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We introduce a spatiotemporal self-exciting point process (N¢(x)),
boundedly finite both over time [0, 00) and space 2", with excitation struc-
ture determined by a graphon W on 2~ 2 This graphon Hawkes process gen-
eralizes both the multivariate Hawkes process and the Hawkes process on a
countable network, and despite being infinite-dimensional, it is surprisingly
tractable. After proving existence, uniqueness and stability results, we show,
both in the annealed and in the quenched case, that for compact, Euclidean
2 CR™, any graphon Hawkes process can be obtained as the suitable limit
of d-dimensional Hawkes processes N d, as d — oo. Furthermore, in the sta-
ble regime, we establish an FLLN and an FCLT for our infinite-dimensional
process on compact 2~ C R"*, while in the unstable regime we prove diver-
gence of Np(2Z7)/T, as T' — oo. Finally, we exploit a cluster representation
to derive fixed-point equations for the Laplace functional of N, for which we
set up a recursive approximation procedure. We apply these results to show

that, starting with multivariate Hawkes processes Nt converging to stable
graphon Hawkes processes, the limits d — oo and t — co commute.

1. Introduction. In a wide variety of applied fields, self-exciting point processes are
used to model natural, economic and social phenomena that interact locally with their own
history, in such a way that past events can trigger events in the future. Besides modeling
self-exciting behavior in the temporal dimension, nowadays spatiotemporal models are often
used, where the excitation occurs both in time and in space. This is usually done by intro-
ducing a mutually exciting, or multivariate Hawkes, process on d coordinates, interpreting
the coordinates as locations in space. The basic self- and mutually exciting point process was
introduced in 1971, see [30, 31].

Such multivariate Hawkes processes are employed to capture excitation behavior over time
and space in, e.g.: seismology ([18, 33, 53]), where earthquakes tend to trigger sequences of
aftershocks both at the same location and at nearby or adjacent fault lines; neuroscience
([58]), where high-dimensional processes can be used to assess neuronal spike trains; epi-
demiology ([15]), where outbreaks of infectious diseases spread contagiously both over time
and over different geographical locations; finance ([3, 6, 44]), where financial shocks and
transactions, such as stock trades or order arrivals in electronic markets, cluster over time
and across markets; social network analysis ([22, 59]), for the prediction of online user ac-
tivity, or to explain the contagious nature of information diffusion and the spread of online
content in social media platforms; and criminology ([54]), where crimes like burglaries or
gang-related activities tend to cluster in time and across neighborhoods.

In these modeling approaches, the respective space is typically divided into d locations,
and one measures the number of events Ny = (N¢(1),..., N¢(d)) that have occurred by time
t at those d locations. By not distinguishing between more granular locations within each
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of those d locations, one essentially divides the space into d approximating, ‘homogeneous’
locations or ‘subpopulations’, possibly neglecting important information. The main advan-
tage of assuming this homogeneity within subspaces is that the probabilistic behavior of the
corresponding (finite-dimensional) multivariate Hawkes process is well understood; see e.g.,
[12, 48, 63, 64]. Furthermore, it is highly tractable: moments can readily be determined for
Markovian models ([17, 20, 41]); transforms can be approximated iteratively ([38]); heavy-
tailed and heavy-traffic asymptotics have been identified ([38, 41]); a broad range of scaling
limits have been studied ([5, 32, 35, 36]); and recently results on the distribution of the cluster
duration of the Hawkes process have become available along with the combinatoric structure
inherent to its branching representation ([19]). Moreover, a substantial amount of research
has been done on statistical inference, both for the parametric case ([52]) and, more recently,
for the nonparametric case ([11, 29, 40]).

From this well-understood realm, the focus within the applied probability literature has
gradually shifted towards understanding Hawkes processes in high-dimensional settings; see
[26, 48] for early research in this direction. More recently, Hawkes processes on large, count-
able networks have been defined in the influential paper [21], where the connectivity struc-
ture is provided by an infinite directed graph. In such a model, each node still represents
a location or subpopulation. When a spatial structure is absent, and a complete graph on d
nodes is imposed for the interaction structure, the large population limit yields an inhomoge-
neous Poisson process with a deterministic intensity function solving a certain convolution
equation. This model is still quite tractable: its large-time behavior can be described in the
mean-field setting and in a nearest-neighbor version of the model exact asymptotics have
been provided ([21]); and recently, a large deviations principle for the mean-field limit has
been established ([27]).

The idea of [21] has been extended in [2], where the mean-field prelimit becomes a model
on d nodes sampled from a Euclidean space I = [0, 1] or I = R?, and where the connectivity
between those nodes is modeled by a graphon W : I? — R, . In contrast to [21], the coordi-
nates in [2] are sampled from an uncountable space. In particular, the mean-field limit is an
uncountable collection of inhomogeneous Poisson processes, whose intensity functions sat-
isfy a convolution equation. Interestingly, in this setting, the large-time behavior can still be
analyzed, and is related to the spectral radius of an operator corresponding to this convolution
equation ([2]).

In different subfields of applied probability, there has been a rise in research on describ-
ing, or rather approximating, behavior in an infinite network with a graphon-induced ([47])
connectivity structure. Typically, finite-dimensional models with a graph-induced connec-
tivity structure approximate infinite-dimensional models with a graphon-induced connec-
tivity structure, as the dimension grows large. Such approximations have been investigated
for macro-level, deterministic SEIR models ([50]), for micro-level, stochastic SIR models
([55]), for linear threshold models ([23]), for stochastic n-player games ([4, 13, 14]), and for
stochastic n-particle systems ([7, 8]). In the case of Hawkes processes, spatiotemporal and
ETAS models have been studied in several applied fields, including seismology and statis-
tics ([25, 34, 43, 57]), but to the best of our knowledge, there is no account in the literature
of a Hawkes process with a graphon-induced connectivity structure. Perhaps the closest to
such a model are d-dimensional (d € N) Hawkes processes with connectivity between nodes
sampled from a graphon ([2, 62]), but those mutually exciting processes themselves are finite-
dimensional.

In the present work, we introduce, and formally establish, a spatiotemporal self-exciting
point process Ny(x) on [0,00) x 27, where (27, <7, 1) is some o-finite measure space, that
is locally finite in both space and time, with cross-excitation determined by a graphon W :
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2% — Ry. We define our process through a conditional intensity density \y(z), which is
such that the simple point process N satisfies

]P)(Nt_;,_dt(ﬂf + d.fU) — Nt(x) = 1|ft) = )\t(l’) dtd(lf,

where (F;):cr is the o-algebra generated by (Ny)ier, i.e., Ft =0(Ns(A):s<t, A€ .o/).In
the linear case, for some baseline intensity A\, a mark stochastic process B and an excitation
function h, we set

M(@) =Ao(@)+ D Buy(s)W(a,y)h(t —s).
(8,y,Bzy)EN
s<t
In this way, A;(x) can be interpreted as the spatial density of the conditional intensity. In
particular, this representation of the process implies that it is locally finite over space, so
while being infinite-dimensional, it generates a finite number of events over a bounded subset
of time and space. We coin this process a graphon Hawkes process.

If we partition our space 2 into finite measure sets 2%, and take the parameters of the
graphon Hawkes process constant on 2}, then the location within 2, becomes irrelevant,
and our process reduces to a Hawkes process on a discrete spatial set. In this way, our novel
process generalizes both the multivariate Hawkes process and the process studied in [21].
Note that our graphon Hawkes process is fundamentally different from the process studied
in [2], which is a Hawkes process on finitely many coordinates with a sampled connectivity
graph, and its resulting mean-field limit intensity function, though defined on a continuum of
space, is deterministic and not boundedly finite over space.

We outline our main results and contributions to the literature. After having formally intro-
duced the graphon Hawkes process in Section 2, we prove corresponding existence, unique-
ness and stability results in Theorem 1 of Section 3, under a condition on the spectral radius
P(Thom) Of a linear operator Ty, related to the excitation part of the conditional density
intensity function. This provides general, weak stability conditions. Furthermore, our general
infinite-dimensional framework requires functional-analytic arguments in later sections of the
paper that would not be required should one work in a finite-dimensional setting. Whereas the
results of Section 3 can be proved by suitably leveraging and generalizing existing techniques
from [48], the results of Sections 4—6 require genuinely novel techniques and ideas.

In Section 4, Theorems 2 and 3 establish that (under suitable regularity assumptions) the d-
variate process N¢ obtained by averaging the parameters of a linear graphon Hawkes process
N — defined on compact 2 = [a,b] C R™ — over the elements of partitions P? of 2,
converges uniformly on compact sets in probability to N, as d — oo. We prove this both
in the annealed and in the quenched case. This shows that the graphon Hawkes process is
a natural continuous-space generalization of the multivariate Hawkes process. In passing,
we prove in Lemma 2 uniform boundedness for summations over operator norms of iterates
of the kernel operators corresponding to steppings of a graphon (cf. [47], §7.5 and §9.2), a
result that may be of interest in its own right, and might be of use when infinite-dimensional
systems are approximated by finite-dimensional systems in different subfields of applied and
numerical mathematics. In Lemma 3, we prove a version of the Poincaré inequality that might
be interesting in its own right as well. Relying on those functional-analytic arguments and on
stochastic coupling, we can give insightful proofs for our convergence results in Theorems 2
and 3.

In Section 5, we provide a functional law of large numbers (FLLN) in the stable case
p(Thom) < 1 in Theorem 4 and we prove divergence of this prelimit in the unstable case
p(Thom) > 1 in Theorem 5; hence, we provide a dichotomy in large-time behavior between
those two cases. In the stable regime, we also describe a functional central limit theorem



4

(FCLT) in Theorem 6. In proving our FLLN and FCLT, we show how to essentially reduce to
a finite-dimensional setting, allowing for relatively simple proofs of functional limit theorems
for infinite-dimensional systems. Given the difficulty of proving such results, our approach
may be of interest for other infinite-dimensional models as well.

Finally, we describe in Section 6 the probabilistic behavior of the graphon Hawkes process
by characterizing its Laplace functional through fixed-point equations, which provides an
iterative approximation procedure in the transform domain, non-trivially extending results
from [38, 41] to our infinite-dimensional setting. As an application, we show that, starting
with multivariate Hawkes processes Ntd converging to stable graphon Hawkes processes, we
can interchange the limits d — oo and ¢t — oco.

By not discretizing space, we obtain a natural model for phenomena occurring in time and
space that is more general, and possibly more realistic, than the classical multivariate Hawkes
process, especially in applications where heterogeneous behavior over space is expected. The
inaccuracy originating from discretizing space can be reduced by making the approximating,
‘homogeneous’ sublocations smaller, i.e., by working in a higher-dimensional setting. In the
present work, this is taken a step further by working on a continuous spatial set. In appli-
cations where excitation or infectivity depends continuously on the distance between two
locations or on other geographical characteristics, a continuous-space model provides a clear
advantage over finite-dimensional models. For example, the likelihood of an aftershock in
location x following an earthquake with epicenter y naturally depends continuously on the
distance between = and y, and may also depend on geographical characteristics. Similarly,
the likelihood of infection for COVID-19 depends on the distance between an individual and
a patient, and on characteristics such as the amount and type of restrictive measures, which
vary over space. Moreover, when applying Hawkes processes to crime modeling ([54]), the
likelihood of a crime in location y following a crime in £ may depend on the distance be-
tween x and y, as well as on sociological factors, such as the level of law enforcement, of
social control, or of education. Therefore, the model developed in the present work may be
of importance to applied fields where multivariate Hawkes processes are used and spatial
aspects are relevant.

Conventions. Throughout this paper, N :={1,2,3,...} and Ny := NU{0}. Furthermore,
the positive half-line is denoted by R := [0, 00). In general, the temporal variable is denoted
by t, whereas the spatial variable is denoted by x.

When writing ‘a multivariate Hawkes process’, we mean a Hawkes process on d € N
coordinates; in particular, a multivariate Hawkes process is finite-dimensional, and we do not
refer to Hawkes processes on countable networks or to graphon Hawkes processes by this
term.

Appendix. The proofs that are not given in the main text and some supplementary results
are collected in four appendices.

2. Definitions of the graphon Hawkes process. In this section, we formally define
graphon Hawkes processes, i.e., spatiotemporal self-exciting point processes on an uncount-
able spatial set, with a connectivity structure defined through a graphon W. We provide two
constructions: one through a conditional intensity density, and one using a cluster process
representation, i.e., by describing the dynamics as a spatial Poisson branching process. The
conditional intensity density representation allows for a form of nonlinearity, whereas the
cluster representation does not. In the linear case the two representations are equivalent. In
Section 3, we mainly use the conditional intensity density representation; in Section 6, we
mainly use the cluster representation; in Sections 4 and 5, we use both.
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We start by defining a spatiotemporal point process on [0,00) x 2 through a conditional
intensity density, for which we need a formal definition. Let L] (2") be the set of measurable
functions f on a o-finite measure space (2",.<7, ju) such that [, f dy < oo forall A € o7 of
finite measure.

DEFINITION 1. Let (2", </, 1) be a o-finite measure space. Let (N¢)¢>0 be a spatiotem-
poral point process, where to each event at time t, a spatial coordinate x € % is attached. Let
(Ft)t>0 be the natural filtration generated by N, i.e., F; := 0(Ns(A): s <t,A € o). Then
any (F)e>o-predictable process (t,x) — A\i(x) is called a conditional intensity density, if:
M(+) € LL_ forall t > 0; and for all A € of with i(A) < oo, N satisfies, as At |0,

P(Npsac(4) — Ni(4) =0|F) =1— /A Na(2) du(w) At + o AL);
P(Nys ar(A) — Ny(A) = 1) = /A Ne(@) dpa(z) At + o(AL).

Note that the probabilistic structure of N is determined uniquely by the conditional inten-
sity density A\;(z). This can be seen by treating spatial coordinates as marks, and applying
[18], Proposition 7.3.IV. Also, it follows from [18], Definition 7.3.11, that any regular spa-
tiotemporal point process (see [18], Proposition 7.3.1) admits a conditional intensity density.
Furthermore, note that when there is an event in a finite measure set A € o7 at time ¢, the
conditional intensity density can be rescaled to a probability density function determining the
spatial coordinate: the spatial coordinate x follows the law P(x € dx) = A\¢(dz) /A (A).

Before we define a graphon Hawkes process through its conditional intensity representa-
tion, we need some regularity assumptions.

ASSUMPTION 1. Let (2", o/ = B(Z"), 1) be a topological o-finite measure space. Let
Ao € LL (Z), he LY(Ry), let W : % — R, be a measurable (di)graphon, i.e., a (pos-
sibly non-symmetric) measurable function (x,y) — W (x,y), and let, for each fixed s € R,
(z,y) — Bay(s,w) be a stochastic process in the variables x and y on 2, defined on a
probability space (g, Fp,Pg), that is separable w.r.t. the class U of open subsets of 2>
and is jointly measurable in (z,y,w) with respect to B(2'?) @ Fp. Consider a collection of
i.i.d. copies of such processes. Also assume that there are p,q € [1,00] with p~™' + ¢t =1

such that W (-,y) € L8.(Z") and E[B.y] € L% (%) a.s., for p-a.e. y € X
The definition of separability of a stochastic process can be found in [51], §11L.4.

DEFINITION 2 (Conditional intensity density representation). Grant Assumption 1. Fur-
thermore, assume that we are given some history Fy on (—o00,0] of a B-marked spa-
tiotemporal point process N with 2 -valued locations, meaning that for each event at
time s, s <0, a mark (x,y) — Byy(s) is attached, independently of everything else. Let
2 x[0,00) = [0,00) : (z,y) = fz(y) be a measurable function, and assume that fy(-) is
cz-Lipschitz, for each x € 2", where x — c; is assumed to be measurable. We say that N
is a graphon Hawkes process on R x 2" when N is generated on R by the conditional
intensity density

(1) (@) = fa (Amm + 3 Buo()Wiayht - s>>,

(szy’BIy)eN
s<t

where the summation is over all events of N at times s strictly before t, at location y and

with mark By, (s) L By satisfying Assumption 1.



Realization of the conditional intensity density of a graphon Hawkes process
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Fig 1: A realization of A\;(x) for a linear, unmarked model on 2" = [0, 1] 3 z and [0, 100] >
t. We use \oo(7) = 1{z € [.45,.55]} and a graphon W (z,y) = 30(1/2 — d(z,y))?, where
d(z,y) =min{|x — y|,1 — |z — y|} describes the distance on the unit circle.

We illustrate the dynamics of the graphon Hawkes process in Figure 1, where a realization
of the conditional intensity density for a linear, unmarked process on .2~ = [0, 1] is shown.
Here, we use a graphon W with values W (x,y) depending negatively on the distance be-
tween x and y on the unit circle.

In this paper, we mainly focus on linear processes for which f, is the identity mapping,
for all z € 2. We assume throughout that we work in this setting, unless explicitly stated
otherwise.

REMARK 1. When we take 2~ compact, e.g., & = [0,1], and parameters A\, B, W
that are piecewise constant on the elements of some partition P of [0,1] into d disjoint
measurable sets [0,1] = Uf:l Zi, then the locations within the sets Z; are irrelevant, and
the process is essentially a d-variate Hawkes process. We employ this idea in Section 4.

Similarly, when Z is unbounded, o-finite and partitioned into finite measure sets
(21 )ken, then a process with parameters constant on each 2y, is essentially a Hawkes pro-
cess on a countable network; cf. [21].

As is the case for multivariate Hawkes processes, a linear conditional intensity density
specification allows us to give a definition of the graphon Hawkes process in terms of a
Poisson branching process. In the linear case, events (¢, x) arrive over time and space at rate

2) M) =Aoo(@)+ D Bay(s)W(a,y)h(t—s).
(8,9,Bzy)EN
s<t
With this linear rate specification, one can say that there are two types of events: those gener-
ated by the baseline intensity Ao, Which are coined immigrant events, and those generated by
the second term, which consists of intensity increases caused by previous events; therefore,
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those events are coined offspring events. Note that the immigrant events create clusters that
are i.i.d., modulo the time shift corresponding to the immigrant arrival times. Furthermore,
each event creates offspring according to the same iterative procedure, with different clusters
being independent of each other, implying that there is a branching structure, exhibiting self-
similarity. This structure is made explicit by the following cluster representation, which is
fully exploited in Section 6, when we derive fixed-point equations in the transform domain.

DEFINITION 3 (Cluster representation). Grant Assumption 1. Consider the time interval
[0, T, where T € [0,00]. We generate the events of the graphon Hawkes process according
to the following procedure.

(i) Generate immigrant arrival times according to a time-homogeneous Poisson process I (-)
on [0, T] x Z with intensity oo (), and write (Tl(o),azgo)), cees (TI(?%), xg(zzr))for the pairs
of event times and locations strictly before time T. Sample the corresponding random mark
functions B o) (Ti(o)) according to the law of B.

; (n)
i B (T;™)), sample next-
. . (n+1) _(n+1) (n+1) (n+1)

generation offspring events (T;" " 2" "), ..., (ng“)(T)’ x;i(?L)(T)
T according to a time-inhomogeneous Poisson process KZ(n) on [0,T] x Z having in-
tensity at time t > Tl-(n) equal to B >(Tl-(n))W(:r, :rl(-n))h(t — Ti(n)). Sample the corre-

sponding random mark functions B_ n+1) (Ti(nH)) according to the law of B.

(i1) Set n = 0. For each arrival with characteristics (Ti(n), I(n)

) strictly before time

(n
T;

(iii) Iterate for n € N, obtaining for finite t € [0, T the event sequence
E,(t):= { (Ti(n),;vgn),le(_n) (T.(n)>) : Tl-(n) < t} , n&Np.

2

Then the process N (-) given by N (t) =, cn, En(t) constitutes a graphon Hawkes process.

As for multivariate Hawkes processes, with linear models one can decompose the condi-
tional intensity density into a baseline intensity, first-generation offspring intensity, and so
on, implying that particles arrive at the same rates according to Definitions 2 and 3, given
that their spatial coordinates coincide. It is then intuitively clear that the intensity-based and
the cluster representation-based definitions are equivalent for linear processes on compact
2 starting on an empty history, though we need to check that the different procedures used
to sample the spatial coordinates are equivalent. This is the content of the next elementary
lemma. Part (i), corresponding to the cluster representation definition, describes a sampling
method where the intensity is decomposed, whereas part (ii), corresponding to the condi-
tional intensity density definition, does not use such a decomposition. The proof of Lemma 1
can be found in Appendix A.

LEMMA 1. Grant Assumption 1. Suppose that we sample spatial coordinates using an
intensity function \(x) = \'(x) + A\2(x). Then the following two procedures are equivalent.
IVl o
(')J’_v)‘z(')HLl(ﬁZ) ’

Then, sample the location according to the law having Lebesgue density m

(i) First, sample whether \' caused the event, where \' gets probability s

(ii) Sample the location according to the law having Lebesgue density W
Ll(a)
For most results in this paper (except for the existence, uniqueness and stability results
of Section 3), we assume compactness of our space 2" and uniform boundedness of the
parameters of our model, as follows.



ASSUMPTION 2. [t holds that W (z,y), E[Bg,] are bounded by constants Cyy,Cp > 0,

respectively, uniformly over x,y € 2 . Furthermore, the Lipschitz constants c, are bounded
by Ctip, uniformly over x € ', and Moo () € L5 ().

3. Existence, uniqueness and stability. In this section, we consider the general nonlin-
ear model and the corresponding conditional intensity density representation given by Defini-
tion 2, where (27, B(Z"), 1) is assumed to be some (topological) o-finite measure space. We
still need to prove that this is a ‘good’ definition, in the sense that there exists a unique pro-
cess IV satisfying the dynamics given by (1), and that such a solution is stable in distribution,
meaning that there exists a unique stationary distribution, to which any ‘sufficiently regular’
solution converges weakly, as ¢ — co. We consider the model under relatively weak stability
conditions, reminiscent of those given in [12], Theorem 7, for multivariate Hawkes processes.
The proofs of this section leverage methodology from [48] and can be found in Appendix A.
In Appendix A, we also show how to apply [48], Theorem 2, more directly under the stronger
stability conditions considered there. When one considers the case of compact, Euclidean 2",
e.g., 2 =10,1], the proofs and methodology become somewhat simpler.

In this section, we assume that the spatial coordinate takes values in some o-finite measure
space (2", .4/, j1), meaning that there exists a countable, measurable partition 2" = | |, Zi
into sets of finite measure, i.e., u(Z;) < oo, for all i € N. We refer to an element .Z; of this
partition as a site. Of course, N may be replaced by any other countable set, e.g., Z™. Note
that when 2" = [0, 1], there is no need to introduce multiple sites.

In the finite-dimensional case, existence, uniqueness and stability of Hawkes processes
is related to the spectral radius of a matrix consisting of magnitudes of excitation, see [12],
Theorem 7. In the current infinite-dimensional setting, we are interested in the linear trans-
formation

(3 Thom: L'(2,p) = LN 1) : f(-) = [Pl r, e /QfE[By]W(ny)f(y) du(y),

which, heuristically, maps ‘a particle in y’, i.e., the Dirac delta function J,, into its expected
(first-generation) offspring size density throughout the space 2. Recall that ¢, is the Lips-
chitz constant of f;; see Definition 2. In the linear case where f, = 1 and ¢, = 1, the operator
Thom corresponds to the homogeneous part of the conditional intensity density, whence the
subscript. We work in the regime where p(7om ), the spectral radius of 73,0y, is smaller than
1. Here,

P(Thom) :=sup{|a| : @ € 0(Thom) }»
0(Thom) := {a € C: Thom — ol € B(L' (2, 1)) is not invertible},

with I : LY (2, u) — LY(Z", ;1) the identity mapping, and with B(Z) the set of bounded
linear operators on a Banach space 2. The spectral radius is related to the operator norm
through Gelfand’s formula, see [16], Proposition VII.3.8:

(4) p(Thom) = hm HT}?omHUn = inf HTl?omHl/n
n—o00 neN

We now describe a two-step construction of (possibly nonlinear) graphon Hawkes pro-
cesses. In the first step, for each i € N, we define a Poisson random measure N* corre-
sponding to site Z;, which is used to construct events in 2;. Next, for an arrival in .27,
we use uniform marks to set up an acceptance-rejection method for determining the spa-
tial coordinate x € 2;. To this end, for i € N, let (L%, L%, Q%) be a factor space of two
spaces (LZ /JZ QZ) j = 1,2, the first space modeling the mark stochastic processes B
(re Z,ye 3&” i)s and the second one supporting i.i.d. sequences of couples of 1ndependent
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Uni(2;, 1;) and Uni(0, 1) marks; denote such a sequence by U’ = (vak, Ué,k)kGN‘ Here,
the Uni(.Z;, pi)-distribution is defined by IP( fk € dz) = p(dz)/u(Z;). For later use, for
j=1,2,let (Lj,L;,Q;) be the product space [, (L}, L%, Q5), and let (L, L, Q) be the
product of (L1, £y, Q1) and (Lg, L2, Q2).

Our acceptance-rejection method is as follows. When there is an arrival at time ¢ in site
Zi, we have \(z) € L>®(Z;) a.s., since Tion is a bounded operator under Assumption 1
(use Holder’s inequality). In step k, Ui .. 18 used as a proposal. We accept the proposal with

probability proportional to A, (U f «)- This means that we accept the proposal if and only if
(U7 1)

AL () oo (27)

If this condition is not satisfied, we reject, and try again for k£ + 1. Now, given an arrival in

site Z; at time ¢, the location within this site is determined by the realization of U*, since

At(+) is known. We refer to this location as X/(U;), with the understanding that U, is the
realization of U" at time t.

> Uy .

REMARK 2. Incase " =[0,1] and pu is the Lebesgue measure on [0, 1], we need only a
single U ~ Uni(0, 1) random variable. Indeed, given an event at time t, the location can be
determined by

S M(z) doe
P(X, € A) = JAN) 0T
'f IOlioy
for A € B|0, 1], meaning that the location is given by
D\ d
) Xt(U):inf{ze[O,l]:WZU}.
0 () dx

We are now equipped to define the graphon Hawkes process through the Poisson random
measures N’ on R x L’ x R having intensity dt x Q*(dz) x ds. Let S;N_ be the history
of N at time ¢; here, N_ denotes the history at time 0, and .S; is the left-shift operator w.r.t.
the first variable. Let N*(dt x dz) be the process counting events in site 7, with z € L. Given
an initial condition Sp/N_, we assume the following dynamics on R :

N(dt x dz) = Ni(dt x dz x [0,(S;N_,4)]);

©) VSN-) =81 = | Mo du@) = INO)

() = fo | Aoolx) + Z Z B,x: ) W(z, XI(U))A(t — 5)
JEN (5,8, yj ., Us)EN?
s<t

For the definition of strongly regular point processes, which we use in the next result, we
refer to [48], Definition 2.

THEOREM 1. Grant Assumption 1. Consider a graphon Hawkes process N on a o-

finite measure space (2, </, ) having (possibly nonlinear) conditional intensity density
specification

M M) =1 (Amm [ ] Baew et -9 ) da<s>> ,
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where o denotes the counting measure on 2 . Assume that we have a partition of Z  into
finite, non-null measure sets | |, Z; that is such that the following conditions hold:

®) Cim sup 1. Oroole) 1t ) 12 (72 < 505
£>0,ieN
9) P(Thom) < 1;
where
(10) n(t,z):= Z ByyW(z,y)h(t —s).
s<

Then there exists a unique strongly regular solution N to (6) such that

sup Ey(S;N_,i) < 0.
£>0,ieN

REMARK 3. In the linear case, (8) is equivalent to the following two conditions.

(11) o= sup/ Aoo(z) dp(z) < 005
€N J 2

(12) sup / n(t,x) du(x) < oco.
t>0,ieN J 2;

Besides the proof of Theorem 1, we provide in Appendix A some results that more directly
follow the work of [48]. First, in Proposition 2, we give a stability result, which is [48],
Theorem 4, specified to the current setting; there we also use [48], Remarks 3 and 4. Next, in
Proposition 3, we apply [48], Theorem 2, directly to prove existence and uniqueness under a
stability condition related to the operator norm of T}, which we calculate to be

(13) | Thomll = IAl] 2+ &, ) Sup / B[ Byy W (2,y) d(x).
yeZX J X

REMARK 4. When we work with a linear model on a finite measure space 2, the pa-
rameter p from equation (74) is given by p = ||Thom||. In this case, condition (74) implies
p(Thom) < 1 (cf- (9)) by Gelfand’s formula.

4. Convergence of mutually exciting processes to graphon Hawkes processes. In this
section, we show that the linear graphon Hawkes process on a compact, convex, Euclidean
spatial set 2~ C R™, which is an infinite-dimensional model, occurs as the limit of suitably
chosen multivariate Hawkes processes on d coordinates, as d — oo. More specifically, we
show that, under some regularity assumptions, partitioning .2~ and averaging the parameters
of the graphon Hawkes process over the sets of this partition yields a piecewise constant
graphon Hawkes process — i.e., a multivariate Hawkes process, see Remark 1 — that is
close to the original graphon Hawkes process, for large d. This averaging procedure can
be followed for infinite Euclidean spaces 2" = R™ as well, by partitioning the space into
hyperrectangles of uniformly bounded size. The proofs of the present section, however, do
not carry over to this setting, due to the possibility that the excitation of the prelimit ‘comes
from infinity’, meaning that an event may be caused by excitation stemming from an event
that is arbitrarily far away.

_We start by introducing some definitions and assumptions (Section 4.1), the prelimit model
(N9 4en (Section 4.2), and establish some required technical results (Section 4.3). Then we
consider the annealed case (Section 4.4), where the prelimit is a multivariate Hawkes process
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with a complete weighted connectivity graph. Next, we treat the quenched case (Section 4.5),
where we sample edges from this complete connectivity graph, yielding a Hawkes process
on a finite network with an unweighted, directed connectivity graph as prelimit. Note that for
such a sampling procedure, we need W to map into [0, 1], which can be accomplished by a
rescaling such as W (z, y)f?xy = (W(z,y)/Cw) (Cw Bay), using Assumption 2.

After providing definitions, the prelimit model and some technical preliminaries on [0, 7],
we work from Section 4.4 onwards on the finite time interval [0, 1]. By obvious modifications,
everything caries over to bounded time intervals [0, 7).

4.1. Definitions and assumptions. To prove convergence, we use the notion of uniform
convergence on compacts in probability (ucp convergence) and we first need to define a
metric on the space of marked spatiotemporal point processes. Next, we provide some as-
sumptions.

DEFINITION 4. Let 2" C R™ be a convex, m-dimensional manifold. Let (N*)cy be a
sequence of spatiotemporal point processes on [0,T| x 2", marked by i.i.d. realizations of a
stochastic process B on Z°? satisfying Assumption 1. Furthermore, let N be another such
process. Write % for the space of realizations of such processes. Let 3(-,-) be a metric on
%. We say that N* converges uniformly on compact sets in probability to N, as k — oo, if
for every nondegenerate compact, convex m-dimensional manifold of C 2 and for every
6 >0,

(14) P sup 0 (Ng,,N%,> >6| =0, ask— oo,
A CA
&/’ compact, convex

in which case we write N¥ “% N Here, Ny denotes N restricted to the spatial set %'.

We aim to define a metric with the property that two point processes are ‘far apart” when-
ever there is an event of one process that does not coincide with an event of the other; and
such that two simultaneous events are ‘close’ if and only if their spatial coordinates and their
marks are close. This motivates the following metric.

DEFINITION 5. For some T > 0, let N, M be two spatiotemporal point processes on
[0,T) x 2, marked by i.i.d. realizations of a stochastic process B on 2% satisfying As-
sumption 1. Write T, .= {t € Ry : Jy, B s.t. (t,y, B) € L} for the event times of L = N, M.
Then we define a metric on Z (see Definition 4) by

dN, M) = Y (IyY = yMlre + 1By — Bl raar))
teTNNTm
(t,yN,BN)eEN
(t)y]u7BM)€M
(15) + ) (THllylee + 1ByllLa) -
teTNATM

(tvva)ETNUﬂl

REMARK 5. The choice of the Euclidean norm on R™ is unimportant, since all norms
on a finite-dimensional vector space are equivalent. Also, we could just as well work with
the LP(Z )-norm, p € (1,00), by stating an analog of Lemma 3 below, using a Poincaré
inequality in LP(Z") and assumptions on the p-variation of B.
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ASSUMPTION 3. Let 2" = [a,b] :=[[;~,[ai,b;] C R™ be some nondegenerate hyper-
rectangle in (R™, B(R™),Leb™), where Leb™ is the Lebesgue measure on (R™, B(R™)).
Assume that we are given a sequence of partitions (Pd)deN of & into d hyperrect-
angles (%nd)ne[d] with mesh(P?) — 0 monotonically as d — oo, where mesh(P?) :=

max;, (g diam( Z.9.

Next, we need some regularity assumptions on the parameters of our graphon Hawkes
process in terms of their fotal variation; cf. [45].

DEFINITION 6. Let 0 C R™ be an open region, and let f € L] (). We define the total
variation of f in Q) by

" [ 0D,
(16) Var(f,Q)::sup{Z/Q 8x'fdx:<1>GC’(}(Q,R’”),|]<I>||LOO(Q)gl},
i=1 v

where CL(Q,R™) is the set of continuously differentiable functions ® : Q) — R™. When work-

ing on equivalence classes, i.e., for f € Lllo (), we set

17 =V Q) = inf V. Q).
a7 vy = Var(7, 0)i= _inf Var(g.9)

loc
g=f ae.

Write BV (X2) for the set of (equivalence classes of) integrable functions f € Li. (Q) defined
on a subset ' O Q of R™ such that f|q has finite total variation.

REMARK 6. For univariate functions g : R — R, (16) is equivalent to

(18) Var(g,(a,b)) =sup {Z lg(xiv1) —g(zi))|:neNja=zo<z1 < - <xp = b} .
i=1

ASSUMPTION 4. Assume that N is a linear graphon Hawkes process defined on X~ =
[a,b], satisfying Assumption 3. Suppose that ||Aso|lTv(27) < 00. Suppose that B., is of
bounded variation a.s. for a.a. y € 2, with sup,c o EHB.yHTV(%) < oo. Furthermore, sup-
pose that W (-, y) is of bounded variation for all y € R, with sup,c 5~ |W (-, y)|lrv(2) < oo

Finally, in Proposition 1 below, we require continuity of W, as follows.
ASSUMPTION 5.  Suppose that W : 2°? — R is a.e. continuous.

4.2. Prelimit model. We consider a linear graphon Hawkes process IV, defined through
its conditional intensity density (2), with corresponding integral operator

(19)  Thom: L'(2) = LY(Z) : f() = 1] 2y /[ E[B.,JW(-y)f(y) dy.

We define the intended prelimit (]\7 4) jen by specifying conditional intensity densities. Using
the partition P? from Assumption 3, we partition the compact hyperrectangle .2 into fur-
ther hyperrectangles (%nd)ne[d]. We define a prelimit model N7 as the linear model having
conditional intensity density

(20) Ma@) =A@+ Y. BLs)Wz,y)h(t—s),

(s,y,égy)GN‘i
s<t
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where the parameters are obtained by averaging over the elements 2 ¢ of P

d
~ ]_z%fbd(l‘)
1) Ago(x)=2m %dkoo(y’) dy';
Lya(x)1g0(y)
2 By (s) da’ dy':
(22) ZZLebm ﬁ/rd Lebm(%d) /%dxg{jd y(S) xr ay
Lya()lya(y)
23 W W (') da’ dy/'.
(23) ;;Lebm %d Lebm(%d) /,%;dxﬁ?fjd (xay) T ay

Note that when we we average out the parameters of a graphon Hawkes process over the sets
2% asin (21)— (23), the location within Z; 4 of an event in 2% does not influence the dynam-
ics of the process N¢. Since we have finitely many coordinates, the resulting process can be
interpreted as a Hawkes process on a discrete network with nodes n € [d] corresponding to
sites 2. This multivariate Hawkes process N = (V. ]d )je[a) on finitely many coordinates can
be specified through its conditional intensity. Indeed, for each i € [d], we have a conditional
intensity in coordinate ¢ given by

d
(24) AL =2 +) 0 Bh(s)Wih(t - s),

J=1seN¢
s<t

where, cf. (21)—(23),

(25) A= / Moo (z) daz;
28
1

d 1

(27) Wz] Lebm(%d)Lebm(&de) /%dx%d W(z,y) dz dy.
Note how (24)—(27) describe the same model as (21)—(23), since integrating a constant den-
sity over site 4 is identical to multiplying by Leb™ (Z; ). The connectivity structure of the
model on [d] is described by a complete weighted graph with weights (W ijeld)-

We refer to the model with conditional intensity density given by (20) as the annealed case.
In the quenched case, the prelimit uses a simple graph, with edges sampled with probabilities
equal to the weights Wg. For this to make sense, we need Cyy < 1. As observed earlier, this
can be accomplished by writing W (z,y) By = (W (x,y)/Cw)(Cw Byy), assuming Cyy <
0o. More specifically, in the quenched case, we connect coordinates i, j € [d] in the prelimit
model N if and only if szj =1, where Zz-dj ~ Bernoulli(Wg-). Then, for each i € [d], we
have a conditional intensity in coordinate ¢ given by

d
(28) AL =2+ Bl(s)Z8n(t — s).

J=1seN¢
s<t

This is equivalent to a graphon Hawkes process N having conditional intensity density

(29) Ma)y=x(x)+ Y Bl (s)Z%z,y)h(t—s),

(s,y,Bjy)GNd
s<t
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where

d d
(30) Z%a,y) =D > Lya(@)lya(y) Z5.

i=1 j=1

We call N on the weighted graph W the annealed model because its environment can be
seen as the integrated version of that of the quenched model N on a W-random graph.

One has to be careful to prevent the multivariate Hawkes process induced by the graphon
Hawkes process, as defined with the aid of equations (21)—(23), to be explosive. It is easy
to see that (11) still holds for the model with averaged parameters, but (9) is more difficult
to verify. Suppose that (9) holds for the original model, but that with high probability, B
is large where W is small, and vice versa. It may occur that after averaging, the resulting
multivariate process is not stable any more. However, it can be argued that this problem does
not arise for d sufficiently large whenever mesh(?¢) — 0, as d — oc. This is shown in the
next subsection.

4.3. Technical results. In the proofs of the convergence results in the next subsections,
we need some technical results. These results are collected in Lemmas 2 and 3 below, which
might be of independent interest. While new to the literature, they are primarily technical,
hence we postpone their proofs to Appendix B. Lemma 2 deals with the uniform bounded-
ness of certain operator norms. Specifically, it demonstrates that if p(Tjom) < 1, then for d
sufficiently large, and hence mesh(7?) sufficiently small, the approximating processes N¢
are stable, and in particular have finite expected total offspring, for every immigrant.

LEMMA 2. Grant Assumptions 1, 2, 3 and 4. Let N be a stable linear graphon Hawkes
process satisfying the conditions of Theorem I, with multivariate approximating processes on
weighted graphs N as described by (21)~(23), and with corresponding integral operators

T Let §:= %(1 — p(Thom))- Then we can find some D' € N such that for d > D', N%

hom-*

satisfies the conditions of Theorem 1, with p(Tézzn) < p(Thom) +6 < 1.
Furthermore, we can find D € N such that the expected cluster size E[Z%) for N? of
a particle in x € 2 is uniformly bounded over x € 2 = [a,b| and d > D. Denote this

uniform bound by K.

The next result bounds the L'-norm between a function and its piecewise constant approx-
imation by the total variation of that function multiplied with the mesh of the corresponding
partition. This result, which can be viewed as a suitable version of the Poincaré inequality,
may be interesting in its own right, in that it has the potential to be applied more broadly.

LEMMA 3. Let Z =][;~,[ai,b;) CR™ be some hyperrectangle. Assume that 2" shares
its boundaries with elements from the partition P of R™ into K € N bounded hyperrectan-
gles %d, i € [K]; if this is not the case, replace P® by its coarsest refinement such that
the boundaries of 2 are also boundaries of elements of P®. Consider a piecewise constant
approximation

1
d e —
f |%5_Lebm(%nd) /%;flf(l") dz

of f € L%OC(Rm), which is assumed to be of bounded variation over bounded sets. Then it
holds that f¢ € L'(%Z , 1), f* — f a.e. as mesh(P?) — 0, and finally,

1
31 17 = Fllziar ) < 5 Var(f, 2 )mesh(P?).
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In the case of 2" C R, we can state a version of Lemma 3 that is slightly more general,
and admits an elementary proof. See Lemma 7 in the appendix.

REMARK 7. Instead of partitioning R™ into hyperrectangles, as prescribed by Assump-
tion 3, we could take a partition of R™ into convex sets in such a way that the mesh of the
partition tends to 0, as d — oo. The particular choice of the tesselation does not alter our
analysis. Indeed, in such a scenario, [1], Theorem 3.2, still holds, hence the proof of Lemma 3
can be adapted to different tesselations.

4.4. Annealed case. In this subsection, we prove convergence in the annealed case,
where the prelimit N is a multivariate Hawkes process on a complete weighted graph we,
with parameters obtained as averages of the parameters of N over the sets of a partition P¢ of
2 =la,b]. As a corollary, we show that any sufficiently regular sequence of mutually excit-
ing point processes with suitably convergent parameters (invoking the cut metric) converges
to a graphon Hawkes process. The quenched case is studied in the next subsection.

THEOREM 2. Grant Assumptions 1, 2, 3 and 4. Let N be a linear graphon Hawkes
process on 2" = [a,b] C R™ and time interval |0, 1], starting on an empty history, satisfying
the conditions of Theorem 1, with multivariate approximating processes on weighted graphs

N as described by (20)—(23), with corresponding integral operators T}Egzn

0 from Definition 5, it holds that NYEB N, as d — oo.

. Using the metric

PROOF. Under Assumptions 1, 2, 3 and 4, as in Lemma 2, for § := %(1 — p(Thom)), let

D € Nbe such that: i) forall d > D, p(T\? ) < p(Thom) +6 < 1; and (i) there exists £ < oo
bounding the expected cluster size for N and the expected cluster size E[Z4], uniformly over
zrecZ,d>D.

The prelimit N is a multivariate Hawkes process, i.e., a graphon Hawkes process with
piecewise constant parameters on the sets of the partition P%. In particular, it is defined
on the same space as IN. Hence, it is possible to couple those processes by defining them
w.r.t. the same Poisson random measure; cf. (6). We assume such coupled sample paths, and
we bound the expected discrepancy between N and N, in the metric 9, for d large. Since
(N, Myy) <O(Nyy, M) for o/’ C of for this metric, it suffices to consider discrepan-
cies on the whole space [a, b]. Fix d, € > 0. We use the bound on the expected discrepancies
to bound the probability of a discrepancy larger than ¢ by €; more formally, we show that

there exists d such that P <D(N 4 N)> 5) < ¢, thus establishing ucp convergence.

The discrepancy between the two coupled processes N% and N in the metric d consists
of several parts. For each simultaneous event, we compare the difference in location and the
difference in L'(.2")-norm between the marks corresponding to those locations. Next, for
each non-simultaneous event the contribution to the 9-distance equals unity, plus the distance
of the spatial coordinate to the origin, plus the L' (.2")-norm of the mark. By [48], Lemma 1,
those non-simultaneous events correspond to events of

(32) |INY — N|(dt x dz x dz) := N(dt x dz x dz x [0,|\%(z) — M (x)]]),

where N is a Poisson random measure on R x L x 2~ x R, with intensity measure dt x
Q(dz) x dx x ds.

To bound the expected discrepancy in the 0-metric, we consider differences in the param-
eters that contribute to the discrepancies between the two processes N and N?. A convenient
way to do this is by employing the branching structure of the linear graphon Hawkes process.
Each contribution to the discrepancy in d-distance is of exactly one of the following types:
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(i) The difference ||[Aoo — ;\glOH L'(Ja,b]) 1N baseline intensities creates a stream of nonsimul-

taneous events, each of which creates a clus~ter of events for either N or N d.N
(ii) Because of averaging, B., differs from Bfé,, and W (-,y) differs from W(-,y/'). For

each simultaneous event with spatial coordinates y and i’ of N and N, respectively,
this creates additional events. Again, each of those additional events generates clusters of
events for either N or N

(iii) Even when we have a simultaneous event for both processes, the point from N¢ is lo-
cated differently within %d when compared to the point from V. Because all parameters
of N¢ are constant on 2%, this does not influence the future evolution of the process,
although it affects 0. Both the location and the mark may be different, causing discrepan-
cies.

In the following, we formally bound (i)—(iii) separately.

Fix ¢ > 0. We start by bounding the discrepancy caused by (i), i.e., the events generated by
differences in baseline intensities, and offspring thereof. Suppose that d; > D is sufficiently
large such that mesh(P?) < 2€'/||Asc|lTv(27)- Then, [[Aos — AL || 11(2) < € by Lemma 3.
Each of the events caused by the difference in baseline intensities creates a cluster of expected
size bounded by 8. Therefore, on the whole space .2, the difference in baseline intensities
causes a stream of nonsimultaneous events with an expected count over our time frame [0, 1]
bounded by €'[|Aso[|Tv(2)R. The contribution to 0 of each of those events can be bounded
by C; :=1+|a| V |b| + Cp. Hence, by choosing

; de
3 AcollTv(2)yRC

we can assure that the discrepancy in the metric 0 caused by (i) can be bounded by de/3.
Next, we bound the discrepancy in d-distance from (ii), i.e., discrepancies caused by dif-
ferenges between B and B¢ and between W and Wd, for each simultaneous event of IV
and N. To this end, first note that the number of events for N on the time interval [0, 1], and
therefore the expected number of simultaneous events of N and N on [0, 1], can be bounded
by af, where o := f 7 Aoo() dz, as in (11). For each of those events, there is a difference

€

in mark and in location between N and N¢. By the construction presented in Section 3, we
know that the locations of a simultaneous point for N and N lie in the same element 2.4
of the partition P%. Furthermore, since the parameters of N are constant on the sets 2.4, it
follows that the location of an event for N¢ within %nd does not influence future dynamics,
meaning that if we want to bound the expected number of events caused by differences be-
tween B., and B_CL, and between W (-,y) and W4(-,4/) for a simultaneous event for N and

N9, we may in fact assume that 3y = 1. Now for each simultaneous event of N and N, the
difference between mark and graphon parameters and between locations causes an offspring
with an expected count bounded by

sup/ E‘BxyW(xay) - Bgywd(m’y)‘ dz
7

yex
< sup/ ]E‘Bxy —Bgy W(z,y) dz + Sup/ E [Bgy} ‘W(:L‘,y) - Wd(x,y)’ dx
yex J X yex J X

< mesh(P?) (CW sup E[|B.y[|tv(z) + Cp sup HW('a?J)HTV(%’)> /2,
yeZ yeX

using Assumption 2 and Lemma 3. In turn, each of those events generates a cluster of further
events with expected size bounded by 8, with each event contributing to 9 at most Cy :=
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1+ |a| Vv |b] + Cp. Hence, selecting da > D such that
20€

mesh(P?) <
3aR? (CW supye o E||B.yllrv(2) + Cpsupye o

W (- 9)llrvzy) Co

guarantees that the expected discrepancy between N and N during [0,1] caused by (ii)
above is less than de/3.

Finally, we bound the expected discrepancy in d-distance caused by (iii), i.e., the differ-
ence in contributions to 9 for simultaneous events of N and N¢ through different locations
and marks. Again, the expected number of simultaneous events of N and N¢ on [0,1] can be
bounded by a.f. For each of those events, the locations are within the same element 2% of
the partition P%, hence the difference in locations contributes at most mesh(7P%) to the dis-
tance O(NV, N ), while by Lemma 3 the difference in marks causes an expected discrepancy
bounded by mesh(P?) supye g E||B.y|lTv(2)/2. Hence, selecting d3 > D such that

20€
3aR(2 + supyc g El|Byllrva)

mesh(P?9) < ,
guarantees that the expected discrepancy in d-distance between N and N¢ caused by differ-

ences in locations and mark sizes is less than de/3. 3
Combining the bounds for the contributions (i)—(iii), it follows that E[d(N¢, N)] < de for

d > max{dy, ds,d3}, hence by Markov’s inequality, (a(Nd, N)> 5) <e 0

The essential ingredients in the proof of Theorem 2 are the L!-convergence of the pa-
rameters of the prelimit to those of the graphon Hawkes process, and that the prelimit has
uniformly bounded cluster sizes. Hence, by imposing appropriate conditions on the parame-
ters of the prelimit, we can state a converse to Theorem 2, which holds for prelimits obtained
in different ways than through (20)—(23).

To state such a converse, we want to use the natural notion of graphon convergence, which
is convergence in the cut metric, see [47], Chapter 8. With B(.2") the Borel o-algebra on .2,
the cut norm of W is defined by

W(z,y) dz dy|,
SxT

W= sup
S, TeB(Z)

and the corresponding cut metric is defined by
dg(W1,Wa) := ||W1 — Wa||o.

In applications (e.g., [2, 7, 8]), the cut norm is often connected to more naturally appearing
norms, by an application of [47], Lemma 8.11, which states that

P //W(x,y)g(y)dy
llgll oo (2y=14 2 |J &

The following corollary establishes that under suitable assumptions, for any sequence of
graphs W on d nodes such that the associated products E[éd]VT/d converge in the cut met-
ric to E[B]W, the corresponding d-variate processes N converge to the graphon Hawkes
process N associated with the graphon W. The proof of the corollary is postponed to Ap-
pendix B.

dr =: |[W||p=(2)=11(2) < 4IW|o.

COROLLARY 1. Let (N%) ey be a sequence of marked d-variate Hawkes processes.
Embed each of the N¢ in the space of graphon Hawkes processes by taking a sequence of
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partitions P¢ of X satisfying Assumption 3, letting coordinate i correspond to %d, and
taking the parameters N, W B? of the graphon Hawkes process N corresponding to N¢
plecewise constant on ,ﬁ?fid, %d X %d, respectively, and such that (24)—(27) hold.

Suppose that 2, P \oo, W and B can be chosen such that:

(@) Aoo, W, B satisfy Assumptions 1 and 2;

() AL — Moo in LN Z), as d — oo;

(¢) E[BYW — E[B|W in the cut metric, as d — co;

(d) C:=inf,cy fj B..W(x,z) dz >0, a.s. over the realization of B;
(e) The expected cluster size B[Z%] is uniformly bounded in x € 2 ,d € N.

Then, using the metric 0 from Definition 5, it holds that (N%)gen — N, as d — oc.

REMARK 8. Condition (d) of Corollary I requires that the expected offspring resulting
from a particle in z € 2 is bounded away from 0, uniformly over z € 2 . Condition (e) is
satisfied if we assume that there is a § € (0,1) such that

1hllL () sup / E[Bgym/d(a:,y) dr<1-9§
yexr J &

uniformly over d € N. This implies that the expected cluster size is bounded uniformly by
Y nso(1 = 0)"=1/6; see also Remark 4.

4.5. Quenched case. In this subsection, we consider the quenched case, where the pre-
limit N¢ is a multivariate Hawkes process on a looped, directed graph G with edges sampled
from (sz%)i,je[d]-

THEOREM 3.  Work in the setting of Theorem 2, with 2 = [a, b] C R™ and time interval
[0, 1], but different from the annealed process of Theorem 2, consider the conditional intensity
density X}(-) of the quenched process N given by

(33) Ma@)= @+ Y. BL(9)Z%z,y)h(t— ),
(s,y,Bd,)EN?
s<t
with parameters as defined in (21), (22) and (30). Then, using the metric 0 from Definition 5,
it holds that N B N , as d — oo. Here, the uniform convergence in probability is also w.r.t.
the realization of the connectivity graph.

PROOF. As observed before, we may assume without loss of generality that Cyy < 1.
Fix &,e > 0. Let N denote the annealed prelimit on a weighted complete directed graph of
Theorem 2, so that N¢ is the quenched prelimit on a looped directed graph sampled from
this complete graph. The idea of this proof is to argue that for large d, with high probability,
no set 2,2 from P? contains more than one event from N¢, and conditionally on this high
probability event, the probabilistic behavior (including stability) of N¢ is the same as that
of N. Indeed, suppose that there is at most one event in each set 2%, Given an arrival in
some 2" 3 y, first sampling an edge Z{; ~ Bernoulli( W) to 2;? 3 x, and in case of an
edge (i, j) generating the offspring according to Bgy(s)h(- —s), is equivalent to thinning the
increase of intensity by ijl

To prove ucp convergence, let 0 € (0, 1). For such 0, on the event {o(N¢,N) < 6}, the
processes N¢ and N only have simultaneous events, by definition of d. Suppose that the
partition P? has no element .2, in which more than one event for N occurs during [0, 1].

i.e., to generating offspring according to Bgy(s)Wgh(- —3).
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Then, conditionally on {d9(N%, N) < §}, the same property holds with N replaced by N¢,
since a simultaneous event of N and N has a location within the same element 2.3 of the
partition P?¢. We focus on taking d sufficiently large such that this property holds for 7% and
N.

As in Theorem 2, the expected cluster size of NV is bounded by £, hence IV has an expected
number of events on [0, 1] that is bounded by af < co. Thus, N (w), the realization of N
during time interval [0, 1], is finite a.s. This implies that £(w) := infy yen(w) | — y|| >0
a.s. For d > 1 such that mesh(P%) < ¢(w)/2, all elements of N (w) are in different elements
Z.% from the partition ¢, This property then carries over to d’ > d, since mesh(P¢) — 0
monotonically, as d — oo, by Assumption 3. For d € N, let

l
Ag:i= {w € Q:mesh(P?) < (;))} )
Then, |J ey Aa = € (up to a null set), and Ag T € (up to a null set). Hence, by continuity
of probability measures, P(A4) T 1 as d — oco. Select dy € N such that P(A4,) > 1 — ¢
then f~0r d > dy it holds that P(A;) > 1 — €. In the proof of Theorem 2, we showed that
P(d(N9 N)<§) > 1— efor d > max{dy,ds,ds}. Hence, for d > max{dy, dz,ds,ds},

P({o(N4,N)<8}nAy) >1—2e.
Since conditionally on Ay, the probabilistic behavior of N and N is identical, we have
PQ(N, N) <6) >P({o(N%, N) <6} N Ag) =P({o(N9, N) <6} N Ag) > 12,

which establishes the ucp convergence N¢ B N asd— oo. O

We have shown that the graphon Hawkes process can be seen as a continuous-space limit
of multivariate Hawkes processes. The next proposition, the proof of which is postponed
to Appendix B, shows that the graphon corresponding to N also occurs as the limit of the
connectivity graphs corresponding N¢.

PROPOSITION 1.  Work in the setting of Theorem 3, with 2" = |a,b] = Hflzl[an,bn],
and grant Assumption 5. Let N be a graphon Hawkes process on W with approximating

multivariate Hawkes processes (N9)ycn with edges sampled from (Wi?>i,je[d]’ where the

parameters are taken piecewise constant on the intervals of the partition P4, This partition
can be chosen in such a way that P-a.s., the connectivity graph G? of N? converges to W in
the cut metric, while N¢ converges ucp to N, as d — oo.

REMARK 9. The construction of this subsection essentially works with digraphons and
looped, directed graphs G¢. If we intend to use ‘standard’ graphons and simple graphs, the
analysis of this section can be adapted in order to sample edges only for i < j.

5. Large-time behavior. We now specialize to a graphon Hawkes process with spatial
coordinates in (2, o7, u) = ([0,1], B[0, 1], Leb||g 17). This is for legibility only: as is easily
verified, all arguments in this section and in Section 6 only rely on 2~ being a compact subset
of an Euclidean space R™, and in particular do not require 2~ to be one-dimensional.

We investigate the large-time behavior of the graphon Hawkes process. First, we prove
a functional law of large numbers (FLLN) in the stable case where p(Thom) < 1, and show
that the corresponding prelimit diverges in the case p(Thom) > 1, thus providing a dichotomy
between these two cases. Having established the FLLN in the stable case, we next prove a
functional central limit theorem (FCLT) for the number of events (N:(A)):>o for A € 5[0, 1].
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We establish those large-time results with the aid of limit theorems for finite-dimensional
Hawkes processes.

To obtain explicit results, we work in this section with unmarked processes, i.e., we set
B =1in (2). Our approach is to approximate N by multivariate Hawkes processes N¢ using
Theorem 2, to which we apply explicit limit theorems for the unmarked case from [5]. In prin-
ciple, it is also possible to consider functional limit theorems for marked Hawkes processes.
Such limit theorems, however, often assume univariate marked processes ([32, 37]). If we
model multivariate processes as marked univariate processes, we enforce a single common
intensity function with i.i.d. coordinates. Other papers — e.g., [24] — work with multivariate
processes, but obtain less explicit results.

5.1. Functional law of large numbers. Under the condition p(Tjom) < 1, we expect that
Nr[0,1] = O(T'), as T — oo, by Theorem 1. Therefore, we consider N (A)/T for large T
and for A € B|0, 1], with the objective to establish an FLLN for (N7 (A)/T), ¢ 1)- For the

ergodic average of the number of events in any Borel set A € 5[0, 1], we will argue that

Nry(A)
(M5%) 7 A

where \(A f A ) da, with A\(z) the expected stationary arrival rate density, meaning
that it solves the Fredholm integral equation of the second kind A = Aoo + Thom(N), i.e.,

(34) A(®) = Moo ) + [l ey /0 W, »)A(y) dy.

This is motivated by the following heuristic, supposed to hold for 7" large and for A € 5[0, 1]:

E[NTU //TU ()] dt de
-/ /OT” ) + [ [ Wit s dsdy) drda
st [ [ e [ wenso ay bl dras
—;/A/OTUX(J;) dt dz = vA(A),

where in stationarity we would expect E[As(y)] to be independent of s, in which case we
denote this quantity by A(y). In the remainder of this subsection, we make this heuristic
exact.

THEOREM 4. Grant Assumptions 1, 2, 3 and 4. Let N = (Ny(A))icr, aeBjo,] be an
unmarked (i.e., B = 1) linear graphon Hawkes process on 2 = [0,1] and time interval
R, starting on an empty history, and satisfying the conditions of Theorem 1. In particular,
suppose p(Thom) < 1, where in the present setting

1
(35) Thom  L'[0,1] = L'0,1] - f(-) = 1Al 12 gy /0 W(,y)f(y) dy.

Let \ be defined in (34). Then,

(36) Nro(4) _ 5
veE[0,1]
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PROOF. The proof is structured as follows. We first approximate the graphon Hawkes pro-
cess by d-dimensional Hawkes processes using Theorem 2; then we use an existing FLLN
for this prelimit; and we demonstrate that the limit quantities for graphon Hawkes and multi-
variate Hawkes processes are close, for large d.

Thus, we first approximate the graphon Hawkes process N by processes N on weighted
graphs, described by (20)—(23), having constant parameters on each element %nd (n € [d])
of the partition P of [0, 1] into d intervals, with mesh(P?) — 0 as d — co. Denote the

corresponding integral operators by Tég])m By Lemma 2 (which requires Assumptions 1,
2, 3 and 4), we can find some D € N such that for d > D, N¢ is stable with ,o(T}Eg) ) <

p(Thom) + 6 < 1, where § := 2(1 — p(Thom)), and such that the expected cluster size E[ZZ]
for N of a particle in z € [0,1] is bounded by R < oo, uniformly over = and d > D. This
means that the FLLN [5], Theorem 1, holds for N d forall d> D.

For A € B[0,1], let (N:(A))+>0 be the simple counting process keeping track of the num-
ber of points in A over time. Let K¢ = (||h||L1(R+)VVZ-‘§-)Z~7jE[d} (see (27) and [5], Assump-
tion (A1)), and let ; be the d x d identity matrix. Then it holds that

v(4) < Nry(A)  NE,(4)
(37) sup r A(A)| < sup ——=Y
ve(0,1] T ( ) vel0,1] T T
. )
(38) + sup 7o(4) v(Ig— K9)71N4 (A)
vel0,1]
(39) + sup ‘v([d—f('d)’lj\go(/l)—v;\(A) ,
vE(0,1]

where (I; — K™\ (A) := [, (I — K472\ ) (z) dw. We aim to prove that the left-
hand side of the inequality in the above display goes to 0 in probability as T — oo, by first
selecting d large enough such that the right-hand side of (37) and (39) are small for d > d,
independently of 7" > 1, and next selecting T" large enough such that (38) is small.

Fix €,k € (0,1). We start by bounding (37). Suppose that 7" > 1. Let (-, -) be the metric
from Definition 5. If 9(N7, N¢) < 2T°¢, then there are fewer than 27°¢ non-simultaneous
events on [0, 7] for both processes, and this leads to the bound

Nro(4)  Nf,(4)
T T

!/

sup < 2€.

ve0,1]

Hence, we focus on establishing that ?( Ny, N%) < 2T€¢. To this end, let M be a process
corresponding to N, having the same immigrant streams of events I; < Iy < -- -, but where
to each immigrant [, arriving at time ¢, at this time ¢ we immediately attach the immigrant’s
complete offspring Oy C (t,00). More precisely, Mp = 1.<1 Ok Define M similarly
through N¢. This means that the event times of MT,M% are discrete subsets of [0, 00),
marked by discrete subsets of (¢, 00) for an immigrant arrival at time ¢. Informally, M, M
consist of the immigrant streams of N, N, with each immigrant replaced by a batch of size
equal to the whole cluster corresponding to that immigrant.

Let D be the process defined through D7 = {J; <p(Ox N (T, 00)), where (Ii)ken,
(Og)ken are the immigrant times and offspring sets corresponding to N; let D? be defined
similarly through N?. Then we have, a.s.,

(40) 0 (NT,N%) <0 (NT,N%) o (DT,bgﬁ) —2 <MT,J\Z/%) .
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Furthermore, writing M4 for the process only recording the immigrants arriving in A €
B(R ) — meaning that M7 = My 1] —, we easily obtain the a.s. bound

(41) 0 (MT,M%) < ;:a (M[i—l,i)aM[Cf—Li)) :
i=1

Next, note that clusters arrive independently over time, and that the clusters themselves
are i.i.d., modulo the time shift corresponding to the immigrant arrival time. That is,
(M1 3y, M, [Cz.l_l i))iEN represent i.i.d. random sets. Furthermore, by the proof of Theorem 2,

we can find d; > D such that, for d > d;, the expectation of (M li—1,i)> M[Cil_l Z,)) can be

bounded by €. Hence, for d > dy, o(Np, N%) is bounded in expectation by [T]¢' < 2T€,
thus, independently of 7' > 1,

Nro(4) K, (4)

sup T T

v€E(0,1]

is bounded in expectation by 2¢’. Choose €' = ex/12. Markov’s inequality implies that with
probability of at least 1 — x/2, (37) is smaller than €/3.

We now bound (39). To this end, note that the solution A to a Fredholm integral equation
of the second kind depends continuously on the initial conditions, whenever there exists
a unique solution; see [28], Corollary 9.3.12. This can be guaranteed under the condition
p(Thom) < 1, since then X as defined in (34) can be expressed by a Liouville-Neumann series:

(42) A=) Ty Ao

n>0

which is in L'[0, 1] by Gelfand’s formula. The continuous dependence of the solution A on
the initial conditions means that we can find n > 0, such that

(43) [ Ao — :\go”Ll[O,l] <n and HhHLl(RgHW - VT/dHLl[o,H2 <n
imply that
~dn—1% - €
I(a= K5~ Mgsio < 5-
Note that (I; — K%)=\ is the unique solution to f = A% + T (f). By Lemma 3, there

exists da > D such that (43) holds for all d > dy. Hence, for such d, (39) is bounded by ¢/3.
Finally, given d := d; V ds, we need to choose T sufficiently large to make (38) small.
We achieve this by applying [5], Theorem 1, to a multivariate Hawkes process on 2d coor-
dinates corresponding to the sets 2.% N A and Z.% N AS, n € [d], with equal parameters on
the coordinates corresponding to 2;% N A and 2Z,% N A€, computed according to (20)—(23).
Note that [5], Theorem 1, uses the Euclidean norm on R%. However, as all norms on a finite-
dimensional vector space are equivalent, their result holds for the #!-norm as well. It follows
that (38), which is bounded by its £'-norm over the 2d coordinates, converges to 0 in proba-
bility as 7' — oc. In other words, we can find 7" > 1 such that for 7' > T it holds that, with
probability of at least 1 — x/2, the expression in (38) is bounded by ¢/3.
Now we use our choice of d to combine the bounds for (37)—(39). Then, for all T' > T,
TUT(A)—U;\(A)‘<E>21—H. O

N
P sup
v€l0,1]




HAWKES PROCESSES WITH A GRAPHON-INDUCED CONNECTIVITY STRUCTURE 23

We proceed to the case p(Thom) > 1, where we expect Np(A)/T — oo a.s., as T — oo,
for each A € B[0, 1] of positive Lebesgue measure. We prove this claim formally below. First,
however, we provide some heuristics. By Gelfand’s formula, we have

1/n n

= inf |77 ||M/™
7ILI€lN|| hom”

: n

p(Thom) = T [0, >1.
This implies (see Proposition 4 in Appendix C) the existence of some g € LHO’ 1] with
191l z1[0,1) = 1 such that || T} gl|10,1) — o0 as n — co. Hence, if we can find some (Pois-
son) stream of particles with random spatial locations having probability density g, then each
of those particles has infinite expected offspring, rendering the system unstable. This heuris-
tic, however, while insightful, does not directly lead to a formal proof; see Proposition 5 in
Appendix C for details. To prove our divergence claim, we follow a different route, for which
we need some assumptions.

ASSUMPTION 6.  Assume that o = || Ao || 1[0,1) > 0. Furthermore, assume that the time

from the birth of a parent to the birth of the child has finite expectation, i.e., fooo th(t) dt < oo.
Next, let

1 1
(44) w k) (z,y) ::/ / W(z,x1) - W(xg_1,y) de; - - dag_q,
0 0

and assume that there is some k € N such that W*) > 0 on all of [0,1], and such
that W) is bounded away from zero, ie., that there exists some k € (0,1] such that
inf, yeo,1) W) (2,9) > k. Finally, assume that W is symmetric, i.e., W (x,y) = W (y, z).

The condition W*) > 0 means that the system is mixing after k generations; if Wk is
bounded away from 0, then this mixing is uniform. We need a mixing assumption to argue
that explosive behavior in one part of the space 2~ spills over to the rest of the space.

THEOREM 5. Grant Assumptions 1, 2 and 6. Let N be an unmarked linear graphon
Hawkes process on 2 = [0, 1] and time interval Ry, starting with an empty history. Suppose
that we are in the regime p(Tyhom) > 1, with Tyon, defined in (35). Then, for each A € B[0,1]
of positive Lebesgue measure, it holds that

Nr(A)

(45) 7 — 00 a.s., asT — oo.

PROOF. The proof is structured as follows. We first use the condition p(Thom) > 1 to
find a function ¢ € L'[0,1] N L[0,1] such that || 7} é||11j0,1) — co. Since this function
is bounded, the same should hold for the unit profile 1 : z — 1. Then we use Assumption 6
to find a stream of immigrant particles that eventually lead to some uniformly distributed
particle in [0, 1]. Since the unit profile has infinite expected offspring, the same holds for our
uniformly distributed particle. We conclude by applying the strong LLN.

Since Cyy < oo by Assumption 2, we may apply Luzin’s theorem to approximate the mea-
surable function W € L'[0, 1]? by continuous functions, and it follows by standard arguments
that T},om, 1s @ compact operator. Next, since W is symmetric, it follows that when treated as
an operator on LP[0, 1], p € [1,00), Thom is self-adjoint; see [16], Example VI.1.6. Hence,
Thom € B(L?[0,1]) is self-adjoint, where B(LP[0,1]) is the set of bounded linear operators
on LP[0,1]. For T' € B(L”|0,1]), its spectrum is defined by

o (T):={\eC:T — X\ € B(LP[0,1]) is not invertible}.
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Note that L2[0,1] C L*[0,1], hence if T}om — Al is not invertible on L[0, 1], then it is not
invertible on L2[0, 1] either. Thus, o~ (Thom) C 0~ (Thom). Since the spectrum of a self-
adjoint operator on a Hilbert space is a subset of the real line ([16], Proposition VIL.6.1),
0(Thom) := ol (Thom) C R.

Next, it follows from the compactness of T},om € B(L'[0,1]) and [16], Theorem VIL7.1,
that Thom has p(Thom) as an eigenvalue; denote the corresponding normalized eigenfunction
as ¢. By the Krein-Rutman theorem ([60], Theorem V.6.6) — which applies by symmetry of
W and by the assumption that W) > 0 for some & € N — we can even select a normal-
ized eigenfunction satisfying ¢ > 0 a.e. In other words, ¢ is a probability density on [0,1].
Furthermore, it holds that ¢ is essentially bounded, which follows from

1 1 !
||¢||L°o[o,1] = m||Thom¢||Loo[0,1] = »(Thom) zil[lo%] ||h||L1(R+)/O W(z,y)o(y) dy
1

< — 1 1 .
< Ol 9l

Hence, we can bound ¢ by the constant function ¢||~[0,1) X 1 : 2 = ||} £~[0,1), Which is
in L'[0,1]. For this unit profile 1 : z ~ 1, we have

om0z~ 01 | oy 1Tl

o1l oo 0,11 — 9llzep,

“Tl?omll‘Ll[O,l} = — 00, asn — o0.
Our goal is to use Assumption 6 to construct a Poisson stream of uniformly distributed
particles on [0, 1] — i.e., distributed according to the unit profile —, each of which has infinite
expected offspring size.
Using Assumption 6, there is a Poisson stream of intensity

0:=ar(l— eXP(—Hh”Ll(R+)))k >0

leading after k& generations (i.e., eventually) to some uniformly distributed particle in [0, 1].
Indeed, one may bound the stream of events of the original process leading after k generations
to some uniformly distributed particle in [0, 1] by a coupled stream where a kth-generation
event in z originating from an immigrant in y is rejected with probability 1 — /W *) (z, y).
Such a uniformly distributed event within [0, 1] has infinite expected offspring; here the ex-
pectation is w.r.t. both the location within [0, 1] and w.r.t. the offspring realization.

Since the time between the birth of a parent and the birth of a child has the finite expec-
tation [ th(t) dt < oo, we infer that N7[0,1]/T — oo a.s., as T — oo; this follows by
applying the strong LLN to a compound Poisson process with arrival rate # and infinite ex-
pected claim size. By invoking Assumption 6 again, it follows that, for any A € B|0, 1] of
positive Lebesgue measure, we have Ny (A)/T — oo a.s., as T — oo. O

REMARK 10. Having stated limit theorems both in the subcritical (p(Thom) < 1) and su-
percritical (p(Thom) > 1) regime, we ask ourselves what happens in the critical (p(Thom) =
1) regime. By the Poisson cluster representation of the graphon Hawkes process, this is
closely related to the critical behavior of Galton-Watson processes, i.e., one would expect
that in the critical regime Nt (A) is of order T?. Indeed, asymptotics of this type for univari-
ate Hawkes processes can be found in [64], Theorem 21.

5.2. Functional central limit theorem. Having proved the FLLN given in (36), a natural
question is whether we can establish an FCLT for the graphon Hawkes process. We continue
working in the unmarked setting.
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As we have seen before, when we consider a graphon Hawkes process with piecewise con-
stant parameters, treating the intervals of continuity as coordinates, we obtain a multivariate
Hawkes process. For those processes, [5], Corollary 1, provides an FCLT. The continuous-
space extension of their result, which is our ansatz for the FCLT, reads: for every A € B0, 1],
(46)

VT (NT”(A) - ﬁ(A)) s (/ ((1 - Thom)—lxlﬂ) (2)X (v, ) dx) ,

T vel0,1] A

ve[0,1]

where A € L'[0, 1] solves (34), \'/2 is taken componentwise, and X (¢, z) = Jon

W (s,z)ds,
for W a standard L? Gaussian white noise on the strip [0, 00) x [0, 1].

Just as for the FLLN, we consider the number of points N, (A) in a single Borel set A.
Informally, by a result like (46), we obtain a spatial white noise, temporal Brownian limit
process, in the sense of Schwartz distributions.

In proving Theorem 6 below, we use a stronger stability condition than the requirement

p(Thom) < 1 that we have been using before; see Remark 4.

ASSUMPTION 7. Let D(y) := fol W (z,y) dz be the outdegree of y € [0, 1]. Suppose that

47 [AllLir,) sup D(y) <1.
yE[O,l]

Equation (47) is equivalent to p < 1, where p is defined in (74) in Appendix A.

THEOREM 6. Grant Assumptions 1, 2, 3, 4 and 7. Let (Nt)tzo be a stationary (see
Proposition 3 and Theorem 2), unmarked linear graphon Hawkes process. Then we have,
for A € B[0,1], and B a standard Brownian motion,

Npy(A
(48) ﬁ (TT() - vuA> — (UAB(U))UE[O,l] )
vel0,1]

as T — oo, weakly on D0, 1] equipped with the Skorokhod topology. Here, ji4 = M(A) and
o4 € Ry. Finally, for multivariate Hawkes processes, i.e., graphon Hawkes processes with
piecewise constant parameters, o 4 is given by [, (I — Thom)_l)\l/Z) (x) dz.

PROOF. First, it follows from the FLLN given in (36), which depends on Assumptions 1,
2, 3 and 4, that if the FCLT (48) holds, then we necessarily have 14 = A(A).

The proof of (48) employs Poisson embedding as in [63], Theorem 1, and [12], to verify
the conditions of [10], Theorem 19.1. To this end, we need to check that

971\ 1/2
(49) > (E [E [Nonn () = pal 76| D <00,

n>1

where N, ;,1(A) counts the number of points arriving in A during (¢1,%2], and where ]-'(()N)

is the o-algebra recording the history of the stationary process /N before time 0.

The rest of the proof is structured as follows. First, we bound the left-hand side of (49) by
the corresponding quantity with A = [0, 1]. Then, we couple NNV to a spatiotemporal process
M such that: (i) M is essentially a univariate Hawkes process; (ii) M is stationary; and (iii)
the conditional variance of N(;, ,,+1)[0, 1] can be bounded by that of M, ,,1][0, 1]. We finish
the proof by applying [10], Theorem 19.1, to M.
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We start bounding the left-hand side of (49) by the corresponding quantity with A = [0, 1]:
N)1? N)1?
E (2 [Nonen () - sl 5| =B [B [Norn (0177) | -
N2 ~M1?
<E [E [N IF"] | -1+ E [ [Ny (4917] | -

+2 (B [E [Ny ()7 | B [Ny (A 7S] | = raseac)

spatial covariance > 0 by nonnegativity of W and h

1]

=E {E [N (ot 1) (A) + Nenny1) (A9) — pra — pae

2
(50 =E [E [ Nonns1[0,1] = o ) FS | }

Next, we bound (50) by the corresponding conditional variance expression for a spatiotem-
poral point process M = (M;);er such that M[0,1] is a stable univariate Hawkes process.
Consider the cluster representation for the graphon Hawkes process, Definition 3. We define

M by coupling it to NV iteratively as follows. For each k € Ny, we set M, ,El) equal to the
kth-generation of IV, but replace the spatial coordinates by i.i.d. Uni(0, 1) marks. Next, for

each k € N and each (k — 1)th-generation event (s,y) of N, M ,52) is given by initial streams
of events generated by an inhomogeneous Poisson process with intensity

1
[s,00) Dt h(t—s) < sup D(y) —/0 W(x,y) dac) ,

y€[0,1]

marked by i.i.d. Uni(0, 1) spatial coordinates; use Assumption 7. Next, for each event (s, y')
in M ,52), we let M ,g3) be a univariate Hawkes cluster of events with intensity

[s',00) Dt h(t—s") sup D(y),
yE[O,l]

marked by i.i.d. Uni(0, 1) spatial coordinates. We set

M= M MO = M fori=2,3 M=MDUuMPUM®.
k>0 k>1

Note that it is possible to select M ,§2) and M ,g?’) in such a way that M0, 1] is stationary
under PP, since we couple the history before time 0 of the stationary process N to M (1. Since
N is stationary, so is the cluster center process (see [18]) corresponding to /V: those centers
arrive according to a stationary homogeneous Poisson point process of rate || Ao || 10,1 With
i.i.d. Uni(0,1) marks; the same holds for M. Compared to N, the clusters of M are en-
larged by M(® and M®). Here, M is a univariate Hawkes process with baseline intensity
[ AcollL1[0,1]- €xcitation function h(-) sup,cjo 1] D(y) and i.i.d. Uni(0, 1) spatial coordinates;
by Assumption 7 it satisfies the stability conditions of Theorem 1 (see Remark 4). Note that
any stationary distribution for the univariate Hawkes process consists of a stationary cluster
center process, to which mutually independent component processes are attached. This is
exactly how it is done for M.

To compare the conditional variances of N and M, note that those conditional variances

are w.r.t. different o-algebras. To overcome this problem, let ]-"SN’M) be the o-algebra gen-

erated by the histories of N, M before time 0. Since M, ,E2) and M ,i?’) are drawn conditionally
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independently of NV, it holds that

2 2
O E [E [N(”er] [0,1] = “[0,1]‘]:51\[)} ] =k [E [N(n,n-i-l] [0,1] - M[m]’féN’M)] } '

Next, since the effect of the arrival of a kth-generation event on the evolution of a Hawkes
process does not depend on k € Ny,

2 2
62 8 |2 (M 01~ 1A | <8 [2 [Mon 011"

Note that NV is not independent of (M ,g2) M ,ES)), as there is a positive covariation between

N and M ,gz),M ,gg). Indeed, higher kth-generation offspring for IV leads to an excited con-
ditional intensity for M (2), which in turn induces an excited conditional intensity for M ,i?’).
Therefore, the conditional variance of N(;, 4 1] [0, 1] given ]-'SN’M) can be bounded by that
of My, »+1][0,1]. Upon combining this with (51)~(52), it follows from the proof of [63],

Theorem 1, that

1/2
Z <E [E [N(””‘H] [0,1] = N[O,l]‘]:éN)rD

n>1

57\ 1/2
(53) <y (E [E (Mo i [0,1] = o DI D <.

n>1

Combining (50) and (53), [63], Theorem 3, gives that for some 04 € R,

N7y (A) — [Tv]pa Bl
< \/T )ve[o,l] - AB( )7

as T'— oo, weakly on D[0, 1] equipped with the Skorokhod topology. Again by bounding
by M as in (50)~(53), we deduce that E[N|g ] (A)?] < 0o, hence we may proceed as in [63],
eqn. (2.19), to conclude that (48) holds.

We still need to identify o 4. To this end, note that by [5], Corollary 1, (48) holds for
graphon Hawkes processes with piecewise constant parameters on the sets of a partition P of
[0, 1] such that A € P. O

(54)

6. Fixed-point theorems in the transform domain and an application. Given the
definition of a finite-dimensional linear Hawkes process as a Poisson cluster process, it is
possible to derive fixed-point equations for Hawkes-fed birth-death processes in the trans-
form domain, which can be used to approximate transforms numerically; see [38, 41] for
more details. In this section, we utilize Definition 3 to establish fixed-point theorems in the
infinite-dimensional setting. As argued at the start of Section 5, we can restrict ourselves to
Z =0, 1] without losing generality. As before, this is for legibility only: all arguments only
rely on 2" being a compact subset of an Euclidean space R™, and in particular do not re-
quire 2 to be one-dimensional. We finish this section by applying the fixed-point theorems
we establish to prove that, starting with a d-dimensional Hawkes birth-death process Q%(t),
the limits d — oo and ¢ — oo commute.

6.1. Transform characterization. Besides a graphon Hawkes pure-birth process IV, i.e.,
a counting process, we are interested in a model allowing for deaths, i.e., departures from the
system. Suppose that each particle in spatial coordinate x € .2 has a stochastic lifetime dis-
tributed as J,;, having a distribution only dependent upon the spatial coordinate, independent
of the lifetimes of other particles.
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DEFINITION 7. Let (2 ,B(Z"), 1) be a topological o-finite measure space. Let N =
(Nt(z))tefo,00)x. 2 be a spatiotemporal point process, where to each event (t,r) a J,-
distributed lifetime wy ;. is attached, independent of everything else. Define the spatiotem-
poral birth-death process Q) through the formula

QuA) =|{(t',x) e N,z e At <t <t' +wpy}

. AEB(Z).

ASSUMPTION 8. Consider a topological o-finite measure space (2 ,B(Z"), ). Let
N = (Nt())1e[0,00)x 2~ be alinear spatiotemporal point process, where to each event (t,) a
Jp-distributed lifetime wy ;. is attached, independent of everything else. Assume that the life-
times (Jy)zc o are i.i.d., distributed as J, which is a stochastic process & — R, separable
w.r.t. the class U of open subsets of Z .

The definition of separability of a stochastic process can be found in [51], §IIL.4.

We aim to characterize the distribution of the linear graphon Hawkes process with depar-
tures through a suitable transform. Since we work with a continuum of spatial coordinates,
we consider a Laplace functional instead of a Laplace transform.

DEFINITION 8. Let Z be a spatiotemporal point or birth-death process, where each event
consists of a spatial coordinate x € 2" and a temporal coordinate t € R,.. Let BM (%) be
the space of bounded measurable functions f : 2~ — R,. Fort € R, we define its Laplace
functional Ly (+,t) : BM4(2Z") — R4 by

(55) Lz(f.t):=E[exp(—fh)] =E |exp | - Y_ f() ||

(s,y)ez
s<t

where the summation is over all events of Z at times s strictly before t, at location y. Here,
the expectation is w.r.t. the natural filtration generated by Z at time 0. We denote the space
of such transforms by L.

Note that a characteristic functional defines a distribution uniquely, by a functional version
of the Minlos-Bochner theorem. See [9], Theorem 2.1, and [56], Theorem 2.

REMARK 11. By taking f = f(z): & = Ry 2z — z14(x) for z€ Rand A C 2,
or, more generally, f = f(z): Z - R:2x — Zi};zilqu(iB) for z € RE K e N, and

Aq,...,Ax C Z, one obtains usual Laplace transforms, which can be used to determine
moments of N(A) or N(A1)--- N(Ak) by differentiation. By ranging over different K and
Ay, ..., Ak, the Laplace functional allows one to construct moment measures.

Our goal is to use the first step of the cluster representation, (i) in Definition 3, to relate
the transform Lg, where () is a linear graphon Hawkes birth-death process, to the cluster
processes constituted by each of the (immigrant) arrivals. Suppose that the lifetime random
variables (Jx)xe[o,l] satisfy Assumption 8. Denote the cluster process resulting from an ar-
rival in coordinate x € [0, 1] by \S,.. This keeps track of all surviving offspring of the initial
particle in coordinate x, including that particle itself, if it has not yet expired. We denote the
Laplace functional of S, by 7, = Ls,, i.e., n.(f,u) =E [—exp(f4 )]. With this character-
ization of L¢ in terms of (Ux)xe[o,l]» we use the iterative step in the cluster representation,
(i1)—(ii) in Definition 3, to derive a fixed-point equation for 7., where we express 7, as a
function of (nm)xe[o,l]’ the collection of Laplace functionals of cluster processes (S:v)xe[[),l]-
This asks for a transform of 2 -dimensional, 2 -valued point processes.
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DEFINITION 9.  Let Z = (Zy)ze 2 be an 2 -dimensional spatiotemporal point or birth-
death process, where for x € X', Z, is a spatiotemporal point or birth-death process in the
sense of Definition 8. Let % be the space of such processes. We define the Laplace functional
of Z € & as the mapping

Lz(1) :BMA(2) = RY < f (L2.(f,1) e -

We denote the space of such transforms by L% .
Fix a time horizon t € Ry and some p € [1,00]. On L*, we consider the metric

(56)  dpo,:L? xL? SRy (L,L) . Lo (fw) = Lo (fu)ll Lo 2)-
u€e|0,t
JEBM(Z)

Our first result relates the transform of () to the transform of the cluster processes
(Sz)zef0,1)- It implies that in order to calculate the transform of @, it suffices to calculate
(2)ze[0,1)- The proof of this result can be found in Appendix D.

THEOREM 7. Grant Assumptions 1 and 8. Let &~ = [0, 1]. The transform of Q satisfies

7 catrty = ([ [ outr) = 1) ne) dua ).

The next step is to derive a fixed-point equation for the cluster transforms 7, by opera-
tionalizing the iterative step from the cluster representation. This iterative step can be trans-
formed into a distributional equality for S,. Given an arrival in z, translate the time frame
such that this arrival occurs at ¢ = 0. Conditionally upon the outcome of B, let K, (-) be
an inhomogeneous Poisson process with intensity || B.:(0)W (-, x)| 1:[0,1("), counting the
children of the initial event in x. Let the locations z; of the children born at time 7; be drawn
i.i.d. according to the law having Lebesgue density

B..(0)W(z,z)dz
1B (0)W (-, )| L1o,1)

Then, with §,(y) = 1{y = =} the Kronecker delta, the following distributional equality
holds:

P(z; €dz) =

(58) Sm(u)26$~1{Jz>u}+ Z Sz, (u—T5).

This distributional equality can be used to prove a fixed-point result. Denote the survival
function and c.d.f. corresponding to the lifetime random variable J,, by

Sa(u) =P(Jp>u) and  Fo(u) =P(Jy <u)=1— Fo(u).

DEFINITION 10. Let 3, be the Laplace functional of the stochastic process B.;(0). For
2 =10,1], we define the operator ® : LI01 — 1.10-1] asfollows. Let

(59) ¥z (f5w) faz u) + /:r u)e”
For € ¢ LI, f e BM,[0,1] and u € R, let

& 20—l ({o [ 1= wane a}).
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Before proving that 7 is a fixed point of ®, we prove that ¢ is a well-defined mapping.
The proofs of the next four results can be found in Appendix D.

LEMMA 4. Grant Assumptions 1 and 8. The mapping ® : LY — LI js ywell-defined,
ie, ®(¢) e L0 for ¢ e LIOY,

THEOREM 8. Grant Assumptions I and 8. The [0, 1]-dimensional spatiotemporal cluster
process 1) is a fixed point of ®: we have n = ®(n), i.e., for each x € [0, 1], ny = Px(n).

LEMMA 5. Grant Assumptions 1, 2 and 8. Fix a time horizont € R and p € [1,00|. The
mapping ® is continuous w.r.t. the topology induced by the metric dy o1 .

Next we show that ® is a contraction. To state the result, for & 0) ¢ IL[O’”, we denote its
iterates under ® by (£("),en, . i.e., £ = &(£=1) for n € N.

LEMMA 6. Grant Assumptions 1, 2 and 8. Let €0 ¢ € LI Then there exists C €
Ry such that, for any u € [0,t], f € BM1[0,1] and n € N, it holds that

€0 ) = )|, ST

(61)

We are now ready to state the main result of this subsection, saying that iterates under ®
of any transform in L1 converge to 7.

THEOREM 9. Grant Assumptions 1, 2 and 8. Fix t € R,. For any £ e LU the se-
quence (& (n))neNo converges pointwise to the unique fixed point 1 in LI of . More specif-
ically, for any w <t and f € BM4[0,1],

(62) €M (f,u) = n(f,u).

PROOF. By Lemma 6, iterates €M) ¢ of two transforms &0, ¢ ¢ L0 converge
pointwise and have the same limit .. By Lemma 4, we know that those iterates are in

L for any n € Ny. Next, for each x € [0, 1], we have convergence of f;n) to %, point-
wise, as n — co. This convergence holds in particular for all test functions f in the Schwartz
space on [0, 1]. By treating a [0, 1]-marked point process as a functional on [0, 1], we may
apply a functional form of Lévy’s continuity theorem, [9], Theorem 2.3, to conclude that
there exists a graphon point process Z, such that £, = Ly , i.e., £, € L. In particular, for
Z = (Zs)ejo] € 2, we have £ = L, meaning that # € LI®!. Since & is continuous by
Lemma 5, we have
£ = lim €™ = lim & (5<”>> —® ( lim §<">> —0(2),
n—oo n—oo n—oo

i.e., .Z is a fixed point of ®. From Theorem 8, 7 is also a fixed point of ®. As iterates of 7
converge to .Z, it follows that n = .Z. O

6.2. Commuting large-time and high-dimension limits. In this subsection, we study
large-time behavior of the graphon Hawkes birth-death process. Suppose that we start with
multivariate Hawkes population processes Q¢ () converging to a graphon Hawkes population
process Q(-), where we first let t — oo, and then d — co. We would like to know whether the
resulting limit graphon process is the same as the stationary version of (), i.e., whether we can
interchange limits as illustrated by Figure 2. To answer this question, we view the prelimit as
a piecewise constant graphon Hawkes process, so that we can employ the characterizations
of the Laplace functional from the previous subsection to describe its distribution.
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Q%) 22 Q(t)

oL

Q%(o0) ——— Q(o0)

Fig 2: The limits d — oo and t — 0o, applied to Q%(t), commute.

ASSUMPTION 9. Suppose that the baseline intensity oo is bounded below by some cso
on the set {x : Aog(x) > 0} = {x : Aso(®) > ¢oo}. Suppose that [, th(t) dt < co. Finally,
assume that there is a single lifetime distribution J, independent of the particle location
x € [0,1], satisfying E[J] < co. Write #, Z for the corresponding survival function and
c.d.f., respectively.

We impose the (mild) assumption on the lower bound on A, in Theorem 10 below for
technical reasons. Furthermore, we require the assumption of finite expected time between
parent and child, fooo th(t) dt < oo, because we use boundedness of the cluster durations.
Finally, we use the assumption on the lifetime distributions in order to couple lifetimes of
prelimit and graphon Hawkes processes.

THEOREM 10. Grant Assumptions 1, 2, 3, 4, 8 and 9, and suppose that the stability
conditions of Theorem 1 hold. Take a linear graphon Hawkes birth-death process Q(t) and
consider its multivariate projections Q%(t), using partitions P? of [0,1] with mesh(P?) —
0, as d — oo. Assume that the lifetime distributions for Q% are the same as those of @,
with coupled lifetimes for simultaneous events. Then the stationary version Q%(cc) of Q%(t)
converges weakly in the space of all point measures on [0,00) x [0,1] to Q(o0), as d — oc.

PROOF. We prove weak convergence of Q% (00) to Q(oo) by proving pointwise conver-
gence of the corresponding Laplace functionals E‘é( f,00),Lq(f,00), using [18], Proposi-
tion 11.1.VIII. We do this by invoking Theorems 7 and 8, after which we bound the difference
|£dQ( f,00) = Lo(f,00)| by two integral terms, which we treat separately.

Using Theorems 7 and 8, we characterize the transform of the prelimit for ¢ — oo as

d o]
(63) LE(f,00) = exp (; Aok /y /0 (75 (f,u) = 1) du dm>,

where for = € 2% we have, by recognizing the Laplace functional 6,§m of the marks B,‘fm,

d u
A(F ) = % (f 0)E [exp (Zj B, ()W, /% /0 ((f.u— 5) — D)h(s) ds dy)]

d u
64 = (7, d twd. id(f,u—s)—1)h(s)dsdy | .
@ =t [ ( o | [ G0 = i) s y)

Here, v, (f,u) = # (u) + #Z (u)e~/@®), cf. (59). From the convergence of the processes N
to N, as d — oo, for finite time horizons, we conclude the convergence 7%(f, u) — 1. (f, )
pointwise, as d — oo, since the transforms up to time u only depend on smaller times 0 < s <
u; or, alternatively, since the convergence for single clusters is implied by the convergence of
the whole process (on bounded time intervals).

We show that |£‘é( f,00) — Lg(f,00)| tends to 0 as d — oo, for each f, since pointwise
convergence of Laplace functionals is equivalent to weak convergence of random measures,
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see [18], Proposition 11.1.VIIL. It suffices to restrict ourselves to positive, continuous func-
tions f € C4[0,1] instead of f € BM40, 1], see, e.g., [49], Theorem 9.1.4. Such a function
f is uniformly continuous on [0, 1] and uniformly bounded by some C'y € R..

Note that by the mean value theorem and the triangle inequality

1 d [e'e)
=|ex T dy \d 74 (fu) — u dx
= p</0 ;1{ G%}Am,k/o (M (fiu) —1)d d)

— exp ( / 1 / T ef ) — Doole) du dx) ‘

[Zl{xe%kdhm(nx( )—1)—Aoo(x)(nz(f,U)—1)] du dz

r

) M (fu) — ﬁg(f,u)‘ du dz.

d

z 1{z € %kd}/\d — Aoo()

(fu) ~ 1] duda

1
(65) </
0
(66) / / Moo

We bound the integrals appearing in (65) and (66) separately.

For (65), under the stability conditions, the collection of cluster durations (Dy),¢(o,1] Of
the clusters (Sy)z¢[0,1] is @ uniformly tight collection of random variables, since the expected
cluster sizes are uniformly bounded by K, by Lemma 2, and since the excitation function is
not dependent on the spatial coordinate. Here, we use our assumption fooo th(t) dt < oo in
order to have times between the birth of a parent and the birth of a child — conditionally
upon the creation of a child — of bounded expectation. Under the conditions of Theorem 1,
we have a well-defined, stable system, assuring that ﬁdQ( f,00) >0 for d sufﬁciently large,
by Lemma 2. From the formula (57) for /fdQ( f,00), it follows that [ ‘ (f,u) — 1‘ du
is convergent a.e. on {x : Ao (x) > 0}, since by Assumption 9 the baseline intensity Ao is
bounded below by some ¢, on the set {x : Aoo(z) > 0}; here we use that f is a positive
function. By this reasoning, we can even find a bound on fooo ‘ﬁg( fou) — 1} du uniformly
over = € {y : Aso(y) > 0}. It then follows by the L' convergence of A% to A, (Lemma 3)
that (65) tends to 0, as d — oo.

Next, to bound (66) by e, it suffices to bound [ ‘nﬁ( fou) —id(f,u ‘ du by €/, uni-
formly over z € [0, 1]. By the mean value theorem,

/OOO nx(f,U)—ﬁi(f,u)‘ du—/ ’E exp fS )} E[exp(— fgg)]‘ du

< /0 E |exp(— 4 ) — exp(—f2,)| du

o)
<[E
0

Using Lemma 2, we select D € N, 8 € R, such that the expected cluster sizes of N, N¢
are uniformly bounded by &, uniformly over d > D, x € [0, 1]. Then the expected discrep-
ancy in d-distance between a cluster S, and its coupled cluster S¢ of N can be bounded as

Ts4
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in (ii) from the proof of Theorem 2: we can find a d; > D such that for d > d; the expected
discrepancy in 0-distance between the two coupled clusters is bounded by
/- €

© T JaC RE[J]’

hence with probability of at least 1 — €, the two clusters S, and S'g only consist of simulta-
neous events. Now we use the uniform continuity of f to find 6 > 0 such that

€

B < " -
for |z — y| < &. Next, we select dy > d; such that mesh(P%) < §. .

Given that we only have simultaneous events within the coupled clusters S~x and S;l , which
is an event with probability of at least 1 — € for d > d, fooo E|f(Sz,u) — f(S% u)| du can be
bounded by the product of: the expected number of events within the cluster S, the expected
duration of an event, and ¢’/ — since the simultaneous events are within the same element
2.4 of the partition P?. Here, we use the uniform continuity argument from the previous
paragraph and the fact that simultaneous events are in the same 2%, which follows by the
construction presented in Section 3. Hence, given this event with probability of at least 1 — ¢,
Jo E|f(Sz,u) — f(SZ,u)| du can be bounded by RE[J]€” <€/(2a).

Next, with probability of at most €', the clusters S, and Sg are not equal, in which case,
similarly as before, for d > D, fooo E ‘ fs — gd du can be bounded by 2C;RE[.J]. To con-

clude, for d > da, [y |n2(f,w) — 72(f,w)| du can be bounded by €/

This proves that (66) is bounded by ¢, for d > d. We already showed that (65) tends to 0,
as d — oo, hence pointwise convergence of Cé( f,00) to Lg(f,00) follows, for f € C [0, 1].
Invoking again [49], Theorem 9.1.4, it follows that Q%(c0) — Q(occ) weakly in the space of
all point measures on [0, 00) x [0, 1], as d — oo. O

7. Concluding remarks. In this paper, we have introduced the graphon Hawkes pro-
cess. Working on a corresponding uncountable space introduces the need for functional-
analytic techniques that are unnecessary in the discrete space setting. After establishing its ex-
istence, uniqueness and stability, this graphon Hawkes process is shown to occur as the limit
of suitably chosen multivariate Hawkes processes. Along the way, we have established tech-
nical Lemmas 2 and 3, which may be interesting in their own right. Next, we have provided
a dichotomy in large-time behavior depending on whether p(Thom) < 1 or p(Thom) > 1, and
we have established an FLLN and an FCLT in the stable case. By reducing the problem to
a finite-dimensional setting, our proofs of the FLLN and FCLT become more tractable, fa-
cilitating the derivation of functional limit theorems for infinite-dimensional systems. This
method, given its effectiveness, may also benefit other infinite-dimensional models. Finally,
we have characterized the distribution of the graphon Hawkes process by fixed-point equa-
tions in the transform domain, and we have used this qharacterization to establish that, for
convergent multivariate Hawkes population processes Q%(t) in the stable regime, the limits
d — oo and t — co commute, an application that we believe is both interesting and insightful.

Several follow-up questions and extensions are conceivable.

* As we have shown, it is possible to define the graphon Hawkes process for nonlinear con-
ditional intensity density functions. We wonder whether the convergence results of Theo-
rems 2 and 3 carry over to the nonlinear case. This would, however, require an intrinsically
different approach than the one followed in this work, since one loses the branching rep-
resentation and the additive structure of the conditional intensity density. If we consider
nonlinear models with f;(2) = f(Aso(z) + z) for a single Lipschitz continuous function
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f, then by a straightforward modification of the proof of Theorem 2 — first bounding by
¢y = ¢, the Lipschitz constant of f —, we are able to prove convergence of the multivariate
processes, obtained by averaging parameters, to the corresponding graphon Hawkes pro-
cesses. We note that nonlinearity of the form ¢, = c is often assumed in related literature;
see e.g., [2].

» The functional limit theorems in the stable regime exploit the convergence results of Sec-
tion 4 and related results for multivariate Hawkes processes. We would be interested in
direct proofs for our FLLN and FCLT as well, because those proofs might be interesting
in their own rights.

* In this paper, we have established both an FLLN and an FCLT. Given those limit the-
orems, one may be interested in establishing large deviation principles for the graphon
Hawkes process. Since we are working with an infinite-dimensional model, we expect that
this requires more sophisticated, functional-analytic tools than those required for finite-
dimensional Hawkes processes ([39]). We intend to pursue this in future work.

Appendix A: Relegated proofs of and supplement to Sections 2 and 3.

PROOF OF LEMMA 1. Denote the random spatial coordinate by X . Under procedure (i),

IM L2y M (z)dz IN2() L2y A2 (z)dz

X4 = R+ 2Ol IOl | O+ X0 POl
 AM(z)dz + N(z)dz  Az)dz
MO 2Oy IOy

which is the law used under procedure (ii). O

PROOF OF THEOREM 1. First, the proof constructs a Picard scheme to establish existence.
Next, for the uniqueness part, we only prove the key modifications required in our general
setting compared to [48].

Existence. We use Picard’s iteration to construct mappings {\" (¢, z)} and spatiotemporal
point processes N, for n € Ng. Here, z = (21, 22, 23) = (B, ,U) denotes the mark random
variable: the first component denotes the random mark process B; the second component
denotes the site index z = i, defined on (N, P(N), o), where o denotes the counting measure;
and the final component denotes the sequences of random variables (U;);cn determining the
spatial coordinate; see the construction in Section 3. Let L 3 2z denote the mark space. For
the Picard scheme, we set \°(¢,z,x) =0, A%(t,2) =0, we let every N™ coincide with N on
R_ x L,and forn € Ny, t>0and z = (B,i,U) € L,

(67) N™(dt x dz)=N'(dt x d(B x U) x [0, A"(t,7)]);

(68) A"t 0) = / ALt 2) da
i

— [ 5| rte)+ Bay(s)W (@, )h(t - ) | dp(a),
Z (55 Bay)EN™
s<

with the understanding that the locations y are determined by the site index and by the random
marks U, as outlined in Section 3. Then it holds that

sup E/ ’)\”H(t,a:) —)\"(t,x)| du(z)
t>0,ieN  J 2,
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< sup E /% / /%cszy(S)W(%y)h(t—S) N7 = N2 (ds x dy) dp(z)

t>0,ieN

< swp / Ty / E[Buy]W (2, 9)E |\"(5,) — A (s,9)| dy dpu(a)

$>0,ieN VA

— sup / Thom (E|N"(5,9) — A""Y(s,9)|) () dps(x)

5>0,ieNJ 2;

<oz s [T, (BN () (@) dula)
t>0,ieNJ Z;

= s [ (70 (0 ) duo)

t>0,:eNJ 2;

= sup [T (FOoe() 0t )

+>0,iEN

©69) <l sup (1o ()1t 51—+ 0

+>0,iEN

exponentially, as n — oo, using Gelfand’s formula and our assumption that p(Tjom) < 1.
More specifically, by Gelfand’s formula we can find some r € (p(Thom), 1) and some K € N
such that for all n > K it holds that |7} || <™. For such large n > K, it thus holds that

sup E/ ‘)\"H(t,x) = A(t,2)| du(z) < Cr™.
t>0ieN  J 2,

Letting 7’ € (r, 1), Markov’s inequality gives that

up P([ ) - 3] dute 2 0) <0 ()"
t>0,7eN i "

By an application of the Borel-Cantelli lemma, it holds that, with probability 1, only finitely

many of those events
{/ ‘)\"H(t,aﬁ) — )\"(t,x)‘ dp(z) > (r’)"}
2

occur, hence for any ¢ > 0,4 € N, it holds that, with probability 1, (A" (¢, -))nen, is a Cauchy
sequence in L'(.2;,1); by completeness, this sequence has some (¢-uniform) L'(.2;, u)-
limit A(¢,-).

Note that our limit process A(t, ) is positive a.s. Furthermore, it satisfies

sup E [ A(t,z)du(x) < sup E Z/ AL () — Nt x)| d(x)
t>0,ieN  J2; t>0,iEN

<(1- r)_l sup E {/% |)\K(t,m) — )\O(t,:r)| dp(x)

£>0,ieN

=(1-r)"! sup E/ MNE(t, x) dp(z)
t>0,ieN Z;

<=0 o[ sup B [ A(t,) dula)
t>0,ieN  J2;

(70) <(1=7)"YThom|[*- C < 0.
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This means that the conditional intensity for the arrival of some point anywhere in .2 is a.s.
bounded, uniformly over t € R4 ,7 € N.
Next, take some set D € £; ® P(N) ® Lo with (Q1 X 0 x Q2)(D) < co. Then,

> P(IN™T = N"(((0,T]) x D) #£0) < Y E[N"*' — N"|((0,T] x D)
n>0 n>0

<Qy(D Z/O supE/‘\)\”H(t,m)—/\”(t,x)\du(x) at

n>0 (0,7 i€N

QD) [ SB[ e - X (t0)| dia)
(01] 2SpieN  J 2

<TQy(D Z sup E / Nt ) = A (2, @) dpu() < o,

t>0 JEN

by the exponential convergence in (69). The interchange of the summation and integration
is justified by monotone convergence. By Borel-Cantelli, it follows that, with probability 1,
on (0,T] x D, the processes N" are eventually constant, and in this sense they converge
to some limiting point process N, as n — co. From our Picard scheme, it follows that on
(0,T] x D, with probability 1, the mappings A" are eventually constant as well. This means
that the spatial coordinate as determined from A", for sufficiently large n, corresponds to
the one determined by A. Furthermore, by Lemma 1, we can define spatial coordinates in a
meaningful way even when we only have \".
The limiting process NV satisfies

71 N(dtx d(B xix U)) = N’ (dt < d(B x U) x [O/I A, ) duu)D |

Indeed, forT'>0and D € £, @ P(N)® L4 with (Q1 X 0 X Q2)(D) < oo, by Fatou’s lemma,

)

(0,T)xD

< lim IE/ ‘N%’ <dt x d(B x U) x [0/ (L, x) dﬂ(:p)D
n=o0 - J(0,T1xD 2

_ Nt (dt x d(B x U) x {07/%_ Alt,7) d“(x)D'
(72)

<TQz(D) lim sup IE/ IA"(t,x) — A(t,x)| du(z) =0.
%

n—=00¢>0,4eN

N(dt x d(B x i xU))— N* (dt x d(B x U) x [o/g At,z) du(a:)D ‘

Finally, we verify that the limiting process A is indeed the intensity density of V. Let

(5,4,Bzy)EN
s<t

be the intensity density that we expect to find. For each ¢ € N, we have

E /y () — At )] du(z)
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<E [ i) -2 (t.0)] dulo)

i
{E / / / ¢ Bay(5)W (2, y)h(t — ) [Ny — N2~Y|(ds x dy) dpu(z)

2, Jo )2

<E /l At 2) — A"t )] du(z)

i

T+l [ BB @) dute )supE [ ) =3 ) dt)
The right-hand side goes to 0 uniformly in ¢ and in ¢ € N, as n — oo, hence (N, \) is a so-
lution to (6), as desired. It satisfies sup;> ;en B¢ (S¢N—, ) < 0o by (70), hence this solution
is strongly regular, as desired. B

Uniqueness. We need a counterpart to [48], Lemma 4, after which we may simply follow
the proof of the uniqueness part of [48], Theorem 2. More specifically, we seek a strictly
positive function g on L such that [, g(z) Q(dz) < oo and such that the inequality

/R el Ban ) (W (@) 3(2)a(2) di Q) < ()

holds. We focus on proving this inequality. In the previous display, the notations z(z’), y(z)
and B(z) emphasize the dependency of the location and mark on the random 2’ € L. Let g
be the identity function on L, and for n € Ny, set

g1 () = / el Bt (W (). p())g ()t O(d).

By a calculation similar to (69), combined with Gelfand’s formula, given 7 € (p(Thom), 1),
we can find N € N, such that for all n > N itholds that [} gn41(2) Q(dz) <7 [, gn(z) Q(dz).
Hence, forn > N,

[ ) 0@ <P NI [ (o) Q) < .

Letr € (7,1). Set g(2) :=>_, >y 7 "gn(2), which converges in L'(Q). Then it holds that
/]R . cx(z’)h(t)Bx(z’)y(z) (Z)W(.%(ZI)’ y(Z))g(Z) di Q(dz)
4+ X

_Zr gn+1 —74 Z r gn <Tg( )

n>N n>N-+1

Using this g, the reader can readily verify that the uniqueness part of the proof of [48], The-
orem 2, applies. U

PROPOSITION 2. Work in the setting of Theorem 1. Assume that the measure corre-
sponding to the Poisson point processes N is compatible w.r:t. the left shifts {0;}. Then there
exists a unique stationary solution N to (6) such that sup;cy Etp(SoN_, i) < oco. Also, if N’
is the strongly regular non-stationary solution to (6) corresponding to an initial condition

satisfying

sup / n(t,z) dpu(x) < oo, and VieN, lim/ n(t,z) du(x) — 0,
>0,ieNJ 2; t=ee ),

then the law of SN’ converges weakly to the stationary law.
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PROPOSITION 3.  Grant Assumption 1. Consider a (possibly nonlinear) graphon Hawkes
process N on a o-finite measure space (2, </, 1), driven by the conditional intensity density
specified by (6). Assume that we have a partition of 2" into finite, non-null measure sets
|licn Zi that is such that the following conditions hold:

(74) pi= e sup > sup / BBy W (2,y) du() <
N enveEZi
(75) a:—sup/ fo(Aso(z)) dp(z) < 0.
€N

Assume furthermore that €(t,1) satisfies: sup;~ ;e €(t,7) < 0o and limy o €(t,3) — 0 for
all i € N, where €(t,1) describes the effect of the initial condition on site i at time t:

(76) e(t,i):=» K

J€EN

/ h(t —s) sup / CoBayW (z,y) du(z)N(ds x dB)
(—00,0)x Ly yeZ; J Z;

Then there exists a unique strongly regular solution N to (6) such that

sup E¢(S;N_,i) < 0.
£>0,i€N

PROOF. We are working in the general, nonlinear framework described before Theorem 1,
with dynamics given by (6). We fit this into the framework of [48] as follows. Take a process
N admitting as its F}" -intensity kernel

v(t,dB x di x dU) =9 (SeN_,i)Q(dB x di x dU),
where, with Biy and U? as defined before,
Q(dB x di x dU) = Q1(dB,) Qa(dU").

Using this notation, we apply [48], Theorem 2.
By the Lipschitz condition for f,, and by Fubini’s theorem, the Lipschitz condition from
[48], eqn. (6), here reads: for each 7 € N,

’w(SON—al) - w(SON/—7Z)|

JEN (s,B, U,)ENY

X] (Us )7
s<0

—fa (Z Z BxX_Z(US)W(xvXg(US))h(_5)>] dp(x)
JEN (s5,B. oxd (U >7U) (N4
5<0

an < /( » /gr 2By W (2, XU (=s)| N — N'|(ds x dB x dU x dj).
o0 X Ci

This equation is valid for all 7 € N, hence the Lipschitz dominating function from [48], eqn.
(6), reads

(78) h(t,(B,j,U),i) = h(t) /% CaByxs W, X7 (U-y)) dp(z).

Now condition (10) from [48], Theorem 2, is satisfied if p < 1. Next, condition (11) from
[48], Theorem 2, requires that o < oo. Finally, the function involved in [48], eqn. (12), can
be bounded by €(t, 7). O
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Appendix B: Relegated proofs of Section 4.

PROOF OF LEMMA 2. We work with .2~ = [a, b], a graphon Hawkes process N with
corresponding integral operator

Thom : LH(27) = LN(2) 2 1) > [l /yE[By]W(-,y)f(y) dy,

and prelimit processes N with averaged parameters as described in Section 4.2, with corre-
sponding integral operators

T L) = N2 f() = Pl /%E[Bi]wd(-,wf(y) dy.

We first prove that || Tj,om — h om H — 0 as d — oo. By the total variation bound of Lemma 3,
and by Assumptions 3, 4, we can select d sufficiently large, i.e., mesh(P?) sufficiently small,
such that both

SUPEHB — B Iy and  sup [W(,y) = W y)ll )
ye& yed

are bounded by
€

12/l (&, ) (CB + Cw)Leb™(27)
Now let f € L'(2") with || f||1:(4) = 1. Then, by Assumption 2,

~(d
1 (Thom — T2 Fll o)

1t | (B30 ) - BB ) 1)

<llsgey [ VW [ (BB (0.) ~ ELBLIW (0] o dy

LY(Z)

ey [ 1#] [ [BUBIW ) — BLBL I o) o dy
(79) <€,

whence || Thom — hom|| <e.
Now note that for |)\\ > p(Thom) + 9, the resolvent R(\; Thop ) exists since A € o (Thom)-

Hence, for || Thom — | <1/||R(A; Thom)||»

hom ‘

hom

D A =Thom — M+ 1D — Tyom = <I — (T~ Thom) ROX; Thom)) (Thom — M)

is a product of invertible operators hence is invertible itself. We aim to show that for all d
sufficiently large such, A ¢ o (7| (4) ) for || > p(Thom) + 0. To this end, we show that

hom

1
(80) inf {} > 0.
IA|>p(Thom)+d HR()\§ Thom)H

By a Neumann series, we can write

R(,U'; Thom) = Z R()\7 zjhom)nJrl(A - ,U/)na

n>0
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hence for |A — pu| < 1/(2||R(X;Thom)]||), it follows that ||R(i; Thom)|| < 2||R(A; Thom) |-
Now it follows from the resolvent identity

R()\, Thom) - R(M; Thom) = ()‘ - M)R()\, Thom)R(,U/; Thom)

that the resolvent R(\; T} ) of a bounded linear operator T}y, is a continuous function of
A, with operator norm tending to 0, as A — oco. Indeed, again by a Neumann series, for A
sufficiently large,

1

| R(A; Thom) || = T
? - ||Thom||

Z I11h0111/>‘n—i_1

n>0

Now (80) follows. Find D’ large enough such that

1
Tj om om inf IR\ Thom) ||
| Thom — Tl || < A (B +5{\|R()\ Thom)ll}

for all d > D'. Tt follows that T,”) — AT is invertible for all [A| > p(Thom) + 0, hence
p(TD ) < p(Thom) +6 < 1, forall d > D'

om
We now prove that we can find some D € N sufficiently large such that the expected cluster
sizes E[Z%] of N of a cluster generated by a particle in z € 2" are uniformly bounded over
x € Z =la,b] and d > D. Note that the maximum expected cluster size over z € 2 for

N can be bounded by

d)
(81) sup E[Z8) < S (T ),
el n>0

hence it suffices to find D € N such that the right-hand side of (81) is uniformly bounded
over d > D. To this end, it suffices to prove that

(82) forall n, Timsup [|(Tyon,)" || < || Tl

d—o0

Indeed, fix € > 0. Since p(Thom) < 1, wecanfind N € N such that | T}Y || < 1—e. Assuming
(82), we can find D such that for all d > D and n < N, ||(T] @ )| < || T3, || + €/2. Hence,

hom

N—-1
SIED) =3 S T Ny

n>0 k>0 n=0
N k
k>0

N-—1
k

< 1=/ (1Tl +€/2) < o0
n=0

k>0

providing a uniform bound over d > D.
To prove (82), it suffices to prove

(83) foralld,neN, [[(TD )| < (T2 )" Thomll;
(84) foralln €N, [[(T )" Tyom — Tl =0, as d— oo,
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For (83), let Py: L'(2) — L'(2") be the conditional expectation operator onto the o-
algebra generated by the partition P used to define N¢ and T }ngn Then || Pyl| <1, see e.g.,
[61], Theorem 27.11(ii). Note that we can write T(d) = PyTyom Py, hence it follows that

D)™ | = (T PaThom Pall < (T3 )" PaThomll = | (T30 )" Thom| -
To prove (84), write
n—1
(T )" Thom — Tt = O (Tan )" F LD — T T
k=1

By Assumption 2, \|T~}§gl)n\|, [Thoml| < C := ||h|| &, ) CBCw < oo. Hence, for all k € [n —
1],

d
(D) E TR~ Thom) T
< |ITD P+ TD — B[ Thom ¥
_ ~(d
<" T — Tyom] =0,
as d — oo, by (79). ]

PROOF OF LEMMA 3. We prove the result for f & EIIOC(RW). If we work on equivalence
classes of functions, i.e., f € L1 (R™), take a representant g of f, apply the bound (88) to
g, and note that ||f — deLl(ﬂf lg — 9% 11 (2~ Taking the infimum over g € L] (R™)
yields the result for equivalence classes of functlons as well.

The assumptions made in the lemma imply that P? partitions 2" into K = K (d) hy-
perrectangles 3&”1 oo R 4 We first prove the bound for each such hyperrectangle 2%,
n € [K]. To this end ﬁx Q =24 and set u: Q= R: 2 f(z) — f%z); notice that
fﬂ u = (0. We use [45], Theorem 13.9, to approximate u by a sequence of smooth functions

(@)pen C WHHQ)NC®(Q) suchthat @~ u,  Var(ig, Q) — Var(u, Q),

as k — oo. Here, Wh1(Q) c LY(Q) denotes the Sobolev space of functions having weak
derivatives in L(£2). Set

up = g, — / i € WHHQ) N C*(Q).
Q

H(Q
Since uy, L—(>) u and fQ u = 0, it follows by the reverse triangle inequality on L!((2) that
[t || 11 () — 0 as k — oc. Hence,

|u —urllLr@) < llu— gl pr @) + Ukl L) — 0 ask — oo,

1

i.e., ug Lﬂ) u. After replacing (uy)ren by a subsequence, if necessary, we may assume that
ur — u a.s. Furthermore, since the total variation does not change by adding a constant to
a function, Var(ug, Q) = Var(a, ) — Var(u,$2), as k — oo. Therefore, we may assume
without loss of generality that our approximating sequence satisfies fQ ug =0 forall ke N.

We prove a bound for the approximating smooth functions (uy)ren, which we then extend
to u itself. To this end, note that wu;, belongs to the Sobolev space W1, being smooth. Since
we are working on a convex domain 2 and since fQ up = 0, [1], Theorem 3.2, gives that

(85) Jurll L) < dlam( IIVugl o)
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where V denotes the gradient operator. It holds that W11 c BV(Q), and for u; € WhH! we
have [|[Vug|| 1 (o) = Var(ug, 2), see [45], §13.2. Now Fatou’s lemma and (85) imply

Hu”Ll(Q)<11mlanukHL1 < hm dlam( )HvukuLl(Q)

1 1
(86) = lim idiam(Q)Var(uk,Q) = §diam(Q)Var(u,Q).

k—o00

Again, since the total variation is insensitive to adding a constant to a function, this bound
implies that

(87) If = ) < dmm()Vhdf—jﬂAD::%mamGDVhdﬁfn.

Next, because the L'-norm is additive and the total variation is superadditive over disjoint
sets,

1 = 4 iy Zuf f||Lw)<Z ~diam(2;%) Var(f, 2;%)

1 K

(88) ﬁMWZWﬁWKmMMW@%
i=1
since we defined the mesh of a partition as the largest diameter among its elements. 0

LEMMA 7. Let [a,b] C R be some closed interval. Assume that a,b are endpoints of in-
tervals Z,%, 2.2 from the partition P? of R into intervals; if this is not the case, replace P¢
by its coarsest refinement containing a,b as endpoints. Assume that R is equipped with the
Borel o-algebra and a measure p dominated by the Lebesgue measure. Consider a piece-
wise constant approximation ¢ of the u-locally integrable function f : R — R, where ¢ is
constant on each Z.%, with f? calculated as a measurable functional of f| 274, and

fUZh e essinf f(z),esssup f(z)

ze 2} Te 23

Let mesh(P?) be the maximum p-measure of all elements of P2 Then it holds that ¢ ¢
LY([a,b], 1), f* — f a.e. as mesh(P?) — 0, and finally, with || - Tv(a,y the usual total
variational norm over [a, b],

(89) 1= Fllpiap o < 11l rvimesh(PY).

PROOF. The first two claims are easy. For the final claim, the total variation norm of
f € L'([a,b], 1) may depend on the representant g € [f] := {f € L([a,b],p) : f = f p-ae.}.
Therefore, we set || f || Tva,b) := infye(f vary (9), where

Var[ab —sup{Z\g Tit1) (xi)\:neN,a—w0<x1<---<xn_1<xn—b}.

Select a g € [f]. Then, g% = f¢ on [a, b]. Note that for 2 € 2, it holds that
l9%(x) —g(@)| < sup_g(u) —g(v)| =: AL

u,VE L]
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It follows that
b

b
Hfd_f‘Ll([a,b},,u)—/ |f4x) = f(@)] du(z) = [ |g%(z) — g(x)| du(z)

a

=2 /%gm[avb} l9%() — ()] du(x) < Z/ A? dp(z)

neN ‘%;Ldm[avb}

neN
= Z w(ZHAL < mesh(PY) Z Al
neN neN
w(Z3iN[a,b]))#0 w(2:40a,b])#£0

< mesh(Pd)Var[%b] (9).

Taking the infimum over g € [f] over both sides of this inequality, (89) follows. O

PROOF OF COROLLARY 1. We indicate the adjustments needed in the proof of Theorem 2,
which consists of bounding the contributions (i)—(iii) introduced there. For (i), convergence
of S\go to Moo in L1(.2") is required, and this is ensured by condition (b) of Corollary 1. For
(ii), the argument must be refined using conditions (¢)—(d) of Corollary 1. Below we describe
the necessary modifications for (ii); contribution (iii) can then be handled analogously.

In contribution (ii), the expected offspring count of a particle located at y € 2~ was previ-
ously bounded from above by taking a supremum over y € 2. A sharper estimate is obtained
by observing that the spatial coordinate y is random. A particle at y may arise either as an
immigrant or as an offspring. In the immigrant case, its spatial density is g7 (y) := Ao (v)/,
which is well-defined and satisfies || g7 ||z~ (2) < 0o by Assumption 2. In the offspring case,
the particle is generated by a parent event at z € 2" and time s, in which case y has spatial
density

_ By(s)Wl(y,2)
90.2(y) = T, BZZ(S)W(%Z) o

and this satisfies sup,c - 1190,z <27y < CCw/C < 0o by Assumption 2 and condition
(d) of Corollary 1. Consequently, the spatial density g; of an arriving particle at time ¢ obeys

lgtll< 2y < lgrllLe(2y V sup 90,2/l Lo (27) =: C* < o0,
zEX

uniformly for all ¢ € [0, c0).

In bounding contribution (ii) in the proof of Theorem 2, consider a simultaneous event at
time ¢ with spatial coordinate y distributed according to h(y). Here, h is either g; or go ..
depending on whether the event is an immigration event or an offspring event with parent in
z € Z . For such an event, the spatial densities of the expected number of offsprings in x for
the first and second process are [,- E[Byy|W (z,y)h(y) dy and [, E[Bgy]ﬁ/d(as, y)h(y)dy,
respectively. After stochastically coupling these offspring processes for each parent event that
is either an immigrant or results from a grandparent at location z, the difference in parameters
leads to an expected discrepancy in offspring counts bounded by

/,

<||hllLe(zy  sup /
lgllLoo(ay=1J 2

<C*|E[BIW — E[BYW| (2511 (2):

[, (BB 20) - B .0) ) ]

[ (BB 20) ) 0.) ) ]
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where h is either g7 or go .. The quantity on the right-hand side converges to 0 by condition
(c) of Corollary 1 and [47], Lemma 8.11.
From this point on, we can proceed as in the proof of Theorem 2. g

PROOF OF PROPOSITION 1. Suppose that the partitions (P%)4cy are induced by the
first d — 1 hyperplanes of a random sample (V;);en of (m — 1)-dimensional hyperplanes
orthogonal to one of the coordinates. More specifically, the V;s are sampled as follows.
First, the coordinate n € [m| to which V; is orthogonal is picked uniformly at random, i.e.,
n~ Uni({1,...,m}). Next, we draw z,, ~ Uni(ay,by,), and set V; := {x € R™ : z,, = 2,, }.
For d = 1, we simply split 2" into two parts, obtaining P2. Next, for d > 2, V,;_; intersects

A, splitting S € [d — 1] sets %nd@)l, ey ,%”nd@i of P4=! into two parts (S > 1 a.s.). Now

obtain P? as a refinement of P¢~1 by splitting only the set %HCI(Z)I (7 € [S]) having the largest
diameter into two parts; in case of a tie, choose randomly between the ties.

Next, take d € N, and for each i € [d], select a point 7; € Z;%. Let My = {z;:i € [d]} C
2 be the set of those points. Then (My)4en constitutes a sequence of well-distributed sets
in the sense of [47], p. 185; i.e., My converges weakly to a uniform measure on 2. By
a straightforward modification of the proof of [47], Lemma 11.33 — for which we need
Assumption 3, i.e., a.s. continuity of W —, it follows that the random connectivity graph
G? on [d] with edge set {Zz-dj 24,7 € [d]} converges to W in the cut norm, a.s. Since we use
possibly non-symmetric graphons and in any case sample looped directed graphs, we use the
framework of [42, 46], which allows to go beyond simple, symmetric graphs and graphons.

For the ucp convergence, to invoke the proof of Theorem 3, we only need mesh(P¢) — 0
as d — oo, which is evident. O

Appendix C: Supplement to Section 5.1. Before Assumption 6, we claimed the follow-
ing.

PROPOSITION 4. Let Thom € B(L'[0,1]) be a bounded operator with p(Thom) > 1.
Then there exists some g € L} [0,1] such that || T} gll 11[0,1] — 00, as n — oo

PROOF. Observe that T}  f records the spatial density of expected nth-generation off-
spring in a cluster with an immigrant distributed according to density f € L'[0,1]. Infor-
mally, letting J,, be the Dirac delta function centered at x, 1} 6, records the spatial density
of eventual expected nth-generation offspring within a cluster generated by an immigrant
in z. If p(Thom) > 1, then [T} || — oo as n — oo, hence there exists (f)nen C L[0,1]
with || fullz10,1) = 1 for all n € N, such that ||}, fullzijo1) — 00, as n — oo. Set p 1=
1+ 5(p(Thom) — 1) and p” := 1+ 5(p(Thom) — 1)

We present a construction for a function g, independent of n, such that || T}, gl 710,1] —
o0, as n — oo. For each n € N, we can find f, € L'[0,1] with [ fallLijo,) = 1 such
that |77 fallzi,1) = (p')". Approximate fif € L1[0,1] from below by simple func-
tions. By continuity of norms, we can find a simple function s, < f,, pointwise, satisfying
| ThomsnllLijo,] > (p”)". Consequently, for each n, we can find a set A,, € B0, 1] of positive
measure, corresponding to a normalized indicator function x,, = (Leb(A,)) 11{A,} satis-
fying |17 Xnllrij0,1) = (07)". Set v = (L + p")/(2p") € (3,1); then vp” > 1. We define
geLL[0,1]by g=(1—7)>,51 7" 'xn:itis easy to see that ||g|| 1,191 < 1, while for each
neN,

1—7 1—7x
[ ThomdllLifo,1) = Tv”llTﬁoanllLl[o,u >——(y")" =00, asn—oo. O
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The existence of g indicates instability of our system. To prove Np(A)/T — oo a.s. using
this function g, we need to argue that there is a positive stream of immigrants leading to
a point with infinite expected offspring. However, it may be possible that g has an infinite
spike (of finite L' size) creating the unstable behavior, and there is no way of bounding
below the size of a set of x € [0, 1] having infinite offspring given only the existence of such
a function g. The next proposition indicates that this approach is not fruitful without using
further properties of (77" )n>o0-

PROPOSITION 5. There exist a sequence (Ly)nen C B(L'[0,1]) and a g € L'[0,1]
satisfying ||Lyngl|11(0,1] — o0, but such that there does not exist a simple function g with
HLn§||L1[0,1] — 0.

PROOF. The existence of such a simple function § would imply the existence of some A €
B[0,1] for which || Ly, 141,10,1] — oc. Note that || Ly, (-)[| € L'[0,1]*, the dual of L*[0,1],
which is isometrically isomorphic to L>°[0, 1]. In this dual space, to prove our result it suffices
to find a sequence (¢y,)neny C L>[0,1] and a g € L]0, 1] such that fol ¢n(x)g(z) de — oo
as n — oo, and such that for any indicator function 14 it holds that fol On(2)1a(z) do =

f? qﬁn] ) dz — 0. To this end, let g(x) = 1/(2y/x) and ¢, (x) = n3/41[07n71}. For any A €
80,1

/ dn(z) dz =n** Leb([0,n )N A) <n Y450, asn— . O
A

Appendix D: Relegated proofs of Section 6.

PROOF OF THEOREM 7. Conditionally upon having n immigrants in [0, ¢], those immi-
grants arrive uniformly over time, since ignoring the spatial coordinate, they arrive according
to a homogeneous Poisson process of rate a := |[Aoo(-)||1[0,1]- Furthermore, the spatial lo-
cations are i.i.d. with Lebesgue densities proportional to A (-). Let p™ denote the Lebesgue
density of the spatial coordinates in [0, 1]" for a sample of n immigrants. We calculate the
Laplace functional of ) by conditioning on the number of immigrants and on their spatial
coordinates. Let I; be the number of immigrants that have arrived by time ¢. Then, with the
understanding that f[Oal}O f=1,

Lo(f)=E |exp [~ 3 f(z)

2,€Q(t)
:zE E |exp Z f(z) ILi=n|P(I;=n)
n>0 z;€Q(t)
= Z/ E |E [exp Z f(z) I; =n, locations x1,...,T,
n>0 [0,1]" 2€Q(t)

xp”(ml,...,xn) dzy---da, P(I; =n)

n>0

_ye atﬁ{/o /Otnxj(f,u) dquo(xj)dxj}

n>0
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-y (/ /7790 f.u) )dudx)n

n>0

—exp (//0 () = 1) o) i)

where z; € Q(t) denotes the set of spatial coordinates corresponding to particles (s;, z;) € Q
with s; < t. This proves the stated result. O

PROOF OF LEMMA 4. Take ¢ € L1, which is the transform of some [0, 1]-dimensional
spatiotemporal point process Z € 2. We aim to define the probabilistic analog d in the
process domain of the operator ® in the transform domain, meaning that the diagram depicted
in Figure 3 commutes. To this end, for = € [0,1], let K, be an inhomogeneous Poisson

Fig 3: Diagram showing the relation between ® and d.

process as defined after the proof of Theorem 7. For Z € 2, x € [0,1] and t € R, we
set

Ko (1)

(90) (D(2))a(t) =0y - 1{Jy >t}+ZZx, T;).

Then Ci)(Z ) € Z. By the same steps given in the proof of Theorem 8 below,

2y, (1) = 22(§)(f,1),
whence ﬁé(z) =®(Ly). As ®(§) is the transform of CiJ(Z) €%, o) eLlol, g

PROOF OF THEOREM 8. Note that by the multiplicative structure of the excitation term
B, (0)W (z,2)h(t), it follows that conditional on the arrival of a particle in the time interval
[0, u], the spatial placement in [0, 1] is independent of the temporal placement in [0, u]. Let

P,(s) be the probability that an offspring event conditionally upon being born before time
t, is born before time s. Let H (u fo ) dv be the integrated excitation function. As in
[41], p. 12, it follows that P, (s ) )/H( ) with density p.(s) = P{(s) = h(s)/H(t).

Let z; € S;(u) denote the set of spatial coordinates corresponding to particles (s;, z;) €
Sz (u) with s; < u. The distributional equality (58) for .S, implies that

ne(fou) =E [exp | = > f(z)

2, €85 (u)
91

=%(fwEp Y Elexp|— > f(z)]|Ke(u)=n,B| P(K.(u)=n|B)|,

n>0 2, €8, (u),zi #x
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where we exclude z from the first summation since, with probability 1, there is no event with
spatial coordinate z, and since we factored out v, ( f,u) = (_Zz(u) + _Zz(u)e @), By also
conditioning on the locations of the n children of the initial event in x, (91) equals

«(f;u)Es [ZP(Kz(U) =n|B) /[O . P (Y1, Yn)

n>0

xE [exp | — Z f(zi) ‘Kx(u):n; locations 1, ...yn; B dyl---dyn]
2, €55 (u)
ziFx

B (OW ()]0 H ()"

_ —|B.2(0)W (-, z)|l L1 0,1 H(u
=7.(f,u)Ep Ze [0,1] o

n>0

d By (OW (y.2)
IR | DR dys -+~ dyn .
o L0 S T Qo) e

(1)

where 7, is the transform of a cluster in y that is born between time 0 and w; its input is
u, which is the time that has elapsed since the event in x occurred, and is therefore different
from 7,,, which takes u — v as input when the event in y is born at time v. The distribution of
the temporal location of such an event is given by P;(s) defined in the first part of this proof.
Hence, (92) equals

Z 67”3-1(O)W('7x)HL1[O,1]H(u) HB$(0>W(7 '1:) ||L1[0,1}H(u)

n!

71’(f7 U)EB

n>0

By, (0)W (y;,z) .
><H [ om0 s e dy]]

= (f,u)Eg [e1B=OWC2) 100 H(w)
X Z - </ / —5) dsBy(0)W (y,z) dy) ]
n>0

— st foso ([ /0”<ny<f,u -8 = DB O (a)hls) dsdy )|

o =t ({vo [ a-nfa-weone asf).
recognizing the Laplace functional 3, of B.,. O

PROOF OF LEMMA 5. We present the proof for p € [1,00); the proof for p = oo follows
along the same lines, and is no more difficult.
Take &, £ € L% and fix ¢ > 0. We aim to find § > 0 such that

dﬁ[o,l} (5’5) < 5 == dﬁ[o,l} (@(5)7 (I)(g)) < €,
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so we even prove uniform continuity. By the definition of d 0.1 ,, it holds that

O B, @O = / . (€ D,(E)(f,u)l? da.
uG
fEBM, 0 1]
We first bound the integrand. Since f is positive-valued, /w )+ Za(u f@) ¢ [0, 1].

Furthermore, £, is a Laplace functional, hence &, (f,u — s) € [0, 1] as well. Therefore by the
mean value theorem applied to = +— e*,

[22(6)(f,u) — Po(E)(f,w)]

[exp</ | t@tru=s-1, (@W(w)h(s)dsdy)
—exp(// (fru—s)—1)B, (O)W(y,w)h(s)dsdy)”

‘ [// (&y(fou—s)—&(fu—s))B, (O)W(y,az)h(s)dsdyH

< ullhl|osCaCiy /0 1&,(fru) — & ()] dy,

using Assumption 2, stating that E[Byx] <Cpas.,and W < Cy . Since p > 1, the function
x — zP is convex. Jensen’s inequality gives

1 B 1,1 B
/I‘Px(ﬁ)(ﬁw—q)x(i)(faU)lpdﬂfSup!hHé’oC%C]v’v/ / &y ([, u) = &(f,u)[P dyda.
0 0o Jo

It now follows that

1 1/p
s (/0 |<I>x(§)(f,U)—<I>x(€)(f,U)pdx> < ] CrCi.
ue|0,t
FEBM,[0,1]

Hence, selecting § < ¢/(t||h||ocCpC ) guarantees dy 0.1 ,(P(£), ®(€)) <e. O

PROOF OF LEMMA 6. We present the proof for p € [1, 00), the proof for p = oo is no more
difficult.

By the bounds appearing in the proof of Lemma 5, it holds that

[@2(8)(f, 1) = P (), u)llLopo,1) < wllhlloe CBCW (182 (f, w) = Co(f )| Lo j0,1)-

Since the Laplace functional takes on values in [0, 1],

OG0 =)< 20l Coiv,

verifying (61) for n =1 and C := 2||h||cCpCw . Now suppose the result holds for n € N.
Then again by the bounds appearing in the proof of Lemma 5, and using Jensen’s inequality,

P 1 u p
£§n+1)(f’u) - ;](cnﬂ)(f?u)‘ < ||h||€oC%C€V/ (/ ‘gén)(f,s) _Cg(/n)(f’s) ds) dy
0 0

1 u p n+1, n+1\ P
cns” C
gcp/ /Sds dy=(—=—) .
Integrating over x € [0, 1] proves the bound for n + 1. The stated result follows by induction.
O
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