
i ,B·x(n)

i
(T

(n)
i )), sample next-

generation offspring events (T (n+1)
1 , x

(n+1)
1 ), . . . , (T

(n+1)

K
(n)
i (T )

, x
(n+1)

K
(n)
i (T )

) strictly before time

T according to a time-inhomogeneous Poisson process K(n)
i on [0, T ] × X having in-

tensity at time t ≥ T
(n)
i equal to Bxx

(n)
i
(T

(n)
i )W (x,x

(n)
i )h(t− T

(n)
i ). Sample the corre-

sponding random mark functions B·x(n+1)
i

(T
(n+1)
i ) according to the law of B.

(iii) Iterate for n ∈N, obtaining for finite t ∈ [0, T ] the event sequence

En(t) :=
{(
T
(n)
i , x

(n)
i ,B·x(n)

i

(
T
(n)
i

))
: T

(n)
i ≤ t

}
, n ∈N0.

Then the process N(·) given by N(t) =
⋃

n∈N0
En(t) constitutes a graphon Hawkes process.

As for multivariate Hawkes processes, with linear models one can decompose the condi-
tional intensity density into a baseline intensity, first-generation offspring intensity, and so
on, implying that particles arrive at the same rates according to Definitions 2 and 3, given
that their spatial coordinates coincide. It is then intuitively clear that the intensity-based and
the cluster representation-based definitions are equivalent for linear processes on compact
X starting on an empty history, though we need to check that the different procedures used
to sample the spatial coordinates are equivalent. This is the content of the next elementary
lemma. Part (i), corresponding to the cluster representation definition, describes a sampling
method where the intensity is decomposed, whereas part (ii), corresponding to the condi-
tional intensity density definition, does not use such a decomposition. The proof of Lemma 1
can be found in Appendix A.

LEMMA 1. Grant Assumption 1. Suppose that we sample spatial coordinates using an
intensity function λ(x) = λ1(x) + λ2(x). Then the following two procedures are equivalent.

(i) First, sample whether λi caused the event, where λi gets probability
∥λi(·)∥L1(X )

∥λ1(·)+λ2(·)∥L1(X )
.

Then, sample the location according to the law having Lebesgue density λi(·)
∥λi(·)∥L1(X )

.

(ii) Sample the location according to the law having Lebesgue density λ(·)
∥λ(·)∥L1(X )

.

For most results in this paper (except for the existence, uniqueness and stability results
of Section 3), we assume compactness of our space X and uniform boundedness of the
parameters of our model, as follows.
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ASSUMPTION 2. It holds that W (x, y), E[Bxy] are bounded by constants CW ,CB ≥ 0,
respectively, uniformly over x, y ∈ X . Furthermore, the Lipschitz constants cx are bounded
by CLip, uniformly over x ∈ X , and λ∞(·) ∈ L∞

loc(X ).

3. Existence, uniqueness and stability. In this section, we consider the general nonlin-
ear model and the corresponding conditional intensity density representation given by Defini-
tion 2, where (X ,B(X ), µ) is assumed to be some (topological) σ-finite measure space. We
still need to prove that this is a ‘good’ definition, in the sense that there exists a unique pro-
cess N satisfying the dynamics given by (1), and that such a solution is stable in distribution,
meaning that there exists a unique stationary distribution, to which any ‘sufficiently regular’
solution converges weakly, as t→∞. We consider the model under relatively weak stability
conditions, reminiscent of those given in [12], Theorem 7, for multivariate Hawkes processes.
The proofs of this section leverage methodology from [48] and can be found in Appendix A.
In Appendix A, we also show how to apply [48], Theorem 2, more directly under the stronger
stability conditions considered there. When one considers the case of compact, Euclidean X ,
e.g., X = [0,1], the proofs and methodology become somewhat simpler.

In this section, we assume that the spatial coordinate takes values in some σ-finite measure
space (X ,A , µ), meaning that there exists a countable, measurable partition X =

⊔
i∈N Xi

into sets of finite measure, i.e., µ(Xi)<∞, for all i ∈ N. We refer to an element Xi of this
partition as a site. Of course, N may be replaced by any other countable set, e.g., Zm. Note
that when X = [0,1], there is no need to introduce multiple sites.

In the finite-dimensional case, existence, uniqueness and stability of Hawkes processes
is related to the spectral radius of a matrix consisting of magnitudes of excitation, see [12],
Theorem 7. In the current infinite-dimensional setting, we are interested in the linear trans-
formation

(3) Thom : L1(X , µ)→ L1(X , µ) : f(·) 7→ ∥h∥L1(R+)c·

∫
X

E[B·y]W (·, y)f(y) dµ(y),

which, heuristically, maps ‘a particle in y’, i.e., the Dirac delta function δy , into its expected
(first-generation) offspring size density throughout the space X . Recall that cx is the Lips-
chitz constant of fx; see Definition 2. In the linear case where fx ≡ 1 and cx ≡ 1, the operator
Thom corresponds to the homogeneous part of the conditional intensity density, whence the
subscript. We work in the regime where ρ(Thom), the spectral radius of Thom, is smaller than
1. Here,

ρ(Thom) := sup{|α| : α ∈ σ(Thom)},

σ(Thom) := {α ∈C : Thom − αI ∈B(L1(X , µ)) is not invertible},

with I : L1(X , µ) → L1(X , µ) the identity mapping, and with B(Z ) the set of bounded
linear operators on a Banach space Z . The spectral radius is related to the operator norm
through Gelfand’s formula, see [16], Proposition VII.3.8:

(4) ρ(Thom) = lim
n→∞

∥Tn
hom∥1/n = inf

n∈N
∥Tn

hom∥1/n.

We now describe a two-step construction of (possibly nonlinear) graphon Hawkes pro-
cesses. In the first step, for each i ∈ N, we define a Poisson random measure N̄ i corre-
sponding to site Xi, which is used to construct events in Xi. Next, for an arrival in Xi,
we use uniform marks to set up an acceptance-rejection method for determining the spa-
tial coordinate x ∈ Xi. To this end, for i ∈ N, let (Li,Li,Qi) be a factor space of two
spaces (Li

j ,Li
j ,Qi

j), j = 1,2, the first space modeling the mark stochastic processes Bi
xy

(x ∈ X , y ∈ Xi), and the second one supporting i.i.d. sequences of couples of independent
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Uni(Xi, µi) and Uni(0,1) marks; denote such a sequence by U i = (U i
1,k,U

i
2,k)k∈N. Here,

the Uni(Xi, µi)-distribution is defined by P(U i
1,k ∈ dx) = µ(dx)/µ(Xi). For later use, for

j = 1,2, let (Lj ,Lj ,Qj) be the product space
∏

i∈N(L
i
j ,Li

j ,Qi
j), and let (L,L,Q) be the

product of (L1,L1,Q1) and (L2,L2,Q2).
Our acceptance-rejection method is as follows. When there is an arrival at time t in site

Xi, we have λt(x) ∈ L∞(Xi) a.s., since Thom is a bounded operator under Assumption 1
(use Hölder’s inequality). In step k, U i

1,k is used as a proposal. We accept the proposal with
probability proportional to λt(U i

1,k). This means that we accept the proposal if and only if

λt(U
i
1,k)

∥λt(·)∥L∞(Xi)
≥ U i

2,k.

If this condition is not satisfied, we reject, and try again for k + 1. Now, given an arrival in
site Xi at time t, the location within this site is determined by the realization of U i, since
λt(·) is known. We refer to this location as Xi

t(Ut), with the understanding that Ut is the
realization of U i at time t.

REMARK 2. In case X = [0,1] and µ is the Lebesgue measure on [0,1], we need only a
single U ∼Uni(0,1) random variable. Indeed, given an event at time t, the location can be
determined by

P(Xt ∈A) =
∫
A λt(x) dx

∥λt(·)∥L1[0,1]
,

for A ∈ B[0,1], meaning that the location is given by

(5) Xt(U) = inf

{
z ∈ [0,1] :

∫ z
0 λt(x) dx∫ 1
0 λt(x) dx

≥ U

}
.

We are now equipped to define the graphon Hawkes process through the Poisson random
measures N̄ i on R× Li ×R+ having intensity dt×Qi(dz)× ds. Let StN− be the history
of N at time t; here, N− denotes the history at time 0, and St is the left-shift operator w.r.t.
the first variable. Let N i(dt× dz) be the process counting events in site i, with z ∈ L. Given
an initial condition S0N−, we assume the following dynamics on R+:

N i(dt× dz) = N̄ i(dt× dz × [0,ψ(StN−, i)]);

ψ(StN−, i) = Λi
t =

∫
Xi

λt(x) dµ(x) = ∥λt(·)∥L1(Xi,µ);(6)

λt(x) = fx

λ∞(x) +
∑
j∈N

∑
(s,B

xX
j
s(Us)

,Us)∈Nj

s<t

BxXj
s (Us)

W (x,Xj
s (Us))h(t− s)

 .

For the definition of strongly regular point processes, which we use in the next result, we
refer to [48], Definition 2.

THEOREM 1. Grant Assumption 1. Consider a graphon Hawkes process N on a σ-
finite measure space (X ,A , µ) having (possibly nonlinear) conditional intensity density
specification

(7) λt(x) = fx

(
λ∞(x) +

∫
(−∞,t)

∫
X
Bxy(s)W (x, y)h(t− s) dNs(y) dσ(s)

)
,
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where σ denotes the counting measure on X . Assume that we have a partition of X into
finite, non-null measure sets

⊔
i∈N Xi that is such that the following conditions hold:

C := sup
t≥0,i∈N

∥f·(λ∞(·) + η(t, ·))∥L1(Xi,µ) <∞;(8)

ρ(Thom)< 1;(9)

where

(10) η(t, x) :=
∑

(s,y,Bxy)∈N
s<0

BxyW (x, y)h(t− s).

Then there exists a unique strongly regular solution N to (6) such that

sup
t≥0,i∈N

Eψ(StN−, i)<∞.

REMARK 3. In the linear case, (8) is equivalent to the following two conditions.

α := sup
i∈N

∫
Xi

λ∞(x) dµ(x)<∞;(11)

sup
t>0,i∈N

∫
Xi

η(t, x) dµ(x)<∞.(12)

Besides the proof of Theorem 1, we provide in Appendix A some results that more directly
follow the work of [48]. First, in Proposition 2, we give a stability result, which is [48],
Theorem 4, specified to the current setting; there we also use [48], Remarks 3 and 4. Next, in
Proposition 3, we apply [48], Theorem 2, directly to prove existence and uniqueness under a
stability condition related to the operator norm of Thom, which we calculate to be

(13) ∥Thom∥= ∥h∥L1(R+) sup
y∈X

∫
X
cxE[Bxy]W (x, y) dµ(x).

REMARK 4. When we work with a linear model on a finite measure space X , the pa-
rameter ρ from equation (74) is given by ρ = ∥Thom∥. In this case, condition (74) implies
ρ(Thom)< 1 (cf. (9)) by Gelfand’s formula.

4. Convergence of mutually exciting processes to graphon Hawkes processes. In this
section, we show that the linear graphon Hawkes process on a compact, convex, Euclidean
spatial set X ⊂ Rm, which is an infinite-dimensional model, occurs as the limit of suitably
chosen multivariate Hawkes processes on d coordinates, as d→ ∞. More specifically, we
show that, under some regularity assumptions, partitioning X and averaging the parameters
of the graphon Hawkes process over the sets of this partition yields a piecewise constant
graphon Hawkes process — i.e., a multivariate Hawkes process, see Remark 1 — that is
close to the original graphon Hawkes process, for large d. This averaging procedure can
be followed for infinite Euclidean spaces X = Rm as well, by partitioning the space into
hyperrectangles of uniformly bounded size. The proofs of the present section, however, do
not carry over to this setting, due to the possibility that the excitation of the prelimit ‘comes
from infinity’, meaning that an event may be caused by excitation stemming from an event
that is arbitrarily far away.

We start by introducing some definitions and assumptions (Section 4.1), the prelimit model
(Ñd)d∈N (Section 4.2), and establish some required technical results (Section 4.3). Then we
consider the annealed case (Section 4.4), where the prelimit is a multivariate Hawkes process
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with a complete weighted connectivity graph. Next, we treat the quenched case (Section 4.5),
where we sample edges from this complete connectivity graph, yielding a Hawkes process
on a finite network with an unweighted, directed connectivity graph as prelimit. Note that for
such a sampling procedure, we need W to map into [0,1], which can be accomplished by a
rescaling such as W̆ (x, y)B̆xy = (W (x, y)/CW ) (CWBxy), using Assumption 2.

After providing definitions, the prelimit model and some technical preliminaries on [0, T ],
we work from Section 4.4 onwards on the finite time interval [0,1]. By obvious modifications,
everything caries over to bounded time intervals [0, T ].

4.1. Definitions and assumptions. To prove convergence, we use the notion of uniform
convergence on compacts in probability (ucp convergence) and we first need to define a
metric on the space of marked spatiotemporal point processes. Next, we provide some as-
sumptions.

DEFINITION 4. Let X ⊂ Rm be a convex, m-dimensional manifold. Let (Nk)k∈N be a
sequence of spatiotemporal point processes on [0, T ]×X , marked by i.i.d. realizations of a
stochastic process B on X 2 satisfying Assumption 1. Furthermore, let N be another such
process. Write Z for the space of realizations of such processes. Let d(·, ·) be a metric on
Z . We say that Nk converges uniformly on compact sets in probability to N , as k→∞, if
for every nondegenerate compact, convex m-dimensional manifold A ⊂ X and for every
δ > 0,

(14) P

 sup
A ′⊂A

A ′ compact, convex

d
(
Nk

A ′ ,NA ′

)
> δ

→ 0, as k→∞,

in which case we write Nk ucp−→N . Here, NY denotes N restricted to the spatial set Y .

We aim to define a metric with the property that two point processes are ‘far apart’ when-
ever there is an event of one process that does not coincide with an event of the other; and
such that two simultaneous events are ‘close’ if and only if their spatial coordinates and their
marks are close. This motivates the following metric.

DEFINITION 5. For some T ≥ 0, let N,M be two spatiotemporal point processes on
[0, T ] × X , marked by i.i.d. realizations of a stochastic process B on X 2 satisfying As-
sumption 1. Write TL := {t ∈R+ : ∃y,B s.t. (t, y,B) ∈ L} for the event times of L=N,M .
Then we define a metric on Z (see Definition 4) by

d(N,M) :=
∑

t∈TN∩TM

(t,yN ,BN )∈N
(t,yM ,BM )∈M

(
∥yN − yM∥Rm + ∥BN

·yN −BM
·yM∥L1(X )

)

+
∑

t∈TN△TM

(t,y,B)∈TN∪TM

(
1 + ∥y∥Rm + ∥B·y∥L1(X )

)
.(15)

REMARK 5. The choice of the Euclidean norm on Rm is unimportant, since all norms
on a finite-dimensional vector space are equivalent. Also, we could just as well work with
the Lp(X )-norm, p ∈ (1,∞), by stating an analog of Lemma 3 below, using a Poincaré
inequality in Lp(X ) and assumptions on the p-variation of B.
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ASSUMPTION 3. Let X = [a,b] :=
∏m

i=1[ai, bi] ⊂ Rm be some nondegenerate hyper-
rectangle in (Rm,B(Rm),Lebm), where Lebm is the Lebesgue measure on (Rm,B(Rm)).
Assume that we are given a sequence of partitions (Pd)d∈N of X into d hyperrect-
angles (X d

n )n∈[d] with mesh(Pd) → 0 monotonically as d → ∞, where mesh(Pd) :=

maxn∈[d] diam(X d
n ).

Next, we need some regularity assumptions on the parameters of our graphon Hawkes
process in terms of their total variation; cf. [45].

DEFINITION 6. Let Ω⊂Rm be an open region, and let f ∈ L1
loc(Ω). We define the total

variation of f in Ω by

(16) Var(f,Ω) := sup

{
m∑
i=1

∫
Ω

∂Φi

∂xi
f dx : Φ ∈C1

c (Ω,Rm),∥Φ∥L∞(Ω) ≤ 1

}
,

whereC1
c (Ω,Rm) is the set of continuously differentiable functions Φ : Ω→Rm. When work-

ing on equivalence classes, i.e., for f ∈ L1
loc(Ω), we set

(17) ∥f∥TV(Ω) := Var(f,Ω) := inf
g∈L1

loc(Rm)
g=f a.e.

Var(g,Ω).

Write BV(Ω) for the set of (equivalence classes of) integrable functions f ∈ L1
loc(Ω

′) defined
on a subset Ω′ ⊃Ω of Rm such that f |Ω has finite total variation.

REMARK 6. For univariate functions g :R→R, (16) is equivalent to

(18) Var(g, (a, b)) = sup

{
n∑

i=1

|g(xi+1)− g(xi)| : n ∈N, a= x0 < x1 < · · ·< xn = b

}
.

ASSUMPTION 4. Assume that N is a linear graphon Hawkes process defined on X =
[a,b], satisfying Assumption 3. Suppose that ∥λ∞∥TV(X ) < ∞. Suppose that B·y is of
bounded variation a.s. for a.a. y ∈ X , with supy∈X E∥B·y∥TV(X ) <∞. Furthermore, sup-
pose that W (·, y) is of bounded variation for all y ∈R, with supy∈X ∥W (·, y)∥TV(X ) <∞.

Finally, in Proposition 1 below, we require continuity of W , as follows.

ASSUMPTION 5. Suppose that W : X 2 →R+ is a.e. continuous.

4.2. Prelimit model. We consider a linear graphon Hawkes process N , defined through
its conditional intensity density (2), with corresponding integral operator

(19) Thom : L1(X )→ L1(X ) : f(·) 7→ ∥h∥L1(R+)

∫
X

E[B·y]W (·, y)f(y) dy.

We define the intended prelimit (Ñd)d∈N by specifying conditional intensity densities. Using
the partition Pd from Assumption 3, we partition the compact hyperrectangle X into fur-
ther hyperrectangles (X d

n )n∈[d]. We define a prelimit model Ñd as the linear model having
conditional intensity density

(20) λ̃dt (x) = λ̃d∞(x) +
∑

(s,y,B̃d
xy)∈Ñd

s<t

B̃d
xy(s)W̃

d(x, y)h(t− s),
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where the parameters are obtained by averaging over the elements X d
n of Pd:

λ̃d∞(x) =

d∑
i=1

1X d
i
(x)

Lebm(X d
i )

∫
X d

i

λ∞(y′) dy′;(21)

B̃d
xy(s) =

d∑
i=1

d∑
j=1

1X d
i
(x)1X d

j
(y)

Lebm(X d
i )Leb

m(X d
j )

∫
X d

i ×X d
j

Bx′y′(s) dx′ dy′;(22)

W̃ d(x, y) =

d∑
i=1

d∑
j=1

1X d
i
(x)1X d

j
(y)

Lebm(X d
i )Leb

m(X d
j )

∫
X d

i ×X d
j

W (x′, y′) dx′ dy′.(23)

Note that when we we average out the parameters of a graphon Hawkes process over the sets
X d

n as in (21)–(23), the location within X d
n of an event in X d

n does not influence the dynam-
ics of the process Ñd. Since we have finitely many coordinates, the resulting process can be
interpreted as a Hawkes process on a discrete network with nodes n ∈ [d] corresponding to
sites X d

n . This multivariate Hawkes process N = (Nd
j )j∈[d] on finitely many coordinates can

be specified through its conditional intensity. Indeed, for each i ∈ [d], we have a conditional
intensity in coordinate i given by

(24) Λd
t,i = λd∞,i +

d∑
j=1

∑
s∈Nd

j

s<t

Bd
ij(s)W

d
ijh(t− s),

where, cf. (21)–(23),

λd∞,i =

∫
X d

i

λ∞(x) dx;(25)

Bd
ij(s) =

1

Lebm(X d
j )

∫
X d

i ×X d
j

Bxy(s) dx dy;(26)

W d
ij =

1

Lebm(X d
i )Leb

m(X d
j )

∫
X d

i ×X d
j

W (x, y) dx dy.(27)

Note how (24)–(27) describe the same model as (21)–(23), since integrating a constant den-
sity over site i is identical to multiplying by Lebm(X d

i ). The connectivity structure of the
model on [d] is described by a complete weighted graph with weights (W d

ij)i,j∈[d].
We refer to the model with conditional intensity density given by (20) as the annealed case.

In the quenched case, the prelimit uses a simple graph, with edges sampled with probabilities
equal to the weights W d

ij . For this to make sense, we need CW ≤ 1. As observed earlier, this
can be accomplished by writing W (x, y)Bxy = (W (x, y)/CW )(CWBxy), assuming CW <
∞. More specifically, in the quenched case, we connect coordinates i, j ∈ [d] in the prelimit
model N̄d if and only if Zd

ij = 1, where Zd
ij ∼ Bernoulli(W d

ij). Then, for each i ∈ [d], we
have a conditional intensity in coordinate i given by

(28) Λd
t,i = λd∞,i +

d∑
j=1

∑
s∈Nd

j

s<t

Bd
ij(s)Z

d
ijh(t− s).

This is equivalent to a graphon Hawkes process N̄d having conditional intensity density

(29) λ̄dt (x) = λ̃d∞(x) +
∑

(s,y,B̃d
xy)∈N̄d

s<t

B̃d
xy(s)Z̃

d(x, y)h(t− s),
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where

(30) Z̃d(x, y) =

d∑
i=1

d∑
j=1

1X d
i
(x)1X d

j
(y)Zd

ij .

We call Ñd on the weighted graph W̃ d the annealed model because its environment can be
seen as the integrated version of that of the quenched model N̄d on a W̃ d-random graph.

One has to be careful to prevent the multivariate Hawkes process induced by the graphon
Hawkes process, as defined with the aid of equations (21)–(23), to be explosive. It is easy
to see that (11) still holds for the model with averaged parameters, but (9) is more difficult
to verify. Suppose that (9) holds for the original model, but that with high probability, B
is large where W is small, and vice versa. It may occur that after averaging, the resulting
multivariate process is not stable any more. However, it can be argued that this problem does
not arise for d sufficiently large whenever mesh(Pd)→ 0, as d→∞. This is shown in the
next subsection.

4.3. Technical results. In the proofs of the convergence results in the next subsections,
we need some technical results. These results are collected in Lemmas 2 and 3 below, which
might be of independent interest. While new to the literature, they are primarily technical,
hence we postpone their proofs to Appendix B. Lemma 2 deals with the uniform bounded-
ness of certain operator norms. Specifically, it demonstrates that if ρ(Thom) < 1, then for d
sufficiently large, and hence mesh(Pd) sufficiently small, the approximating processes Ñd

are stable, and in particular have finite expected total offspring, for every immigrant.

LEMMA 2. Grant Assumptions 1, 2, 3 and 4. Let N be a stable linear graphon Hawkes
process satisfying the conditions of Theorem 1, with multivariate approximating processes on
weighted graphs Ñd as described by (21)–(23), and with corresponding integral operators
T̃
(d)
hom. Let δ := 1

2(1 − ρ(Thom)). Then we can find some D′ ∈ N such that for d ≥ D′, Ñd

satisfies the conditions of Theorem 1, with ρ(T̃ (d)
hom)≤ ρ(Thom) + δ < 1.

Furthermore, we can find D ∈ N such that the expected cluster size E[Zd
x] for Ñd of

a particle in x ∈ X is uniformly bounded over x ∈ X = [a,b] and d ≥ D. Denote this
uniform bound by K.

The next result bounds the L1-norm between a function and its piecewise constant approx-
imation by the total variation of that function multiplied with the mesh of the corresponding
partition. This result, which can be viewed as a suitable version of the Poincaré inequality,
may be interesting in its own right, in that it has the potential to be applied more broadly.

LEMMA 3. Let X =
∏m

i=1[ai, bi)⊂Rm be some hyperrectangle. Assume that X shares
its boundaries with elements from the partition Pd of Rm into K ∈N bounded hyperrectan-
gles X d

i , i ∈ [K]; if this is not the case, replace Pd by its coarsest refinement such that
the boundaries of X are also boundaries of elements of Pd. Consider a piecewise constant
approximation

fd|X d
n
≡ 1

Lebm(X d
n )

∫
X d

n

f(x) dx

of f ∈ L1
loc(Rm), which is assumed to be of bounded variation over bounded sets. Then it

holds that fd ∈ L1(X , µ), fd → f a.e. as mesh(Pd)→ 0, and finally,

(31) ∥fd − f∥L1(X ,µ) ≤
1

2
Var(f,X )mesh(Pd).
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In the case of X ⊂ R, we can state a version of Lemma 3 that is slightly more general,
and admits an elementary proof. See Lemma 7 in the appendix.

REMARK 7. Instead of partitioning Rm into hyperrectangles, as prescribed by Assump-
tion 3, we could take a partition of Rm into convex sets in such a way that the mesh of the
partition tends to 0, as d→∞. The particular choice of the tesselation does not alter our
analysis. Indeed, in such a scenario, [1], Theorem 3.2, still holds, hence the proof of Lemma 3
can be adapted to different tesselations.

4.4. Annealed case. In this subsection, we prove convergence in the annealed case,
where the prelimit Ñd is a multivariate Hawkes process on a complete weighted graph W̃ d,
with parameters obtained as averages of the parameters ofN over the sets of a partition Pd of
X = [a,b]. As a corollary, we show that any sufficiently regular sequence of mutually excit-
ing point processes with suitably convergent parameters (invoking the cut metric) converges
to a graphon Hawkes process. The quenched case is studied in the next subsection.

THEOREM 2. Grant Assumptions 1, 2, 3 and 4. Let N be a linear graphon Hawkes
process on X = [a,b]⊂Rm and time interval [0,1], starting on an empty history, satisfying
the conditions of Theorem 1, with multivariate approximating processes on weighted graphs
Ñd as described by (20)–(23), with corresponding integral operators T̃ (d)

hom. Using the metric
d from Definition 5, it holds that Ñd ucp−→N , as d→∞.

PROOF. Under Assumptions 1, 2, 3 and 4, as in Lemma 2, for δ := 1
2(1− ρ(Thom)), let

D ∈N be such that: (i) for all d≥D, ρ(T̃ (d)
hom)≤ ρ(Thom)+δ < 1; and (ii) there exists K<∞

bounding the expected cluster size for N and the expected cluster size E[Zd
x], uniformly over

x ∈ X , d≥D.
The prelimit Ñd is a multivariate Hawkes process, i.e., a graphon Hawkes process with

piecewise constant parameters on the sets of the partition Pd. In particular, it is defined
on the same space as N . Hence, it is possible to couple those processes by defining them
w.r.t. the same Poisson random measure; cf. (6). We assume such coupled sample paths, and
we bound the expected discrepancy between N and Ñd, in the metric d, for d large. Since
d(NA ′ ,MA ′) ≤ d(NA ,MA ) for A ′ ⊂ A for this metric, it suffices to consider discrepan-
cies on the whole space [a,b]. Fix δ, ϵ > 0. We use the bound on the expected discrepancies
to bound the probability of a discrepancy larger than δ by ϵ; more formally, we show that
there exists d such that P

(
d(Ñd,N)> δ

)
< ϵ, thus establishing ucp convergence.

The discrepancy between the two coupled processes Ñd and N in the metric d consists
of several parts. For each simultaneous event, we compare the difference in location and the
difference in L1(X )-norm between the marks corresponding to those locations. Next, for
each non-simultaneous event the contribution to the d-distance equals unity, plus the distance
of the spatial coordinate to the origin, plus the L1(X )-norm of the mark. By [48], Lemma 1,
those non-simultaneous events correspond to events of

(32) |Ñd −N |(dt× dz × dx) := N̄(dt× dz × dx× [0, |λ̃dt (x)− λt(x)|]),

where N̄ is a Poisson random measure on R× L× X × R+ with intensity measure dt×
Q(dz)× dx× ds.

To bound the expected discrepancy in the d-metric, we consider differences in the param-
eters that contribute to the discrepancies between the two processes N and Ñd. A convenient
way to do this is by employing the branching structure of the linear graphon Hawkes process.
Each contribution to the discrepancy in d-distance is of exactly one of the following types:
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(i) The difference ∥λ∞ − λ̃d∞∥L1([a,b]) in baseline intensities creates a stream of nonsimul-
taneous events, each of which creates a cluster of events for either N or Ñd.

(ii) Because of averaging, B·y differs from B̃d
·y′ , and W (·, y) differs from W̃ d(·, y′). For

each simultaneous event with spatial coordinates y and y′ of N and Ñd, respectively,
this creates additional events. Again, each of those additional events generates clusters of
events for either N or Ñd.

(iii) Even when we have a simultaneous event for both processes, the point from Ñd is lo-
cated differently within X d

i when compared to the point from N . Because all parameters
of Ñd are constant on X d

i , this does not influence the future evolution of the process,
although it affects d. Both the location and the mark may be different, causing discrepan-
cies.

In the following, we formally bound (i)–(iii) separately.
Fix ϵ′ > 0. We start by bounding the discrepancy caused by (i), i.e., the events generated by

differences in baseline intensities, and offspring thereof. Suppose that d1 ≥D is sufficiently
large such that mesh(Pd) ≤ 2ϵ′/∥λ∞∥TV(X ). Then, ∥λ∞ − λ̃d∞∥L1(X ) ≤ ϵ′ by Lemma 3.
Each of the events caused by the difference in baseline intensities creates a cluster of expected
size bounded by K. Therefore, on the whole space X , the difference in baseline intensities
causes a stream of nonsimultaneous events with an expected count over our time frame [0,1]
bounded by ϵ′∥λ∞∥TV(X )K. The contribution to d of each of those events can be bounded
by Cd := 1 + |a| ∨ |b|+CB . Hence, by choosing

ϵ′ =
δϵ

3∥λ∞∥TV(X )KCd
,

we can assure that the discrepancy in the metric d caused by (i) can be bounded by δϵ/3.
Next, we bound the discrepancy in d-distance from (ii), i.e., discrepancies caused by dif-

ferences between B and B̃d and between W and W̃ d, for each simultaneous event of N
and Ñd. To this end, first note that the number of events for N on the time interval [0,1], and
therefore the expected number of simultaneous events of N and Ñd on [0,1], can be bounded
by αK, where α :=

∫
X λ∞(x) dx, as in (11). For each of those events, there is a difference

in mark and in location between N and Ñd. By the construction presented in Section 3, we
know that the locations of a simultaneous point for N and Ñd lie in the same element X d

n

of the partition Pd. Furthermore, since the parameters of Ñd are constant on the sets X d
n , it

follows that the location of an event for Ñd within X d
n does not influence future dynamics,

meaning that if we want to bound the expected number of events caused by differences be-
tween B·y and B̃d

·y′ and between W (·, y) and W̃ d(·, y′) for a simultaneous event for N and
Ñd, we may in fact assume that y = y′. Now for each simultaneous event of N and Ñd, the
difference between mark and graphon parameters and between locations causes an offspring
with an expected count bounded by

sup
y∈X

∫
X

E
∣∣∣BxyW (x, y)− B̃d

xyW̃
d(x, y)

∣∣∣ dx
≤ sup

y∈X

∫
X

E
∣∣∣Bxy − B̃d

xy

∣∣∣W (x, y) dx+ sup
y∈X

∫
X

E
[
B̃d

xy

] ∣∣∣W (x, y)− W̃ d(x, y)
∣∣∣ dx

≤mesh(Pd)

(
CW sup

y∈X
E∥B·y∥TV(X ) +CB sup

y∈X
∥W (·, y)∥TV(X )

)/
2,

using Assumption 2 and Lemma 3. In turn, each of those events generates a cluster of further
events with expected size bounded by K, with each event contributing to d at most Cd :=
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1 + |a| ∨ |b|+CB . Hence, selecting d2 ≥D such that

mesh(Pd)<
2δϵ

3αK2
(
CW supy∈X E∥B·y∥TV(X ) +CB supy∈X ∥W (·, y)∥TV(X )

)
Cd

,

guarantees that the expected discrepancy between N and Ñd during [0,1] caused by (ii)
above is less than δϵ/3.

Finally, we bound the expected discrepancy in d-distance caused by (iii), i.e., the differ-
ence in contributions to d for simultaneous events of N and Ñd through different locations
and marks. Again, the expected number of simultaneous events of N and Ñd on [0,1] can be
bounded by αK. For each of those events, the locations are within the same element X d

n of
the partition Pd, hence the difference in locations contributes at most mesh(Pd) to the dis-
tance d(N,Ñd), while by Lemma 3 the difference in marks causes an expected discrepancy
bounded by mesh(Pd) supy∈X E∥B·y∥TV(X )/2. Hence, selecting d3 ≥D such that

mesh(Pd)<
2δϵ

3αK(2 + supy∈X E∥B·y∥TV(X ))
,

guarantees that the expected discrepancy in d-distance between N and Ñd caused by differ-
ences in locations and mark sizes is less than δϵ/3.

Combining the bounds for the contributions (i)–(iii), it follows that E[d(Ñd,N)]< δϵ for
d≥max{d1, d2, d3}, hence by Markov’s inequality, P

(
d(Ñd,N)> δ

)
< ϵ.

The essential ingredients in the proof of Theorem 2 are the L1-convergence of the pa-
rameters of the prelimit to those of the graphon Hawkes process, and that the prelimit has
uniformly bounded cluster sizes. Hence, by imposing appropriate conditions on the parame-
ters of the prelimit, we can state a converse to Theorem 2, which holds for prelimits obtained
in different ways than through (20)–(23).

To state such a converse, we want to use the natural notion of graphon convergence, which
is convergence in the cut metric, see [47], Chapter 8. With B(X ) the Borel σ-algebra on X ,
the cut norm of W is defined by

∥W∥□ := sup
S,T∈B(X )

∣∣∣∣∫
S×T

W (x, y) dx dy

∣∣∣∣ ,
and the corresponding cut metric is defined by

d□(W1,W2) := ∥W1 −W2∥□.

In applications (e.g., [2, 7, 8]), the cut norm is often connected to more naturally appearing
norms, by an application of [47], Lemma 8.11, which states that

sup
∥g∥L∞(X )=1

∫
X

∣∣∣∣∫
X
W (x, y)g(y)dy

∣∣∣∣ dx=: ∥W∥L∞(X )→L1(X ) ≤ 4∥W∥□.

The following corollary establishes that under suitable assumptions, for any sequence of
graphs W̆ d on d nodes such that the associated products E[B̆d]W̆ d converge in the cut met-
ric to E[B]W , the corresponding d-variate processes Nd converge to the graphon Hawkes
process N associated with the graphon W . The proof of the corollary is postponed to Ap-
pendix B.

COROLLARY 1. Let (Nd)d∈N be a sequence of marked d-variate Hawkes processes.
Embed each of the Nd in the space of graphon Hawkes processes by taking a sequence of
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partitions Pd of X satisfying Assumption 3, letting coordinate i correspond to X d
i , and

taking the parameters λ̆d∞, W̆
d, B̆d of the graphon Hawkes process N̆d corresponding to Nd

piecewise constant on X d
i , X d

i ×X d
j , respectively, and such that (24)–(27) hold.

Suppose that X , Pd, λ∞, W and B can be chosen such that:

(a) λ∞,W,B satisfy Assumptions 1 and 2;
(b) λ̆d∞ → λ∞ in L1(X ), as d→∞;
(c) E[B̆d]W̆ d → E[B]W in the cut metric, as d→∞;
(d) C := infz∈X

∫
X BxzW (x, z) dx > 0, a.s. over the realization of B;

(e) The expected cluster size E[Zd
x] is uniformly bounded in x ∈ X , d ∈N.

Then, using the metric d from Definition 5, it holds that (Nd)d∈N
ucp−→N , as d→∞.

REMARK 8. Condition (d) of Corollary 1 requires that the expected offspring resulting
from a particle in z ∈ X is bounded away from 0, uniformly over z ∈ X . Condition (e) is
satisfied if we assume that there is a δ ∈ (0,1) such that

∥h∥L1(R+) sup
y∈X

∫
X

E[B̆d
xy]W̆

d(x, y) dx≤ 1− δ

uniformly over d ∈ N. This implies that the expected cluster size is bounded uniformly by∑
n≥0(1− δ)n = 1/δ; see also Remark 4.

4.5. Quenched case. In this subsection, we consider the quenched case, where the pre-
limit N̄d is a multivariate Hawkes process on a looped, directed graph Gd with edges sampled
from (W d

ij)i,j∈[d].

THEOREM 3. Work in the setting of Theorem 2, with X = [a,b]⊂Rm and time interval
[0,1], but different from the annealed process of Theorem 2, consider the conditional intensity
density λ̄dt (·) of the quenched process N̄d given by

(33) λ̄dt (x) = λ̃d∞(x) +
∑

(s,y,B̃d
xy)∈N̄d

s<t

B̃d
xy(s)Z̃

d(x, y)h(t− s),

with parameters as defined in (21), (22) and (30). Then, using the metric d from Definition 5,
it holds that N̄d ucp−→N , as d→∞. Here, the uniform convergence in probability is also w.r.t.
the realization of the connectivity graph.

PROOF. As observed before, we may assume without loss of generality that CW ≤ 1.
Fix δ, ϵ > 0. Let Ñd denote the annealed prelimit on a weighted complete directed graph of
Theorem 2, so that N̄d is the quenched prelimit on a looped directed graph sampled from
this complete graph. The idea of this proof is to argue that for large d, with high probability,
no set X d

n from Pd contains more than one event from Ñd, and conditionally on this high
probability event, the probabilistic behavior (including stability) of N̄d is the same as that
of Ñd. Indeed, suppose that there is at most one event in each set X d

n . Given an arrival in
some X d

j ∋ y, first sampling an edge Zd
ij ∼ Bernoulli(W d

ij) to X d
i ∋ x, and in case of an

edge (i, j) generating the offspring according to B̃d
xy(s)h(·− s), is equivalent to thinning the

increase of intensity by W̃ d
ij , i.e., to generating offspring according to B̃d

xy(s)W̃
d
ijh(· − s).

To prove ucp convergence, let δ ∈ (0,1). For such δ, on the event {d(Ñd,N) ≤ δ}, the
processes Ñd and N only have simultaneous events, by definition of d. Suppose that the
partition Pd has no element X d

n in which more than one event for N occurs during [0,1].
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Then, conditionally on {d(Ñd,N) ≤ δ}, the same property holds with N replaced by Ñd,
since a simultaneous event of N and Ñd has a location within the same element X d

n of the
partition Pd. We focus on taking d sufficiently large such that this property holds for Pd and
N .

As in Theorem 2, the expected cluster size ofN is bounded by K, henceN has an expected
number of events on [0,1] that is bounded by αK <∞. Thus, N(ω), the realization of N
during time interval [0,1], is finite a.s. This implies that ℓ(ω) := infx,y∈N(ω) ∥x − y∥ > 0

a.s. For d≥ 1 such that mesh(Pd)< ℓ(ω)/2, all elements of N(ω) are in different elements
X d

n from the partition Pd. This property then carries over to d′ ≥ d, since mesh(Pd)→ 0
monotonically, as d→∞, by Assumption 3. For d ∈N, let

Ad :=

{
ω ∈Ω : mesh(Pd)<

ℓ(ω)

2

}
.

Then,
⋃

d∈NAd = Ω (up to a null set), and Ad ↑ Ω (up to a null set). Hence, by continuity
of probability measures, P(Ad) ↑ 1 as d→ ∞. Select d4 ∈ N such that P(Ad4

) ≥ 1 − ϵ;
then for d ≥ d4 it holds that P(Ad) ≥ 1 − ϵ. In the proof of Theorem 2, we showed that
P(d(Ñd,N)≤ δ)≥ 1− ϵ for d≥max{d1, d2, d3}. Hence, for d≥max{d1, d2, d3, d4},

P({d(Ñd,N)≤ δ} ∩Ad)≥ 1− 2ϵ.

Since conditionally on Ad, the probabilistic behavior of N̄d and Ñd is identical, we have

P(d(N̄d,N)≤ δ)≥ P({d(N̄d,N)≤ δ} ∩Ad) = P({d(Ñd,N)≤ δ} ∩Ad)≥ 1− 2ϵ,

which establishes the ucp convergence N̄d ucp−→N as d→∞.

We have shown that the graphon Hawkes process can be seen as a continuous-space limit
of multivariate Hawkes processes. The next proposition, the proof of which is postponed
to Appendix B, shows that the graphon corresponding to N also occurs as the limit of the
connectivity graphs corresponding Ñd.

PROPOSITION 1. Work in the setting of Theorem 3, with X = [a,b] =
∏d

n=1[an, bn],
and grant Assumption 5. Let N be a graphon Hawkes process on W with approximating
multivariate Hawkes processes (N̄d)d∈N with edges sampled from (W d

ij)i,j∈[d], where the
parameters are taken piecewise constant on the intervals of the partition Pd. This partition
can be chosen in such a way that P-a.s., the connectivity graph Gd of N̄d converges to W in
the cut metric, while N̄d converges ucp to N , as d→∞.

REMARK 9. The construction of this subsection essentially works with digraphons and
looped, directed graphs Gd. If we intend to use ‘standard’ graphons and simple graphs, the
analysis of this section can be adapted in order to sample edges only for i < j.

5. Large-time behavior. We now specialize to a graphon Hawkes process with spatial
coordinates in (X ,A , µ) = ([0,1],B[0,1],Leb|[0,1]). This is for legibility only: as is easily
verified, all arguments in this section and in Section 6 only rely on X being a compact subset
of an Euclidean space Rm, and in particular do not require X to be one-dimensional.

We investigate the large-time behavior of the graphon Hawkes process. First, we prove
a functional law of large numbers (FLLN) in the stable case where ρ(Thom) < 1, and show
that the corresponding prelimit diverges in the case ρ(Thom)> 1, thus providing a dichotomy
between these two cases. Having established the FLLN in the stable case, we next prove a
functional central limit theorem (FCLT) for the number of events (Nt(A))t≥0 forA ∈ B[0,1].
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We establish those large-time results with the aid of limit theorems for finite-dimensional
Hawkes processes.

To obtain explicit results, we work in this section with unmarked processes, i.e., we set
B ≡ 1 in (2). Our approach is to approximate N by multivariate Hawkes processes Ñd using
Theorem 2, to which we apply explicit limit theorems for the unmarked case from [5]. In prin-
ciple, it is also possible to consider functional limit theorems for marked Hawkes processes.
Such limit theorems, however, often assume univariate marked processes ([32, 37]). If we
model multivariate processes as marked univariate processes, we enforce a single common
intensity function with i.i.d. coordinates. Other papers — e.g., [24] — work with multivariate
processes, but obtain less explicit results.

5.1. Functional law of large numbers. Under the condition ρ(Thom)< 1, we expect that
NT [0,1] =O(T ), as T →∞, by Theorem 1. Therefore, we consider NT (A)/T for large T
and for A ∈ B[0,1], with the objective to establish an FLLN for (NTv(A)/T )v∈[0,1]. For the
ergodic average of the number of events in any Borel set A ∈ B[0,1], we will argue that(

NTv(A)

T

)
v∈[0,1]

→ (vλ̄(A))v∈[0,1],

where λ̄(A) :=
∫
A λ̄(x) dx, with λ̄(x) the expected stationary arrival rate density, meaning

that it solves the Fredholm integral equation of the second kind λ̄= λ∞ + Thom(λ̄), i.e.,

(34) λ̄(x) = λ∞(x) + ∥h∥L1(R+)

∫ 1

0
W (x, y)λ̄(y) dy.

This is motivated by the following heuristic, supposed to hold for T large and forA ∈ B[0,1]:

E[NTv(A)]

T
=

1

T

∫
A

∫ Tv

0
E[λt(x)] dt dx

=
1

T

∫
A

∫ Tv

0

[
λ∞(x) +

∫ 1

0

∫ t

0
W (x, y)h(t− s)E[λs(y)] ds dy

]
dt dx

≈ 1

T

∫
A

∫ Tv

0

[
λ∞(x) +

∫ 1

0
W (x, y)λ̄(y) dy ∥h∥L1(R+)

]
dt dx

=
1

T

∫
A

∫ Tv

0
λ̄(x) dt dx= vλ̄(A),

where in stationarity we would expect E[λs(y)] to be independent of s, in which case we
denote this quantity by λ̄(y). In the remainder of this subsection, we make this heuristic
exact.

THEOREM 4. Grant Assumptions 1, 2, 3 and 4. Let N = (Nt(A))t∈R+,A∈B[0,1] be an
unmarked (i.e., B ≡ 1) linear graphon Hawkes process on X = [0,1] and time interval
R+, starting on an empty history, and satisfying the conditions of Theorem 1. In particular,
suppose ρ(Thom)< 1, where in the present setting

(35) Thom : L1[0,1]→ L1[0,1] : f(·) 7→ ∥h∥L1(R+)

∫ 1

0
W (·, y)f(y) dy.

Let λ̄ be defined in (34). Then,

(36) sup
v∈[0,1]

∣∣∣∣NTv(A)

T
− vλ̄(A)

∣∣∣∣ P−→ 0, as T →∞.
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PROOF. The proof is structured as follows. We first approximate the graphon Hawkes pro-
cess by d-dimensional Hawkes processes using Theorem 2; then we use an existing FLLN
for this prelimit; and we demonstrate that the limit quantities for graphon Hawkes and multi-
variate Hawkes processes are close, for large d.

Thus, we first approximate the graphon Hawkes process N by processes Ñd on weighted
graphs, described by (20)–(23), having constant parameters on each element X d

n (n ∈ [d])
of the partition Pd of [0,1] into d intervals, with mesh(Pd) → 0 as d→ ∞. Denote the
corresponding integral operators by T̃

(d)
hom. By Lemma 2 (which requires Assumptions 1,

2, 3 and 4), we can find some D ∈ N such that for d ≥ D, Ñd is stable with ρ(T̃ (d)
hom) ≤

ρ(Thom) + δ < 1, where δ := 1
2(1− ρ(Thom)), and such that the expected cluster size E[Zd

x]

for Ñd of a particle in x ∈ [0,1] is bounded by K <∞, uniformly over x and d ≥D. This
means that the FLLN [5], Theorem 1, holds for Ñd, for all d≥D.

For A ∈ B[0,1], let (Nt(A))t≥0 be the simple counting process keeping track of the num-
ber of points in A over time. Let K̃d = (∥h∥L1(R+)W

d
ij)i,j∈[d] (see (27) and [5], Assump-

tion (A1)), and let Id be the d× d identity matrix. Then it holds that

sup
v∈[0,1]

∣∣∣∣NTv(A)

T
− vλ̄(A)

∣∣∣∣≤ sup
v∈[0,1]

∣∣∣∣∣NTv(A)

T
−
Ñd

Tv(A)

T

∣∣∣∣∣(37)

+ sup
v∈[0,1]

∣∣∣∣∣Ñd
Tv(A)

T
− v(Id − K̃d)−1λ̃d∞(A)

∣∣∣∣∣(38)

+ sup
v∈[0,1]

∣∣∣v(Id − K̃d)−1λ̃d∞(A)− vλ̄(A)
∣∣∣ ,(39)

where (Id − K̃d)−1λ̃d∞(A) :=
∫
A((Id − K̃d)−1λ̃d∞)(x) dx. We aim to prove that the left-

hand side of the inequality in the above display goes to 0 in probability as T →∞, by first
selecting d̄ large enough such that the right-hand side of (37) and (39) are small for d ≥ d̄,
independently of T ≥ 1, and next selecting T large enough such that (38) is small.

Fix ϵ, κ ∈ (0,1). We start by bounding (37). Suppose that T ≥ 1. Let d(·, ·) be the metric
from Definition 5. If d(NT , Ñ

d
T ) < 2Tϵ′, then there are fewer than 2Tϵ′ non-simultaneous

events on [0, T ] for both processes, and this leads to the bound

sup
v∈[0,1]

∣∣∣∣∣NTv(A)

T
−
Ñd

Tv(A)

T

∣∣∣∣∣< 2ϵ′.

Hence, we focus on establishing that d(NT , Ñ
d
T ) < 2Tϵ′. To this end, let M be a process

corresponding to N , having the same immigrant streams of events I1 < I2 < · · · , but where
to each immigrant Ik arriving at time t, at this time t we immediately attach the immigrant’s
complete offspring Ok ⊂ (t,∞). More precisely, MT =

⋃
Ik≤T Ok. Define M̃d similarly

through Ñd. This means that the event times of MT , M̃
d
T are discrete subsets of [0,∞),

marked by discrete subsets of (t,∞) for an immigrant arrival at time t. Informally, M , M̃d

consist of the immigrant streams of N , Ñd, with each immigrant replaced by a batch of size
equal to the whole cluster corresponding to that immigrant.

Let D be the process defined through DT =
⋃

Ik≤T (Ok ∩ (T,∞)), where (Ik)k∈N,
(Ok)k∈N are the immigrant times and offspring sets corresponding to N ; let Dd be defined
similarly through Nd. Then we have, a.s.,

(40) d
(
NT , Ñ

d
T

)
≤ d

(
NT , Ñ

d
T

)
+ d

(
DT , D̃

d
T

)
= d

(
MT , M̃

d
T

)
.
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Furthermore, writing MA for the process only recording the immigrants arriving in A ∈
B(R+) — meaning that MT ≡M[0,T ] —, we easily obtain the a.s. bound

(41) d
(
MT , M̃

d
T

)
≤

⌈T ⌉∑
i=1

d
(
M[i−1,i), M̃

d
[i−1,i)

)
.

Next, note that clusters arrive independently over time, and that the clusters themselves
are i.i.d., modulo the time shift corresponding to the immigrant arrival time. That is,
(M[i−1,i), M̃

d
[i−1,i))i∈N represent i.i.d. random sets. Furthermore, by the proof of Theorem 2,

we can find d1 ≥ D such that, for d ≥ d1, the expectation of d(M[i−1,i), M̃
d
[i−1,i)) can be

bounded by ϵ′. Hence, for d ≥ d1, d(NT , Ñ
d
T ) is bounded in expectation by ⌈T ⌉ϵ′ ≤ 2Tϵ′,

thus, independently of T ≥ 1,

sup
v∈[0,1]

∣∣∣∣∣NTv(A)

T
−
Ñd

Tv(A)

T

∣∣∣∣∣
is bounded in expectation by 2ϵ′. Choose ϵ′ = ϵκ/12. Markov’s inequality implies that with
probability of at least 1− κ/2, (37) is smaller than ϵ/3.

We now bound (39). To this end, note that the solution λ̄ to a Fredholm integral equation
of the second kind depends continuously on the initial conditions, whenever there exists
a unique solution; see [28], Corollary 9.3.12. This can be guaranteed under the condition
ρ(Thom)< 1, since then λ̄ as defined in (34) can be expressed by a Liouville-Neumann series:

(42) λ̄=
∑
n≥0

Tn
homλ∞,

which is in L1[0,1] by Gelfand’s formula. The continuous dependence of the solution λ̄ on
the initial conditions means that we can find η > 0, such that

(43) ∥λ∞ − λ̃d∞∥L1[0,1] < η and ∥h∥L1(R+)∥W − W̃ d∥L1[0,1]2 < η

imply that

∥(Id − K̃d)−1λ̃d∞ − λ̄∥L1[0,1] <
ϵ

3
.

Note that (Id − K̃d)−1λ̃d∞ is the unique solution to f = λ̃d∞ + T̃ d
hom(f). By Lemma 3, there

exists d2 ≥D such that (43) holds for all d≥ d2. Hence, for such d, (39) is bounded by ϵ/3.
Finally, given d := d1 ∨ d2, we need to choose T sufficiently large to make (38) small.

We achieve this by applying [5], Theorem 1, to a multivariate Hawkes process on 2d coor-
dinates corresponding to the sets X d

n ∩A and X d
n ∩Ac, n ∈ [d], with equal parameters on

the coordinates corresponding to X d
n ∩A and X d

n ∩Ac, computed according to (20)–(23).
Note that [5], Theorem 1, uses the Euclidean norm on Rd. However, as all norms on a finite-
dimensional vector space are equivalent, their result holds for the ℓ1-norm as well. It follows
that (38), which is bounded by its ℓ1-norm over the 2d coordinates, converges to 0 in proba-
bility as T →∞. In other words, we can find T ∗ ≥ 1 such that for T ≥ T ∗ it holds that, with
probability of at least 1− κ/2, the expression in (38) is bounded by ϵ/3.

Now we use our choice of d to combine the bounds for (37)–(39). Then, for all T ≥ T ∗,

P

(
sup

v∈[0,1]

∣∣∣∣NTv(A)

T
− vλ̄(A)

∣∣∣∣< ϵ

)
≥ 1− κ.
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We proceed to the case ρ(Thom) > 1, where we expect NT (A)/T →∞ a.s., as T →∞,
for eachA ∈ B[0,1] of positive Lebesgue measure. We prove this claim formally below. First,
however, we provide some heuristics. By Gelfand’s formula, we have

ρ(Thom) = lim
n→∞

∥Tn
hom∥1/n = inf

n∈N
∥Tn

hom∥1/n > 1.

This implies (see Proposition 4 in Appendix C) the existence of some g ∈ L1
+[0,1] with

∥g∥L1[0,1] = 1 such that ∥Tn
homg∥L1[0,1] →∞ as n→∞. Hence, if we can find some (Pois-

son) stream of particles with random spatial locations having probability density g, then each
of those particles has infinite expected offspring, rendering the system unstable. This heuris-
tic, however, while insightful, does not directly lead to a formal proof; see Proposition 5 in
Appendix C for details. To prove our divergence claim, we follow a different route, for which
we need some assumptions.

ASSUMPTION 6. Assume that α= ∥λ∞∥L1[0,1] > 0. Furthermore, assume that the time
from the birth of a parent to the birth of the child has finite expectation, i.e.,

∫∞
0 th(t) dt <∞.

Next, let

(44) W (k)(x, y) :=

∫ 1

0
· · ·
∫ 1

0
W (x,x1) · · ·W (xk−1, y) dx1 · · ·dxk−1,

and assume that there is some k ∈ N such that W (k) > 0 on all of [0,1], and such
that W (k) is bounded away from zero, i.e., that there exists some κ ∈ (0,1] such that
infx,y∈[0,1]W

(k)(x, y)≥ κ. Finally, assume that W is symmetric, i.e., W (x, y)≡W (y,x).

The condition W (k) > 0 means that the system is mixing after k generations; if W (k) is
bounded away from 0, then this mixing is uniform. We need a mixing assumption to argue
that explosive behavior in one part of the space X spills over to the rest of the space.

THEOREM 5. Grant Assumptions 1, 2 and 6. Let N be an unmarked linear graphon
Hawkes process on X = [0,1] and time interval R+, starting with an empty history. Suppose
that we are in the regime ρ(Thom)> 1, with Thom defined in (35). Then, for each A ∈ B[0,1]
of positive Lebesgue measure, it holds that

(45)
NT (A)

T
→∞ a.s., as T →∞.

PROOF. The proof is structured as follows. We first use the condition ρ(Thom) > 1 to
find a function ϕ ∈ L1[0,1] ∩ L∞[0,1] such that ∥Tn

homϕ∥L1[0,1] → ∞. Since this function
is bounded, the same should hold for the unit profile 1 : x 7→ 1. Then we use Assumption 6
to find a stream of immigrant particles that eventually lead to some uniformly distributed
particle in [0,1]. Since the unit profile has infinite expected offspring, the same holds for our
uniformly distributed particle. We conclude by applying the strong LLN.

Since CW <∞ by Assumption 2, we may apply Luzin’s theorem to approximate the mea-
surable functionW ∈ L1[0,1]2 by continuous functions, and it follows by standard arguments
that Thom is a compact operator. Next, since W is symmetric, it follows that when treated as
an operator on Lp[0,1], p ∈ [1,∞), Thom is self-adjoint; see [16], Example VI.1.6. Hence,
Thom ∈ B(L2[0,1]) is self-adjoint, where B(Lp[0,1]) is the set of bounded linear operators
on Lp[0,1]. For T ∈B(Lp[0,1]), its spectrum is defined by

σL
p

(T ) := {λ ∈C : T − λI ∈B(Lp[0,1]) is not invertible}.
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Note that L2[0,1] ⊂ L1[0,1], hence if Thom − λI is not invertible on L1[0,1], then it is not
invertible on L2[0,1] either. Thus, σL

1

(Thom) ⊂ σL
2

(Thom). Since the spectrum of a self-
adjoint operator on a Hilbert space is a subset of the real line ([16], Proposition VII.6.1),
σ(Thom) := σL

1

(Thom)⊂R.
Next, it follows from the compactness of Thom ∈B(L1[0,1]) and [16], Theorem VII.7.1,

that Thom has ρ(Thom) as an eigenvalue; denote the corresponding normalized eigenfunction
as ϕ. By the Krein-Rutman theorem ([60], Theorem V.6.6) — which applies by symmetry of
W and by the assumption that W (k) > 0 for some k ∈ N — we can even select a normal-
ized eigenfunction satisfying ϕ > 0 a.e. In other words, ϕ is a probability density on [0,1].
Furthermore, it holds that ϕ is essentially bounded, which follows from

∥ϕ∥L∞[0,1] =
1

ρ(Thom)
∥Thomϕ∥L∞[0,1] =

1

ρ(Thom)
sup

x∈[0,1]
∥h∥L1(R+)

∫ 1

0
W (x, y)ϕ(y) dy

≤ 1

ρ(Thom)
CW ∥h∥L1(R+)∥ϕ∥L1[0,1].

Hence, we can bound ϕ by the constant function ∥ϕ∥L∞[0,1] × 1 : x 7→ ∥ϕ∥L∞[0,1], which is
in L1[0,1]. For this unit profile 1 : x 7→ 1, we have

∥Tn
hom1∥L1[0,1] =

∥∥Tn
hom∥ϕ∥L∞[0,1]1

∥∥
L1[0,1]

∥ϕ∥L∞[0,1]
≥

∥Tn
homϕ∥L1[0,1]

∥ϕ∥L∞[0,1]
→∞, as n→∞.

Our goal is to use Assumption 6 to construct a Poisson stream of uniformly distributed
particles on [0,1] — i.e., distributed according to the unit profile —, each of which has infinite
expected offspring size.

Using Assumption 6, there is a Poisson stream of intensity

θ := ακ(1− exp(−∥h∥L1(R+)))
k > 0

leading after k generations (i.e., eventually) to some uniformly distributed particle in [0,1].
Indeed, one may bound the stream of events of the original process leading after k generations
to some uniformly distributed particle in [0,1] by a coupled stream where a kth-generation
event in x originating from an immigrant in y is rejected with probability 1− κ/W (k)(x, y).
Such a uniformly distributed event within [0,1] has infinite expected offspring; here the ex-
pectation is w.r.t. both the location within [0,1] and w.r.t. the offspring realization.

Since the time between the birth of a parent and the birth of a child has the finite expec-
tation

∫∞
0 th(t) dt <∞, we infer that NT [0,1]/T → ∞ a.s., as T → ∞; this follows by

applying the strong LLN to a compound Poisson process with arrival rate θ and infinite ex-
pected claim size. By invoking Assumption 6 again, it follows that, for any A ∈ B[0,1] of
positive Lebesgue measure, we have NT (A)/T →∞ a.s., as T →∞.

REMARK 10. Having stated limit theorems both in the subcritical (ρ(Thom)< 1) and su-
percritical (ρ(Thom)> 1) regime, we ask ourselves what happens in the critical (ρ(Thom) =
1) regime. By the Poisson cluster representation of the graphon Hawkes process, this is
closely related to the critical behavior of Galton-Watson processes, i.e., one would expect
that in the critical regime NT (A) is of order T 2. Indeed, asymptotics of this type for univari-
ate Hawkes processes can be found in [64], Theorem 21.

5.2. Functional central limit theorem. Having proved the FLLN given in (36), a natural
question is whether we can establish an FCLT for the graphon Hawkes process. We continue
working in the unmarked setting.
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As we have seen before, when we consider a graphon Hawkes process with piecewise con-
stant parameters, treating the intervals of continuity as coordinates, we obtain a multivariate
Hawkes process. For those processes, [5], Corollary 1, provides an FCLT. The continuous-
space extension of their result, which is our ansatz for the FCLT, reads: for every A ∈ B[0,1],
(46)
√
T

(
NTv(A)

T
− vλ̄(A)

)
v∈[0,1]

−→
(∫

A

(
(I − Thom)

−1λ̄1/2
)
(x)X(v,x) dx

)
v∈[0,1]

,

where λ̄ ∈ L1[0,1] solves (34), λ̄1/2 is taken componentwise, andX(t, x) =
∫
(0,t)W (s,x) ds,

for W a standard L2 Gaussian white noise on the strip [0,∞)× [0,1].
Just as for the FLLN, we consider the number of points NTv(A) in a single Borel set A.

Informally, by a result like (46), we obtain a spatial white noise, temporal Brownian limit
process, in the sense of Schwartz distributions.

In proving Theorem 6 below, we use a stronger stability condition than the requirement
ρ(Thom)< 1 that we have been using before; see Remark 4.

ASSUMPTION 7. LetD(y) :=
∫ 1
0 W (x, y) dx be the outdegree of y ∈ [0,1]. Suppose that

(47) ∥h∥L1(R+) sup
y∈[0,1]

D(y)< 1.

Equation (47) is equivalent to ρ < 1, where ρ is defined in (74) in Appendix A.

THEOREM 6. Grant Assumptions 1, 2, 3, 4 and 7. Let (Nt)t≥0 be a stationary (see
Proposition 3 and Theorem 2), unmarked linear graphon Hawkes process. Then we have,
for A ∈ B[0,1], and B a standard Brownian motion,

(48)
√
T

(
NTv(A)

T
− vµA

)
v∈[0,1]

−→ (σAB(v))v∈[0,1] ,

as T →∞, weakly on D[0,1] equipped with the Skorokhod topology. Here, µA = λ̄(A) and
σA ∈ R+. Finally, for multivariate Hawkes processes, i.e., graphon Hawkes processes with
piecewise constant parameters, σA is given by

∫
A

(
(I − Thom)

−1λ̄1/2
)
(x) dx.

PROOF. First, it follows from the FLLN given in (36), which depends on Assumptions 1,
2, 3 and 4, that if the FCLT (48) holds, then we necessarily have µA = λ̄(A).

The proof of (48) employs Poisson embedding as in [63], Theorem 1, and [12], to verify
the conditions of [10], Theorem 19.1. To this end, we need to check that

(49)
∑
n≥1

(
E
[
E
[
N(n,n+1](A)− µA|F (N)

0

]2])1/2

<∞,

where N(t1,t2](A) counts the number of points arriving in A during (t1, t2], and where F (N)
0

is the σ-algebra recording the history of the stationary process N before time 0.
The rest of the proof is structured as follows. First, we bound the left-hand side of (49) by

the corresponding quantity with A= [0,1]. Then, we couple N to a spatiotemporal process
M such that: (i) M is essentially a univariate Hawkes process; (ii) M is stationary; and (iii)
the conditional variance of N(n,n+1][0,1] can be bounded by that of M(n,n+1][0,1]. We finish
the proof by applying [10], Theorem 19.1, to M .
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We start bounding the left-hand side of (49) by the corresponding quantity with A= [0,1]:

E
[
E
[
N(n,n+1](A)− µA|F (N)

0

]2]
= E

[
E
[
N(n,n+1](A)|F

(N)
0

]2]
− µ2A

≤ E
[
E
[
N(n,n+1](A)|F

(N)
0

]2]
− µ2A +E

[
E
[
N(n,n+1](A

c)|F (N)
0

]2]
− µ2Ac

+ 2
(
E
[
E
[
N(n,n+1](A)|F

(N)
0

]
E
[
N(n,n+1](A

c)|F (N)
0

]]
− µAµAc

)
︸ ︷︷ ︸

spatial covariance ≥ 0 by nonnegativity of W and h

= E
[
E
[
N(n,n+1](A) +N(n,n+1](A

c)− µA − µAc |F (N)
0

]2]
= E

[
E
[
N(n,n+1][0,1]− µ[0,1]|F

(N)
0

]2]
.(50)

Next, we bound (50) by the corresponding conditional variance expression for a spatiotem-
poral point process M = (Mt)t∈R such that M [0,1] is a stable univariate Hawkes process.
Consider the cluster representation for the graphon Hawkes process, Definition 3. We define
M by coupling it to N iteratively as follows. For each k ∈ N0, we set M (1)

k equal to the
kth-generation of N , but replace the spatial coordinates by i.i.d. Uni(0,1) marks. Next, for
each k ∈N and each (k− 1)th-generation event (s, y) of N , M (2)

k is given by initial streams
of events generated by an inhomogeneous Poisson process with intensity

[s,∞) ∋ t 7→ h(t− s)

(
sup

y∈[0,1]
D(y)−

∫ 1

0
W (x, y) dx

)
,

marked by i.i.d. Uni(0,1) spatial coordinates; use Assumption 7. Next, for each event (s′, y′)
in M (2)

k , we let M (3)
k be a univariate Hawkes cluster of events with intensity

[s′,∞) ∋ t 7→ h(t− s′) sup
y∈[0,1]

D(y),

marked by i.i.d. Uni(0,1) spatial coordinates. We set

M (1) :=
⋃
k≥0

M
(1)
k ; M (i) :=

⋃
k≥1

M
(i)
k for i= 2,3; M :=M (1) ∪M (2) ∪M (3).

Note that it is possible to select M (2)
k and M (3)

k in such a way that M [0,1] is stationary
under P, since we couple the history before time 0 of the stationary process N to M (1). Since
N is stationary, so is the cluster center process (see [18]) corresponding to N : those centers
arrive according to a stationary homogeneous Poisson point process of rate ∥λ∞∥L1[0,1] with
i.i.d. Uni(0,1) marks; the same holds for M . Compared to N , the clusters of M are en-
larged by M (2) and M (3). Here, M is a univariate Hawkes process with baseline intensity
∥λ∞∥L1[0,1], excitation function h(·) supy∈[0,1]D(y) and i.i.d. Uni(0,1) spatial coordinates;
by Assumption 7 it satisfies the stability conditions of Theorem 1 (see Remark 4). Note that
any stationary distribution for the univariate Hawkes process consists of a stationary cluster
center process, to which mutually independent component processes are attached. This is
exactly how it is done for M .

To compare the conditional variances of N and M , note that those conditional variances
are w.r.t. different σ-algebras. To overcome this problem, let F (N,M)

0 be the σ-algebra gen-
erated by the histories of N,M before time 0. Since M (2)

k and M (3)
k are drawn conditionally
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independently of N , it holds that

E
[
E
[
N(n,n+1][0,1]− µ[0,1]|F

(N)
0

]2]
= E

[
E
[
N(n,n+1][0,1]− µ[0,1]|F

(N,M)
0

]2]
.(51)

Next, since the effect of the arrival of a kth-generation event on the evolution of a Hawkes
process does not depend on k ∈N0,

E
[
E
[
M(n,n+1][0,1]− µ

(M)
[0,1]|F

(M)
0

]2]
= E

[
E
[
M(n,n+1][0,1]− µ

(M)
[0,1]|F

(N,M)
0

]2]
.(52)

Note that N is not independent of (M (2)
k ,M

(3)
k ), as there is a positive covariation between

N and M (2)
k ,M

(3)
k . Indeed, higher kth-generation offspring for N leads to an excited con-

ditional intensity for M (2)
k , which in turn induces an excited conditional intensity for M (3)

k .
Therefore, the conditional variance of N(n,n+1][0,1] given F (N,M)

0 can be bounded by that
of M(n,n+1][0,1]. Upon combining this with (51)–(52), it follows from the proof of [63],
Theorem 1, that ∑

n≥1

(
E
[
E
[
N(n,n+1][0,1]− µ[0,1]|F

(N)
0

]2])1/2

≤
∑
n≥1

(
E
[
E
[
M(n,n+1][0,1]− µ

(M)
[0,1]|F

(M)
0

]2])1/2

<∞.(53)

Combining (50) and (53), [63], Theorem 3, gives that for some σA ∈R+,

(54)
(
N⌊Tv⌋(A)− ⌊Tv⌋µA√

T

)
v∈[0,1]

−→ σAB(v),

as T →∞, weakly on D[0,1] equipped with the Skorokhod topology. Again by bounding
by M as in (50)–(53), we deduce that E[N[0,1](A)

2]<∞, hence we may proceed as in [63],
eqn. (2.19), to conclude that (48) holds.

We still need to identify σA. To this end, note that by [5], Corollary 1, (48) holds for
graphon Hawkes processes with piecewise constant parameters on the sets of a partition P of
[0,1] such that A ∈ P .

6. Fixed-point theorems in the transform domain and an application. Given the
definition of a finite-dimensional linear Hawkes process as a Poisson cluster process, it is
possible to derive fixed-point equations for Hawkes-fed birth-death processes in the trans-
form domain, which can be used to approximate transforms numerically; see [38, 41] for
more details. In this section, we utilize Definition 3 to establish fixed-point theorems in the
infinite-dimensional setting. As argued at the start of Section 5, we can restrict ourselves to
X = [0,1] without losing generality. As before, this is for legibility only: all arguments only
rely on X being a compact subset of an Euclidean space Rm, and in particular do not re-
quire X to be one-dimensional. We finish this section by applying the fixed-point theorems
we establish to prove that, starting with a d-dimensional Hawkes birth-death process Q̃d(t),
the limits d→∞ and t→∞ commute.

6.1. Transform characterization. Besides a graphon Hawkes pure-birth process N , i.e.,
a counting process, we are interested in a model allowing for deaths, i.e., departures from the
system. Suppose that each particle in spatial coordinate x ∈ X has a stochastic lifetime dis-
tributed as Jx, having a distribution only dependent upon the spatial coordinate, independent
of the lifetimes of other particles.
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DEFINITION 7. Let (X ,B(X ), µ) be a topological σ-finite measure space. Let N =
(Nt(x))t∈[0,∞)×X be a spatiotemporal point process, where to each event (t, x) a Jx-
distributed lifetime wt,x is attached, independent of everything else. Define the spatiotem-
poral birth-death process Q through the formula

Qt(A) =
∣∣{(t′, x) ∈N,x ∈A : t′ ≤ t < t′ +wt′,x}

∣∣ , A ∈ B(X ).

ASSUMPTION 8. Consider a topological σ-finite measure space (X ,B(X ), µ). Let
N = (Nt(x))t∈[0,∞)×X be a linear spatiotemporal point process, where to each event (t, x) a
Jx-distributed lifetime wt,x is attached, independent of everything else. Assume that the life-
times (Jx)x∈X are i.i.d., distributed as J , which is a stochastic process X →R+, separable
w.r.t. the class U of open subsets of X .

The definition of separability of a stochastic process can be found in [51], §III.4.
We aim to characterize the distribution of the linear graphon Hawkes process with depar-

tures through a suitable transform. Since we work with a continuum of spatial coordinates,
we consider a Laplace functional instead of a Laplace transform.

DEFINITION 8. LetZ be a spatiotemporal point or birth-death process, where each event
consists of a spatial coordinate x ∈ X and a temporal coordinate t ∈R+. Let BM+(X ) be
the space of bounded measurable functions f : X → R+. For t ∈ R+, we define its Laplace
functional LN (·, t) : BM+(X )→R+ by

(55) LZ(f, t) := E
[
exp(−f tZ)

]
:= E

exp
−

∑
(s,y)∈Z
s<t

f(y)


 ,

where the summation is over all events of Z at times s strictly before t, at location y. Here,
the expectation is w.r.t. the natural filtration generated by Z at time 0. We denote the space
of such transforms by L.

Note that a characteristic functional defines a distribution uniquely, by a functional version
of the Minlos-Bochner theorem. See [9], Theorem 2.1, and [56], Theorem 2.

REMARK 11. By taking f ≡ f(z) : X → R+ : x→ z1A(x) for z ∈ R and A ⊂ X ,
or, more generally, f ≡ f(z) : X → R : x →

∑K
i=1 zi1Ai

(x) for z ∈ RK , K ∈ N, and
A1, . . . ,AK ⊂ X , one obtains usual Laplace transforms, which can be used to determine
moments of N(A) or N(A1) · · ·N(AK) by differentiation. By ranging over different K and
A1, . . . ,AK , the Laplace functional allows one to construct moment measures.

Our goal is to use the first step of the cluster representation, (i) in Definition 3, to relate
the transform LQ, where Q is a linear graphon Hawkes birth-death process, to the cluster
processes constituted by each of the (immigrant) arrivals. Suppose that the lifetime random
variables (Jx)x∈[0,1] satisfy Assumption 8. Denote the cluster process resulting from an ar-
rival in coordinate x ∈ [0,1] by Sx. This keeps track of all surviving offspring of the initial
particle in coordinate x, including that particle itself, if it has not yet expired. We denote the
Laplace functional of Sx by ηx = LSx

, i.e., ηx(f,u) = E
[
− exp(fuSx

)
]
. With this character-

ization of LQ in terms of (ηx)x∈[0,1], we use the iterative step in the cluster representation,
(ii)–(iii) in Definition 3, to derive a fixed-point equation for ηx, where we express ηx as a
function of (ηx)x∈[0,1], the collection of Laplace functionals of cluster processes (Sx)x∈[0,1].
This asks for a transform of X -dimensional, X -valued point processes.
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DEFINITION 9. Let Z = (Zx)x∈X be an X -dimensional spatiotemporal point or birth-
death process, where for x ∈ X , Zx is a spatiotemporal point or birth-death process in the
sense of Definition 8. Let Z be the space of such processes. We define the Laplace functional
of Z ∈ Z as the mapping

LZ(·, t) : BM+(X )→RX
+ : f 7→ (LZx

(f, t))x∈X .

We denote the space of such transforms by LX .
Fix a time horizon t ∈R+ and some p ∈ [1,∞]. On LX , we consider the metric

(56) dLX ,p : LX ×LX →R+ : (L,L′) 7→ sup
u∈[0,t]

f∈BM+(X )

∥Lx(f,u)−L′
x(f,u)∥Lp(X ).

Our first result relates the transform of Q to the transform of the cluster processes
(Sx)x∈[0,1]. It implies that in order to calculate the transform of Q, it suffices to calculate
(ηx)x∈[0,1]. The proof of this result can be found in Appendix D.

THEOREM 7. Grant Assumptions 1 and 8. Let X = [0,1]. The transform of Q satisfies

(57) LQ(f, t) = exp

(∫ 1

0

∫ t

0
(ηx(f,u)− 1)λ∞(x) du dx

)
.

The next step is to derive a fixed-point equation for the cluster transforms ηx, by opera-
tionalizing the iterative step from the cluster representation. This iterative step can be trans-
formed into a distributional equality for Sx. Given an arrival in x, translate the time frame
such that this arrival occurs at t = 0. Conditionally upon the outcome of B, let Kx(·) be
an inhomogeneous Poisson process with intensity ∥B·x(0)W (·, x)∥L1[0,1]h(·), counting the
children of the initial event in x. Let the locations xi of the children born at time Ti be drawn
i.i.d. according to the law having Lebesgue density

P(xi ∈ dz) =
Bzx(0)W (z,x) dz

∥B·x(0)W (·, x)∥L1[0,1]
.

Then, with δx(y) = 1{y = x} the Kronecker delta, the following distributional equality
holds:

(58) Sx(u)
D
= δx · 1{Jx > u}+

Kx(u)∑
i=1

Sxi
(u− Ti).

This distributional equality can be used to prove a fixed-point result. Denote the survival
function and c.d.f. corresponding to the lifetime random variable Jx by

Jx(u) = P(Jx > u) and J̄x(u) = P(Jx ≤ u) = 1−Jx(u).

DEFINITION 10. Let βx be the Laplace functional of the stochastic process B·x(0). For
X = [0,1], we define the operator Φ : L[0,1] → L[0,1] as follows. Let

(59) γx(f,u) := J̄x(u) +Jx(u)e
−f(x).

For ξ ∈ L[0,1], f ∈BM+[0,1] and u ∈R+, let

Φx(ξ)(f,u) := γx(f,u)βx

({
y 7→

∫ u

0
(1− ξy(f,u− s))W (y,x)h(s) ds

})
.(60)
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Before proving that η is a fixed point of Φ, we prove that Φ is a well-defined mapping.
The proofs of the next four results can be found in Appendix D.

LEMMA 4. Grant Assumptions 1 and 8. The mapping Φ : L[0,1] → L[0,1] is well-defined,
i.e., Φ(ξ) ∈ L[0,1] for ξ ∈ L[0,1].

THEOREM 8. Grant Assumptions 1 and 8. The [0,1]-dimensional spatiotemporal cluster
process η is a fixed point of Φ: we have η =Φ(η), i.e., for each x ∈ [0,1], ηx =Φx(η).

LEMMA 5. Grant Assumptions 1, 2 and 8. Fix a time horizon t ∈R+ and p ∈ [1,∞]. The
mapping Φ is continuous w.r.t. the topology induced by the metric dL[0,1],p.

Next we show that Φ is a contraction. To state the result, for ξ(0) ∈ L[0,1], we denote its
iterates under Φ by (ξ(n))n∈N0

, i.e., ξ(n) =Φ(ξ(n−1)) for n ∈N.

LEMMA 6. Grant Assumptions 1, 2 and 8. Let ξ(0), ζ(0) ∈ L[0,1]. Then there exists C ∈
R+ such that, for any u ∈ [0, t], f ∈BM+[0,1] and n ∈N, it holds that

(61)
∥∥∥ξ(n)x (f,u)− ζ(n)x (f,u)

∥∥∥
Lp[0,1]

≤ Cnun

n!
.

We are now ready to state the main result of this subsection, saying that iterates under Φ
of any transform in L[0,1] converge to η.

THEOREM 9. Grant Assumptions 1, 2 and 8. Fix t ∈ R+. For any ξ(0) ∈ L[0,1], the se-
quence (ξ(n))n∈N0

converges pointwise to the unique fixed point η in L[0,1] of Φ. More specif-
ically, for any u≤ t and f ∈BM+[0,1],

(62) ξ(n)(f,u)→ η(f,u).

PROOF. By Lemma 6, iterates ξ(n), ζ(n) of two transforms ξ(0), ζ(0) ∈ L[0,1] converge
pointwise and have the same limit L . By Lemma 4, we know that those iterates are in
L[0,1] for any n ∈ N0. Next, for each x ∈ [0,1], we have convergence of ξ(n)x to Lx, point-
wise, as n→∞. This convergence holds in particular for all test functions f in the Schwartz
space on [0,1]. By treating a [0,1]-marked point process as a functional on [0,1], we may
apply a functional form of Lévy’s continuity theorem, [9], Theorem 2.3, to conclude that
there exists a graphon point process Zx such that Lx = LZx

, i.e., Lx ∈ L. In particular, for
Z = (Zx)x∈[0,1] ∈ Z , we have L = LZ , meaning that L ∈ L[0,1]. Since Φ is continuous by
Lemma 5, we have

L = lim
n→∞

ξ(n+1) = lim
n→∞

Φ
(
ξ(n)

)
=Φ

(
lim
n→∞

ξ(n)
)
=Φ(L ),

i.e., L is a fixed point of Φ. From Theorem 8, η is also a fixed point of Φ. As iterates of η
converge to L , it follows that η = L .

6.2. Commuting large-time and high-dimension limits. In this subsection, we study
large-time behavior of the graphon Hawkes birth-death process. Suppose that we start with
multivariate Hawkes population processes Q̃d(·) converging to a graphon Hawkes population
process Q(·), where we first let t→∞, and then d→∞. We would like to know whether the
resulting limit graphon process is the same as the stationary version ofQ, i.e., whether we can
interchange limits as illustrated by Figure 2. To answer this question, we view the prelimit as
a piecewise constant graphon Hawkes process, so that we can employ the characterizations
of the Laplace functional from the previous subsection to describe its distribution.
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Q̃d(t) Q(t)

Q̃d(∞) Q(∞)

d→∞

t
↓
∞

t
↓
∞

d→∞

Fig 2: The limits d→∞ and t→∞, applied to Q̃d(t), commute.

ASSUMPTION 9. Suppose that the baseline intensity λ∞ is bounded below by some c∞
on the set {x : λ∞(x) > 0} = {x : λ∞(x) ≥ c∞}. Suppose that

∫∞
0 th(t) dt <∞. Finally,

assume that there is a single lifetime distribution J , independent of the particle location
x ∈ [0,1], satisfying E[J ] <∞. Write J ,J̄ for the corresponding survival function and
c.d.f., respectively.

We impose the (mild) assumption on the lower bound on λ∞ in Theorem 10 below for
technical reasons. Furthermore, we require the assumption of finite expected time between
parent and child,

∫∞
0 th(t) dt <∞, because we use boundedness of the cluster durations.

Finally, we use the assumption on the lifetime distributions in order to couple lifetimes of
prelimit and graphon Hawkes processes.

THEOREM 10. Grant Assumptions 1, 2, 3, 4, 8 and 9, and suppose that the stability
conditions of Theorem 1 hold. Take a linear graphon Hawkes birth-death process Q(t) and
consider its multivariate projections Q̃d(t), using partitions Pd of [0,1] with mesh(Pd)→
0, as d→ ∞. Assume that the lifetime distributions for Q̃d are the same as those of Q,
with coupled lifetimes for simultaneous events. Then the stationary version Q̃d(∞) of Q̃d(t)
converges weakly in the space of all point measures on [0,∞)× [0,1] to Q(∞), as d→∞.

PROOF. We prove weak convergence of Q̃d(∞) to Q(∞) by proving pointwise conver-
gence of the corresponding Laplace functionals L̃d

Q(f,∞),LQ(f,∞), using [18], Proposi-
tion 11.1.VIII. We do this by invoking Theorems 7 and 8, after which we bound the difference
|L̃d

Q(f,∞)−LQ(f,∞)| by two integral terms, which we treat separately.
Using Theorems 7 and 8, we characterize the transform of the prelimit for t→∞ as

(63) L̃d
Q(f,∞) = exp

(
d∑

k=1

λd∞,k

∫
X d

k

∫ ∞

0
(η̃dx(f,u)− 1) du dx

)
,

where for x ∈ X d
m we have, by recognizing the Laplace functional βdkm of the marks Bd

km,

η̃dx(f,u) = γx(f,u)E

[
exp

(
d∑

k=1

Bd
km(0)W d

km

∫
X d

k

∫ u

0
(η̃dy(f,u− s)− 1)h(s) ds dy

)]

= γx(f,u)

d∏
k=1

βdkm

(
W d

km

∫
X d

k

∫ u

0
(η̃dy(f,u− s)− 1)h(s) ds dy

)
.(64)

Here, γx(f,u) = J̄ (u) +J (u)e−f(x), cf. (59). From the convergence of the processes Ñd

to N , as d→∞, for finite time horizons, we conclude the convergence η̃dx(f,u)→ ηx(f,u)
pointwise, as d→∞, since the transforms up to time u only depend on smaller times 0≤ s≤
u; or, alternatively, since the convergence for single clusters is implied by the convergence of
the whole process (on bounded time intervals).

We show that |L̃d
Q(f,∞)−LQ(f,∞)| tends to 0 as d→∞, for each f , since pointwise

convergence of Laplace functionals is equivalent to weak convergence of random measures,
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see [18], Proposition 11.1.VIII. It suffices to restrict ourselves to positive, continuous func-
tions f ∈ C+[0,1] instead of f ∈ BM+[0,1], see, e.g., [49], Theorem 9.1.4. Such a function
f is uniformly continuous on [0,1] and uniformly bounded by some Cf ∈R+.

Note that by the mean value theorem and the triangle inequality

|L̃d
Q(f,∞)−LQ(f,∞)|

=

∣∣∣∣∣ exp
(∫ 1

0

d∑
k=1

1{x ∈ X d
k }λd∞,k

∫ ∞

0
(η̃dx(f,u)− 1) du dx

)

− exp

(∫ 1

0

∫ ∞

0
(ηx(f,u)− 1)λ∞(x) du dx

)∣∣∣∣∣
≤

∣∣∣∣∣
∫ 1

0

∫ ∞

0

[
d∑

k=1

1{x ∈ X d
k }λd∞,k(η̃

d
x(f,u)− 1)− λ∞(x)(ηx(f,u)− 1)

]
du dx

∣∣∣∣∣
≤
∫ 1

0

∣∣∣∣∣
d∑

k=1

1{x ∈ X d
k }λd∞,k − λ∞(x)

∣∣∣∣∣
∫ ∞

0

∣∣∣η̃dx(f,u)− 1
∣∣∣ du dx(65)

+

∫ 1

0

∫ ∞

0
λ∞(x)

∣∣∣ηx(f,u)− η̃dx(f,u)
∣∣∣ du dx.(66)

We bound the integrals appearing in (65) and (66) separately.
For (65), under the stability conditions, the collection of cluster durations (Dx)x∈[0,1] of

the clusters (Sx)x∈[0,1] is a uniformly tight collection of random variables, since the expected
cluster sizes are uniformly bounded by K, by Lemma 2, and since the excitation function is
not dependent on the spatial coordinate. Here, we use our assumption

∫∞
0 th(t) dt <∞ in

order to have times between the birth of a parent and the birth of a child — conditionally
upon the creation of a child — of bounded expectation. Under the conditions of Theorem 1,
we have a well-defined, stable system, assuring that L̃d

Q(f,∞) > 0 for d sufficiently large,
by Lemma 2. From the formula (57) for L̃d

Q(f,∞), it follows that
∫∞
0

∣∣η̃dx(f,u)− 1
∣∣ du

is convergent a.e. on {x : λ∞(x) > 0}, since by Assumption 9 the baseline intensity λ∞ is
bounded below by some c∞ on the set {x : λ∞(x) > 0}; here we use that f is a positive
function. By this reasoning, we can even find a bound on

∫∞
0

∣∣η̃dx(f,u)− 1
∣∣ du uniformly

over x ∈ {y : λ∞(y) > 0}. It then follows by the L1 convergence of λ̃d∞ to λ∞ (Lemma 3)
that (65) tends to 0, as d→∞.

Next, to bound (66) by ϵ, it suffices to bound
∫∞
0

∣∣ηx(f,u)− η̃dx(f,u)
∣∣ du by ϵ/α, uni-

formly over x ∈ [0,1]. By the mean value theorem,∫ ∞

0

∣∣∣ηx(f,u)− η̃dx(f,u)
∣∣∣ du= ∫ ∞

0

∣∣∣E [exp(−fuSx
)
]
−E[exp(−fu

S̃d
x

)]
∣∣∣ du

≤
∫ ∞

0
E
∣∣∣exp(−fuSx

)− exp(−fu
S̃d

x

)
∣∣∣ du

≤
∫ ∞

0
E
∣∣∣fuSx

− fu
S̃d

x

∣∣∣ du.
Using Lemma 2, we select D ∈ N, K ∈ R+ such that the expected cluster sizes of N , Ñd

are uniformly bounded by K, uniformly over d ≥D, x ∈ [0,1]. Then the expected discrep-
ancy in d-distance between a cluster Sx and its coupled cluster S̃d

x of Ñd can be bounded as
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in (ii) from the proof of Theorem 2: we can find a d1 ≥D such that for d≥ d1 the expected
discrepancy in d-distance between the two coupled clusters is bounded by

ϵ′ :=
ϵ

4αCfKE[J ]
,

hence with probability of at least 1− ϵ′, the two clusters Sx and S̃d
x only consist of simulta-

neous events. Now we use the uniform continuity of f to find δ > 0 such that

|f(x)− f(y)|< ϵ′′ :=
ϵ

2αKE[J ]

for |x− y|< δ. Next, we select d2 ≥ d1 such that mesh(Pd2)< δ.
Given that we only have simultaneous events within the coupled clusters Sx and S̃d

x, which
is an event with probability of at least 1− ϵ′ for d≥ d2,

∫∞
0 E|f(Sx, u)−f(S̃d

x, u)| du can be
bounded by the product of: the expected number of events within the cluster Sx, the expected
duration of an event, and ϵ′′ — since the simultaneous events are within the same element
X d

n of the partition Pd. Here, we use the uniform continuity argument from the previous
paragraph and the fact that simultaneous events are in the same X d

n , which follows by the
construction presented in Section 3. Hence, given this event with probability of at least 1− ϵ′,∫∞
0 E|f(Sx, u)− f(S̃d

x, u)| du can be bounded by KE[J ]ϵ′′ < ϵ/(2α).
Next, with probability of at most ϵ′, the clusters Sx and S̃d

x are not equal, in which case,
similarly as before, for d≥D,

∫∞
0 E

∣∣∣fuSx
− fu

S̃d
x

∣∣∣ du can be bounded by 2CfKE[J ]. To con-

clude, for d≥ d2,
∫∞
0

∣∣ηx(f,u)− η̃dx(f,u)
∣∣ du can be bounded by ϵ/α.

This proves that (66) is bounded by ϵ, for d≥ d2. We already showed that (65) tends to 0,
as d→∞, hence pointwise convergence of L̃d

Q(f,∞) to LQ(f,∞) follows, for f ∈C+[0,1].
Invoking again [49], Theorem 9.1.4, it follows that Q̃d(∞)→Q(∞) weakly in the space of
all point measures on [0,∞)× [0,1], as d→∞.

7. Concluding remarks. In this paper, we have introduced the graphon Hawkes pro-
cess. Working on a corresponding uncountable space introduces the need for functional-
analytic techniques that are unnecessary in the discrete space setting. After establishing its ex-
istence, uniqueness and stability, this graphon Hawkes process is shown to occur as the limit
of suitably chosen multivariate Hawkes processes. Along the way, we have established tech-
nical Lemmas 2 and 3, which may be interesting in their own right. Next, we have provided
a dichotomy in large-time behavior depending on whether ρ(Thom)< 1 or ρ(Thom)> 1, and
we have established an FLLN and an FCLT in the stable case. By reducing the problem to
a finite-dimensional setting, our proofs of the FLLN and FCLT become more tractable, fa-
cilitating the derivation of functional limit theorems for infinite-dimensional systems. This
method, given its effectiveness, may also benefit other infinite-dimensional models. Finally,
we have characterized the distribution of the graphon Hawkes process by fixed-point equa-
tions in the transform domain, and we have used this characterization to establish that, for
convergent multivariate Hawkes population processes Q̃d(t) in the stable regime, the limits
d→∞ and t→∞ commute, an application that we believe is both interesting and insightful.

Several follow-up questions and extensions are conceivable.

• As we have shown, it is possible to define the graphon Hawkes process for nonlinear con-
ditional intensity density functions. We wonder whether the convergence results of Theo-
rems 2 and 3 carry over to the nonlinear case. This would, however, require an intrinsically
different approach than the one followed in this work, since one loses the branching rep-
resentation and the additive structure of the conditional intensity density. If we consider
nonlinear models with fx(z) = f(λ∞(x) + z) for a single Lipschitz continuous function
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f , then by a straightforward modification of the proof of Theorem 2 — first bounding by
cx ≡ c, the Lipschitz constant of f —, we are able to prove convergence of the multivariate
processes, obtained by averaging parameters, to the corresponding graphon Hawkes pro-
cesses. We note that nonlinearity of the form cx ≡ c is often assumed in related literature;
see e.g., [2].

• The functional limit theorems in the stable regime exploit the convergence results of Sec-
tion 4 and related results for multivariate Hawkes processes. We would be interested in
direct proofs for our FLLN and FCLT as well, because those proofs might be interesting
in their own rights.

• In this paper, we have established both an FLLN and an FCLT. Given those limit the-
orems, one may be interested in establishing large deviation principles for the graphon
Hawkes process. Since we are working with an infinite-dimensional model, we expect that
this requires more sophisticated, functional-analytic tools than those required for finite-
dimensional Hawkes processes ([39]). We intend to pursue this in future work.

Appendix A: Relegated proofs of and supplement to Sections 2 and 3.

PROOF OF LEMMA 1. Denote the random spatial coordinate by X . Under procedure (i),

P(X ∈ dx) =
∥λ1(·)∥L1(X )

∥λ1(·) + λ2(·)∥L1(X )

λ1(x)dx

∥λ1(·)∥L1(X )
+

∥λ2(·)∥L1(X )

∥λ1(·) + λ2(·)∥L1(X )

λ2(x)dx

∥λ2(·)∥L1(X )

=
λ1(x)dx+ λ2(x)dx

∥λ1(·) + λ2(·)∥L1(X )
=

λ(x)dx

∥λ(·)∥L1(X )
,

which is the law used under procedure (ii). □

PROOF OF THEOREM 1. First, the proof constructs a Picard scheme to establish existence.
Next, for the uniqueness part, we only prove the key modifications required in our general
setting compared to [48].

Existence. We use Picard’s iteration to construct mappings {λn(t, z)} and spatiotemporal
point processes Nn, for n ∈ N0. Here, z = (z1, z2, z3) = (B, i,U) denotes the mark random
variable: the first component denotes the random mark process B; the second component
denotes the site index z2 = i, defined on (N,P(N), σ), where σ denotes the counting measure;
and the final component denotes the sequences of random variables (Ui)i∈N determining the
spatial coordinate; see the construction in Section 3. Let L ∋ z denote the mark space. For
the Picard scheme, we set λ0(t, z, x)≡ 0, Λ0(t, z)≡ 0, we let every Nn coincide with N on
R− ×L, and for n ∈N0, t > 0 and z = (B, i,U) ∈ L,

Nn(dt× dz) = N̄ i (dt× d(B ×U)× [0,Λn(t, i)]) ;(67)

Λn+1(t, i) =

∫
Xi

λn+1(t, x) dx(68)

=

∫
Xi

fx

λ∞(x) +
∑

(s,y,Bxy)∈Nn

s<t

Bxy(s)W (x, y)h(t− s)

 dµ(x),

with the understanding that the locations y are determined by the site index and by the random
marks U , as outlined in Section 3. Then it holds that

sup
t≥0,i∈N

E
∫

Xi

∣∣λn+1(t, x)− λn(t, x)
∣∣ dµ(x)
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≤ sup
t≥0,i∈N

E
∫

Xi

∫
(0,t)

∫
X
cxBxy(s)W (x, y)h(t− s) |Nn

s −Nn−1
s |(ds× dy) dµ(x)

≤ sup
s≥0,i∈N

∫
Xi

∥h∥L1(R+)cx

∫
X

E[Bxy]W (x, y)E
∣∣λn(s, y)− λn−1(s, y)

∣∣ dy dµ(x)
= sup

s≥0,i∈N

∫
Xi

Thom
(
E
∣∣λn(s, y)− λn−1(s, y)

∣∣) (x) dµ(x)
≤ · · · ≤ sup

t≥0,i∈N

∫
Xi

Tn
hom

(
Eλ1(t, ·)

)
(x) dµ(x)

= sup
t≥0,i∈N

∫
Xi

Tn
hom(f·(λ∞(·) + η(t, ·)))(x) dµ(x)

= sup
t≥0,i∈N

∥Tn
hom(f·(λ∞(·) + η(t, ·)))∥L1(Xi,µ)

≤ ∥Tn
hom∥ sup

t≥0,i∈N
∥f·(λ∞(·) + η(t, ·))∥L1(Xi,µ) → 0(69)

exponentially, as n→ ∞, using Gelfand’s formula and our assumption that ρ(Thom) < 1.
More specifically, by Gelfand’s formula we can find some r ∈ (ρ(Thom),1) and some K ∈N
such that for all n≥K it holds that ∥Tn

hom∥ ≤ rn. For such large n≥K , it thus holds that

sup
t≥0,i∈N

E
∫

Xi

∣∣λn+1(t, x)− λn(t, x)
∣∣ dµ(x)≤Crn.

Letting r′ ∈ (r,1), Markov’s inequality gives that

sup
t≥0,i∈N

P
(∫

Xi

∣∣λn+1(t, x)− λn(t, x)
∣∣ dµ(x)≥ (r′)n

)
≤C

( r
r′

)n
.

By an application of the Borel-Cantelli lemma, it holds that, with probability 1, only finitely
many of those events {∫

Xi

∣∣λn+1(t, x)− λn(t, x)
∣∣ dµ(x)≥ (r′)n

}
occur, hence for any t≥ 0, i ∈N, it holds that, with probability 1, (λn(t, ·))n∈N0

is a Cauchy
sequence in L1(Xi, µ); by completeness, this sequence has some (t-uniform) L1(Xi, µ)-
limit λ(t, ·).

Note that our limit process λ(t, x) is positive a.s. Furthermore, it satisfies

sup
t≥0,i∈N

E
∫

Xi

λ(t, x) dµ(x)≤ sup
t≥0,i∈N

E

∑
n≥0

∫
Xi

|λn+1(t, x)− λn(t, x)| dµ(x)


≤ (1− r)−1 sup

t≥0,i∈N
E
[∫

Xi

|λK(t, x)− λ0(t, x)| dµ(x)
]

= (1− r)−1 sup
t≥0,i∈N

E
∫

Xi

λK(t, x) dµ(x)

≤ (1− r)−1∥Thom∥K−1 sup
t≥0,i∈N

E
∫

Xi

λ1(t, x) dµ(x)

≤ (1− r)−1∥Thom∥K−1 ·C <∞.(70)
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This means that the conditional intensity for the arrival of some point anywhere in Xi is a.s.
bounded, uniformly over t ∈R+, i ∈N.

Next, take some set D ∈ L1 ⊗P(N)⊗L2 with (Q1 × σ×Q2)(D)<∞. Then,∑
n≥0

P
(
|Nn+1 −Nn|((0, T ]×D) ̸= 0

)
≤
∑
n≥0

E|Nn+1 −Nn|((0, T ]×D)

≤Q2(D)
∑
n≥0

∫
(0,T ]

sup
i∈N

E
∫

Xi

|λn+1(t, x)− λn(t, x)| dµ(x) dt

=Q2(D)

∫
(0,T ]

∑
n≥0

sup
i∈N

E
∫

Xi

|λn+1(t, x)− λn(t, x)| dµ(x) dt

≤ TQ2(D)
∑
n≥0

sup
t≥0,i∈N

E
∫

Xi

|λn+1(t, x)− λn(t, x)| dµ(x)<∞,

by the exponential convergence in (69). The interchange of the summation and integration
is justified by monotone convergence. By Borel-Cantelli, it follows that, with probability 1,
on (0, T ] × D, the processes Nn are eventually constant, and in this sense they converge
to some limiting point process N , as n→ ∞. From our Picard scheme, it follows that on
(0, T ]×D, with probability 1, the mappings λn are eventually constant as well. This means
that the spatial coordinate as determined from λn, for sufficiently large n, corresponds to
the one determined by λ. Furthermore, by Lemma 1, we can define spatial coordinates in a
meaningful way even when we only have λn.

The limiting process N satisfies

(71) N(dt× d(B × i×U)) = N̄ i

(
dt× d(B ×U)×

[
0,

∫
Xi

λ(t, x) dµ(x)

])
.

Indeed, for T > 0 andD ∈ L1⊗P(N)⊗L2 with (Q1×σ×Q2)(D)<∞, by Fatou’s lemma,

E
∫
(0,T ]×D

∣∣∣∣∣N(dt× d(B × i×U))− N̄ i

(
dt× d(B ×U)×

[
0,

∫
Xi

λ(t, x) dµ(x)

])∣∣∣∣∣
≤ lim

n→∞
E
∫
(0,T ]×D

∣∣∣∣N̄ i

(
dt× d(B ×U)×

[
0,

∫
Xi

λn(t, x) dµ(x)

])
− N̄ i

(
dt× d(B ×U)×

[
0,

∫
Xi

λ(t, x) dµ(x)

])∣∣∣∣
≤ TQ2(D) lim

n→∞
sup

t≥0,i∈N
E
∫

Xi

|λn(t, x)− λ(t, x)| dµ(x) = 0.

(72)

Finally, we verify that the limiting process λ is indeed the intensity density of N . Let

λ̆(t, x) := fx

λ∞(x) +
∑

(s,y,Bxy)∈N
s<t

Bxy(s)W (x, y)h(t− s)


be the intensity density that we expect to find. For each i ∈N, we have

E
∫

Xi

|λ(t, x)− λ̆(t, x)| dµ(x)
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≤ E
∫

Xi

|λ(t, x)− λn(t, x)| dµ(x)

+E
∫

Xi

∫
(0,t)

∫
X
cxBxy(s)W (x, y)h(t− s) |Ns −Nn−1

s |(ds× dy) dµ(x)

≤ E
∫

Xi

|λ(t, x)− λn(t, x)| dµ(x)

+ ∥h∥L1(R+)

∫
Xi

cxE[Bxy]W (x, y) dµ(x) sup
t≥0

E
∫

X
|λ(t, y)− λn−1(t, y)| dµ(y).(73)

The right-hand side goes to 0 uniformly in t and in i ∈ N, as n→∞, hence (N,λ) is a so-
lution to (6), as desired. It satisfies supt≥0,i∈NEψ(StN−, i)<∞ by (70), hence this solution
is strongly regular, as desired.

Uniqueness. We need a counterpart to [48], Lemma 4, after which we may simply follow
the proof of the uniqueness part of [48], Theorem 2. More specifically, we seek a strictly
positive function g on L such that

∫
L g(z) Q(dz)<∞ and such that the inequality∫

R+×L
cx(z′)h(t)Bx(z′)y(z)(z)W (x(z′), y(z))g(z) dt Q(dz)≤ rg(z′)

holds. We focus on proving this inequality. In the previous display, the notations x(z′), y(z)
and B(z) emphasize the dependency of the location and mark on the random z′ ∈ L. Let g0
be the identity function on L, and for n ∈N0, set

gn+1(z
′) =

∫
R+×L

cx(z′)h(t)Bx(z′)y(z)(z)W (x(z′), y(z))gn(z) dt Q(dz).

By a calculation similar to (69), combined with Gelfand’s formula, given r̃ ∈ (ρ(Thom),1),
we can findN ∈N, such that for all n≥N it holds that

∫
L gn+1(z)Q(dz)≤ r̃

∫
L gn(z)Q(dz).

Hence, for n≥N ,∫
L
gn(z) Q(dz)≤ r̃n−N∥TN

hom∥
∫
L
g0(z) Q(dz)<∞.

Let r ∈ (r̃,1). Set g(z) :=
∑

n≥N r
−ngn(z), which converges in L1(Q). Then it holds that∫

R+×L
cx(z′)h(t)Bx(z′)y(z)(z)W (x(z′), y(z))g(z) dt Q(dz)

=
∑
n≥N

r−ngn+1(z
′) = r

∑
n≥N+1

r−ngn(z
′)≤ rg(z′).

Using this g, the reader can readily verify that the uniqueness part of the proof of [48], The-
orem 2, applies. □

PROPOSITION 2. Work in the setting of Theorem 1. Assume that the measure corre-
sponding to the Poisson point processes N̄ i is compatible w.r.t. the left shifts {θt}. Then there
exists a unique stationary solution N to (6) such that supi∈NEψ(S0N−, i)<∞. Also, if N ′

is the strongly regular non-stationary solution to (6) corresponding to an initial condition
satisfying

sup
t>0,i∈N

∫
Xi

η(t, x) dµ(x)<∞, and ∀i ∈N, lim
t→∞

∫
Xi

η(t, x) dµ(x)→ 0,

then the law of StN ′ converges weakly to the stationary law.
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PROPOSITION 3. Grant Assumption 1. Consider a (possibly nonlinear) graphon Hawkes
processN on a σ-finite measure space (X ,A , µ), driven by the conditional intensity density
specified by (6). Assume that we have a partition of X into finite, non-null measure sets⊔

i∈N Xi that is such that the following conditions hold:

ρ := ∥h∥L1(R+) sup
i∈N

∑
j∈N

sup
y∈Xj

∫
Xi

cxE[Bxy]W (x, y) dµ(x)< 1;(74)

α := sup
i∈N

∫
Xi

fx(λ∞(x)) dµ(x)<∞.(75)

Assume furthermore that ϵ(t, i) satisfies: supt>0,i∈N ϵ(t, i) <∞ and limt→∞ ϵ(t, i)→ 0 for
all i ∈N, where ϵ(t, i) describes the effect of the initial condition on site i at time t:

(76) ϵ(t, i) :=
∑
j∈N

E

[∫
(−∞,0)×L1

h(t− s) sup
y∈Xj

∫
Xi

cxBxyW (x, y) dµ(x)N(ds× dB)

]
.

Then there exists a unique strongly regular solution N to (6) such that

sup
t≥0,i∈N

Eψ(StN−, i)<∞.

PROOF. We are working in the general, nonlinear framework described before Theorem 1,
with dynamics given by (6). We fit this into the framework of [48] as follows. Take a process
N admitting as its FN

t -intensity kernel

ν(t,dB × di× dU) = ψ(StN−, i)Q(dB × di× dU),

where, with Bi
xy and U i as defined before,

Q(dB × di× dU) =Q1(dB
i
xy)Q2(dU

i).

Using this notation, we apply [48], Theorem 2.
By the Lipschitz condition for fx, and by Fubini’s theorem, the Lipschitz condition from

[48], eqn. (6), here reads: for each i ∈N,

|ψ(S0N−, i)−ψ(S0N
′
−, i)|

=

∣∣∣∣∣
∫

Xi

[
fx

(∑
j∈N

∑
(s,B

xX
j
s(Us)

,Us)∈Nj

s<0

BxXj
s (Us)

W (x,Xj
s (Us))h(−s)

)

− fx

(∑
j∈N

∑
(s,B

xX
j
s(Us)

,Us)∈(N ′)j

s<0

BxXj
s (Us)

W (x,Xj
s (Us))h(−s)

)]
dµ(x)

∣∣∣∣∣
≤
∫
(−∞,0)×L

∫
Xi

cxBxXj
s (Us)

W (x,Xj
s (Us))h(−s)|N −N ′|(ds× dB × dU × dj).(77)

This equation is valid for all i ∈N, hence the Lipschitz dominating function from [48], eqn.
(6), reads

(78) h̄(t, (B,j,U), i) = h(t)

∫
Xi

cxBxXj
−t(U−t)

W (x,Xj
−t(U−t)) dµ(x).

Now condition (10) from [48], Theorem 2, is satisfied if ρ < 1. Next, condition (11) from
[48], Theorem 2, requires that α <∞. Finally, the function involved in [48], eqn. (12), can
be bounded by ϵ(t, i).
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Appendix B: Relegated proofs of Section 4.

PROOF OF LEMMA 2. We work with X = [a,b], a graphon Hawkes process N with
corresponding integral operator

Thom : L1(X )→ L1(X ) : f(·) 7→ ∥h∥L1(R+)

∫
X

E[B·y]W (·, y)f(y) dy,

and prelimit processes Ñd with averaged parameters as described in Section 4.2, with corre-
sponding integral operators

T̃
(d)
hom : L1(X )→ L1(X ) : f(·) 7→ ∥h∥L1(R+)

∫
X

E[B̃d
·y]W̃

d(·, y)f(y) dy.

We first prove that ∥Thom− T̃
(d)
hom∥→ 0 as d→∞. By the total variation bound of Lemma 3,

and by Assumptions 3, 4, we can select d sufficiently large, i.e., mesh(Pd) sufficiently small,
such that both

sup
y∈X

E∥B·y − B̃d
·,y∥L1(X ) and sup

y∈X
∥W (·, y)− W̃ d(·, y)∥L1(X )

are bounded by
ϵ

∥h∥L1(R+)(CB +CW )Lebm(X )
.

Now let f ∈ L1(X ) with ∥f∥L1(X ) = 1. Then, by Assumption 2,

∥(Thom − T̃
(d)
hom)f∥L1(X )

=

∥∥∥∥∥h∥L1(R+)

∫
X

(
E[B·y]W (·, y)−E[B̃d

·y]W̃
d(·, y)

)
f(y) dy

∥∥∥∥
L1(X )

≤ ∥h∥L1(R+)

∫
X

|f(y)|
∫

X

∣∣∣E[Bxy]W (x, y)−E[B̃d
xy]W (x, y)

∣∣∣dx dy

+ ∥h∥L1(R+)

∫
X

|f(y)|
∫

X

∣∣∣E[B̃d
xy]W (x, y)−E[B̃d

xy]W̃
d(x, y)

∣∣∣dx dy

< ϵ,(79)

whence ∥Thom − T̃
(d)
hom∥ ≤ ϵ.

Now note that for |λ|> ρ(Thom) + δ, the resolvent R(λ;Thom) exists since λ /∈ σ(Thom).
Hence, for ∥Thom − T̃

(d)
hom∥< 1/∥R(λ;Thom)∥,

T̃
(d)
hom − λI = Thom − λI + T̃

(d)
hom − Thom =

(
I − (T̃

(d)
hom − Thom)R(λ;Thom)

)
(Thom − λI)

is a product of invertible operators, hence is invertible itself. We aim to show that for all d
sufficiently large such, λ /∈ σ(T̃ (d)

hom) for |λ|> ρ(Thom) + δ. To this end, we show that

(80) inf
|λ|>ρ(Thom)+δ

{
1

∥R(λ;Thom)∥

}
> 0.

By a Neumann series, we can write

R(µ;Thom) =
∑
n≥0

R(λ;Thom)
n+1(λ− µ)n,
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hence for |λ − µ| < 1/(2∥R(λ;Thom)∥), it follows that ∥R(µ;Thom)∥ ≤ 2∥R(λ;Thom)∥.
Now it follows from the resolvent identity

R(λ;Thom)−R(µ;Thom) = (λ− µ)R(λ;Thom)R(µ;Thom)

that the resolvent R(λ;Thom) of a bounded linear operator Thom is a continuous function of
λ, with operator norm tending to 0, as λ→ ∞. Indeed, again by a Neumann series, for λ
sufficiently large,

∥R(λ;Thom)∥=
∥∥∥∥∑
n≥0

Tn
hom/λ

n+1

∥∥∥∥≤ 1

λ− ∥Thom∥
.

Now (80) follows. Find D′ large enough such that

∥Thom − T̃
(d)
hom∥< inf

|λ|>ρ(Thom)+δ

{
1

∥R(λ;Thom)∥

}
for all d ≥ D′. It follows that T̃ (d)

hom − λI is invertible for all |λ| > ρ(Thom) + δ, hence
ρ(T̃

(d)
hom)≤ ρ(Thom) + δ < 1, for all d≥D′.

We now prove that we can find someD ∈N sufficiently large such that the expected cluster
sizes E[Zd

x] of Ñd of a cluster generated by a particle in x ∈ X are uniformly bounded over
x ∈ X = [a,b] and d ≥ D. Note that the maximum expected cluster size over x ∈ X for
Ñd can be bounded by

(81) sup
x∈X

E[Zd
x]≤

∑
n≥0

∥(T̃ (d)
hom)

n∥,

hence it suffices to find D ∈ N such that the right-hand side of (81) is uniformly bounded
over d≥D. To this end, it suffices to prove that

(82) for all n, limsup
d→∞

∥(T̃ (d)
hom)

n∥ ≤ ∥Tn
hom∥.

Indeed, fix ϵ > 0. Since ρ(Thom)< 1, we can findN ∈N such that ∥TN
hom∥< 1−ϵ. Assuming

(82), we can find D such that for all d≥D and n≤N , ∥(T̃ (d)
hom)

n∥ ≤ ∥Tn
hom∥+ ϵ/2. Hence,

∑
n≥0

∥(T̃ (d)
hom)

n∥=
∑
k≥0

N−1∑
n=0

∥(T̃ (d)
hom)

kN+n∥

≤
∑
k≥0

∥(T̃ (d)
hom)

N∥k
N−1∑
n=0

∥(T̃ (d)
hom)

n∥

≤
∑
k≥0

(1− ϵ/2)k
N−1∑
n=0

(∥Tn
hom∥+ ϵ/2)<∞,

providing a uniform bound over d≥D.
To prove (82), it suffices to prove

for all d,n ∈N, ∥(T̃ (d)
hom)

n∥ ≤ ∥(T̃ (d)
hom)

n−1Thom∥;(83)

for all n ∈N, ∥(T̃ (d)
hom)

n−1Thom − Tn
hom∥→ 0, as d→∞.(84)
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For (83), let Pd : L
1(X )→ L1(X ) be the conditional expectation operator onto the σ-

algebra generated by the partition Pd used to define Ñd and T̃ (d)
hom. Then ∥Pd∥ ≤ 1, see e.g.,

[61], Theorem 27.11(ii). Note that we can write T̃ (d)
hom = PdThomPd, hence it follows that

∥(T̃ (d)
hom)

n∥= ∥(T̃ (d)
hom)

n−1PdThomPd∥ ≤ ∥(T̃ (d)
hom)

n−1PdThom∥= ∥(T̃ (d)
hom)

n−1Thom∥.

To prove (84), write

(T̃
(d)
hom)

n−1Thom − Tn
hom =

n−1∑
k=1

(T̃
(d)
hom)

n−k−1(T̃
(d)
hom − Thom)T

k
hom.

By Assumption 2, ∥T̃ (d)
hom∥,∥Thom∥ ≤ C := ∥h∥L1(R+)CBCW <∞. Hence, for all k ∈ [n−

1],

∥(T̃ (d)
hom)

n−k−1(T̃
(d)
hom − Thom)T

k
hom∥

≤ ∥T̃ (d)
hom∥

n−k−1∥T̃ (d)
hom − Thom∥∥Thom∥k

≤Cn−1∥T̃ (d)
hom − Thom∥→ 0,

as d→∞, by (79). □

PROOF OF LEMMA 3. We prove the result for f ∈ L1
loc(Rm). If we work on equivalence

classes of functions, i.e., f ∈ L1
loc(Rm), take a representant g of f , apply the bound (88) to

g, and note that ∥f − fd∥L1(X ) = ∥g − gd∥L1(X ). Taking the infimum over g ∈ L1
loc(Rm)

yields the result for equivalence classes of functions as well.
The assumptions made in the lemma imply that Pd partitions X into K = K(d) hy-

perrectangles X d
1 , . . . ,X

d
K . We first prove the bound for each such hyperrectangle X d

n ,
n ∈ [K]. To this end, fix Ω := X d

n , and set u : Ω → R : x 7→ f(x) − fd(x); notice that∫
Ω u= 0. We use [45], Theorem 13.9, to approximate u by a sequence of smooth functions

(ûk)k∈N ⊂W 1,1(Ω)∩C∞(Ω) such that ûk
L1(Ω)−→ u, Var(ûk,Ω)→Var(u,Ω),

as k → ∞. Here, W 1,1(Ω) ⊂ L1(Ω) denotes the Sobolev space of functions having weak
derivatives in L1(Ω). Set

uk = ûk −
∫
Ω
ûk ∈W 1,1(Ω)∩C∞(Ω).

Since ûk
L1(Ω)−→ u and

∫
Ω u = 0, it follows by the reverse triangle inequality on L1(Ω) that

∥ûk∥L1(Ω) → 0 as k→∞. Hence,

∥u− uk∥L1(Ω) ≤ ∥u− ûk∥L1(Ω) + ∥ûk∥L1(Ω) → 0 as k→∞,

i.e., uk
L1(Ω)−→ u. After replacing (uk)k∈N by a subsequence, if necessary, we may assume that

uk → u a.s. Furthermore, since the total variation does not change by adding a constant to
a function, Var(uk,Ω) = Var(ûk,Ω) → Var(u,Ω), as k→ ∞. Therefore, we may assume
without loss of generality that our approximating sequence satisfies

∫
Ω uk = 0 for all k ∈N.

We prove a bound for the approximating smooth functions (uk)k∈N, which we then extend
to u itself. To this end, note that uk belongs to the Sobolev space W 1,1, being smooth. Since
we are working on a convex domain Ω and since

∫
Ω uk = 0, [1], Theorem 3.2, gives that

(85) ∥uk∥L1(Ω) ≤
1

2
diam(Ω)∥∇uk∥L1(Ω),
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where ∇ denotes the gradient operator. It holds that W 1,1 ⊂ BV(Ω), and for uk ∈W 1,1 we
have ∥∇uk∥L1(Ω) =Var(uk,Ω), see [45], §13.2. Now Fatou’s lemma and (85) imply

∥u∥L1(Ω) ≤ lim inf
k→∞

∥uk∥L1(Ω) ≤ lim
k→∞

1

2
diam(Ω)∥∇uk∥L1(Ω)

= lim
k→∞

1

2
diam(Ω)Var(uk,Ω) =

1

2
diam(Ω)Var(u,Ω).(86)

Again, since the total variation is insensitive to adding a constant to a function, this bound
implies that

(87) ∥f − fd∥L1(Ω) ≤
1

2
diam(Ω)Var(f − fd,Ω) =

1

2
diam(Ω)Var(f,Ω).

Next, because the L1-norm is additive and the total variation is superadditive over disjoint
sets,

∥f − fd∥L1(X ) =

K∑
i=1

∥f − fd∥L1(X d
i ) ≤

K∑
i=1

1

2
diam(X d

i )Var(f,X
d
i )

≤ 1

2
mesh(Pd)

K∑
i=1

Var(f,X d
i )≤

1

2
mesh(Pd)Var(f,X ),(88)

since we defined the mesh of a partition as the largest diameter among its elements. □

LEMMA 7. Let [a, b]⊂ R be some closed interval. Assume that a, b are endpoints of in-
tervals X d

n ,X
d
m from the partition Pd of R into intervals; if this is not the case, replace Pd

by its coarsest refinement containing a, b as endpoints. Assume that R is equipped with the
Borel σ-algebra and a measure µ dominated by the Lebesgue measure. Consider a piece-
wise constant approximation fd of the µ-locally integrable function f : R→ R, where fd is
constant on each X d

n , with fd calculated as a measurable functional of f |X d
n

, and

fd(X d
n ) ∈

[
ess inf
x∈X d

n

f(x), ess sup
x∈X d

n

f(x)

]
.

Let mesh(Pd) be the maximum µ-measure of all elements of Pd. Then it holds that fd ∈
L1([a, b], µ), fd → f a.e. as mesh(Pd) → 0, and finally, with ∥ · ∥TV[a,b] the usual total
variational norm over [a, b],

(89) ∥fd − f∥L1([a,b],µ) ≤ ∥f∥TV[a,b]mesh(Pd).

PROOF. The first two claims are easy. For the final claim, the total variation norm of
f ∈ L1([a, b], µ) may depend on the representant g ∈ [f ] := {f̄ ∈ L([a, b], µ) : f̄ = f µ-a.e.}.
Therefore, we set ∥f∥TV[a,b] := infg∈[f ] var[a,b](g), where

var[a,b](g) := sup

{
n∑

i=1

|g(xi+1)− g(xi)| : n ∈N, a= x0 < x1 < · · ·< xn−1 < xn = b

}
.

Select a g ∈ [f ]. Then, gd ≡ fd on [a, b]. Note that for x ∈ X d
n , it holds that

|gd(x)− g(x)| ≤ sup
u,v∈X d

n

|g(u)− g(v)|=: ∆d
n.
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It follows that

∥fd − f∥L1([a,b],µ) =

∫ b

a
|fd(x)− f(x)| dµ(x) =

∫ b

a
|gd(x)− g(x)| dµ(x)

=
∑
n∈N

∫
X d

n ∩[a,b]
|gd(x)− g(x)| dµ(x)≤

∑
n∈N

∫
X d

n ∩[a,b]
∆d

n dµ(x)

=
∑
n∈N

µ(X d
n ∩[a,b]) ̸=0

µ(X d
n )∆

d
n ≤mesh(Pd)

∑
n∈N

µ(X d
n ∩[a,b])̸=0

∆d
n

≤mesh(Pd)var[a,b](g).

Taking the infimum over g ∈ [f ] over both sides of this inequality, (89) follows.

PROOF OF COROLLARY 1. We indicate the adjustments needed in the proof of Theorem 2,
which consists of bounding the contributions (i)–(iii) introduced there. For (i), convergence
of λ̆d∞ to λ∞ in L1(X ) is required, and this is ensured by condition (b) of Corollary 1. For
(ii), the argument must be refined using conditions (c)–(d) of Corollary 1. Below we describe
the necessary modifications for (ii); contribution (iii) can then be handled analogously.

In contribution (ii), the expected offspring count of a particle located at y ∈ X was previ-
ously bounded from above by taking a supremum over y ∈ X . A sharper estimate is obtained
by observing that the spatial coordinate y is random. A particle at y may arise either as an
immigrant or as an offspring. In the immigrant case, its spatial density is gI(y) := λ∞(y)/α,
which is well-defined and satisfies ∥gI∥L∞(X ) <∞ by Assumption 2. In the offspring case,
the particle is generated by a parent event at z ∈ X and time s, in which case y has spatial
density

gO,z(y) :=
Byz(s)W (y, z)∫

X Bxz(s)W (x, z) dx
,

and this satisfies supz∈X ∥gO,z∥L∞(X ) ≤ CBCW /C <∞ by Assumption 2 and condition
(d) of Corollary 1. Consequently, the spatial density gt of an arriving particle at time t obeys

∥gt∥L∞(X ) ≤ ∥gI∥L∞(X ) ∨ sup
z∈X

∥gO,z∥L∞(X ) =:C∗ <∞,

uniformly for all t ∈ [0,∞).
In bounding contribution (ii) in the proof of Theorem 2, consider a simultaneous event at

time t with spatial coordinate y distributed according to h(y). Here, h is either gI or gO,z ,
depending on whether the event is an immigration event or an offspring event with parent in
z ∈ X . For such an event, the spatial densities of the expected number of offsprings in x for
the first and second process are

∫
X E[Bxy]W (x, y)h(y)dy and

∫
X E[B̆d

xy]W̆
d(x, y)h(y)dy,

respectively. After stochastically coupling these offspring processes for each parent event that
is either an immigrant or results from a grandparent at location z, the difference in parameters
leads to an expected discrepancy in offspring counts bounded by∫

X

∣∣∣∣∫
X

(
E[Bxy]W (x, y)−E[B̆d

xy]W̆
d(x, y)

)
h(y)dy

∣∣∣∣ dx
≤ ∥h∥L∞(X ) sup

∥ϕ∥L∞(X )=1

∫
X

∣∣∣∣∫
X

(
E[Bxy]W (x, y)−E[B̆d

xy]W̆
d(x, y)

)
ϕ(y)dy

∣∣∣∣ dx
≤C∗ · ∥E[B]W −E[B̆d]W̆ d∥L∞(X )→L1(X ),



44

where h is either gI or gO,z . The quantity on the right-hand side converges to 0 by condition
(c) of Corollary 1 and [47], Lemma 8.11.

From this point on, we can proceed as in the proof of Theorem 2. □

PROOF OF PROPOSITION 1. Suppose that the partitions (Pd)d∈N are induced by the
first d − 1 hyperplanes of a random sample (Vi)i∈N of (m − 1)-dimensional hyperplanes
orthogonal to one of the coordinates. More specifically, the Vis are sampled as follows.
First, the coordinate n ∈ [m] to which Vi is orthogonal is picked uniformly at random, i.e.,
n∼ Uni({1, . . . ,m}). Next, we draw zn ∼ Uni(an, bn), and set Vi := {x ∈ Rm : xn = zn}.
For d= 1, we simply split X into two parts, obtaining P2. Next, for d≥ 2, Vd−1 intersects
X , splitting S ∈ [d − 1] sets X d−1

n(1) , . . . ,X
d−1
n(S) of Pd−1 into two parts (S ≥ 1 a.s.). Now

obtain Pd as a refinement of Pd−1 by splitting only the set X d−1
n(i) (i ∈ [S]) having the largest

diameter into two parts; in case of a tie, choose randomly between the ties.
Next, take d ∈ N, and for each i ∈ [d], select a point xi ∈ X d

i . Let Md = {xi : i ∈ [d]} ⊂
X be the set of those points. Then (Md)d∈N constitutes a sequence of well-distributed sets
in the sense of [47], p. 185; i.e., Md converges weakly to a uniform measure on X . By
a straightforward modification of the proof of [47], Lemma 11.33 — for which we need
Assumption 5, i.e., a.s. continuity of W —, it follows that the random connectivity graph
Gd on [d] with edge set {Zd

ij : i, j ∈ [d]} converges to W in the cut norm, a.s. Since we use
possibly non-symmetric graphons and in any case sample looped directed graphs, we use the
framework of [42, 46], which allows to go beyond simple, symmetric graphs and graphons.

For the ucp convergence, to invoke the proof of Theorem 3, we only need mesh(Pd)→ 0
as d→∞, which is evident. □

Appendix C: Supplement to Section 5.1. Before Assumption 6, we claimed the follow-
ing.

PROPOSITION 4. Let Thom ∈ B(L1[0,1]) be a bounded operator with ρ(Thom) > 1.
Then there exists some g ∈ L1

+[0,1] such that ∥Tn
homg∥L1[0,1] →∞, as n→∞.

PROOF. Observe that Tn
homf records the spatial density of expected nth-generation off-

spring in a cluster with an immigrant distributed according to density f ∈ L1[0,1]. Infor-
mally, letting δx be the Dirac delta function centered at x, Tn

homδx records the spatial density
of eventual expected nth-generation offspring within a cluster generated by an immigrant
in x. If ρ(Thom) > 1, then ∥Tn

hom∥ →∞ as n→∞, hence there exists (fn)n∈N ⊂ L1[0,1]
with ∥fn∥L1[0,1] = 1 for all n ∈ N, such that ∥Tn

homfn∥L1[0,1] → ∞, as n→ ∞. Set ρ′ :=
1 + 1

2(ρ(Thom)− 1) and ρ′′ := 1 + 1
3(ρ(Thom)− 1).

We present a construction for a function g, independent of n, such that ∥Tn
homg∥L1[0,1] →

∞, as n → ∞. For each n ∈ N, we can find fn ∈ L1[0,1] with ∥fn∥L1[0,1] = 1 such
that ∥Tn

homfn∥L1[0,1] ≥ (ρ′)n. Approximate f±n ∈ L1
+[0,1] from below by simple func-

tions. By continuity of norms, we can find a simple function sn ≤ fn pointwise, satisfying
∥Tn

homsn∥L1[0,1] ≥ (ρ′′)n. Consequently, for each n, we can find a set An ∈ B[0,1] of positive
measure, corresponding to a normalized indicator function χn = (Leb(An))

−11{An} satis-
fying ∥Tn

homχn∥L1[0,1] ≥ (ρ′′)n. Set γ = (1 + ρ′′)/(2ρ′′) ∈ (12 ,1); then γρ′′ > 1. We define
g ∈ L1

+[0,1] by g = (1−γ)
∑

n≥1 γ
n−1χn; it is easy to see that ∥g∥L1[0,1] ≤ 1, while for each

n ∈N,

∥Tn
homg∥L1[0,1] ≥

1− γ

γ
γn∥Tn

homχn∥L1[0,1] ≥
1− γ

γ
(γρ′′)n →∞, as n→∞.
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The existence of g indicates instability of our system. To prove NT (A)/T →∞ a.s. using
this function g, we need to argue that there is a positive stream of immigrants leading to
a point with infinite expected offspring. However, it may be possible that g has an infinite
spike (of finite L1 size) creating the unstable behavior, and there is no way of bounding
below the size of a set of x ∈ [0,1] having infinite offspring given only the existence of such
a function g. The next proposition indicates that this approach is not fruitful without using
further properties of (Tn

hom)n≥0.

PROPOSITION 5. There exist a sequence (Ln)n∈N ⊂ B(L1[0,1]) and a g ∈ L1[0,1]
satisfying ∥Lng∥L1[0,1] → ∞, but such that there does not exist a simple function g̃ with
∥Lng̃∥L1[0,1] →∞.

PROOF. The existence of such a simple function g̃ would imply the existence of someA ∈
B[0,1] for which ∥Ln1A∥L1[0,1] → ∞. Note that ∥Ln(·)∥ ∈ L1[0,1]∗, the dual of L1[0,1],
which is isometrically isomorphic to L∞[0,1]. In this dual space, to prove our result it suffices
to find a sequence (ϕn)n∈N ⊂ L∞[0,1] and a g ∈ L1[0,1] such that

∫ 1
0 ϕn(x)g(x) dx→∞

as n→ ∞, and such that for any indicator function 1A it holds that
∫ 1
0 ϕn(x)1A(x) dx =∫

A ϕn(x) dx→ 0. To this end, let g(x) = 1/(2
√
x) and ϕn(x) = n3/41[0,n−1]. For any A ∈

B[0,1], ∫
A
ϕn(x) dx= n3/4 Leb([0, n−1]∩A)≤ n−1/4 → 0, as n→∞.

Appendix D: Relegated proofs of Section 6.

PROOF OF THEOREM 7. Conditionally upon having n immigrants in [0, t], those immi-
grants arrive uniformly over time, since ignoring the spatial coordinate, they arrive according
to a homogeneous Poisson process of rate α := ∥λ∞(·)∥L1[0,1]. Furthermore, the spatial lo-
cations are i.i.d. with Lebesgue densities proportional to λ∞(·). Let pn denote the Lebesgue
density of the spatial coordinates in [0,1]n for a sample of n immigrants. We calculate the
Laplace functional of Q by conditioning on the number of immigrants and on their spatial
coordinates. Let It be the number of immigrants that have arrived by time t. Then, with the
understanding that

∫
[0,1]0 f ≡ 1,

LQ(f, t) = E

exp
−

∑
zi∈Q(t)

f(zi)


=
∑
n≥0

E

E
exp

−
∑

zi∈Q(t)

f(zi)

∣∣∣∣∣It = n

P(It = n)

=
∑
n≥0

∫
[0,1]n

E

E
exp

−
∑

zi∈Q(t)

f(zi)

∣∣∣∣∣It = n, locations x1, . . . , xn


× pn(x1, . . . , xn) dx1 · · ·dxn P(It = n)

=
∑
n≥0

∫
[0,1]n

n∏
j=1

(
1

t

∫ t

0
ηxj

(f,u) du

)
λ∞(xj)

∥λ∞(·)∥L1[0,1]
dx1 · · ·dxn

e−αt(αt)n

n!

=
∑
n≥0

e−αt

n!

n∏
j=1

{∫ 1

0

∫ t

0
ηxj

(f,u) du λ∞(xj) dxj

}
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=
∑
n≥0

e−αt

n!

(∫ 1

0

∫ t

0
ηx(f,u)λ∞(x) dudx

)n

= exp

(∫ 1

0

∫ t

0
(ηx(f,u)− 1)λ∞(x) du dx

)
,

where zi ∈Q(t) denotes the set of spatial coordinates corresponding to particles (si, zi) ∈Q
with si < t. This proves the stated result. □

PROOF OF LEMMA 4. Take ξ ∈ L[0,1], which is the transform of some [0,1]-dimensional
spatiotemporal point process Z ∈ Z . We aim to define the probabilistic analog Φ̂ in the
process domain of the operator Φ in the transform domain, meaning that the diagram depicted
in Figure 3 commutes. To this end, for x ∈ [0,1], let Kx be an inhomogeneous Poisson

Z Φ̂(Z)

ξ Φ(ξ)

Φ̂

L L
Φ

Fig 3: Diagram showing the relation between Φ and Φ̂.

process as defined after the proof of Theorem 7. For Z ∈ Z , x ∈ [0,1] and t ∈ R+, we
set

(90) (Φ̂(Z))x(t) := δx · 1{Jx > t}+
Kx(t)∑
i=1

Zxi
(t− Ti).

Then Φ̂(Z) ∈ Z . By the same steps given in the proof of Theorem 8 below,

L(Φ̂(Z))x
(f, t) = Φx(ξ)(f, t),

whence LΦ̂(Z) =Φ(LZ). As Φ(ξ) is the transform of Φ̂(Z) ∈ Z , Φ(ξ) ∈ L[0,1]. □

PROOF OF THEOREM 8. Note that by the multiplicative structure of the excitation term
Bzx(0)W (z,x)h(t), it follows that conditional on the arrival of a particle in the time interval
[0, u], the spatial placement in [0,1] is independent of the temporal placement in [0, u]. Let
Pt(s) be the probability that an offspring event, conditionally upon being born before time
t, is born before time s. Let H(u) :=

∫ u
0 h(v) dv be the integrated excitation function. As in

[41], p. 12, it follows that Pt(s) =H(s)/H(t), with density pt(s) = P ′
t(s) = h(s)/H(t).

Let zi ∈ Sx(u) denote the set of spatial coordinates corresponding to particles (si, zi) ∈
Sx(u) with si < u. The distributional equality (58) for Sx implies that

ηx(f,u) = E

exp
−

∑
zi∈Sx(u)

f(zi)



= γx(f,u)EB

∑
n≥0

E

exp
−

∑
zi∈Sx(u),zi ̸=x

f(zi)

∣∣∣∣∣Kx(u) = n,B

P(Kx(u) = n|B)

 ,
(91)
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where we exclude x from the first summation since, with probability 1, there is no event with
spatial coordinate x, and since we factored out γx(f,u) =

(
J̄x(u) +Jx(u)e

−f(x)
)
. By also

conditioning on the locations of the n children of the initial event in x, (91) equals

γx(f,u)EB

[∑
n≥0

P(Kx(u) = n|B)

∫
[0,1]n

pn(y1, . . . , yn)

×E

exp
−

∑
zi∈Sx(u)
zi ̸=x

f(zi)


∣∣∣∣∣Kx(u) = n; locations y1, . . . yn;B

 dy1 · · ·dyn

]

= γx(f,u)EB

[∑
n≥0

e−∥B·x(0)W (·,x)∥L1[0,1]H(u)
∥B·x(0)W (·, x)∥nL1[0,1]H(u)n

n!

×
∫
[0,1]n

n∏
j=1

η(1)yj
(f,u)

Byjx(0)W (yj , x)

∥B·x(0)W (·, x)∥L1[0,1]
dy1 · · ·dyn

]
,(92)

where η(1)y is the transform of a cluster in y that is born between time 0 and u; its input is
u, which is the time that has elapsed since the event in x occurred, and is therefore different
from ηy , which takes u− v as input when the event in y is born at time v. The distribution of
the temporal location of such an event is given by Pt(s) defined in the first part of this proof.
Hence, (92) equals

γx(f,u)EB

[∑
n≥0

e−∥B·x(0)W (·,x)∥L1[0,1]H(u)
∥B·x(0)W (·, x)∥nL1[0,1]H(u)n

n!

×
n∏

j=1

∫ 1

0

∫ u

0
pu(s)ηyj

(f,u− s) ds
Byjx(0)W (yj , x)

∥B·x(0)W (·, x)∥L1[0,1]
dyj

]

= γx(f,u)EB

[
e−∥B·x(0)W (·,x)∥L1[0,1]H(u)

×
∑
n≥0

1

n!

(∫ 1

0

∫ u

0
h(s)ηy(f,u− s) dsByx(0)W (y,x) dy

)n
]

= γx(f,u)E
[
exp

(∫ 1

0

∫ u

0
(ηy(f,u− s)− 1)Byx(0)W (y,x)h(s) dsdy

)]
= γx(f,u)βx

({
y 7→

∫ u

0
(1− ηy(f,u− s))W (y,x)h(s) ds

})
,(93)

recognizing the Laplace functional βx of B·x. □

PROOF OF LEMMA 5. We present the proof for p ∈ [1,∞); the proof for p=∞ follows
along the same lines, and is no more difficult.

Take ξ, ξ̃ ∈ L[0,1], and fix ϵ > 0. We aim to find δ > 0 such that

dpL[0,1](ξ, ξ̃)< δ =⇒ dpL[0,1](Φ(ξ),Φ(ξ̃))< ϵ,
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so we even prove uniform continuity. By the definition of dL[0,1],p, it holds that

(94) dpL[0,1],p
(Φ(ξ),Φ(ξ̃)) = sup

u∈[0,t]
f∈BM+[0,1]

∫ 1

0
|Φx(ξ)(f,u)−Φx(ξ̃)(f,u)|p dx.

We first bound the integrand. Since f is positive-valued, J̄x(u) + Jx(u)e
−f(x) ∈ [0,1].

Furthermore, ξy is a Laplace functional, hence ξy(f,u− s) ∈ [0,1] as well. Therefore, by the
mean value theorem applied to x 7→ ex,

|Φx(ξ)(f,u)−Φx(ξ̃)(f,u)|

≤
∣∣∣∣E[ exp(∫ 1

0

∫ u

0
(ξy(f,u− s)− 1)Byx(0)W (y,x)h(s) dsdy

)
− exp

(∫ 1

0

∫ u

0
(ξ̃y(f,u− s)− 1)Byx(0)W (y,x)h(s) dsdy

)]∣∣∣∣
≤
∣∣∣∣E[∫ 1

0

∫ u

0
(ξy(f,u− s)− ξ̃y(f,u− s))Byx(0)W (y,x)h(s) dsdy

]∣∣∣∣
≤ u∥h∥∞CBCW

∫ 1

0
|ξy(f,u)− ξ̃y(f,u)| dy,

using Assumption 2, stating that E[Byx]≤CB a.s., and W ≤CW . Since p≥ 1, the function
x 7→ xp is convex. Jensen’s inequality gives∫ 1

0
|Φx(ξ)(f,u)−Φx(ξ̃)(f,u)|p dx≤ up∥h∥p∞C

p
BC

p
W

∫ 1

0

∫ 1

0
|ξy(f,u)− ξ̃y(f,u)|p dydx.

It now follows that

sup
u∈[0,t]

f∈BM+[0,1]

(∫ 1

0
|Φx(ξ)(f,u)−Φx(ξ̃)(f,u)|p dx

)1/p

≤ t∥h∥∞CBCW δ.

Hence, selecting δ < ϵ/(t∥h∥∞CBCW ) guarantees dL[0,1],p(Φ(ξ),Φ(ξ̃))< ϵ. □

PROOF OF LEMMA 6. We present the proof for p ∈ [1,∞), the proof for p=∞ is no more
difficult.

By the bounds appearing in the proof of Lemma 5, it holds that

∥Φx(ξ)(f,u)−Φx(ζ)(f,u)∥Lp[0,1] ≤ u∥h∥∞CBCW ∥ξx(f,u)− ζx(f,u)∥Lp[0,1].

Since the Laplace functional takes on values in [0,1],∥∥∥ξ(1)x (f,u)− ζ(1)x (f,u)
∥∥∥
Lp[0,1]

≤ 2u∥h∥∞CBCW ,

verifying (61) for n = 1 and C := 2∥h∥∞CBCW . Now suppose the result holds for n ∈ N.
Then again by the bounds appearing in the proof of Lemma 5, and using Jensen’s inequality,∣∣∣ξ(n+1)

x (f,u)− ζ(n+1)
x (f,u)

∣∣∣p ≤ ∥h∥p∞C
p
BC

p
W

∫ 1

0

(∫ u

0

∣∣∣ξ(n)y (f, s)− ζ(n)y (f, s)
∣∣∣ ds)p

dy

≤Cp

∫ 1

0

(∫ u

0

Cnsn

n!
ds

)p

dy =

(
Cn+1un+1

(n+ 1)!

)p

.

Integrating over x ∈ [0,1] proves the bound for n+1. The stated result follows by induction.
□
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