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Appendix A: Technical Details for Section 2

Section A.1 provides the proof of Lemma 2.3. Section A.2 collects additional details for tail asymptotics
of Hawkes process clusters in Theorem 2.6, which also address Monte Carlo simulation for the limiting
measures in Theorem 3.3.

A.1. Proof of Lemma 2.3

Proof of Lemma 2.3. Take any Borel measurable 𝐵 ⊆ S that is bounded away from C. W.l.o.g., in this
proof we only consider Δ > 0 small enough that 𝒅(𝐵,C) > 2Δ, and hence 𝐵2Δ is still bounded away
from C.

First, for any 𝑛 ≥ 1 and 𝛿 > 0,

P(𝑋𝑛 ∈ 𝐵)

= P
(
𝑋𝑛 ∈ 𝐵; 𝒅(𝑋𝑛,𝑌 𝛿𝑛 ) ≤ Δ

)
+ P

(
𝑋𝑛 ∈ 𝐵; 𝒅(𝑋𝑛,𝑌 𝛿𝑛 ) > Δ

)
1
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≤ P
(
𝑌 𝛿𝑛 ∈ 𝐵Δ

)
+ P

(
𝑋𝑛 ∈ 𝐵 or 𝑌 𝛿𝑛 ∈ 𝐵; 𝒅(𝑋𝑛,𝑌 𝛿𝑛 ) > Δ

)
=

∑︁
𝑣∈V

P
(
𝑌 𝛿𝑛 ∈ 𝐵Δ, 𝑉 𝛿𝑛 = 𝑣

)
+ P

(
𝑌 𝛿𝑛 ∈ 𝐵Δ, 𝑉 𝛿𝑛 ∉V

)
+ P

(
𝑋𝑛 ∈ 𝐵 or 𝑌 𝛿𝑛 ∈ 𝐵; 𝒅(𝑋𝑛,𝑌 𝛿𝑛 ) > Δ

)
.

Then, by Condition (ii), there exists some 𝛿0 > 0 such that for all but countably many 𝛿 ∈ (0, 𝛿0),

lim sup
𝑛→∞

𝜖−1
𝑛 P(𝑋𝑛 ∈ 𝐵) ≤

∑︁
𝑣∈V

𝜇𝑣 (𝐵2Δ) + lim sup
𝑛→∞

𝜖−1
𝑛 P

(
𝒅
(
𝑋𝑛,𝑌

𝛿
𝑛

)
I
(
𝑋𝑛 ∈ 𝐵 or 𝑌 𝛿𝑛 ∈ 𝐵

)
> Δ

)
.

This allows us to pick a sequence 𝛿𝑘 ↓ 0 such that Condition (ii) of Lemma 2.3 holds under each 𝛿 = 𝛿𝑘 ,
which implies

lim sup
𝑛→∞

𝜖−1
𝑛 P(𝑋𝑛 ∈ 𝐵)

≤
∑︁
𝑣∈V

𝜇𝑣 (𝐵2Δ) + lim sup
𝑘→∞

lim sup
𝑛→∞

𝜖−1
𝑛 P

(
𝒅
(
𝑋𝑛,𝑌

𝛿𝑘
𝑛

)
I
(
𝑋𝑛 ∈ 𝐵 or 𝑌 𝛿𝑘𝑛 ∈ 𝐵

)
> Δ

)
=

∑︁
𝑣∈V

𝜇𝑣 (𝐵2Δ) by Condition (i). (1)

Analogously, observe the lower bound (for each 𝑛 ≥ 1 and 𝛿 > 0)

P(𝑋𝑛 ∈ 𝐵) ≥ P
(
𝑋𝑛 ∈ 𝐵; 𝒅(𝑋𝑛,𝑌 𝛿𝑛 ) ≤ Δ

)
≥ P

(
𝑌 𝛿𝑛 ∈ 𝐵Δ; 𝒅(𝑋𝑛,𝑌 𝛿𝑛 ) ≤ Δ

)
≥ P(𝑌 𝛿𝑛 ∈ 𝐵Δ) − P

(
𝑌 𝛿𝑛 ∈ 𝐵Δ; 𝒅(𝑋𝑛,𝑌 𝛿𝑛 ) > Δ

)
≥ P(𝑌 𝛿𝑛 ∈ 𝐵Δ) − P

(
𝑌 𝛿𝑛 ∈ 𝐵 or 𝑋𝑛 ∈ 𝐵; 𝒅(𝑋𝑛,𝑌 𝛿𝑛 ) > Δ

)
≥

∑︁
𝑣∈V

P(𝑌 𝛿𝑛 ∈ 𝐵Δ, 𝑉 𝛿𝑛 = 𝑣) − P
(
𝑌 𝛿𝑛 ∈ 𝐵 or 𝑋𝑛 ∈ 𝐵; 𝒅(𝑋𝑛,𝑌 𝛿𝑛 ) > Δ

)
.

Again, by Condition (ii), one can pick a sequence 𝛿𝑘 ↓ 0 such that

lim inf
𝑛→∞

𝜖−1
𝑛 P(𝑋𝑛 ∈ 𝐵)

≥ lim inf
𝑘→∞

lim inf
𝑛→∞

∑︁
𝑣∈V

𝜖−1
𝑛 P(𝑌 𝛿𝑘𝑛 ∈ 𝐵Δ, 𝑉 𝛿𝑘𝑛 = 𝑣)

− lim sup
𝑘→∞

lim sup
𝑛→∞

𝜖−1
𝑛 P

(
𝒅
(
𝑋𝑛,𝑌

𝛿𝑘
𝑛

)
I
(
𝑋𝑛 ∈ 𝐵 or 𝑌 𝛿𝑘𝑛 ∈ 𝐵

)
> Δ

)
≥

∑︁
𝑣∈V

𝜇𝑣 (𝐵2Δ) by Conditions (i) and (ii). (2)

Since |V| < ∞, 𝜇𝑣 ∈ M(S \ C) for each 𝑣 ∈ V, and 𝐵2Δ is bounded away from C, we have∑
𝑣∈V 𝜇𝑣 (𝐵2Δ) <∞. By sending Δ ↓ 0 in (1) and (2), it then follows from the continuity of measures

that ∑︁
𝑣∈V

𝜇𝑣 (𝐵◦) ≤ lim inf
𝑛→∞

𝜖−1
𝑛 P(𝑋𝑛 ∈ 𝐵) ≤ lim sup

𝑛→∞
𝜖−1
𝑛 P(𝑋𝑛 ∈ 𝐵) ≤

∑︁
𝑣∈V

𝜇𝑣 (𝐵−).

By the arbitrariness of our choice of 𝐵, we conclude the proof using Theorem 2.2.
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A.2. Details for Tail Asymptotics of Hawkes Process Clusters

To precisely define the limiting measures C𝒋
𝑖

in (18), we review a few definitions in [2].

Definition A.1 (Type). We say that 𝑰 = (𝐼𝑘, 𝑗 )𝑘≥1, 𝑗∈[𝑑 ] is a type if

• 𝐼𝑘, 𝑗 ∈ {0,1} for each 𝑘 ≥ 1 and 𝑗 ∈ [𝑑];
• there exists K 𝑰 ∈ Z+ such that

∑
𝑗∈[𝑑 ] 𝐼𝑘, 𝑗 = 0 ∀𝑘 >K 𝑰 and

∑
𝑗∈[𝑑 ] 𝐼𝑘, 𝑗 ≥ 1 ∀1 ≤ 𝑘 ≤ K 𝑰 ;

• for each 𝑗 ∈ [𝑑], we have
∑
𝑘≥1 𝐼𝑘, 𝑗 ≤ 1;

• for 𝑘 = 1, the set { 𝑗 ∈ [𝑑] : 𝐼1, 𝑗 = 1} is either empty or contains exactly one element.

Let I be the collection of all types. For each 𝑰 ∈I , let

𝒋 𝑰 =
def {

𝑗 ∈ [𝑑] : 𝐼𝑘, 𝑗 = 1 for some 𝑘 ≥ 1
}
, 𝒋 𝑰𝑘 =

def {
𝑗 ∈ [𝑑] : 𝐼𝑘, 𝑗 = 1

}
∀𝑘 ≥ 1. (3)

Intuitively speaking, K 𝑰 is the depth of 𝑰, 𝒋 𝑰 is the set of active indices in 𝑰, and 𝒋 𝑰
𝑘

is the set of
active indices of 𝑰 at depth 𝑘 . For any 𝑰 ∈ I , note that: (i) 𝒋 𝑰 = ∅ (and hence K 𝑰 = 0) if and only if
𝐼𝑘, 𝑗 ≡ 0 for any 𝑘, 𝑗 ; and (ii) when K 𝑰 ≥ 1, there uniquely exists some 𝑗 𝑰1 ∈ [𝑑] such that 𝒋 𝑰1 = { 𝑗 𝑰1 }.
Next, given 𝛽 > 0, we define a Borel measure on (0,∞) by

𝜈𝛽 (𝑑𝑤) =def 𝛽𝑑𝑤

𝑤𝛽+1
I{𝑤 > 0}. (4)

Given non-empty sets I ⊆ [𝑑] and J ⊆ [𝑑], we say that {J (𝑖) : 𝑖 ∈ I} is an assignment of J to I if

J (𝑖) ⊆ J ∀𝑖 ∈ I;
⋃
𝑖∈I
J (𝑖) = J ; J (𝑖) ∩ J (𝑖′) = ∅ ∀𝑖 ≠ 𝑖′. (5)

We use TI←J to denote the set containing all assignments of J to I. Given non-empty I ⊆ [𝑑] and
J ⊆ [𝑑], define the mapping

𝑔I←J (𝒘) =def
∑︁

{J (𝑖): 𝑖∈I}∈TI←J

∏
𝑖∈I

∏
𝑗∈J(𝑖)

𝑤𝑖𝑠𝑙∗ ( 𝑗 )←𝑖 , ∀𝒘 = (𝑤𝑖)𝑖∈I ∈ [0,∞) | I | . (6)

Here, recall that 𝒔̄ 𝑗 = E𝑺 𝑗 , 𝑠 𝑗←𝑖 = E𝑆 𝑗←𝑖 (see (14)), and 𝑙∗ ( 𝑗) is defined in (15).
Given a type 𝑰 ∈I whose active index set 𝒋 𝑰 is non-empty, recall that when 𝒋 𝑰 ≠ ∅, there uniquely

exists some 𝑗 𝑰1 ∈ [𝑑] such that 𝒋 𝑰1 = { 𝑗 𝑰1 }. Let

𝜈𝑰 (𝑑𝒘) =def
K𝑰?
𝑘=1

( ?
𝑗∈ 𝒋𝑰

𝑘

𝜈𝛼∗ ( 𝑗 ) (𝑑𝑤𝑘, 𝑗 )
)
, (7)

C𝑰
𝑖 (·) =

def
∫

I

{ K𝑰∑︁
𝑘=1

∑︁
𝑗∈ 𝒋𝑰

𝑘

𝑤𝑘, 𝑗 𝒔̄ 𝑗 ∈ ·
}(
𝑠𝑙∗ ( 𝑗𝑰1 )←𝑖

K𝑰−1∏
𝑘=1

𝑔 𝒋𝑰
𝑘
←𝒋𝑰

𝑘+1
(𝒘𝑘)

)
𝜈𝑰 (𝑑𝒘), (8)

where we adopt the notations 𝒘𝑘 = (𝑤𝑘, 𝑗 ) 𝑗∈ 𝒋𝑰
𝑘

and 𝒘 = (𝒘𝑘)𝑘∈[K 𝐼 ] . Besides, note that C𝑰
𝑖
(·) is sup-

ported on the cone R𝑑 ( 𝒋 𝑰 ) (see (6)). The measures C𝒋
𝑖
(·) in (18) admit the form

C𝒋
𝑖
=

∑︁
𝑰 ∈I : 𝒋𝑰=𝒋

C𝑰
𝑖 . (9)
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Next, continuing the discussions in Remark 7, we note that the evaluation of the limiting measures
C̆[0,∞)

K;𝝁𝑵
(·) in (49) can be addressed by rejection sampling for C𝑰

𝑖
(·) in (8). Indeed, as noted in Remark 7,

the key task is to sample under the law C̄𝒋 , 𝛿 (·) in (50). Furthermore, the evaluation of C𝑰
𝑖

(
R̄𝑑> ( 𝒋 , 𝛿)

)
is

detailed in Remark 4 of [2]. Then, by (45) and (9), it suffices to check how to sample from probability
measures

Ĉ𝑰
𝑖, 𝛿
(·) =def C𝑰

𝑖

(
· ∩R̄𝑑> ( 𝒋, 𝛿)

)/
C𝑰
𝑖

(
R̄𝑑> ( 𝒋 , 𝛿)

)
,

where 𝑰 ∈I is such that 𝒋 𝑰 = 𝒋 (see Definition A.1). Furthermore, the proof of Lemma 4.10 (b) of [2]
implies the existence of some constant 𝑀 ′ <∞ such that (we write 𝒘𝑘 = (𝑤𝑘, 𝑗 ) 𝑗∈ 𝒋𝑰

𝑘
)[ K𝑰−1∏

𝑘=1

𝑔 𝒋𝑰
𝑘
←𝒋𝑰

𝑘+1
(𝒘𝑘)

]
·
K𝑰∏
𝑘=1

∏
𝑗∈ 𝒋𝑰

𝑘

𝑤
−𝛼∗ ( 𝑗 )−1
𝑘, 𝑗

≤ 𝑀 ′ ·
K𝑰∏
𝑘=1

∏
𝑗∈ 𝒋𝑰

𝑘

𝑤
−𝛼∗ ( 𝑗 )
𝑘, 𝑗

whenever
∑K𝑰

𝑘=1
∑
𝑗∈ 𝒋𝑰

𝑘
𝑤𝑘, 𝑗 𝒔̄ 𝑗 ∈ R̄𝑑> ( 𝒋 , 𝛿). Here, the mapping 𝑔I←J (·) is defined in (6), 𝛼∗ (·) is de-

fined in (15), and theK 𝑰 and 𝒋 𝑰
𝑘
’s are specified in Definition A.1. Then, by definitions in (8), to sample

from Ĉ𝑰
𝑖, 𝛿
(·) it suffices to set

𝑔̂𝑰 (𝒘) =def

[ K𝑰−1∏
𝑘=1

𝑔 𝒋𝑰
𝑘
←𝒋𝑰

𝑘+1
(𝒘𝑘)

]
·
K𝑰∏
𝑘=1

∏
𝑗∈ 𝒋𝑰

𝑘

(
𝛿

𝑤𝑘, 𝑗

)𝛼∗ ( 𝑗 )+1
, 𝑓 𝑰 (𝒘) =def

K𝑰∏
𝑘=1

∏
𝑗∈ 𝒋𝑰

𝑘

(
𝛿

𝑤𝑘, 𝑗

)𝛼∗ ( 𝑗 )
,

pick 𝛿 > 0 small enough and 𝑀 > 0 large enough, and run rejection sampling as follows.

• Independently for each 𝑘 ∈ [K 𝑰 ] and 𝑗 ∈ 𝒋 𝑰
𝑘
, generate a Pareto (i.e., exact power-law) random vari-

able𝑊 (𝛿 )
𝑘, 𝑗

with lower bound 𝛿 and power-law index 𝛼∗ ( 𝑗) − 1; Write 𝑾 (𝛿 ) =
(
𝑊
(𝛿 )
𝑘, 𝑗

)
𝑘∈[K𝑰 ], 𝑗∈ 𝒋𝑰

𝑘
.

• Generate𝑈 ∼Unif(0,1).
• If

∑
𝑘∈[K𝑰 ]

∑
𝑗∈ 𝒋𝑊

(𝛿 )
𝑘, 𝑗

𝒔̄ 𝑗 ∈ R̄𝑑> ( 𝒋 , 𝛿) and𝑈 < 𝑔̂𝑰 (𝑾 (𝛿 ) )
/ [
𝑀 · 𝑓 𝑰 (𝑾 (𝛿 ) )

]
, return∑︁

𝑘∈[K𝑰 ]

∑︁
𝑗∈ 𝒋
𝑊
(𝛿 )
𝑘, 𝑗

𝒔̄ 𝑗 .

Otherwise, rerun this procedure.

Appendix B: Counterexamples of Topology and Tail Behavior
Example 1. In this two-dimensional example, we demonstrate that the LDP (49) stated in Theorem 3.3
would generally fail w.r.t. the product 𝑀1 topology of D[0,𝑇], the càdlàg space with compact domain.
The intuition behind the counterexample is that, for any immigrant arriving near the end of the time
interval [0,𝑇], its cluster size vector may be arbitrarily truncated at time 𝑇 due to randomness in the
birth times of its descendants. As a result, the LDP in (49) generally fails under the product 𝑀1 topology
on D[0,𝑇] for rare event sets 𝐵 that involve the value of the process at time 𝑇 .

Without loss of generality, we fix 𝑇 = 1, and lighten the notations by writing

D =D
(
[0,1],R𝑑

)
, D̆𝜖

K
= D̆𝜖

K;𝝁𝑵
[0,1], D̆𝜖⩽𝒌 = D̆𝜖⩽𝒌;𝝁𝑵

[0,1],

C̆K = C̆[0,1]
K;𝝁𝑵

, 𝑵̄𝑛 = 𝑵̄ [0,1]𝑛 , 𝒅P = 𝒅 [0,1]P .
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We focus on the case with 𝑑 = 2 and adopt all assumptions imposed in Theorem 3.3. Besides, we
impose the following conditions on the fertility functions (see (1)):

𝑓1←1 (𝑡) = 0, ∀𝑡 > 1, (10)

𝑓2←1 (𝑡) = 0, ∀𝑡 ∈ [0,2] . (11)

Here, condition (10) implies that the time a type-1 parent waits to give birth to a type-1 child would,
with probability 1, take values over [0,1]; condition (11) implies that the time a type-1 parent waits
to give birth to a type-2 child is always strictly larger than 2. We note that: (i) it is easy to identify
concrete cases that are compatible with both (10)–(11) and the tail condition (48) in Theorem 3.3 under
any 𝒌; for instance, one can take 𝑓1←1 (𝑡) = I(0,1) (𝑡), which induces a uniform distribution over (0,1),
and 𝑓2←1 (𝑡) = I(2,∞) (𝑡) · exp(−(𝑡 − 2)), which induces an exponential distribution with +2 offset; (ii)
the exact form of conditions (10)–(11) are not pivotal to the analysis below and are imposed only
for simplicity; for instance, the arguments below would still hold after minor modifications if we set
𝑓 𝑗←𝑖 (𝑡) = 𝐴 𝑗←𝑖 exp(−𝑏 𝑗←𝑖 · 𝑡) (i.e., with exact exponential tails in decay functions, which make the
conditional intensity process of the Hawkes process Markovian).

Regarding the tail indices for the clusters, we assume that

𝛼∗ (1) = 𝛼1←1 > 1, 𝛼2←1 > 𝛼1←1, 𝛼∗ (2) > 𝛼∗ (1) + 1, (12)

where 𝛼𝑖← 𝑗 is the regular variation index for 𝐵𝑖← 𝑗 (see Assumption 2 and the discussion right above)
and 𝛼∗ (·) is defined in (15).

We are interested in studying the asymptotics (as 𝑛→∞)

P
(
𝑛−1𝑵(𝑛) ∈ 𝐴

)
= P

(
𝑵̄𝑛 ∈ 𝐸

)
,

where 𝑵̄𝑛 = {𝑵(𝑛𝑡)/𝑛 : 𝑡 ∈ [0,1]} is the scaled sample path of the Hawkes process 𝑵(𝑡) embedded in
D, and

𝐴 =
def {(𝑥1, 𝑥2)T ∈ R2

+ : 𝑥1 > 1, 𝑐𝑥1 > 𝑥2
}
, 𝐸 =

def {
𝜉 ∈ D : 𝜉 (1) ∈ 𝐴

}
. (13)

To specify the choice of 𝑐, we note that by Assumption 3, in 𝒔̄𝑖 = (𝑠1←𝑖 , 𝑠2←𝑖)⊤ for each 𝑖 ∈ {1,2}
(see (14)) and 𝝁𝑵 = (𝜇𝑵 ,1, 𝜇𝑵 ,2)⊤ (see (47)), all coordinates are strictly positive. Therefore, we can
fix 𝑐 > 0 small enough such that the set {𝒙 + 𝝁𝑵 : 𝒙 ∈ R̄2 ({1,2}, 𝜖)} is bounded away from 𝐴 for
some 𝜖 > 0; see (7) for the definition of cones R̄𝑑 ( 𝒋 , 𝜖). More generally, given 𝑎 ∈ (0,∞), there exists
𝑀 = 𝑀 (𝑐, 𝑎) ∈ (0,∞) such that(

0
0

)
≤

(
𝑤1
𝑤2

)
≤

(
𝑎

𝑎

)
, 𝑦 > 𝑀 =⇒

(
𝑤1
𝑤2

)
+

(
𝑦

0

)
∈ 𝐴. (14)

We start by making a few observations. Recall that P𝑚 is the collection of non-empty subsets of
[𝑚], and hence P2 = {{1}, {2}, {1,2}}. Also, in the context of Theorem 3.3, recall the definitions of

D̆𝜖⩽𝒌 =
⋃

K∈ZP2
+ :

K∉A(𝒌 ) , 𝑐̆ (K )≤𝑐 (𝒌 )

D̆𝜖
K
, 𝑐(K) =

∑︁
𝒋∈P2

K𝒋 ·
(
𝜶( 𝒋) − 1

)
, 𝑐(𝒌) =

∑︁
𝑖=1,2

𝑘𝑖 ·
(
𝛼({𝑖}) − 1

)
,

(15)
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where 𝜶( 𝒋) = 1 +∑
𝑖∈ 𝒋

(
𝛼∗ (𝑖) − 1

)
is defined in (16). In particular, note that 𝛼({1}) = 𝛼∗ (1), 𝛼({2}) =

𝛼∗ (2), and 𝛼({1,2}) = 𝛼∗ (1) + 𝛼∗ (2) − 1. Also, we introduce notations K 𝒊 = (K 𝒊
𝒋 ) 𝒋∈P2 ∈ Z

P2
+ by set-

tingK 𝒊
𝒋 = 1 if 𝒋 = 𝒊, andK 𝒊

𝒋 = 0 otherwise. For instance, in K {1,2} = (K {1,2}𝒋 ) 𝒋∈P2 , we haveK {1,2}{1,2} = 1

and K {1,2}{1} =K {1,2}{2} = 0. By (12) and (15), we have

D̆𝜖⩽(0,1) ⊆
⋃

K∈ZP2
+ : K{2}=K{1,2}=0

D̆𝜖
K
.

Furthermore, for any K ∈ ZP2
+ such that K{2} =K{1,2} = 0 and any 𝜉 ∈ D̆𝜖

K
, we have

𝜉 (1) ∈ R̄2 ({1}, 𝜖) + 𝝁𝑵 .

Meanwhile, recall the definitions of the sets 𝐴 and 𝐸 in (13). It has been noted above that R̄2 ({1,2}, 𝜖) +
𝝁𝑵 is bounded away from 𝐴, which implies that the set 𝐸 is bounded away from D̆𝜖⩽(0,1) under 𝒅P .
Now, suppose that the asymptotics (49) stated in Theorem 3.3 hold w.r.t. the product 𝑀1 topology of D
(i.e., on the metric space (D, 𝒅P)). Then, we are led to believe that

P
(
𝑵̄𝑛 ∈ 𝐸

)
= O

(
𝜆̆ (0,1) (𝑛)

)
, as 𝑛→∞. (16)

However, our analysis below disproves (16) by verifying that

lim inf
𝑛→∞

P
(
𝑵̄𝑛 ∈ 𝐸

) /
P(𝐵1←1 > 𝑛) > 0. (17)

Indeed, by Assumption 2, we have P(𝐵1←1 > 𝑛) ∈ RV−𝛼1←1 (𝑛); by (12) and (15), we have 𝜆̆ (0,1) (𝑛) ∈
RV−𝑐 ( (0,1) ) (𝑛) with 𝑐

(
(0,1)

)
= 𝛼∗ (2) − 1 > 𝛼1←1. Then, by

lim inf
𝑛→∞

P
(
𝑵̄𝑛 ∈ 𝐸

)
𝜆̆ (0,1) (𝑛)

≥ lim inf
𝑛→∞

P
(
𝑵̄𝑛 ∈ 𝐸

)
P(𝐵1←1 > 𝑛)

· lim inf
𝑛→∞

P(𝐵1←1 > 𝑛)
𝜆̆ (0,1) (𝑛)

,

we end up with lim inf𝑛→∞ P
(
𝑵̄𝑛 ∈ 𝐸

) /
𝜆̆ (0,1) (𝑛) =∞, which is a clear contradiction to (16). We thus

confirm that it is generally not possible to strengthen the characterizations in (49) stated in Theorem 3.3
w.r.t. the product 𝑀1 topology of D[0,∞) to those on D[0,𝑇].

Below, we verify Claim (17). To proceed, we adopt the notations in (99)–(103) for the cluster rep-
resentation of Hawkes processes. Specifically, for each 𝑗 ∈ {1,2}, we use the sequence

(
𝑇 C
𝑗;𝑘

)
𝑘≥1 to

denote the arrival times of type- 𝑗 immigrants, which are generated by a Poisson process 𝐺 𝑗 (𝑡) with
rate 𝑐 𝑗 (see (1)). For 𝑵O

(𝑇C
𝑗;𝑘 , 𝑗 )

, the cluster process induced by the 𝑘 th type- 𝑗 immigrant, we denote its

size by

𝑆
(𝑘 )
𝑖← 𝑗 =

def
∑︁
𝑚≥0

I

{
𝐴O
𝑗;𝑘 (𝑚) = 𝑖

}
, 𝑺 (𝑘 )

𝑗
=
def

(
𝑆
(𝑘 )
1← 𝑗 , 𝑆

(𝑘 )
2← 𝑗 , . . . , 𝑆

(𝑘 )
𝑑← 𝑗

)T
.

Next, we define the event (with 𝝁𝑵 defined in (47))

(I) =

{
𝑛−1

∑︁
𝑗∈{1,2}

∑︁
𝑘≥1:𝑇C

𝑗;𝑘≤𝑛−2

𝑺 (𝑘 )
𝑗
≤ 2𝝁𝑵

}
,
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which represents the case where the accumulated size of all clusters arrived by time 𝑛 − 2 is upper
bounded by the vector 2𝑛𝝁𝑵 . Also, recall that we use 𝐺 𝑗 (𝑡) to denote the Poisson process generating
the arrival times 𝑇 C

𝑗;𝑘 for the immigrants. Let

(II) =
{
𝐺1 (𝑛 − 1) −𝐺1 (𝑛 − 2) = 1; 𝐺1 (𝑛) −𝐺1 (𝑛 − 1) = 0; 𝐺2 (𝑛) −𝐺2 (𝑛 − 2) = 0

}
.

That is, on event (II), there is only one type-1 immigrant who arrived during the time window (𝑛−2, 𝑛],
with the arrival time lying in (𝑛 − 2, 𝑛 − 1], and no type-2 immigrant arrived during (𝑛 − 2, 𝑛]. On this
event, for the only type-1 immigrant that arrived during (𝑛 − 2, 𝑛], we use 𝐵1←1 to specifically denote
the number of its type-1 children (in one generation). Let

(III) =
{
𝐵1←1 > 𝑛𝑀

}
.

Here, by (14), we fix some 𝑀 large enough such that(
0
0

)
≤

(
𝑤1
𝑤2

)
≤ 2𝝁𝑵 , 𝑦 > 𝑀 =⇒

(
𝑤1
𝑤2

)
+

(
𝑦

0

)
∈ 𝐴. (18)

Now, we make some observations. First, on the event (II), by (10) we know that all the 𝐵1←1 children
of the type-1 ancestor must have arrived by time 𝑛, and they may further give birth to more type-1
offspring by time 𝑛. On the other hand, by (11), we know that any type-2 offspring in this cluster,
induced by the type-1 immigrant who arrived during (𝑛 − 2, 𝑛], will have to arrive after time 𝑛. Then,
by (18), on event (I)∩ (II)∩ (III) we must have 𝑛−1𝑵(𝑛) ∈ 𝐴. This leads to

lim inf
𝑛→∞

P
(
𝑵̄𝑛 ∈ 𝐸

)
P(𝐵1←1 > 𝑛)

= lim inf
𝑛→∞

P
(
𝑛−1𝑵(𝑛) ∈ 𝐴

)
P(𝐵1←1 > 𝑛)

≥ lim
𝑛→∞

P
(
(I)

)
· P

(
(II)

)
· lim
𝑛→∞

P(𝐵1←1 > 𝑛𝑀)
P(𝐵1←1 > 𝑛)

,

where the inequality follows from the independent and stationary increments in Poisson processes
𝐺 𝑗 (𝑡). By the law of large numbers, we get lim𝑛→∞ P

(
(I)

)
= 1. By the law of Poisson processes, we

have

P
(
(II)

)
= P

(
𝐺1 (1) = 1; 𝐺1 (2) −𝐺1 (1) = 0; 𝐺2 (2) = 0

)
> 0.

Lastly, by the regularly varying law of 𝐵1←1, we get lim𝑛→∞
P(𝐵1←1>𝑛𝑀 )

P(𝐵1←1>𝑛) = 𝑀−𝛼1←1 > 0. This con-
cludes the proof of Claim (17).

Example 2. This example demonstrates that, even in the univariate setting, we need sufficiently tight
power-law bounds on the tail behavior of the decay functions (like in (48)) for the large deviations
asymptotics stated in Theorem 3.3 to hold. The intuition of this is that, without sufficiently tight tail
bounds on the decay functions, some rare events may be driven by a single large cluster with a long
lifetime—effectively a big jump spread broadly across the entire timeline—rather than by multiple
large clusters.

Specifically, we consider a univariate Hawkes process 𝑁 (𝑡) with initial value 𝑁 (0) = 0 and condi-
tional intensity ℎ(𝑡) = 𝑐 +

∫ 𝑡
0 𝐵̃(𝑠) 𝑓 (𝑡 − 𝑠)𝑑𝑁 (𝑠), where the constant 𝑐 > 0 is the immigration rate, the

decay function 𝑓 (·) takes the form

𝑓 (𝑡) = 𝜃

(1 + 𝑡) 𝜃+1
, ∀𝑡 ≥ 0, (19)
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for some 𝜃 > 1 (i.e.,
∫ ∞
𝑡

𝑓 (𝑠)𝑑𝑠 = (1 + 𝑡)−𝜃 , and ∥ 𝑓 ∥1 =
∫ ∞

0 𝑓 (𝑡)𝑑𝑡 = 1), and the excitation rates 𝐵̃(𝑠)
are independent copies of some non-negative random variable 𝐵̃ with law

P(𝐵̃ > 𝑥) = 1
max{1, 𝑥/𝑐}𝛼 , ∀𝑥 ∈ R. (20)

Here, we have 𝛼 > 1 for the power-law tail index; the constant 𝑐 > 0 is small enough such that E[𝐵̃] ·
∥ 𝑓 ∥1 = E[𝐵̃] < 1 (so the sub-critical condition in Assumption 1 also holds). By (47), in this univariate
setting we have 𝜇𝑁 = 𝑐

1−E[ 𝐵̃] · ∥ 𝑓 ∥1
= 𝑐

1−E[ 𝐵̃] .

Recall that 𝑁̄𝑛 (𝑡) = 𝑁 (𝑛𝑡)/𝑛, and that 𝑵̄ [0,∞)𝑛 =
def {𝑁̄𝑛 (𝑡) : 𝑡 ≥ 0} is the scaled sample path of the

Hawkes process 𝑁 (𝑡). In this example, we study events of the form {𝑵̄ [0,∞)𝑛 ∈ 𝐴(𝑘)} with

𝐴(𝑘) =def {
𝜉 ∈ D

(
[0,∞),R

)
: 𝜉 (𝑡𝑙 + 𝑢) − 𝜉 (𝑡𝑙) > 𝜇𝑁 ∀𝑙 = 0,1, . . . , 𝑘 − 1

}
, (21)

where

• 𝑘 is some positive integer;
• the 𝑡𝑙’s are such that 0 = 𝑡0 < 𝑡1 < 𝑡2 < . . . < 𝑡𝑘−1 < 1;
• Furthermore, 𝑢 ∈ (0,1) is small enough such that, across 𝑙 = 0,1, . . . , 𝑘 − 1, the intervals 𝐼𝑙 =
[𝑡𝑙 , 𝑡𝑙 + 𝑢] are mutually disjoint and are all contained within [0,1].

In other words, for any path 𝜉 that belongs to the set 𝐴(𝑘), the increment of 𝜉 over each of the mutually
disjoint intervals 𝐼𝑙 is bounded from below by 𝜇𝑁 . In particular, note that 𝐴(𝑘) is bounded away from
(by adapting (27) and (37) to the univariate setting)

D̆𝜖⩽𝑘;𝜇𝑁
[0,∞) =

⋃
𝑘′=0,1,...,𝑘−1

D̆𝜖𝑘′;𝜇𝑁 [0,∞) = D̆𝜖
𝑘−1;𝜇𝑁

[0,∞)

under 𝒅 [0,∞)
𝑀1

for any 𝜖 > 0 small enough: indeed, a linear path of slope 𝜇𝑁 would only increase by
𝑢 · 𝜇𝑁 < 𝜇𝑁 over each interval 𝐼𝑙 , meaning that at least one jump needs to be added to the linear path
over each (𝐼𝑙)𝑙=0,1,...,𝑘−1 for it to enter the set 𝐴(𝑘). Also, when there is no ambiguity about the choice
of 𝑘 , we simply write 𝐴 = 𝐴(𝑘).

We note that, regardless of the value of the tail indices 𝜃 in (19) for the decay function and 𝛼 in (20)
for the law of the excitation rates, the tail condition (48) would be violated eventually for all 𝑘 large
enough. Indeed, by (17) and (35), in this univariate setting we have

𝜆̆𝑘 (𝑥) =
(
𝑥P(𝐵̃ > 𝑥)

) 𝑘
= O(𝑥−𝑘 (𝛼−1) ).

Therefore, condition (48) fails if 𝜃 < 𝑘 (𝛼− 1) + 1. Suppose that Theorem 3.3 holds even after dropping
the tail condition (48) on the decay functions, then we are led to believe that

P
(
𝑵̄ [0,∞)𝑛 ∈ 𝐴

)
= O

(
𝜆̆𝑘 (𝑛)

)
= O

(
𝑛−𝑘 (𝛼−1) ) , as 𝑛→∞. (22)

However, our analysis below derives the lower bound

lim inf
𝑛→∞

P
(
𝑵̄ [0,∞)𝑛 ∈ 𝐴

)
· 𝑛𝛼(𝜃+1)−1 > 0. (23)

This clearly contradicts (22) for all 𝑘 large enough such that 𝑘 (𝛼− 1) > 𝛼(𝜃 + 1) − 1. In summary, even
in the univariate setting, it is generally not possible to remove tail bounds on the decay functions from
Theorem 3.3.
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The rest of this example is devoted to establishing the lower bound (23), and we proceed by defining
a few events. Let 0 < 𝑇1 < 𝑇2 < . . . be a sequence generated by a Poisson process with rate 𝑐. This
sequence denotes the arrival time sequence of the immigrants in 𝑁 (𝑡). Also, let (𝐵𝑖)𝑖≥1 be independent
copies of 𝐵 =

D Poisson(𝐵̃ · ∥ 𝑓 ∥1) =
D Poisson(𝐵̃) (recall that we have ∥ 𝑓 ∥1 = 1). Note that P(𝐵 > 𝑥) ∼

P(𝐵̃ > 𝑥) as 𝑥→∞. In the cluster representation of 𝑁 (𝑡), each 𝐵𝑖 denotes the count of first-generation
offspring of the immigrant arriving at time 𝑇𝑖 . We fix 𝐶 ∈ (0,∞) large enough such that

𝐶𝜃𝑢

4
> 𝜇𝑁 , (24)

and define the event

(𝐴 : ∗) =def

{
∃𝑖 such that 𝑇𝑖 ≤

𝑛𝑢

2
, 𝐵𝑖 > 𝐶𝑛

𝜃+1
}
. (25)

That is, on the event (𝐴 : ∗), an immigrant arrives before time 𝑛𝑢
2 and plans to give birth to more than

𝑛𝜃+1 descendants in one generation. Next, on this event, we use 𝑖∗ to denote the smallest 𝑖 such that the
conditions in (25) hold. Let the sequence (𝑇 (𝑖

∗ )
𝑘
)𝑘≥1 be independent copies with density 𝑓 (·)/∥ 𝑓 ∥1 =

𝑓 (·); this sequence denotes the gap between the arrival times of the 𝑖∗-th immigrant and its first-
generation offspring. Using these notations, we define the event

(𝐴 : 0) =def

{
#
{
𝑘 ≤ ⌈𝐶𝑛𝜃+1⌉ : 𝑇 (𝑖

∗ )
𝑘
≤ 𝑛𝑢/2

}
> 𝜇𝑁 · 𝑛

}
. (26)

On the event (𝐴 : ∗) ∩ (𝐴 : 0), note that in the Hawkes process 𝑁 (𝑡) we must have more than 𝜇𝑵 · 𝑛
points arriving by time 𝑛𝑢. Indeed, on this event, there is an immigrant who arrives by time 𝑛𝑢/2
and gives birth to more than 𝑛 · 𝜇𝑁 of its first-generation descendants within 𝑛𝑢/2 time after its arrival.
Then, under the O(𝑛) scaling for both time and space in 𝑵̄ [0,∞)𝑛 , we have 𝑁̄𝑛 (𝑢) − 𝑁̄𝑛 (0) > 𝜇𝑁 . Besides,
for each 𝑙 ∈ [𝑘 − 1] we define

(𝐴 : 𝑙) =def

{
#
{
𝑘 ≤ ⌈𝐶𝑛𝜃+1⌉ : 𝑇 (𝑖

∗ )
𝑘
∈

[
𝑛𝑡𝑙 , 𝑛𝑡𝑙 +

𝑛𝑢

2

]}
> 𝜇𝑁 · 𝑛

}
. (27)

Similarly, on the event (𝐴 : ∗) ∩ (𝐴 : 𝑙) we must have more than 𝜇𝑁 ·𝑛 points arriving during [𝑛𝑡𝑙 , 𝑛(𝑡𝑙 +
𝑢)]. Then, under the O(𝑛) scaling for both time and space in 𝑵̄ [0,∞)𝑛 , we have 𝑁̄𝑛 (𝑡𝑙 +𝑢) − 𝑁̄𝑛 (𝑡𝑙) > 𝜇𝑁 .
In summary, on the event (𝐴 : ∗) ∩

(⋃
𝑙=0,1,...,𝑘 (𝐴 : 𝑙)

)
, we have 𝑵̄ [0,∞)𝑛 ∈ 𝐴. Furthermore, if we can

verify that

lim inf
𝑛→∞

P
(
(𝐴 : ∗)

)
· 𝑛𝛼(𝜃+1)−1 > 0, (28)

lim
𝑛→∞

P
(
(𝐴 : 𝑙)

�� (𝐴 : ∗)
)
= 1, ∀𝑙 = 0,1, . . . , 𝑘 − 1, (29)

then, the lower bound (23) follows immediately.

Verification of Claim (28). Throughout, we use Poisson(𝜆) to denote a generic copy of a Poisson
random variable with rate 𝜆. By the law of a compound Poisson process,

P
(
(𝐴 : ∗)

)
= P

(
Poisson

(𝑢𝑛
2
· 𝑐 · P(𝐵 > 𝐶𝑛𝜃+1)

)
≥ 1

)
= 1 − exp

(
− 𝑐𝑢

2
· 𝑛P(𝐵 > 𝐶𝑛𝜃+1)

)
.



10

Then, by P(𝐵 > 𝑥) ∼ P(𝐵̃ > 𝑥) as 𝑥→∞ and (20),

lim
𝑛→∞

P
(
(𝐴 : ∗)

)
· 𝑛𝛼(𝜃+1)−1 =

𝑐𝑢

2
· lim
𝑛→∞

𝑛𝛼(𝜃+1)−1 · 𝑛P(𝐵 > 𝐶𝑛𝜃+1) = 𝑐𝑢
2
·
(
𝐶/𝑐

)−𝛼
> 0.

Verification of Claim (29), (𝑙 = 0). We first verify the case where 𝑙 = 0. Since the 𝑇 (𝑖
∗ )

𝑘
’s are indepen-

dent copies with density 𝑓 (·), we have

P
( (
(𝐴 : 0)

)𝑐 ��� (𝐴 : ∗)
)

= P
(
Binomial

(
⌈𝐶𝑛𝜃+1⌉,

∫ 𝑛𝑢/2

0
𝑓 (𝑡)𝑑𝑡

)
≤ 𝜇𝑁𝑛

)
≤ P

(
Binomial

(
⌈𝐶𝑛𝜃+1⌉,1/2

)
≤ 𝜇𝑁𝑛

)
for any 𝑛 large enough due to ∥ 𝑓 ∥1 = 1

≤ P
(
Binomial

(
⌈𝐶𝑛𝜃+1⌉,1/2

)
≤ ⌈𝐶𝑛𝜃+1⌉/4

)
for any 𝑛 large enough due to 𝜃 > 0.

Then, by the law of large numbers,

lim
𝑛→∞

P
( (
(𝐴 : 0)

)𝑐 ��� (𝐴 : ∗)
)
≤ lim
𝑛→∞

P
(
Binomial

(
⌈𝐶𝑛𝜃+1⌉,1/2

)
< ⌈𝐶𝑛𝜃+1⌉/4

)
= 0.

This verifies that lim𝑛→∞ P
(
(𝐴 : 0)

�� (𝐴 : ∗)
)
= 1.

Verification of Claim (29), (𝑙 = 1,2, . . . , 𝑘 − 1). Next, we take any 𝑙 ∈ [𝑘 − 1]. Note that

P
( (
(𝐴 : 𝑙)

)𝑐 ��� (𝐴 : ∗)
)
= P

(
Binomial

(
⌈𝐶𝑛𝜃+1⌉,

∫ 𝑛(𝑡𝑙+ 𝑢2 )

𝑛𝑡𝑙

𝑓 (𝑡)𝑑𝑡︸               ︷︷               ︸
=
def
𝐹𝑙

)
≤ 𝜇𝑁𝑛

)
.

By (19) and that 𝑡𝑙 + 𝑢 < 1,

𝐹𝑙 = (𝑛𝑡𝑙)−𝜃 −
(
𝑛𝑡𝑙 +

𝑛𝑢

2

)−𝜃
≥ 𝜃

(1 + 𝑛) 𝜃+1
· 𝑛𝑢

2
.

As a result, for any 𝑛 large enough we have 𝐹𝑙 ≥ 𝜃𝑢
4 · 𝑛

−𝜃 , and hence

P
( (
(𝐴 : 𝑙)

)𝑐 ��� (𝐴 : ∗)
)
≤ P

(
Binomial

(
⌈𝐶𝑛𝜃+1⌉, 𝜃𝑢

4
· 𝑛−𝜃

)
≤ 𝜇𝑁𝑛

)
.

By Chernoff bounds, for any 𝑤 > 0 we have

P
( (
(𝐴 : 𝑙)

)𝑐 ��� (𝐴 : ∗)
)
≤ exp(𝑤𝜇𝑁𝑛) ·

(
1 − 𝜃𝑢

4𝑛𝜃
+ 𝜃𝑢𝑒

−𝑤

4𝑛𝜃

)𝐶𝑛𝜃+1
.
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Then, due to (1 + 𝑥𝑛)𝑛 ∼ exp(𝑛𝑥𝑛) when lim𝑛→∞ 𝑥𝑛 = 0, we get (for any 𝑤 > 0)

lim sup
𝑛→∞

P
( (
(𝐴 : 𝑙)

)𝑐 ��� (𝐴 : ∗)
)
≤ exp

(
−𝐶𝑛𝜃+1 · (1 − 𝑒−𝑤) · 𝜃𝑢

4𝑛𝜃
+ 𝑤𝜇𝑁𝑛

)
= exp

(
− 𝑛 ·

(𝐶𝜃𝑢(1 − 𝑒−𝑤)
4

− 𝑤𝜇𝑁
))
.

By our choice of 𝐶 in (24), it holds for any 𝑤 > 0 small enough that 𝐶𝜃𝑢(1−𝑒
−𝑤 )

4 − 𝑤𝜇𝑁 > 0, which

implies lim sup𝑛→∞ P
( (
(𝐴 : 𝑙)

)𝑐 ��� (𝐴 : ∗)
)
= 0 and hence lim𝑛→∞ P

(
(𝐴 : 𝑙)

�� (𝐴 : ∗)
)
= 1.

Appendix C: Proof for Large Deviations of Lévy Processes with
MHRV Increments

Without loss of generality, we prove Theorem 3.2 for 𝑇 = 1. Besides, considering the arbitrariness of
the drift constant 𝒄𝑳 in (24), we can w.l.o.g. impose the following assumption and focus on centered
Lévy processes for the proof of Theorem 3.2.

Assumption 1 (WLOG Assumption for Theorem 3.2). 𝝁𝑳 = 0 in (24), and 𝑇 = 1.

Henceforth in Section C, we also lighten notations in the proofs by writing

D̆𝜖
K

=
def D̆𝜖

K;0 [0,1], D̆𝜖⩽𝒌 =
def D̆𝜖⩽𝒌;0 [0,1], C̆K =

def C̆[0,1]
K;0 , 𝑳̄𝑛 =

def 𝑳̄ [0,1]𝑛 , 𝒅
𝐽1

=
def 𝒅 [0,1]

𝐽1
. (30)

C.1. Proof of Theorem 3.2

We start by identifying the large jumps in 𝑳̄𝑛. Given 𝑛 ∈ N and 𝛿 > 0, let

𝜏>𝛿𝑛 (𝑘) =
def inf

{
𝑡 > 𝜏>𝛿𝑛 (𝑘 − 1) :



Δ𝑳̄𝑛 (𝑡)

 > 𝛿}, ∀𝑘 ≥ 1, 𝜏>𝛿𝑛 (0) =
def 0; (31)

𝑾>𝛿
𝑛 (𝑘) =

def
Δ𝑳̄𝑛

(
𝜏>𝛿𝑛 (𝑘)

)
, ∀𝑘 ≥ 1. (32)

In (31), note that Δ𝑳̄𝑛 (𝑡) = Δ𝑳(𝑛𝑡)/𝑛. Intuitively speaking, the sequence
(
𝜏>𝛿𝑛 (𝑘)

)
𝑘≥1 marks the ar-

rival times of jumps in 𝑳̄𝑛 (𝑡) with size (in terms of 𝐿1 norm) larger than 𝛿, which correspond to jumps
of size larger than 𝑛𝛿 in 𝑳𝑛 (𝑡); the sequence

(
𝑾>𝛿
𝑛 (𝑘)

)
𝑘≥1 represents the sizes of the large jumps.

Building upon the definitions in (31)–(32), we introduce a large-jump approximation for 𝑳̄𝑛 (𝑡).
Specifically, given 𝛿 > 0 and 𝑛 ≥ 1, let

𝑳̂
>𝛿

𝑛 (𝑡) =
def

∑︁
𝑘≥1

𝑾>𝛿
𝑛 (𝑘)I[𝜏>𝛿

𝑛 (𝑘 ) ,1] (𝑡), ∀𝑡 ∈ [0,1], (33)

and 𝑳̂
>𝛿

𝑛 =
def {𝑳̂>𝛿𝑛 (𝑡) : 𝑡 ∈ [0,1]}. Clearly, 𝑳̂

>𝛿

𝑛 (𝑡) is a step function (i.e., piece-wise constant) in
D = D

(
[0,1],R𝑑

)
that vanishes at the origin and approximates 𝑳̄𝑛 (𝑡) by only keeping the large jumps

(under threshold 𝛿).
Our proof of Theorem 3.2 hinges on Propositions C.2 and C.3 that outline the following key steps:

(i) first, we establish the asymptotic equivalence between 𝑳̄𝑛 and 𝑳̂
>𝛿

𝑛 as in Lemma 2.3; (ii) next, we
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provide a detailed asymptotic analysis for the law of large jumps. To carry out these two steps, we fur-
ther classify the large jumps 𝑾>𝛿

𝑛 (𝑘) based on their locations w.r.t. some cones R̄>𝛿 ( 𝒋). Specifically,
let

R̄>𝛿 ( 𝒋) =def {𝒙 ∈ R𝑑+ : ∥𝒙∥ > 𝛿, 𝒙 ∈ R̄𝑑 ( 𝒋, 𝛿) \ R̄𝑑⩽ ( 𝒋 , 𝛿)
}
, ∀𝛿 > 0, 𝒋 ∈ P𝑑 . (34)

We highlight several useful properties regarding R̄>𝛿 ( 𝒋).
• First, note that

⋃
𝒋∈P𝑑 R̄

>𝛿 ( 𝒋) = {𝒙 ∈ R𝑑+ : ∥𝒙∥ > 𝛿, 𝒙 ∈ R̄( [𝑑], 𝛿)}. Indeed, it is obvious that⋃
𝒋∈P𝑑 R̄

>𝛿 ( 𝒋) ⊆ {𝒙 ∈ R𝑑+ : ∥𝒙∥ > 𝛿, 𝒙 ∈ R̄( [𝑑], 𝛿)}. On the other hand, given any 𝛿 > 0 and
𝒙 ∈ R̄𝑑 ( [𝑑], 𝛿) with ∥𝒙∥ > 𝛿, the argument minimum

𝒋 (𝒙) =def arg min
𝒋∈P𝑑 : 𝒙∈R̄𝑑 ( 𝒋 , 𝛿 )

𝛼( 𝒋)

uniquely exists under the condition 𝛼( 𝒋) ≠ 𝛼( 𝒋′) ∀ 𝒋 , 𝒋′ ∈ P𝑑 in Assumption 5. Then, we must
have 𝒙 ∈ R̄>𝛿 ( 𝒋 (𝒙)) due to the definition of R̄𝑑⩽ ( 𝒋 , 𝛿) =

⋃
𝒋′⊆[𝑘 ]: 𝒋′≠𝒋 , 𝛼( 𝒋′ )≤𝛼( 𝒋 ) R̄

𝑑 ( 𝒋′, 𝛿). This

confirms that
⋃

𝒋∈P𝑑 R̄
>𝛿 ( 𝒋) ⊇ {𝒙 ∈ R𝑑+ : ∥𝒙∥ > 𝛿, 𝒙 ∈ R̄( [𝑑], 𝛿)}.

• Next, we note that R̄>𝛿 ( 𝒋) ∩ R̄>𝛿 ( 𝒋′) = ∅ holds for any 𝒋 , 𝒋′ ∈ P𝑑 with 𝒋 ≠ 𝒋′. To see why, we
assume w.l.o.g. that 𝛼( 𝒋′) ≤ 𝛼( 𝒋). Then, due to 𝒋′ ≠ 𝒋 and 𝛼( 𝒋′) ≤ 𝛼( 𝒋), we have R̄>𝛿 ( 𝒋′) ⊆
R̄𝑑⩽ ( 𝒋 , 𝛿). Therefore, for any 𝒙 ∈ R̄>𝛿 ( 𝒋′), we must have 𝒙 ∉ R̄𝑑 ( 𝒋 , 𝛿) \ R̄𝑑⩽ ( 𝒋 , 𝛿). Repeating this
argument for all 𝒋, 𝒋′ ∈ P𝑑 , we confirm that R̄>𝛿 ( 𝒋) ∩ R̄>𝛿 ( 𝒋′) = ∅.
• In summary, the collection of sets R̄>𝛿 ( 𝒋) provide a partition of {𝒙 ∈ R𝑑+ : ∥𝒙∥ > 𝛿, 𝒙 ∈
R̄𝑑 ( [𝑑], 𝛿)}. Meanwhile, note that∑︁

𝒋∈P𝑑
C𝒋

(
𝜕R̄>𝛿 ( 𝒋)

)
= 0, for all but countably many 𝛿 > 0, (35)

where we use 𝜕𝐸 =
def
𝐸− \ 𝐸◦ to denote the boundary of the set 𝐸 . This claim is a consequence of

the definition ofMHRV, and we state the proof below.

Lemma C.1. Let Assumption 5 hold. Let R̄>𝛿 ( 𝒋) be defined as in (34). For each 𝒋 ∈ P𝑑 ,

C𝒋

(
𝜕R̄>𝛿 ( 𝒋)

)
= 0, for all but countably many 𝛿 > 0. (36)

Proof. Take any 𝛿0 > 0. For each 𝛿 > 𝛿0, note that

𝜕R̄>𝛿 ( 𝒋) ⊆
{
𝒙 ∈ R𝑑+ \ R̄𝑑⩽ ( 𝒋 , 𝛿0) : ∥𝒙∥ = 𝛿

}︸                                    ︷︷                                    ︸
=
def
𝐸1 (𝛿 )

∪
{
𝒙 ∈ R𝑑+ \ R̄𝑑⩽ ( 𝒋, 𝛿0) : 𝒙 ∈ 𝜕R̄𝑑 ( 𝒋, 𝛿), ∥𝒙∥ > 𝛿0

}︸                                                           ︷︷                                                           ︸
=
def
𝐸2 (𝛿 )

∪
{
𝒙 ∈ R𝑑+ \ R̄𝑑⩽ ( 𝒋, 𝛿0) : 𝒙 ∈ 𝜕R̄𝑑⩽ ( 𝒋 , 𝛿), ∥𝒙∥ > 𝛿0

}︸                                                            ︷︷                                                            ︸
=
def
𝐸3 (𝛿 )

.

We first analyze the set 𝐸1 (𝛿). Note that 𝐸1 (𝛿) ∩ 𝐸1 (𝛿′) = ∅ for any 𝛿0 < 𝛿 < 𝛿
′, and

⋃
𝛿>𝛿0

𝐸1 (𝛿) ⊆
R𝑑+ \ R̄𝑑⩽ ( 𝒋 , 𝛿0). Meanwhile, under theMHRV condition in Assumption 5, we have

C𝒋

( (
R̄𝑑⩽ ( 𝒋 , 𝛿0)

)𝑐)
<∞;



Supplementary Material: Large Deviations for Heavy-Tailed Hawkes Processes 13

see Definition 2.4. As a result, given any 𝜖 > 0, there exists at most finitely many 𝛿 ∈ (𝛿0,∞) such that
C𝒋

(
𝐸1 (𝛿)

)
> 𝜖 . Sending 𝜖 ↓ 0, we confirm that C𝒋

(
𝐸1 (𝛿)

)
= 0 for all but countably many 𝛿 ∈ (𝛿0,∞).

Similarly, note that
⋃
𝛿>𝛿0

𝐸2 (𝛿) ⊆ R𝑑+ \ R̄𝑑⩽ ( 𝒋 , 𝛿0), and that 𝐸2 (𝛿) ∩𝐸2 (𝛿′) = ∅ for any 𝛿′ > 𝛿 > 𝛿0.
The same arguments above confirm that C𝒋

(
𝐸2 (𝛿)

)
= 0 for all but countably many 𝛿 ∈ (𝛿0,∞). Next,

by the definition of R̄𝑑⩽ ( 𝒋 , 𝛿), we have 𝐸3 (𝛿) ⊆
⋃

𝒋′∈P𝑑 : 𝒋′≠𝒋 , 𝛼( 𝒋′ )≤𝛼( 𝒋 ) 𝐸
𝒋′

3 (𝛿), where

𝐸
𝒋′

3 (𝛿) =
def {𝒙 ∈ R𝑑+ \ R̄𝑑⩽ ( 𝒋 , 𝛿0) : 𝒙 ∈ 𝜕R̄𝑑 ( 𝒋′, 𝛿), ∥𝒙∥ > 𝛿0

}
.

For each 𝒋′ ∈ P𝑑 with 𝒋′ ≠ 𝒋 , 𝛼( 𝒋′) ≤ 𝛼( 𝒋), one can see that
⋃
𝛿∈ (𝛿0 ,∞) 𝐸

𝒋′

3 (𝛿) ⊆ R
𝑑
+ \ R̄𝑑⩽ ( 𝒋 , 𝛿0), and

𝐸
𝒋′

3 (𝛿) ∩ 𝐸
𝒋′

3 (𝛿
′) = ∅ for any 𝛿′ > 𝛿 > 𝛿0. Again, we get

C𝒋
(
𝐸3 (𝛿)

)
≤

∑︁
𝒋′∈P𝑑 : 𝒋′≠𝒋 , 𝛼( 𝒋′ )≤𝛼( 𝒋 )

C𝒋
(
𝐸

𝒋′

3 (𝛿)
)
= 0

for all but countably many 𝛿 ∈ (𝛿0,∞).
In summary, we have verified that the claim C𝒋

(
𝜕R̄>𝛿 ( 𝒋)

)
= 0 holds for all but countably many

𝛿 ∈ (𝛿0,∞). We conclude the proof by sending 𝛿0 ↓ 0.

To proceed, given 𝛿 > 0, 𝒋 ∈ P𝑑 , and 𝑛 ∈ N, let (for each 𝑘 ≥ 1)

𝜏>𝛿𝑛 (𝑘; 𝒋) =def inf
{
𝑡 > 𝜏>𝛿𝑛 (𝑘 − 1; 𝒋) : Δ𝑳̄𝑛 (𝑡) ∈ R̄>𝛿 ( 𝒋)

}
, (37)

𝑾>𝛿
𝑛 (𝑘; 𝒋) =def

Δ𝑳̄𝑛
(
𝜏>𝛿𝑛 (𝑘; 𝒋)

)
, (38)

and we adopt the convention 𝜏>𝛿𝑛 (0; 𝒋) = 0. Analogous to the definitions in (31)–(32), the 𝜏>𝛿𝑛 (𝑘; 𝒋)’s
and 𝑾>𝛿

𝑛 (𝑘; 𝒋)’s are the arrival times and sizes of the 𝑘 th large jump that belongs to R̄>𝛿 ( 𝒋). To
provide the individual count for different types of large jumps, we define

𝐾>𝛿𝑛 ( 𝒋) =
def max{𝑘 ≥ 0 : 𝜏>𝛿𝑛 (𝑘; 𝒋) ≤ 1}, ∀ 𝒋 ∈ P𝑑 , (39)

and keep track of all counts by defining

𝑲>𝛿𝑛 =
def

(
𝐾>𝛿𝑛 ( 𝒋)

)
𝒋∈P𝑑

∈ ZP𝑑+ . (40)

Similarly, we define

𝜏̃>𝛿𝑛 (𝑘) =
def inf

{
𝑡 > 𝜏>𝛿𝑛 (𝑘 − 1) : Δ𝑳̄𝑛 (𝑡) ∉ R̄𝑑 ( [𝑑], 𝛿)

}
, 𝜏>𝛿𝑛 (0) = 0, (41)

𝐾>𝛿𝑛 =
def max{𝑘 ≥ 0 : 𝜏̃>𝛿𝑛 (𝑘) ≤ 1}, (42)

for big jumps that are not aligned with any direction of the cone R̄𝑑 ( [𝑑], 𝛿). Given K = (K𝒋) 𝒋∈P𝑑 ∈
ZP𝑑+ , note that on the event {𝑲>𝛿𝑛 = K} ∩ {𝐾>𝛿𝑛 = 0}, the process 𝑳̂

>𝛿

𝑛 (𝑡) admits the form

𝑳̂
>𝛿

𝑛 (𝑡) =
∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝑾>𝛿
𝑛 (𝑘; 𝒋)I[𝜏>𝛿

𝑛 (𝑘;𝒋 ) ,1] (𝑡), ∀𝑡 ∈ [0,1] (43)

with the 𝜏>𝛿𝑛 (𝑘; 𝒋)’s and 𝑾>𝛿
𝑛 (𝑘; 𝒋)’s defined in (37)–(38). In particular, on the event {𝑲>𝛿𝑛 = K} ∩

{𝐾>𝛿𝑛 = 0}, we have 𝑳̂
>𝛿

𝑛 ∈ D̆𝛿K = D̆𝛿
K;0 [0,1],; see (27).
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We are now ready to state Propositions C.2 and C.3. Specifically, let

𝑲̄
>𝛿
𝑛 =

def (𝑲>𝛿𝑛 , 𝐾 𝛿𝑛
)

(44)

be the concatenation of 𝑲>𝛿𝑛 and 𝐾>𝛿𝑛 defined in (39)–(42). Let

Ā(𝒌) =def {(K,0) : K ∈ A(𝒌)
}
, ∀𝒌 ∈ Z𝑑+ , (45)

where A(𝒌) is introduced in Definition 3.1. That is, we augment each allocation K ∈ A(𝒌) with the
same constant 0.

Proposition C.2. Let Assumptions 5 and 1 hold. For each 𝒌 = (𝑘 𝑗 ) 𝑗∈[𝑑 ] ∈ Z𝑑+ \ {0} and Δ > 0,

lim
𝑛→∞

P
(
𝒅
𝐽1

(
𝑳̂
>𝛿

𝑛 , 𝑳̄𝑛
)
> Δ

)/
𝜆̆𝒌 (𝑛) = 0, ∀𝛿 > 0 small enough, (46)

where 𝜆̆𝒌 (𝑛) is defined in (32).

Proposition C.3. Let Assumptions 5 and 1 hold. Let 𝑓 : D → [0,∞) be bounded (i.e., ∥ 𝑓 ∥ =def

sup𝜉 ∈D | 𝑓 (𝜉) | < ∞) and continuous (w.r.t. the 𝐽1 topology of D). Let 𝒌 = (𝑘 𝑗 ) 𝑗∈[𝑑 ] ∈ Z𝑑+ \ {0} and
𝜖 > 0. Suppose that 𝐵 = supp( 𝑓 ) is bounded away from D̆𝜖⩽𝒌

under 𝒅
𝐽1

. Then,

(a) for any 𝛿 ∈ (0, 𝜖),

lim
𝑛→∞

E
[
𝑓 ( 𝑳̂>𝛿𝑛 )I

{
𝑲̄
>𝛿
𝑛 ∉ Ā(𝒌)

}]
𝜆̆𝒌 (𝑛)

= 0;

(b) there exists 𝛿0 > 0 such that for all but countably many 𝛿 ∈ (0, 𝛿0),

lim
𝑛→∞

E
[
𝑓 ( 𝑳̂>𝛿𝑛 )I

{
𝑲̄
>𝛿
𝑛 = (K,0)

}]
𝜆̆𝒌 (𝑛)

= C̆K ( 𝑓 ) <∞, ∀K ∈ A(𝒌),

where the measure C̆K (·) = C̆[0,1]
K;0 (·) is defined in (30).

We defer their proofs to Section C.2, and conclude this subsection by applying Propositions C.2 and
C.3 and establishing Theorem 3.2.

Proof of Theorem 3.2. Without loss of generality, we prove Theorem 3.2 under Assumption 1. For
any 𝜖 > 0 and any Borel set 𝐵 ⊆ D that is bounded away from D̆𝜖⩽𝒌

, note that 𝐵Δ is also bounded away

from D̆𝜖⩽𝒌
under any Δ > 0 sufficiently small. By Urysohn’s Lemma, one can identify some bounded

and continuous 𝑓 : D→ [0,1] such that I𝐵 ≤ 𝑓 ≤ I𝐵Δ . Then, part (b) of Proposition C.3 confirms that∑
K∈A(𝒌 ) C̆K (𝐵) ≤

∑
K∈A(𝒌 ) C̆K ( 𝑓 ) < ∞. This establishes the finite upper bound in Claim (39) and

verifies that
∑

K∈A(𝒌 ) C̆K ∈M
(
D \ D̆𝜖⩽𝒌

)
, thus allowing us to apply Lemma 2.3. Next, given 𝜖 > 0 and

under the choice of

(S, 𝒅) = (D, 𝒅
𝐽1
), C = D̆𝜖⩽𝒌 , 𝜖𝑛 = 𝜆̆𝒌 (𝑛), 𝑋𝑛 = 𝑳̄𝑛, 𝑌 𝛿𝑛 = 𝑳̂

>𝛿

𝑛 , 𝑉 𝛿𝑛 = 𝑲̄
>𝛿
𝑛 , V = Ā(𝒌),

(47)
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Condition (i) of Lemma 2.3, is verified by Proposition C.2, and Condition (ii) is verified by Proposi-
tion C.3. In particular, in Condition (i) of Lemma 2.3, note that

P
(
𝒅(𝑋𝑛,𝑌 𝛿𝑛 )I(𝑋𝑛 ∈ 𝐵 or 𝑌 𝛿𝑛 ∈ 𝐵) > Δ

)
≤ P

(
𝒅(𝑋𝑛,𝑌 𝛿𝑛 ) > Δ

)
,

and the claim P
(
𝒅(𝑋𝑛,𝑌 𝛿𝑛 ) > Δ

)
= o(𝜖𝑛) as 𝑛→∞, under the choices in (47) with 𝛿 > 0 small enough,

is exactly the content of Proposition C.2. As for Condition (ii), note that the claims are trivial when
𝐵 = ∅. In case that 𝐵 ≠ ∅, since 𝐵 is bounded away from D̆𝜖⩽𝒌

, we pick Δ > 0 small enough 𝐵Δ is still
bounded away from C. By Urysohn’s Lemma, one can find some bounded and continuous 𝑓 : D→
[0,1] such that I𝐵 ≤ 𝑓 ≤ I𝐵Δ . Then, by applying part (b) of Proposition C.3 onto such 𝑓 , one can
identify some 𝛿0 = 𝛿0 (𝐵,Δ) > 0 such that for all but countably many 𝛿 ∈ (0, 𝛿0),

lim sup
𝑛→∞

P
(
𝑳̂
>𝛿

𝑛 ∈ 𝐵, 𝑲̄
>𝛿
𝑛 = (K,0)

)
𝜆̆𝒌 (𝑛)

≤ lim
𝑛→∞

E
[
𝑓 ( 𝑳̂>𝛿𝑛 )I{𝑲̄

>𝛿
𝑛 = (K,0)}

]
𝜆̆𝒌 (𝑛)

= C̆K ( 𝑓 ) ≤ C̆K (𝐵Δ), ∀K ∈ A(𝒌).

By a similar argument using Urysohn’s Lemma, one can identify some bounded and continuous 𝑓 with
I𝐵Δ
≤ 𝑓 ≤ I𝐵. Using part (b) of Proposition C.3 again (and by picking a smaller 𝛿0 > 0 if necessary),

it follows for all but countably many 𝛿 ∈ (0, 𝛿0) that

lim inf
𝑛→∞

P
(
𝑳̂
>𝛿

𝑛 ∈ 𝐵, 𝑲̄
>𝛿
𝑛 = (K,0)

)
𝜆̆𝒌 (𝑛)

≥ C̆K (𝐵Δ), ∀K ∈ A(𝒌).

Likewise, by part (a) of of Proposition C.3, for the continuous and bounded 𝑓 with I𝐵 ≤ 𝑓 ≤ I𝐵Δ

identified above, it holds for any 𝛿 > 0 small enough that

lim sup
𝑛→∞

P
(
𝑳̂
>𝛿

𝑛 ∈ 𝐵, 𝑲̄
>𝛿
𝑛 ∉ Ā(𝒌)

)
𝜆̆𝒌 (𝑛)

≤ lim
𝑛→∞

E
[
𝑓 ( 𝑳̂>𝛿𝑛 )I{𝑲̄

>𝛿
𝑛 ∉ Ā(𝒌)}

]
𝜆̆𝒌 (𝑛)

= 0.

These calculations verify Condition (ii) of Lemma 2.3 under the choices in (47). Using Lemma 2.3, we
conclude the proof of Theorem 3.2.

C.2. Proofs of Propositions C.2 and C.3

This subsection collects the proofs of Propositions C.2 and C.3. To this end, we prepare a few technical
lemmas. First, Lemma C.4 establishes a concentration inequality for 𝑳̄𝑛 (𝑡) before the arrival of any
large jump.

Lemma C.4. Let Assumption 5 hold. Given any 𝜖, 𝛽,𝑇 > 0, there exists 𝛿0 = 𝛿0 (𝜖, 𝛽) such that

lim
𝑛→∞

𝑛−𝛽 · P
(

sup
𝑡∈[0,𝑇 ]: 𝑡<𝜏>𝛿

𝑛 (1)



𝑳̄𝑛 (𝑡) − 𝝁𝑳𝑡


 > 𝜖) = 0 ∀𝛿 ∈ (0, 𝛿0).
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Proof. Without loss of generality, we work with the assumption that 𝜇𝑳 = 0 and 𝑇 = 1. Recall the
Lévy–Itô decomposition stated in (21):

𝑳(𝑡) =D 𝚺1/2
𝑳 𝑩(𝑡)︸     ︷︷     ︸
=
def

𝑳1 (𝑡 )

+
∫
∥𝒙∥≤1

𝒙
[
PRM𝜈 ( [0, 𝑡] × 𝑑𝒙) − 𝑡𝜈(𝑑𝑥)

]
︸                                              ︷︷                                              ︸

=
def

𝑳2 (𝑡 )

+ 𝒄𝑳𝑡 +
∫
∥𝒙∥>1

𝒙PRM𝜈 ( [0, 𝑡] × 𝑑𝒙)︸                                       ︷︷                                       ︸
=
def

𝑳3 (𝑡 )

,

where 𝜈 is the Lévy measure supported on R𝑑+ \ {0} satisfying
∫
𝒙∈R𝑑

+ \{0}
(∥𝒙∥2 ∧ 1)𝜈(𝑑𝒙) < ∞. By

definitions in (31), 𝜏>𝛿𝑛 (1) is the arrival time of the first discontinuity in 𝑳̄𝑛 (𝑡) with norm larger than
𝛿. Therefore, after the 1/𝑛 time-scaling, 𝑛𝜏>𝛿𝑛 (1) is the arrival time of the first discontinuity in 𝑳(𝑡)
larger than 𝑛𝛿. Then, it suffices to show that (as 𝑛→∞)

P
(

sup
𝑡∈[0,𝑛]

∥𝑳1 (𝑡)∥ > 𝑛𝜖/3
)
= o(𝑛−𝛽), (48)

P
(

sup
𝑡∈[0,𝑛]

∥𝑳2 (𝑡)∥ > 𝑛𝜖/3
)
= o(𝑛−𝛽), (49)

P
(

sup
𝑡∈[0,𝑛]: 𝑡<𝑛𝜏>𝛿

𝑛 (1)
∥𝑳3 (𝑡)∥ > 𝑛𝜖/3

)
= o(𝑛−𝛽), ∀𝛿 > 0 small enough. (50)

Proof of Claim (48). We use 𝜎1/2
𝑖, 𝑗

to denote the element in the 𝑖th row and 𝑗 th column of the positive

semi-definite matrix 𝚺1/2
𝑳 ∈ R𝑑×𝑑 , and write 𝑩(𝑡) =

(
𝐵1 (𝑡), . . . , 𝐵𝑑 (𝑡)

)T. Let 𝐶 =
def max𝑖, 𝑗∈[𝑑 ] |𝜎1/2

𝑖, 𝑗
|.

Suppose that sup𝑡∈[0,𝑛] |𝐵 𝑗 (𝑡) | ≤ 𝑛𝜖

3𝐶𝑑2 holds for each 𝑗 ∈ [𝑑]. Then, under the 𝐿1 norm,

sup
𝑡∈[0,𝑛]

∥𝑳1 (𝑡)∥ ≤
∑︁
𝑖∈[𝑑 ]

∑︁
𝑗∈[𝑑 ]

|𝜎1/2
𝑖, 𝑗
| · sup
𝑡∈[0,𝑛]

|𝐵 𝑗 (𝑡) | ≤
∑︁
𝑗∈[𝑑 ]

sup
𝑡∈[0,𝑛]

|𝐵 𝑗 (𝑡) | ·𝐶𝑑 ≤ 𝑑 ·
𝑛𝜖

3𝐶𝑑2 ·𝐶𝑑 ≤ 𝜖/3.

Therefore, it suffices to show that P
(
sup𝑡∈[0,𝑛] |𝐵(𝑡) | > 𝑛𝜖

3𝐶𝑑2

)
= o(𝑛−𝛽) holds for a standard Brownian

motion 𝐵(𝑡) in R1. By Doob’s maximal inequality and the MGF of 𝐵(𝑡), we get

P
(

sup
𝑡∈[0,𝑛]

|𝐵(𝑡) | > 𝑛𝜖

3𝐶𝑑2

)
≤ 2 · exp

[
− 1

2𝑛
·
(
𝑛𝜖

3𝐶𝑑2

)2]
= 2 · exp

(
− 𝑛 · 𝜖2

18𝐶2𝑑4

)
= o(𝑛−𝛽),

and conclude the proof of Claim (48).

Proof of Claim (49). Note that each coordinate of 𝑳2 (𝑡) = (𝐿2,1 (𝑡), . . . , 𝐿2,𝑑 (𝑡))⊤ is a Lévy process
with bounded jumps and also a martingale. Therefore, each 𝐿2, 𝑗 (𝑡) has finite moments of any order;
see Theorem 34 in Chapter I of [7]. Meanwhile, by Burkholder-Davis-Gundy inequalities (see Theorem
48 in Chapter IV of [7]), for each 𝑝 ∈ [1,∞), there exists some constant 𝑐𝑝 ∈ (0,∞) (whose value does
not vary with the law of 𝑳) such that

E
[

sup
𝑡∈[0,𝑛]

|𝐿2, 𝑗 (𝑡) |𝑝
]
≤ 𝑐𝑝E

[(
[𝐿2, 𝑗 , 𝐿2, 𝑗 ] (𝑛)

) 𝑝/2]
, ∀ 𝑗 ∈ [𝑑], 𝑛 ≥ 1,

where 𝑉 𝑗 (𝑡) =def [𝐿2, 𝑗 , 𝐿2, 𝑗 ] (𝑡) is the quadratic variation process of 𝐿2, 𝑗 (𝑡). Due to the independent and
stationary increments of Lévy processes 𝐿2, 𝑗 (𝑡), the quadratic variation 𝑉 𝑗 (𝑡) = [𝐿2, 𝑗 , 𝐿2, 𝑗 ] (𝑡) also
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has stationary and independent increments. Then, by the Minkowski inequality, for each 𝑝 ∈ [1,∞) we
have (

E
[

sup
𝑡∈[0,𝑛]

|𝐿2, 𝑗 (𝑡) |𝑝
])2/𝑝

≤ (𝑐𝑝)2/𝑝 ·
(
E
[(
[𝐿2, 𝑗 , 𝐿2, 𝑗 ] (𝑛)

) 𝑝/2])2/𝑝

≤ (𝑐𝑝)2/𝑝 · 𝑛 ·
(

E
[ (
𝑉 𝑗 (1)

) 𝑝/2]︸            ︷︷            ︸
=
def
𝑣𝑝, 𝑗<∞

)2/𝑝
.

As a result, for each 𝑗 ∈ [𝑑], 𝑝 ∈ [1,∞), and 𝑛 ≥ 1,

P
(

sup
𝑡∈[0,𝑛]

|𝐿2, 𝑗 (𝑡) | >
𝑛𝜖

3𝑑

)
≤

(
3𝑑
𝜖

) 𝑝
·

E
[
sup𝑡∈[0,𝑛] |𝐿2, 𝑗 (𝑡) |𝑝

]
𝑛𝑝

≤
(

3𝑑
𝜖

) 𝑝
·
𝑛𝑝/2 · 𝑐𝑝𝑣𝑝, 𝑗

𝑛𝑝
=

(
3𝑑
𝜖

) 𝑝
·
𝑐𝑝𝑣𝑝, 𝑗

𝑛𝑝/2
.

Picking 𝑝 > 2𝛽, we conclude the proof of Claim (49).

Proof of Claim (50). Note that 𝑳3 (𝑡) is a compound Poisson process with drift, i.e., 𝑳3 (𝑡) = 𝒄𝑳𝑡 +∑𝑁 (𝑡 )
𝑖=1 𝒁𝑛, where 𝑁 (𝑡) is a Poisson process with rate 𝜆 = 𝜈

(
{∥𝒙∥ ∈ R𝑑+ : ∥𝒙∥ > 1}

)
, and the 𝒁𝑛’s are

i.i.d. copies under the law

P(𝒁 ∈ · ) =
𝜈
(
· ∩{∥𝒙∥ ∈ R𝑑+ : ∥𝒙∥ > 1}

)
𝜈{∥𝒙∥ ∈ R𝑑+ : ∥𝒙∥ > 1}

.

In particular, under our running assumption 𝜇𝑳 = 0, by (24) we have 𝒄𝑳 = −𝜆E𝒁 for the linear drift,
and hence

𝑳3 (𝑡) =
𝑁 (𝑡 )∑︁
𝑖=1

𝒁𝑛 − 𝑡 · 𝜆E𝒁.

Also, by Assumption 5 and the MHRV condition in Definition 2.4, P(∥𝒁∥ > 𝑛) ∈ RV−𝛼({𝑖∗ }) (𝑛)
with 𝛼({𝑖∗}) > 1, where 𝑖∗ =def arg min𝑖∈[𝑑 ] 𝛼({𝑖}). This confirms that ∥E𝒁∥ <∞ and ∥𝒁∥ has regularly
varying law with tail index larger than 1.

To proceed, let 𝑗∗ = 𝑗∗ (𝑛, 𝛿) be the index of the first 𝒁 𝑗 with


𝒁 𝑗

 > 𝑛𝛿, and 𝜏∗ = 𝜏∗ (𝑛, 𝛿) be its

arrival time in the compound Poisson process
∑𝑁 (𝑡 )
𝑖=1 𝒁𝑛. Given 𝜖 > 0, on the event

{
sup𝑡∈[0,𝑛] |𝑁 (𝑡) −

𝜆𝑡 | ≤ 𝑛𝜖
}
, observe that

sup
𝑡∈[0,𝑛]: 𝑡<𝑛𝜏>𝛿

𝑛 (1)
∥𝑳3 (𝑡)∥ = sup

𝑡∈[0,𝑛]: 𝑡<𝜏∗






𝑁 (𝑡 )∑︁
𝑖=1

𝒁𝑛 − 𝑡 · 𝜆E𝒁







≤ sup
𝑡∈[0,𝑛]: 𝑡<𝜏∗






𝑁 (𝑡 )∑︁
𝑖=1

𝒁𝑛 − 𝑁 (𝑡) · E𝒁






 + sup
𝑡∈[0,𝑛]: 𝑡<𝜏∗

|𝑁 (𝑡) − 𝜆𝑡 | · ∥E𝒁∥

≤ max
𝑗≤(𝜆+𝜖 ) ·𝑛: 𝑗< 𝑗∗






 𝑗∑︁
𝑖=1

𝒁𝑖 − 𝑖 · E𝒁






 + 𝑛𝜖 · ∥E𝒁∥
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≤ max
𝑗≤(𝜆+𝜖 ) ·𝑛






 𝑗∑︁
𝑖=1

𝒁𝑖I{∥𝒁𝑖 ∥ ≤ 𝑛𝛿} − 𝑖 · E𝒁






 + 𝑛𝜖 · ∥E𝒁∥ .

In particular, by picking 𝜖 > 0 small enough, we get 𝜖 · ∥E𝒁∥ < 𝜖/6. Therefore, to prove Claim (50), it
suffices to show that

P
(

sup
𝑡∈[0,𝑛]

|𝑁 (𝑡) − 𝜆𝑡 | > 𝑛𝜖
)
= o(𝑛−𝛽), (51)

P

(
max

𝑗≤(𝜆+𝜖 ) ·𝑛






 𝑗∑︁
𝑖=1

𝒁𝑖I{∥𝒁𝑖 ∥ ≤ 𝑛𝛿} − 𝑖 · E𝒁






 > 𝑛𝜖/6
)
= o(𝑛−𝛽), ∀𝛿 > 0 small enough. (52)

However, the bound (51) follows from Doob’s maximal inequality and Cramer’s theorem, and the bound
(52) follows from Lemma 3.1 in [9] (i.e., concentration inequalities for truncated regularly varying
vectors). This concludes the proof of Claim (50).

The next result justifies the use of 𝑳̂>𝛿𝑛 in (33) as an approximator to 𝑳̄𝑛.

Lemma C.5. Let 𝑘 ∈ N and 𝜖 > 0. For any 𝑛 ≥ 1 and 𝛿 > 0, it holds on event{
𝜏>𝛿𝑛 (𝑘) ≤ 1 < 𝜏>𝛿𝑛 (𝑘 + 1)

}
∩

(
𝑘+1⋂
𝑚=1

{
sup

𝑡∈[𝜏>𝛿
𝑛 (𝑚−1) ,1]: 𝑡<𝜏>𝛿

𝑛 (𝑚)




𝑳̄𝑛 (𝑡) − 𝑳̄𝑛
(
𝜏>𝛿𝑛 (𝑚 − 1)

)


 ≤ 𝜖

𝑘 + 1

}
︸                                                                                 ︷︷                                                                                 ︸

=
def
𝐴𝑛 (𝑚;𝛿,𝑘, 𝜖 )

)

that

sup
𝑡∈[0,1]




𝑳̂>𝛿𝑛 (𝑡) − 𝑳̄𝑛 (𝑡)



 ≤ 𝜖 .

Proof. For any 𝜉, 𝜉 ∈ D and any 0 ≤ 𝑢 < 𝑣 ≤ 1, observe the elementary bound

sup
𝑡∈[0,𝑣 ]



𝜉 (𝑡) − 𝜉 (𝑡)


≤ sup
𝑡∈[0,𝑢]



𝜉 (𝑡) − 𝜉 (𝑡)

 + sup
𝑡∈[𝑢,𝑣)




(𝜉 (𝑡) − 𝜉 (𝑢)) − (
𝜉 (𝑡) − 𝜉 (𝑢)

)


 + 

Δ𝜉 (𝑣) − Δ𝜉 (𝑣)

 .
Furthermore, applying this bound inductively, it holds for any 0 < 𝑡1 < 𝑡2 < . . . < 𝑡𝑘 ≤ 1 that (under the
convention that 𝑡0 = 0 and 𝑡𝑘+1 = 1)

sup
𝑡∈[0,1]



𝜉 (𝑡) − 𝜉 (𝑡)


≤
𝑘+1∑︁
𝑚=1

sup
𝑡∈[𝑡𝑚−1 ,𝑡𝑚 )




(𝜉 (𝑡) − 𝜉 (𝑡𝑚−1)
)
−

(
𝜉 (𝑡) − 𝜉 (𝑡𝑚−1)

)


 + 

Δ𝜉 (𝑡𝑚) − Δ𝜉 (𝑡𝑚)

 .
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Now, on event
{
𝜏>𝛿𝑛 (𝑘) ≤ 1 < 𝜏>𝛿𝑛 (𝑘 + 1)

}
∩

(⋂𝑘+1
𝑚=1 𝐴𝑛 (𝑚; 𝛿, 𝑘, 𝜖)

)
, we apply this bound with 𝜉 = 𝑳̄𝑛,

𝜉 = 𝑳̂
>𝛿

𝑛 , and 𝑡𝑚 = 𝜏>𝛿𝑛 (𝑚). In particular, by (33), we have sup𝑡∈[𝑡𝑚−1 ,𝑡𝑚 )


𝜉 (𝑡) − 𝜉 (𝑡𝑚−1)



 = 0 and

Δ𝜉 (𝑡𝑚) − Δ𝜉 (𝑡𝑚)

 = 0. The claims then follow directly from the condition in the event 𝐴𝑛 (𝑚; 𝛿, 𝑘, 𝜖).

In Lemma C.6, we develop useful asymptotics for 𝜏>𝛿𝑛 (𝑘; 𝒋) and 𝑾>𝛿
𝑛 (𝑘; 𝒋). Specifically, given

𝛿 > 0, 𝑛 ≥ 1, we define the event

𝐸>𝛿𝑛 =
def {

𝐾>𝛿𝑛 = 0
}
. (53)

Furthermore, given K = (K𝒋) 𝒋∈P𝑑 ∈ Z
P𝑑
+ , we define

𝐸>𝛿𝑛 (K) =
def {𝑲>𝛿𝑛 =K

}
∩ 𝐸>𝛿𝑛 =

( ⋂
𝒋∈P𝑑

{
𝐾>𝛿𝑛 ( 𝒋) =K𝒋

}
︸              ︷︷              ︸

=
def
𝐸>𝛿
𝑛;𝒋 (K𝒋 )

)
∩

{
𝐾>𝛿𝑛 = 0

}
. (54)

Given 𝒋 ∈ P𝑑 and 𝑐 > 0, let
(
𝑾 (𝑐)∗ (𝑘; 𝒋)

)
𝑘≥1 be sequences that are independent across 𝒋 ∈ P𝑑 , where

each 𝑾 (𝑐)∗ (𝑘; 𝒋) is an i.i.d. copy of 𝑾 (𝑐)∗ ( 𝒋) with law

P
(
𝑾 (𝑐)∗ ( 𝒋) ∈ ·

)
=
def C𝒋

(
· ∩R̄>𝑐 ( 𝒋)

)/
C𝒋

(
R̄>𝑐 ( 𝒋)

)
, (55)

where the C𝒋’s are the limiting measures in theMHRV condition of Assumption 5, and the R̄>𝑐 ( 𝒋)’s
are defined in (34). Besides, let the𝑈𝒋 ,𝑘’s be i.i.d. copies of Unif(0,1), and, for each 𝑘 ≥ 1 and 𝒋 ∈ P𝑑 ,
let𝑈𝒋 , (1:𝑘 ) ≤𝑈𝒋 , (2:𝑘 ) ≤ . . . ≤𝑈𝒋 , (𝑘:𝑘 ) be the order statistics of (𝑈𝒋 ,𝑞)𝑞∈[𝑘 ] .

Lemma C.6. Let Assumptions 5 and 1 hold. LetK = (K𝒋) 𝒋∈P𝑑 ∈ Z
P𝑑
+ , and let 𝒌 ∈ Z𝑑+ satisfy (33) (i.e.,

K is an allocation of 𝒌). First,

lim
𝑛→∞

𝑛𝛾 · P
( (
𝐸>𝛿𝑛

)𝑐)
= 0, ∀𝛾 > 0, 𝛿 > 0. (56)

Next, for any 𝛿 > 0 if Claim (35) holds, then

lim
𝑛→∞

P
(
𝐸>𝛿𝑛 (K)

)
𝜆̆𝒌 (𝑛)

=
∏
𝒋∈P𝑑

1
K𝒋!
·
(
C𝒋

(
R̄>𝛿 ( 𝒋)

) )K𝒋
, (57)

where 𝜆̆ 𝒋 (·) is defined in (32). Furthermore, if K ≠ 0, then

L

((
𝜏>𝛿𝑛 (𝑘; 𝒋),𝑾>𝛿

𝑛 (𝑘; 𝒋)
)
𝒋∈P𝑑 , 𝑘∈[K𝒋 ]

����� 𝐸>𝛿𝑛 (K)
)
→L

((
𝑈𝒋 , (𝑘:K𝒋 ) ,𝑾

(𝛿 )
∗ (𝑘; 𝒋)

)
𝒋∈P𝑑 , 𝑘∈[K𝒋 ]

)
(58)

as 𝑛→∞ in terms of weak convergence.
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Proof. Recall the definition of 𝜈𝑛 (𝐴) = 𝜈{𝑛𝒙 : 𝒙 ∈ 𝐴}. First, by the law of the (scaled) Lévy process
𝑳̄𝑛 (𝑡) = 1

𝑛
𝑳(𝑛𝑡) in (21) and the definitions in (41)–(42),

P
( (
𝐸>𝛿𝑛

)𝑐)
= P

(
Poisson

(
𝑛 · 𝜈𝑛

(
R𝑑+ \ R̄𝑑 ( [𝑑], 𝛿)

) )
≥ 1

)
≤ E

[
Poisson

(
𝑛 · 𝜈𝑛

(
R𝑑+ \ R̄𝑑 ( [𝑑], 𝛿)

) )]
= 𝑛 · 𝜈𝑛

((
R̄𝑑 ( [𝑑], 𝛿)

)𝑐)
by Markov’s inequality.

By the MHRV condition in Assumption 5 (in particular, Claim (10) in Definition 2.4), we verify
Claim (56).

Next, by the independence when splitting the Poisson random measure PRM𝜈 in (21),

P
(
𝐸>𝛿𝑛 (K)

)
=

( ∏
𝒋∈P𝑑

P
(
𝐸>𝛿𝑛;𝒋 (K𝒋)

))
· P

(
𝐸>𝛿𝑛

)
.

On the one hand, Claim (56) implies that lim𝑛→∞ P
(
𝐸>𝛿𝑛

)
= 1. On the other hand, in light of property

(35), to prove (57) it suffices to show that for any 𝒋 ∈ P𝑑 and 𝑘 ≥ 0,

lim
𝑛→∞

P
(
𝐸>𝛿
𝑛;𝒋 (𝑘)

)(
𝑛𝜆 𝒋 (𝑛)

) 𝑘 =
1
𝑘!
·
(
C𝒋

(
R̄>𝛿 ( 𝒋)

) ) 𝑘
. (59)

By the law of the (scaled) Lévy process 𝑳̄𝑛 (𝑡) in (21) and the definitions in (37)–(38),

P
(
𝐸>𝛿𝑛;𝒋 (𝑘)

)
= P

(
Poisson

(
𝑛 · 𝜈𝑛

(
R̄>𝛿 ( 𝒋)

)︸         ︷︷         ︸
=
def
𝜃𝑛 ( 𝒋 , 𝛿 )

)
= 𝑘

)
= exp

(
− 𝑛𝜃𝑛 ( 𝒋, 𝛿)

)
·
(
𝑛𝜃𝑛 ( 𝒋 , 𝛿)

) 𝑘
𝑘!

. (60)

By theMHRV condition in Assumption 5,

lim
𝑛→∞

𝜃𝑛 ( 𝒋 , 𝛿)
𝜆 𝒋 (𝑛)

= C𝒋

(
R̄>𝛿 ( 𝒋)

)
; see (9) and our choice of 𝛿 in (35).

This also implies 𝜃𝑛 ( 𝒋 , 𝛿) = O
(
𝜆 𝒋 (𝑛)

)
= o(𝑛) (due to 𝜆 𝒋 (𝑛) ∈ RV−𝛼( 𝒋 ) (𝑛) with 𝛼( 𝒋) > 1), and

hence lim𝑛→∞ exp
(
− 𝑛𝜃𝑛 ( 𝒋 , 𝛿)

)
= 1. Plugging these limits back into (60), we conclude the proof of

Claim (59).
Next, we prove the weak convergence stated in (58). Again, by the independence of the Poisson

splitting, it suffices to show that for any 𝒋 ∈ P𝑑 and 𝐾 ≥ 1,

L

((
𝜏>𝛿𝑛 (𝑘; 𝒋),𝑾>𝛿

𝑛 (𝑘; 𝒋)
)
𝑘∈[𝐾 ]

���� 𝐸>𝛿𝑛;𝒋 (𝐾)
)
→L

((
𝑈𝒋 , (𝑘:𝐾 ) ,𝑾

(𝛿 )
∗ (𝑘; 𝒋)

)
𝑘∈[𝐾 ]

)
. (61)

Next, by the law of a compound Poisson process, the arrival times 𝜏>𝛿𝑛 (𝑘; 𝒋) are independent of the
jump sizes 𝑾>𝛿

𝑛 (𝑘; 𝒋), which implies that the law of the jump size sequence
(
𝑾>𝛿
𝑛 (𝑘; 𝒋)

)
𝑘≥1 is inde-

pendent of the event 𝐸>𝛿
𝑛;𝒋 (𝐾). Furthermore, the conditional law of the 𝜏>𝛿𝑛 (𝑘; 𝒋)’s—the sequence of

arrival times of jumps in a compound Poisson process conditioning on the number of jumps—admits
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the form

L

(
𝜏>𝛿𝑛 (1; 𝒋), 𝜏>𝛿𝑛 (2; 𝒋), . . . , 𝜏>𝛿𝑛 (𝐾; 𝒋)

���� 𝐸>𝛿𝑛;𝒋 (𝐾)
)
= L

(
𝑈𝒋 , (1:𝐾 ) ,𝑈𝒋 , (2:𝐾 ) , . . . ,𝑈𝒋 , (𝐾 :𝐾 )

)
.

Therefore, it only remains to study the marginal law for 𝑾>𝛿
𝑛 (1; 𝒋) (since all 𝑾>𝛿

𝑛 (𝑘; 𝒋)’s admit the
same law) and show that

P
(
𝑾>𝛿
𝑛 (1; 𝒋) ∈ ·

)
→ P

(
𝑾 (𝛿 )∗ ( 𝒋) ∈ ·

)
in terms of weak convergence, where the law of 𝑾 (𝛿 )∗ ( 𝒋) is defined in (55). To this end, note that by
the definitions in (37)–(38),

P
(
𝑾>𝛿
𝑛 (1; 𝒋) ∈ ·

)
=
𝜈𝑛

(
R̄>𝛿 ( 𝒋) ∩ ·

)
𝜈𝑛

(
R̄>𝛿 ( 𝒋)

) , ∀ 𝒋 ∈ P𝑑 . (62)

Then, given a Borel set 𝐴 ⊆ R𝑑+ ,

lim sup
𝑛→∞

P
(
𝑾>𝛿
𝑛 (1; 𝒋) ∈ 𝐴

)
= lim sup

𝑛→∞

𝜈𝑛

(
𝐴 ∩ R̄>𝛿 ( 𝒋)

)/
𝜆 𝒋 (𝑛)

𝜈𝑛

(
R̄>𝛿 ( 𝒋)

)/
𝜆 𝒋 (𝑛)

by (62)

≤ C𝒋

((
𝐴 ∩ R̄>𝛿 ( 𝒋)

)−)/
C𝒋

((
R̄>𝛿 ( 𝒋)

)◦)
by theMHRV condition and (9)

≤ C𝒋

(
𝐴− ∩ R̄>𝛿 ( 𝒋)

)/
C𝒋

(
R̄>𝛿 ( 𝒋)

)
because of (𝐴 ∩ 𝐵)− ⊆ 𝐴− ∩ 𝐵− and (35)

= P
(
𝑾 (𝛿 )∗ ( 𝒋) ∈ 𝐴−

)
; see (55).

Using the Portmanteau Theorem, we conclude the proof.

Given K = (K𝒋) 𝒋∈P𝑑 ∈ Z
P𝑑
+ and 𝜖 ≥ 0, recall that any path 𝜉 ∈ D̆𝜖

K
admits the form

𝜉 (𝑡) =
∑︁
𝒋∈P𝑑

K𝒋∑︁
𝑘=1

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,1] (𝑡), ∀𝑡 ∈ [0,1], (63)

where 𝒘 𝒋 ,𝑘 ∈ R̄𝑑 ( 𝒋, 𝜖) and 𝑡 𝒋 ,𝑘 ∈ (0,1] for each 𝒋 ∈ P𝑑 and 𝑘 ∈ [K𝒋], and any two elements in the
sequence (𝑡 𝒋 ,𝑘) 𝒋∈P𝑑 , 𝑘∈[K𝒋 ] will not coincide; see (27) and (28). Besides, recall that in Definition 3.1,
we use A(𝒌) to denote the set of all allocations of 𝒌 ∈ Z𝑑+ . We prepare the next two lemmas to collect
useful properties of sets D̆𝜖K and measures C̆K (·) (see (30)).

Lemma C.7. Let Assumption 5 hold. Let 𝒌 = (𝑘 𝑗 ) 𝑗∈[𝑑 ] ∈ Z𝑑+ with 𝒌 ≠ (0, . . . ,0), 𝜖 > 0, and let 𝐵 be a
Borel set of D equipped with Skorokhod 𝐽1 topology. Suppose that 𝐵 is bounded away from D̆𝜖⩽𝒌

under
𝒅
𝐽1

for some 𝜖 > 0. Then, there exist 𝜖 > 0 and 𝛿 > 0 such that the following claims hold:
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(a) 𝒅
𝐽1

(
𝐵𝜖 , D̆𝜖⩽𝒌

)
> 𝜖;

(b) Given any K = (K𝒋) 𝒋∈P𝑑 ∈ A(𝒌) and 𝜉 ∈ 𝐵𝜖 ∩ D̆𝜖
K

, in the expression (63) for 𝜉 we have

𝒘 𝒋 ,𝑘



 > 𝛿 and 𝒘 𝒋 ,𝑘 ∉ R̄
𝑑
⩽ ( 𝒋 , 𝛿), ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋], (64)

where the set R̄𝑑⩽ ( 𝒋 , 𝜖) = R̄𝑑⩽ ( 𝒋 , 𝜖 ; S̄,𝜶) is defined in (8).

Proof. Part (a) follows directly from the fact that 𝐵 is bounded away from D̆𝜖⩽𝒌
under 𝒅

𝐽1
for some

𝜖 > 0, as well as the monotonicity of D̆𝜖
′

K
⊆ D̆𝜖

K
for any 𝜖 ≥ 𝜖 ′ ≥ 0 and K ∈ ZP𝑑+ .

Moving on to part (b), since there are only finitely elements in A(𝒌), if suffices to fix some K =

(K𝒋) 𝒋∈P𝑑 ∈ A(𝒌) and prove the claim (64). Specifically, we take any 𝛿 ∈ (0, 𝜖) and proceed with a
proof by contradiction. Suppose that, for some 𝜉 ∈ 𝐵𝜖 ∩ D̆𝜖

K
, there are 𝒋∗ ∈ P𝑑 and 𝑘∗ ∈ [K𝒋∗ ] (which,

of course, requires that K𝒋∗ ≥ 1) such that


𝒘 𝒋∗ ,𝑘∗



 ≤ 𝛿 in the expression for 𝜉 in (63). Then, with

𝜉∗ (𝑡) =def
∑︁

𝒋∈P𝑑\{ 𝒋∗ }

K𝒋∑︁
𝑘=1

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,1] (𝑡) +
∑︁

𝑘∈[K𝒋∗ ]: 𝑘≠𝑘∗
𝒘 𝒋∗ ,𝑘I[𝑡𝒋∗ ,𝑘 ,1] (𝑡), ∀𝑡 ∈ [0,1],

we construct a path 𝜉∗ by removing the jump 𝒘 𝒋∗ ,𝑘∗ from 𝜉. By defining K′ = (K′𝒋 ) 𝒋∈P𝑑 as

K′𝒋 =
def

{
K𝒋 if 𝒋 ≠ 𝒋∗

K𝒋∗ − 1 if 𝒋 = 𝒋∗
,

we have 𝜉∗ ∈ D̆𝜖
K′

and 𝑐(K′) < 𝑐(K) (see (29) and (34)), thus implying 𝜉∗ ∈ D̆𝜖⩽𝒌
. However, due to

𝒅
𝐽1
(𝜉, 𝜉∗) ≤ sup

𝑡∈[0,1]
∥𝜉 (𝑡) − 𝜉∗ (𝑡)∥ =



𝒘 𝒋∗ ,𝑘∗


 ≤ 𝛿 < 𝜖

and 𝜉 ∈ 𝐵𝜖 , we arrive at the contradiction that 𝒅
𝐽1
(𝐵𝜖 , D̆𝜖⩽𝒌

) ≤ 𝜖 . In summary, we have shown that

𝒘 𝒋 ,𝑘



 > 𝛿 for any 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋] in the expression (63) for 𝜉.
Next, suppose that, for some 𝜉 ∈ 𝐵𝜖 ∩ D̆𝜖K , there exist 𝒋∗ ∈ P𝑑 and 𝑘∗ ∈ [K𝒋∗ ] (which, again, requires

that K𝒋∗ ≥ 1) such that 𝒘 𝒋∗ ,𝑘∗ ∈ R̄𝑑⩽ ( 𝒋
∗, 𝛿). Then, by the definition of R̄𝑑⩽ ( 𝒋

∗, 𝛿) in (8) and our choice

of 𝛿 ∈ (0, 𝜖), there exists some 𝒋′ ∈ P𝑑 with 𝒋′ ≠ 𝒋∗, 𝛼( 𝒋′) ≤ 𝛼( 𝒋∗) such that 𝒘 𝒋∗ ,𝑘∗ ∈ R̄𝑑 ( 𝒋′, 𝛿) ⊆
R̄𝑑 ( 𝒋′, 𝜖). Now, define K′ = (K′𝒋 ) 𝒋∈P𝑑 by

K′𝒋 =
def


K𝒋∗ − 1 if 𝒋 = 𝒋∗

K𝒋′ + 1 if 𝒋 = 𝒋′

K𝒋 otherwise
,

and note that 𝜉 ∈ D̆𝜖
K′

due to 𝒘 𝒋∗ ,𝑘∗ ∈ R̄𝑑 ( 𝒋′, 𝜖). Due to 𝛼( 𝒋′) ≤ 𝛼( 𝒋∗), we have 𝑐(K′) ≤ 𝑐(K) = 𝑐(𝒌)
(see (29)), and hence 𝜉 ∈ D̆𝜖⩽𝒌

(see (37)). In light of the running assumption 𝜉 ∈ 𝐵𝜖 , we arrive at the

contradiction that 𝐵𝜖 ∩ D̆𝜖⩽𝒌
≠ ∅. This concludes the proof of part (b).
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Lemma C.8. Let Assumption 5 hold. Let 𝒌 = (𝑘 𝑗 ) 𝑗∈[𝑑 ] ∈ Z𝑑+ such that 𝒌 ≠ 0. Let 𝑇, 𝜖 > 0 and 𝒙 ∈ R𝑑 .
For any Borel set 𝐵 of (D[0,𝑇], 𝒅 [0,𝑇 ]

𝐽1
) that is bounded away from D̆𝜖⩽𝒌;𝒙 [0,𝑇] under 𝒅 [0,𝑇 ]

𝐽1
,∑︁

K∈A(𝒌 )
C̆[0,𝑇 ]

K;𝒙 (𝐵) <∞.

Proof. Without loss of generality, we impose Assumption 1 (i.e., we focus on the case of 𝑇 = 1 and
𝒙 = 0), and adopt the notations in (30). Also, since there are only finitely many elements in A(𝒌), it
suffices to fix some K = (K𝒋) 𝒋∈P𝑑 ∈ A(𝒌) and some Borel set 𝐵 of (D, 𝒅

𝐽1
) that is bounded away

from D̆𝜖⩽𝒌
, and show that C̆K (𝐵) <∞. Since the measure C̆K (·) is supported on D̆0

K
(see (30) and the

remarks right after), it suffices to show that

C̆K

(
𝐵 ∩ D̆0

K

)
<∞.

Since 𝐵 is bounded away from D̆𝜖⩽𝒌
, Lemma C.7 allows us to fix some 𝛿 > 0 such that the following

claim holds: given any 𝜉 ∈ 𝐵 ∩ D̆0
K

, in the expression (63) for 𝜉 we have

𝒘 𝒋 ,𝑘



 > 𝛿 and 𝒘 𝒋 ,𝑘 ∉ R̄
𝑑
⩽ ( 𝒋 , 𝛿), ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋] .

Then, by the definition of C̆K in (30),

C̆K

(
𝐵 ∩ D̆0

K

)
≤ 1∏

𝒋∈P𝑑 K𝒋!
·
∏
𝒋∈P𝑑

(
C𝒋

({
𝒘 ∈ R𝑑+ : ∥𝒘∥ > 𝛿, 𝒘 ∉ R̄𝑑⩽ ( 𝒋 , 𝛿)

})︸                                                ︷︷                                                ︸
=
def
𝑐𝒋 (𝛿 )

)K𝒋

. (65)

In particular, for any 𝛿 ∈ (0, 𝛿), the set
{
𝒘 ∈ R𝑑+ : ∥𝒘∥ > 𝛿, 𝒘 ∉ R̄𝑑⩽ ( 𝒋 , 𝛿)

}
is bounded away from

R̄𝑑⩽ ( 𝒋 , 𝛿). Then, by theMHRV condition in Assumption 5 (in particular, Claim (9) in Definition 2.4)
we get 𝑐 𝒋 (𝛿) <∞ for each 𝒋 ∈ P𝑑 . Plugging these bounds back into (65), we conclude the proof.

Now, we are ready to state the proof of Propositions C.2 and C.3.

Proof of Proposition C.2. Recall the definition of 𝑐 : Z𝑑+ → [0,∞) in (31) and 𝑐 : ZP𝑑+ → [0,∞) in
(29). Define events

𝐵0 =
def

{
𝒅
𝐽1

(
𝑳̂
>𝛿

𝑛 , 𝑳̄𝑛
)
> Δ

}
, 𝐵1 =

def
{
𝐾>𝛿𝑛 = 0

}
, 𝐵2 =

def
{
𝑐(𝑲>𝛿𝑛 ) ≤ 𝑐(𝒌)

}
. (66)

To establish Claim (46), it suffices to show that for any 𝛿 > 0 small enough,

lim
𝑛→∞

P
(
𝐵0 \ 𝐵1

) /
𝜆̆𝒌 (𝑛) = 0, (67)

lim
𝑛→∞

P
(
(𝐵0 ∩ 𝐵1) \ 𝐵2

) /
𝜆̆𝒌 (𝑛) = 0, (68)

lim
𝑛→∞

P
(
𝐵0 ∩ 𝐵1 ∩ 𝐵2

) /
𝜆̆𝒌 (𝑛) = 0. (69)

Proof of Claim (67). By Claim (56) of Lemma C.6, we get P
(
(𝐵1)𝑐

)
= o

(
𝜆̆𝒌 (𝑛)

)
as 𝑛→∞ under any

𝛿 > 0.
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Proof of Claim (68). We prove this claim for any 𝛿 > 0. Let

K> =
def

{
K ∈ ZP𝑑+ : 𝑐(K) > 𝑐(𝒌)

}
.

Note that (𝐵0 ∩ 𝐵1) \ 𝐵2 ⊆ (𝐵2)𝑐 = {𝑐(𝑲>𝛿𝑛 ) > 𝑐(𝒌)} = {𝑲>𝛿𝑛 ∈ K>}. Meanwhile, by the definition of
the linear function 𝑐(·) in (29) with coefficients 𝛼( 𝒋) − 1 > 0 for any 𝒋 ∈ P𝑑 (see Assumption 5), there
exists a subset K∗> ⊆ K> such that |K∗> | <∞ (i.e., containing only finitely many elements) and

𝑐(K′) > 𝑐(𝒌) =⇒ K′ ≥ K for some K ∈ K∗> .

Here, the ordering 𝒙 ≥ 𝒚 between two real vectors is equivalent to 𝑥𝑖 ≥ 𝑦𝑖 for all 𝑖. Then,{
𝑐(𝑲>𝛿𝑛 ) > 𝑐(𝒌)

}
⊆

⋃
K∈K∗>

{
𝑲>𝛿𝑛 ≥ K

}
.

Therefore, to prove Claim (68), it suffices to fix some K ∈ K∗> (or, more generally, some K =

(K𝒋) 𝒋∈P𝑑 ∈ Z
P𝑑
+ such that 𝑐(K) > 𝑐(𝒌)) and show that

lim
𝑛→∞

P
(
𝑲>𝛿𝑛 ≥ K

) /
𝜆̆𝒌 (𝑛) = 0.

By the definition of 𝑲>𝛿𝑛 in (40) and the law of 𝑳(𝑡) in (21),

P
(
𝑲>𝛿𝑛 ≥ K

)
(70)

=
∏
𝒋∈P𝑑

P
(
𝐾>𝛿𝑛 ( 𝒋) ≥ K𝒋

)
due to the independence of Poisson splitting

=
∏
𝒋∈P𝑑

P
(
Poisson

(
𝑛 𝜈𝑛

(
R̄>𝛿 ( 𝒋)

)︸         ︷︷         ︸
=
def
𝜃𝑛 ( 𝒋 , 𝛿 )

)
≥ K𝒋

)
by (37)–(39), where 𝜈𝑛 (𝐴) = 𝜈{𝑛𝒙 : 𝒙 ∈ 𝐴}

≤
∏
𝒋∈P𝑑

(
𝑛𝜃𝑛 ( 𝒋, 𝛿)

)K𝒋
due to P

(
Poisson(𝜆) ≥ 𝑘

)
≤ 𝜆𝑘 ∀𝜆 ≥ 0.

Under theMHRV condition in Assumption 5 (in particular, by Claim (9) in Definition 2.4), we have
𝜃𝑛 ( 𝒋 , 𝛿) = O

(
𝜆 𝒋 (𝑛)

)
for each 𝒋 ∈ P𝑑 . Plugging these bounds into display (70), we get

P
(
𝑲>𝛿𝑛 ≥ K

)
= O

( ∏
𝒋∈P𝑑

(
𝑛𝜆 𝒋 (𝑛)

)K𝒋

)
, as 𝑛→∞.

By the definition of 𝑐(·) in (29) and 𝜆 𝒋 (𝑛) ∈ RV−𝛼( 𝒋 ) (𝑛), we have
∏

𝒋∈P𝑑
(
𝑛𝜆 𝒋 (𝑛)

)K𝒋 ∈ RV−𝑐̆ (K ) (𝑛).
Lastly, due to 𝜆̆𝒌 (𝑛) ∈ RV−𝑐 (𝒌 ) (𝑛) (see (32)) and 𝑐(K) > 𝑐(𝒌), we get P

(
𝑲>𝛿𝑛 ≥ K

)
= o

(
𝜆̆𝒌 (𝑛)

)
. This

concludes the proof of Claim (68).

Proof of Claim (69). We first note that the set

K⩽ =
def {

K ∈ ZP𝑑+ : K ∉A(𝒌), 𝑐(K) ≤ 𝑐(𝒌)
}
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contains only finitely many elements. Therefore, it suffices to fix some K ∈ K⩽ and show that

lim
𝑛→∞

P
({
𝒅
𝐽1

(
𝑳̄𝑛, 𝑳̂

>𝛿

𝑛

)
> Δ

}
∩

{
𝑲>𝛿𝑛 = K, 𝐾>𝛿𝑛 = 0

})/
𝜆̆𝒌 (𝑛) = 0, ∀𝛿 > 0 small enough.

Let events 𝐴𝑛 (𝑚; 𝛿, 𝑘,Δ) be defined as in Lemma C.5, and let |K | =∑
𝒋∈P𝑑 K𝒋 . By Lemma C.5,

𝒅
𝐽1

(
𝑳̄𝑛, 𝑳̂

>𝛿

𝑛

)
≤ Δ holds on the event

{
𝑲>𝛿𝑛 = K, 𝐾>𝛿𝑛 = 0

}
∩

(
∩ |K |+1
𝑚=1 𝐴𝑛 (𝑚; 𝛿, |K |,Δ)

)
. (71)

Then, it only remains to show that lim𝑛→∞ P
( (⋂ |K |+1

𝑚=1 𝐴𝑛 (𝑚; 𝛿, |K |,Δ)
)𝑐)/

𝜆̆𝒌 (𝑛) = 0. By the strong

Markov property of the Lévy process 𝑳̄𝑛 at stopping times 𝜏>𝛿𝑛 (𝑚) defined in (31), we have

P

(( |K |+1⋂
𝑚=1

𝐴𝑛 (𝑚; 𝛿, |K |,Δ)
)𝑐)
≤ (|K | + 1) · P

(
sup

𝑡∈[0,1]: 𝑡<𝜏>𝛿
𝑛 (1)



𝑳̄𝑛 (𝑡)

 > Δ

|K | + 1

)
= o

(
𝜆̆𝒌 (𝑛)

)
as 𝑛→∞ for any 𝛿 > 0 small enough.

The last line follows from Lemma C.4. This concludes the proof of Claim (69).

Proof of Proposition C.3. (a) Note that

𝑓 ( 𝑳̂>𝛿𝑛 )I
{
𝑲̄
>𝛿
𝑛 ∉ Ā(𝒌)

}
≤ ∥ 𝑓 ∥ · I

{
𝑳̂
>𝛿

𝑛 ∈ 𝐵}I
{
𝑲̄
>𝛿
𝑛 ∉ Ā(𝒌)

}
due to 𝐵 = supp( 𝑓 )

≤ ∥ 𝑓 ∥ · I
{
𝑳̂
>𝛿

𝑛 ∈ 𝐵}I
{
𝐾>𝛿𝑛 ≥ 1

}︸                          ︷︷                          ︸
=
def
𝐼1 (𝑛, 𝛿 )

+ ∥ 𝑓 ∥ · I
{
𝑳̂
>𝛿

𝑛 ∈ 𝐵}I
{
𝑐(𝑲>𝛿𝑛 ) > 𝑐(𝒌)

}︸                                   ︷︷                                   ︸
=
def
𝐼2 (𝑛, 𝛿 )

+ ∥ 𝑓 ∥ · I
{
𝑳̂
>𝛿

𝑛 ∈ 𝐵}I
{
𝑲>𝛿𝑛 ∉A(𝒌), 𝑐(𝑲>𝛿𝑛 ) ≤ 𝑐(𝒌), 𝐾>𝛿𝑛 = 0

}︸                                                                     ︷︷                                                                     ︸
=
def
𝐼3 (𝑛, 𝛿 )

.

Repeating the proof of Claims (67) and (68) for Proposition C.2, we get E
[
𝐼1 (𝑛, 𝛿)

]
= o

(
𝜆̆𝒌 (𝑛)

)
and

E
[
𝐼2 (𝑛, 𝛿)

]
= o

(
𝜆̆𝒌 (𝑛)

)
(as 𝑛→∞) for any 𝛿 > 0. Next, let K< =

def {
K ∈ ZP𝑑+ : K ∉ A(𝒌), 𝑐(K) ≤

𝑐(𝒌)
}
. By the definition of D̆𝜖⩽𝒌

= D̆𝜖⩽𝒌;0 [0,1] in (39), for any K ∈ K< we have D̆𝛿
K
⊂ D̆𝛿⩽𝒌

. Therefore,

given K ∈ K<, it holds on the event {𝑲>𝛿𝑛 = K, 𝐾>𝛿𝑛 = 0} that

𝑳̂
>𝛿

𝑛 ∈ D̆𝛿K ⊆ D̆
𝜖
⩽𝒌 , due to property (43) and our choice of 𝛿 ∈ (0, 𝜖).

Since 𝐵 is bounded away from D̆𝜖⩽𝒌
under 𝒅

𝐽1
we must have

{
𝑳̂
>𝛿

𝑛 ∈ 𝐵} ∩
{
𝑲>𝛿𝑛 ∉ A(𝒌), 𝑐(𝑲>𝛿𝑛 ) ≤

𝑐(𝒌)
}
= ∅. In summary, we have shown that 𝐼3 (𝑛, 𝛿) = 0 for each 𝛿 ∈ (0, 𝜖) and 𝑛 ≥ 1. This concludes

the proof of part (a).

(b) Recall that there are only finitely many assignments for 𝒌 (i.e., |A(𝒌) | <∞). Therefore, it suffices
to prove part (b) for some fixed K = (K𝒋) 𝒋∈P𝑑 ∈ A(𝒌). By the definition of 𝐵 = supp( 𝑓 ), we have
C̆K ( 𝑓 ) ≤ ∥ 𝑓 ∥ · C̆K (𝐵). Using Lemma C.8, we confirm that C̆K ( 𝑓 ) <∞. Next, applying Lemma C.7
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onto 𝐵 = supp( 𝑓 ), one can fix some 𝜖, 𝛿 > 0 such that 𝒅
𝐽1
(𝐵𝜖 , D̆𝜖⩽𝒌

) > 𝜖 and, given 𝜉 ∈ 𝐵𝜖 ∩ D̆𝜖
K

, in
the expression (63) for 𝜉 we have

𝒘 𝒋 ,𝑘



 > 𝛿 and 𝒘 𝒋 ,𝑘 ∉ R̄
𝑑
⩽ ( 𝒋 , 𝛿), ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋] . (72)

To proceed, let

𝐼K (𝑛, 𝛿) =def
𝑓 ( 𝑳̂>𝛿𝑛 )I

{
𝑲>𝛿𝑛 = K, 𝐾>𝛿𝑛 = 0

}
.

Note that {𝑲>𝛿𝑛 = K, 𝐾>𝛿𝑛 = 0
}
= 𝐸>𝛿𝑛 (K); see (54). Also, note that Claim (35) holds for all but

countably many 𝛿 > 0, which is verified by Lemma C.1. Henceforth in this proof, we only consider 𝛿 ∈
(0, 𝛿) such that Claim (35) holds. Next, let |K | =def ∑

𝒋∈P𝑑 K𝒋 , and define the mapping ℎ(·) as follows:
given W = (𝒘1, . . . ,𝒘 |K | ) ∈ (R𝑑+ ) |K | and 𝒕 = (𝑡1, . . . , 𝑡 |K | ) ∈ (0,1] |K | , let

ℎ(W, 𝒕) =def
∑︁

𝑘=1,2,..., |K |
𝒘𝑘I[𝑡𝑘 ,1] . (73)

One can see that ℎ : (R𝑑+ ) |K | × (0,1] |K | →D is continuous (w.r.t. the 𝐽1 topology of D) when restricted
on the domain (R𝑑+ ) |K | × (0,1) |K | ,∗, with 𝐴𝑘,∗ =def {(𝑡1, . . . , 𝑡𝑘) ∈ 𝐴𝑘 : 𝑡𝑖 ≠ 𝑡 𝑗 ∀𝑖, 𝑗 ∈ [𝑑] with 𝑖 ≠ 𝑗

}
.

This allows us to apply the continuous mapping theorem and study the asymptotic law of 𝑓 ( 𝑳̂>𝛿𝑛 )
conditioned on the event 𝐸>𝛿𝑛 (K). Specifically, on {𝑲>𝛿𝑛 = K, 𝐾>𝛿𝑛 = 0}, we write

W>𝛿
𝑛 =

(
𝑾>𝛿
𝑛 (𝑘; 𝒋)

)
𝒋∈P𝑑 , 𝑘∈[K𝒋 ]

, T>𝛿𝑛 =

(
𝜏>𝛿𝑛 (𝑘; 𝒋)

)
𝒋∈P𝑑 , 𝑘∈[K𝒋 ]

.

By (43), on the event 𝐸>𝛿𝑛 (K) we have 𝑳̂
>𝛿

𝑛 = ℎ
(
W>𝛿
𝑛 ,T>𝛿𝑛

)
. As a result,

E
[
𝐼K (𝑛, 𝛿)

]
𝜆̆𝒌 (𝑛)

= E
[
𝑓

(
ℎ
(
W>𝛿
𝑛 ,T>𝛿𝑛

) ) ��� 𝐸>𝛿𝑛 (K)] · P
(
𝐸>𝛿𝑛 (K)

)
𝜆̆𝒌 (𝑛)

.

Then, by Lemma C.6 and the continuity of 𝑓
(
ℎ(·)

)
on (R𝑑+ ) |K | × (0,1) |K | ,∗, we obtain the follow-

ing results (note that 𝑓 (𝜉) = 0 ∀𝜉 ∉ 𝐵), where we use the 𝑈𝒋 ,𝑘’s to denote i.i.d. copies of Unif(0,1),
𝑈𝒋 , (1:𝑘 ) ≤𝑈𝒋 , (2:𝑘 ) ≤ . . . ≤𝑈𝒋 , (𝑘:𝑘 ) for the order statistics of (𝑈𝒋 ,𝑞)𝑞∈[𝑘 ] , L𝐼 for the Lebesgue measure
restricted on interval 𝐼, and C𝒋 (·) for the location measure in theMHRV condition of Assumption 5
supported on R𝑑 ( 𝒋) (see Definition 2.4):

lim
𝑛→∞

E
[
𝑓

(
ℎ
(
W>𝛿
𝑛 ,T>𝛿𝑛

) ) ���� 𝐸>𝛿𝑛 (K)]
=

∫
𝑓

( ∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,1]

)

· I
{ ∑︁

𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,1] ∈ 𝐵
}
· I

{
𝒘 𝒋 ,𝑘 ∈ R̄>𝛿 ( 𝒋) ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋]

}
·
( ?
𝒋∈P𝑑

?
𝑘∈[K𝒋 ]

C𝒋 (𝑑𝒘 𝒋 ,𝑘)
C𝒋

(
R̄>𝛿 ( 𝒋)

) ) ( ?
𝒋∈P𝑑

P
((
𝑈𝒋 , (1:K𝒋 ) , . . . ,𝑈𝒋 , (K𝒋 :K𝒋 )

)
∈ 𝑑 (𝑡 𝒋 ,1, . . . , 𝑡 𝒋 ,K𝒋

)
))
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(∗)
=

∫
𝑓

( ∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,1]

)

· I
{ ∑︁

𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,1] ∈ 𝐵
}
· I

{
𝒘 𝒋 ,𝑘 ∉ R̄

𝑑
⩽ ( 𝒋 , 𝛿) ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋]

}
·
( ?
𝒋∈P𝑑

?
𝑘∈[K𝒋 ]

C𝒋 (𝑑𝒘 𝒋 ,𝑘)
C𝒋

(
R̄>𝛿 ( 𝒋)

) ) ( ?
𝒋∈P𝑑

P
((
𝑈𝒋 , (1:K𝒋 ) , . . . ,𝑈𝒋 , (K𝒋 :K𝒋 )

)
∈ 𝑑 (𝑡 𝒋 ,1, . . . , 𝑡 𝒋 ,K𝒋

)
))

(△)
=

∫
𝑓

( ∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,1]

)

·
( ?
𝒋∈P𝑑

?
𝑘∈[K𝒋 ]

C𝒋 (𝑑𝒘 𝒋 ,𝑘)
C𝒋

(
R̄>𝛿 ( 𝒋)

) ) ( ?
𝒋∈P𝑑

P
((
𝑈𝒋 , (1:K𝒋 ) , . . . ,𝑈𝒋 , (K𝒋 :K𝒋 )

)
∈ 𝑑 (𝑡 𝒋 ,1, . . . , 𝑡 𝒋 ,K𝒋

)
))
.

In the display above, the step (∗) holds since R̄>𝛿 ( 𝒋) = R̄𝑑 ( 𝒋 , 𝛿) \ R̄𝑑⩽ ( 𝒋 , 𝛿), and C𝒋 (·) is supported

on R𝑑 ( 𝒋) ⊆ R̄𝑑 ( 𝒋 , 𝛿); the step (△) follows from the definition of 𝐵 = supp( 𝑓 ), our choice of 𝛿 in (72)
and 𝛿 ∈ (0, 𝛿). To proceed, we make a few observations. First, using 𝑈(1:𝑘 ) < 𝑈(2:𝑘 ) < . . . < 𝑈(𝑘:𝑘 ) to
denote the order statistics of 𝑘 copies of Unif(0,1), we have

P
(
(𝑈(1:𝑘 ) ,𝑈(2:𝑘 ) , . . . ,𝑈(𝑘:𝑘 ) ) ∈ 𝑑 (𝑡1, . . . , 𝑡𝑘)

)
= 𝑘!I{0 < 𝑡1 < 𝑡2 < . . . < 𝑡𝑘 < 1}𝑑𝑡1𝑑𝑡2 . . . 𝑑𝑡𝑘 .

Second, the mapping ℎ defined in (73) is invariant under permutation of its arguments. That is, given
W = (𝒘1, . . . ,𝒘 |K | ) and 𝒕 = (𝑡1, . . . , 𝑡 |K | ), we have

ℎ(W, 𝒕) = ℎ
(
(𝒘𝜎 (𝑖) )𝑖=1,..., |K | , (𝑡𝜎 (𝑖) )𝑖=1,..., |K |

)
for any permutation (𝜎(𝑖))𝑖=1,..., |K | of {1,2, . . . , |K |}. These two properties allow us to re-evaluate
step (△) as an integral over the domain {(𝑡 𝒋 ,𝑘) 𝒋 ,𝑘 : 𝑡 𝒋 ,𝑘 ∈ (0,1)∀ 𝒋 , 𝑘} instead of imposing the ordering
constraint 𝑡 𝒋 ,1 < 𝑡 𝒋 ,2 < . . . < 𝑡 𝒋 ,K𝒋

for each 𝒋 . Specifically,

lim
𝑛→∞

E
[
𝑓

(
ℎ
(
W>𝛿
𝑛 ,T>𝛿𝑛

) ) ���� 𝐸>𝛿𝑛 (K)] (74)

=

[ ∏
𝒋∈P𝑑

(
C𝒋

(
R̄>𝛿 ( 𝒋)

) )−K𝒋
]

·
∫

𝑓

( ∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,1]

) ?
𝒋∈P𝑑

?
𝑘∈[K𝒋 ]

(
C𝒋 × L (0,1)

(
𝑑 (𝒘 𝒋 ,𝑘 , 𝑡 𝒋 ,𝑘)

))
=

[ ∏
𝒋∈P𝑑

(
C𝒋

(
R̄>𝛿 ( 𝒋)

) )−K𝒋
]
·
( ∏
𝒋∈P𝑑
K𝒋!

)
· C̆K ( 𝑓 ) by definitions in (30) and (30).
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On the other hand, applying the claim (57) in Lemma C.6, we get

lim
𝑛→∞

P
(
𝐸>𝛿𝑛 (K)

)
𝜆̆𝒌 (𝑛)

=
∏
𝒋∈P𝑑

1
K𝒋!
·
(
C𝒋

(
R̄>𝛿 ( 𝒋)

) )K𝒋
. (75)

Combining (74) and (75), we conclude the proof.

Appendix D: Proof for Large Deviations of Multivariate
Heavy-Tailed Hawkes Processes

D.1. Adapting Theorem 3.2 to D[0,∞)

We first establish sample path large deviations for Lévy processes with MHRV increments (i.e., a
suitable modification of Theorem 3.2) w.r.t. the 𝐽1 topology on D[0,∞). Specifically, recall that the
projection mapping 𝜙𝑡 : D[0,∞) →D[0, 𝑡] is defined by 𝜙𝑡 (𝜉) (𝑠) = 𝜉 (𝑠) for any 𝑠 ∈ [0, 𝑡], and let

𝒅 [0,∞)
𝐽1
(𝜉 (1) , 𝜉 (2) ) =def

∫ ∞

0
𝑒−𝑡 ·

[
𝒅 [0,𝑡 ]
𝐽1

(
𝜙𝑡

(
𝜉 (1) ), 𝜙𝑡

(
𝜉 (2)

) )
∧ 1

]
𝑑𝑡, ∀𝜉 (1) , 𝜉 (2) ∈ D[0,∞). (76)

We need the following two lemmas. First, Lemma D.1 adapts Lemmas C.7 and C.8 to D[0,∞).

Lemma D.1. Let Assumption 5 hold. Let 𝒌 = (𝑘 𝑗 ) 𝑗∈[𝑑 ] ∈ Z𝑑+ \ {0}, and 𝜖 > 0. Given any Borel set 𝐵
of (D[0,∞), 𝒅 [0,∞)

𝐽1
) that is bounded away from D̆𝜖⩽𝒌;𝝁𝑳

[0,∞) under 𝒅 [0,∞)
𝐽1

,

(i) there exist𝑇 ∈ (0,∞) and 𝛿 ∈ (0,∞) such that the following claim holds: for any K = (K𝒋) 𝒋∈P𝑑 ∈
A(𝒌) and 𝜉 ∈ 𝐵 ∩ D̆𝜖

K;𝝁𝑳
[0,∞), in the expression (28) for 𝜉 (i.e., under 𝐼 = [0,∞) and 𝒙 = 𝝁𝑳) ,

we have

𝑡 𝒋 ,𝑘 ≤ 𝑇,


𝒘 𝒋 ,𝑘



 > 𝛿, and 𝒘 𝒋 ,𝑘 ∉ R̄
𝑑
⩽ ( 𝒋 , 𝛿), ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋]; (77)

(ii)
∑

K∈A(𝒌 ) C̆
[0,∞)
K;𝝁𝑳
(𝐵) <∞.

Proof. Fix some Δ > 0 such that 𝒅 [0,∞)
𝐽1

(
𝐵, D̆𝜖⩽𝒌;𝝁𝑳

[0,∞)
)
> Δ.

(𝑖) Since |A(𝒌) | <∞, it suffices to prove part (𝑖) for some fixed K = (K𝒋) 𝒋∈P𝑑 ∈ A(𝒌). We first show
that Claim (77) holds for any 𝑇 > 0 large enough such that

𝑒−𝑇 < Δ. (78)

We consider a proof by contradiction. Suppose that for some 𝜉 ∈ 𝐵 ∩ D̆𝜖
K;𝝁𝑳
[0,∞), in expression (28)

there exist some 𝒋∗ ∈ P𝑑 and 𝑘∗ ∈ [K𝒋∗ ] such that 𝑡 𝒋∗ ,𝑘∗ > 𝑇 . By defining

𝜉′ (𝑡) =def 𝝁𝑳𝑡 +
∑︁
𝒋∈P𝑑

K𝒋∑︁
𝑘=1

𝒘 𝒋 ,𝑘I{𝑡 𝒋 ,𝑘 ≤ 𝑇} · I[𝑡𝒋,𝑘 ,∞) (𝑡), ∀𝑡 ≥ 0,

we construct a path 𝜉′ by removing any jump in 𝜉 that arrives after time 𝑇 . On the one hand, the
existence of 𝑡 𝒋∗ ,𝑘∗ > 𝑇 implies that we are removing at least one jump when defining 𝜉′, and hence
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𝜉′ ∈ D̆𝜖⩽𝒌;𝝁𝑳
[0,∞) by definitions in (37). On the other hand, since 𝜉 (𝑡) = 𝜉′ (𝑡) for each 𝑡 ∈ [0,𝑇],

we have 𝒅 [0,∞)
𝐽1
(𝜉, 𝜉′) ≤

∫
𝑡>𝑇

𝑒−𝑡𝑑𝑡 = 𝑒−𝑇 < Δ. Due to 𝜉 ∈ 𝐵, we arrive at the contradiction that
𝒅 [0,∞)
𝐽1

(
𝐵, D̆𝜖⩽𝒌;𝝁𝑳

[0,∞)
)
< Δ, which verifies claim (77) under our choice of 𝑇 in (78).

Next, through a proof by contradiction, we show that Claim (77) holds under

𝛿 ∈ (0, 𝜖 ∧ Δ). (79)

First, suppose that for some 𝜉 ∈ 𝐵 ∩ D̆𝜖
K;𝝁𝑳
[0,∞), in expression (28) there exist some 𝒋∗ ∈ P𝑑 and

𝑘∗ ∈ [K𝒋∗ ] such that


𝒘 𝒋∗ ,𝑘∗



 ≤ 𝛿. By defining

𝜉′ (𝑡) =def 𝝁𝑳𝑡 +
∑︁
𝒋∈P𝑑

K𝒋∑︁
𝑘=1

𝒘 𝒋 ,𝑘I

{
( 𝒋 , 𝑘) ≠ ( 𝒋∗, 𝑘∗)

}
· I[𝑡𝒋,𝑘 ,∞) (𝑡), ∀𝑡 ≥ 0,

we construct a path 𝜉′ by removing the jump 𝒘 𝒋∗ ,𝑘∗—arriving at time 𝑡 𝒋∗ ,𝑘∗—from 𝜉. Again, we
have 𝜉′ ∈ D̆𝜖⩽𝒌;𝝁𝑳

[0,∞). On the other hand, due to


𝒘 𝒋∗ ,𝑘∗



 ≤ 𝛿, we have sup𝑡≥0 ∥𝜉 (𝑡) − 𝜉′ (𝑡)∥ ≤ 𝛿,

and hence 𝒅 [0,∞)
𝐽1
(𝜉, 𝜉′) ≤

∫ ∞
0 𝑒−𝑡 · 𝛿𝑑𝑡 = 𝛿 < Δ; see (79). We then arrive at the contradiction that

𝒅 [0,∞)
𝐽1

(
𝐵, D̆𝜖⩽𝒌;𝝁𝑳

[0,∞)
)
< Δ. Second, suppose that for some 𝜉 ∈ 𝐵 ∩ D̆𝜖

K;𝝁𝑳
[0,∞), in expression (28)

there exist some 𝒋∗ ∈ P𝑑 and 𝑘∗ ∈ [K𝒋∗ ] such that 𝒘 𝒋∗ ,𝑘∗ ∈ R̄𝑑⩽ ( 𝒋
∗, 𝛿) ⊆ R̄𝑑⩽ ( 𝒋

∗, 𝜖) (due to our choice
of 𝛿 < 𝜖 in (79)). Then, by definitions in (8), there exists some 𝒋′ ∈ P𝑑 with 𝒋′ ≠ 𝒋∗, 𝛼( 𝒋′) ≤ 𝛼( 𝒋∗)
such that 𝒘 𝒋∗ ,𝑘∗ ∈ R̄𝑑 ( 𝒋′, 𝜖). Now, define K′ = (K′𝒋 ) 𝒋∈P𝑑 by

K′𝒋 =
def


K𝒋∗ − 1 if 𝒋 = 𝒋∗

K𝒋′ + 1 if 𝒋 = 𝒋′

K𝒋 otherwise
.

First, 𝒘 𝒋∗ ,𝑘∗ ∈ R̄𝑑 ( 𝒋′, 𝜖) implies that 𝜉 ∈ D̆𝜖
K′;𝝁𝑳

[0,∞). Moreover, due to 𝛼( 𝒋′) ≤ 𝛼( 𝒋∗), we have

𝑐(K′) ≤ 𝑐(K) = 𝑐(𝒌), and hence D̆𝜖
K′;𝝁𝑳

[0,∞) ⊆ D̆𝜖⩽𝒌;𝝁𝑳
[0,∞). By 𝜉 ∈ 𝐵, we now arrive at 𝐵 ∩

D̆𝜖⩽𝒌;𝝁𝑳
[0,∞) ≠ ∅, which clearly contradicts 𝒅 [0,∞)

𝐽1

(
𝐵, D̆𝜖⩽𝒌;𝝁𝑳

[0,∞)
)
> Δ. This concludes the proof

of claim (77) under our choice of 𝛿 in (79).

(𝑖𝑖) Again, it suffices to fix some K = (K𝒋) 𝒋∈P𝑑 ∈ A(𝒌) and show that C̆[0,∞)
K;𝝁𝑳
(𝐵) <∞. Let 𝑇 and 𝛿 be

characterized as in part (𝑖). By the definition of C̆[0,∞)
K;𝝁𝑳

in (30),

C̆[0,∞)
K;𝝁𝑳
(𝐵) ≤ 1∏

𝒋∈P𝑑 K𝒋!
·
∫

I

{
𝑡 𝒋 ,𝑘 ≤ 𝑇,



𝒘 𝒋 ,𝑘



 > 𝛿, and 𝒘 𝒋 ,𝑘 ∉ R̄
𝑑
⩽ ( 𝒋 , 𝛿), ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋]

}
?
𝒋∈P𝑑

?
𝑘∈[K𝒋 ]

(
(C𝒋 × L (0,∞) )

(
𝑑 (𝒘 𝒋 ,𝑘 , 𝑡 𝒋 ,𝑘)

))
≤ 1∏

𝒋∈P𝑑 K𝒋!
·
∏
𝒋∈P𝑑

(
𝑇 ·C𝒋

({
𝒘 ∈ R𝑑+ : ∥𝒘∥ > 𝛿, 𝒘 ∉ R̄𝑑⩽ ( 𝒋, 𝛿)

})︸                                                ︷︷                                                ︸
=
def
𝑐𝒋 (𝛿 )

)K𝒋

.
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Furthermore, it has been shown in the proof of Lemma C.8 that 𝑐 𝒋 (𝛿) <∞. This concludes the proof
of part (𝑖𝑖).

Recall the definition of the projection mapping 𝜙𝑡 : D[0,∞) → D[0, 𝑡] in (43), i.e., 𝜙𝑡 (𝜉) (𝑠) = 𝜉 (𝑠)
for any 𝑠 ∈ [0, 𝑡]. Lemma D.2 connects the bounded-away-from-D̆𝜖⩽𝒌;𝒙 [0,∞) condition (under 𝒅 [0,∞)

𝐽1
)

to that of D̆𝜖⩽𝒌;𝒙 [0,𝑇] and 𝒅 [0,𝑇 ]
𝐽1

.

Lemma D.2. Let 𝒌 ∈ Z𝑑+ \ {0}, 𝜖 > 0, and 𝒙 ∈ R𝑑 . Given a Borel set 𝐵 of (D[0,∞), 𝒅 [0,∞)
𝐽1
) that is

bounded away from D̆𝜖⩽𝒌;𝒙 [0,∞) under 𝒅 [0,∞)
𝐽1

, it holds for any 𝑇 > 0 large enough that 𝜙𝑇 (𝐵) is

bounded away from D̆𝜖⩽𝒌;𝒙 [0,𝑇] under 𝒅 [0,𝑇 ]
𝐽1

.

Proof. Fix some Δ > 0 such that 𝒅 [0,∞)
𝐽1

(
𝐵, D̆𝜖⩽𝒌;𝒙 [0,∞)

)
> Δ. Using a proof by contradiction, we show

that the claim holds for any 𝑇 > 0 large enough such that

𝑒−𝑇 < Δ/2. (80)

Specifically, suppose there are sequences 𝜉𝑛 ∈ 𝜙𝑇 (𝐵), 𝜉′𝑛 ∈ D̆𝜖⩽𝒌;𝒙 [0,𝑇] such that

lim
𝑛→∞

𝒅 [0,𝑇 ]
𝐽1
(𝜉𝑛, 𝜉′𝑛) = 0. (81)

Then, considering the definition of D̆𝜖⩽𝒌;𝒙 [0,𝑇] in (37) and by picking a sub-sequence if needed, we

can w.l.o.g. assume the existence of K = (K𝒋) 𝒋∈P𝑑 ∈ Z
P𝑑
+ such that K ∈ A(𝒌), 𝑐(K) ≤ 𝑐(𝒌), and 𝜉′𝑛 ∈

D̆𝜖
K;𝒙 [0,𝑇] for each 𝑛 ≥ 1. In particular, due to 𝒌 ≠ 0, we must have K ≠ 0. Note that |K | =def ∑

𝒋∈P𝑑 K𝒋

is the number of jumps for any path in D̆𝜖
K;𝒙 [0,𝑇]. Since 𝜉′𝑛 ∈ D̆𝜖K;𝒙 [0,𝑇] for each 𝑛, by (28) we know

that 𝜉′𝑛 admits the form

𝜉′𝑛 (𝑡) = 𝑡𝒙 +
∑︁
𝒋∈P𝑑

K𝒋∑︁
𝑘=1

𝒘 (𝑛)𝒋 ,𝑘 I[𝑡 (𝑛)
𝒋,𝑘
,𝑇 ] (𝑡), ∀𝑡 ∈ [0,𝑇],

where each 𝒘 (𝑛)𝒋 ,𝑘 belongs to the cone R̄𝑑 ( 𝒋 , 𝜖). Next, we fix some

𝛿 ∈
(
0,

Δ

2 + 4 ∥𝒙∥ + 4|K |

)
. (82)

By (81), it holds for any 𝑛 large enough that we have 𝒅 [0,𝑇 ]
𝐽1
(𝜉𝑛, 𝜉′𝑛) < 𝛿. In other words, for each 𝑛 large

enough there exists 𝜆𝑛—a homeomorphism on [0,𝑇]—such that

sup
𝑡∈[0,𝑇 ]

|𝜆𝑛 (𝑡) − 𝑡 | ∨


𝜉′𝑛 (𝜆𝑛 (𝑡)) − 𝜉𝑛 (𝑡)

 < 𝛿. (83)

Under such large 𝑛, we consider 𝑡 ∈ (0,𝑇) such that

𝑡 ∉ [𝑡 (𝑛)𝒋 ,𝑘 − 𝛿, 𝑡
(𝑛)
𝒋 ,𝑘 + 𝛿], ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋] . (84)
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By (84), 𝜉′𝑛 (·) does note make any jump over the interval [𝑡 − 𝛿, 𝑡 + 𝛿] ∩ [0,𝑇], meaning that, over this
interval, the path 𝜉′𝑛 (·) is a linear function with slope 𝒙. Then, by (83), we get

sup
𝑡1 ,𝑡2∈[𝑡−𝛿,𝑡+𝛿 ]∩[0,𝑇 ]



𝜉𝑛 (𝑡1) − 𝜉′𝑛 (𝑡2)

 ≤ 𝛿 + ∥𝒙∥ · 2𝛿.
Therefore, by modifying 𝜆𝑛 (·) only over [𝑡−𝛿, 𝑡], one can obtain 𝜆̂ (𝑡 )𝑛 —a homeomorphism over [0, 𝑡]—
such that

sup
𝑢∈[0,𝑡 ]

|𝜆̂ (𝑡 )𝑛 (𝑢) − 𝑢 | ∨



𝜉′𝑛 (𝜆̂ (𝑡 )𝑛 (𝑢)) − 𝜉𝑛 (𝑢)


 < 𝛿 · (1 + 2 ∥𝒙∥).

Applying this bound on 𝒅 [0,𝑡 ]
𝐽1
(𝜙𝑡 (𝜉𝑛), 𝜙𝑡 (𝜉′𝑛)) ∧ 1 for any 𝑡 ∈ (0,𝑇) satisfying (84), and applying the

trivial upper bound 1 for any 𝑡 where (84) doest not hold, we get (for all 𝑛 large enough)∫ 𝑇

0
𝑒−𝑡 ·

[
𝒅 [0,𝑡 ]
𝐽1

(
𝜙𝑡

(
𝜉𝑛), 𝜙𝑡

(
𝜉′𝑛

) )
∧ 1

]
𝑑𝑡 (85)

≤
∫
𝑡∈[0,𝑇 ]: 𝑡∉[𝑡 (𝑛)

𝒋,𝑘
−𝛿,𝑡 (𝑛)

𝒋,𝑘
+𝛿 ] ∀ 𝒋∈P𝑑 , 𝑘∈[K𝒋 ]

𝑒−𝑡 · 𝛿 · (1 + 2 ∥𝒙∥)𝑑𝑡 + |K | · 2𝛿

≤ 𝛿 ·
(
1 + 2 ∥𝒙∥ + 2|K |

)
< Δ/2 by (82).

Furthermore, since 𝜉𝑛 ∈ 𝜙𝑡 (𝐵), for each 𝑛 ≥ 1 there is 𝜉𝑛 ∈ 𝐵 such that 𝜉𝑛 (𝑡) = 𝜉𝑛 (𝑡) ∀𝑡 ∈ [0,𝑇].
Also, by extending the path 𝜉′𝑛 linearly with slope 𝒙 over (𝑇,∞), we obtain 𝜉′𝑛 ∈ D̆𝜖K;𝒙 [0,∞) such that
𝜉′𝑛 (𝑡) = 𝜉′𝑛 (𝑡) ∀𝑡 ∈ [0,𝑇]. Following from the inequality in display (85),

𝒅 [0,∞)
𝐽1
(𝜉𝑛, 𝜉′𝑛) <

Δ

2
+
∫ ∞

𝑇

𝑒−𝑡 ·
[
𝒅 [0,𝑡 ]
𝐽1

(
𝜙𝑡

(
𝜉𝑛), 𝜙𝑡

(
𝜉′𝑛

) )
∧ 1

]
𝑑𝑡

< Δ by (80),

which clearly contradicts 𝒅 [0,∞)
𝐽1

(
𝐵, D̆𝜖⩽𝒌;𝒙 [0,∞)

)
> Δ. This concludes the proof.

Now, we are ready to prove Theorem D.3, which adapts Theorem 3.2 to
(
D[0,∞), 𝒅 [0,∞)

𝐽1

)
.

Theorem D.3. Let Assumption 5 hold. Let 𝒌 = (𝑘 𝑗 ) 𝑗∈[𝑑 ] ∈ Z𝑑+ \{0}, and let 𝐵 be a Borel set of D[0,∞)
equipped with 𝐽1 topology (i.e., induced by 𝒅 [0,∞)

𝐽1
). Suppose that 𝐵 is bounded away from D̆𝜖⩽𝒌;𝝁𝑳

[0,∞)
under 𝒅 [0,∞)

𝐽1
for some 𝜖 > 0. Then,∑︁

K∈A(𝒌 )
C̆[0,∞)

K;𝝁𝑳
(𝐵◦) ≤ lim inf

𝑛→∞

P
(
𝑳̄ [0,∞)𝑛 ∈ 𝐵

)
𝜆̆𝒌 (𝑛)

≤ lim sup
𝑛→∞

P
(
𝑳̄ [0,∞)𝑛 ∈ 𝐵

)
𝜆̆𝒌 (𝑛)

≤
∑︁

K∈A(𝒌 )
C̆[0,∞)

K;𝝁𝑳
(𝐵−) <∞,

(86)

where 𝜆̆𝒌 (𝑛), 𝝁𝑳 , C̆[0,∞)
K;𝝁𝑳

, and D̆𝜖⩽𝒌;𝝁𝑳
[0,∞) are defined in (32), (24), (30), and (37), respectively.

Proof. Part (𝑖𝑖) of Lemma D.1 confirms that
∑

K∈A(𝒌 ) C̆
[0,∞)
K;𝝁𝑳

∈M
(
D[0,∞) \ D̆𝜖⩽𝒌;𝝁𝑳

[0,∞)
)

(under

𝒅 [0,∞)
𝐽1

) for any 𝜖 > 0, which verifies the finite upper bound in (86). Then, by Theorem 2.2 (the Port-
manteau Theorem for M-convergence), it suffices to prove the following claim: for any 𝑓 : D[0,∞) →
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[0,∞) uniformly continuous (w.r.t. (D[0,∞), 𝒅 [0,∞)
𝐽1
)) and bounded (i.e., ∥ 𝑓 ∥ = sup𝜉 ∈D[0,∞) 𝑓 (𝜉) <∞)

such that 𝐵 =
def supp( 𝑓 ) is bounded away from D̆𝜖⩽𝒌;𝝁𝑳

[0,∞) under 𝒅 [0,∞)
𝐽1

for some 𝜖 > 0, we have

lim
𝑛→∞

E 𝑓 ( 𝑳̄ [0,∞)𝑛 )
𝜆̆𝒌 (𝑛)

=
∑︁

K∈A(𝒌 )
C̆[0,∞)

K;𝝁𝑳
( 𝑓 ). (87)

To proceed, for each 𝑡 ∈ [0,∞) we define the mapping 𝑓𝑡 : D[0, 𝑡] → R by (note that in the display (88)
below, the path 𝜉 is an element of D[0, 𝑡])

𝑓𝑡 (𝜉) =def
𝑓
(
𝜙inv
𝑡 (𝜉)

)
, where 𝜙inv

𝑡 (𝜉) (𝑠) =
def
𝜉 (𝑠 ∧ 𝑡) + [0∨ (𝑠 − 𝑡)] · 𝝁𝑳 ∀𝑠 ≥ 0. (88)

That is, 𝜙inv
𝑡 extends the path 𝜉 ∈ D[0, 𝑡] to D[0,∞) linearly with slope 𝝁𝑳 over (𝑡,∞), which, in a way,

“inverts” the projection mapping 𝜙𝑡 in (43). Now, we make a few observations.

• Define 𝜙𝑡 : D[0,∞) →D[0,∞) by

𝜙𝑡 (𝜉) (𝑠) =def
𝜉 (𝑡 ∧ 𝑠) + [0∨ (𝑠 − 𝑡)] · 𝝁𝑳 , ∀𝜉 ∈ D[0,∞), 𝑠 ≥ 0.

By the definition of 𝒅 [0,∞)
𝐽1

in (76), for any 𝑡 > 0 and 𝜉 ∈ D[0,∞), we have 𝒅 [0,∞)
𝐽1

(
𝜙𝑡 (𝜉), 𝜉

)
≤∫

𝑠>𝑡
𝑒−𝑠𝑑𝑠 = 𝑒−𝑡 . Then, by the uniform continuity of the function 𝑓 fixed in (87), given 𝜖 > 0,

there exists 𝑇 = 𝑇 (𝜖) > 0 such that�� 𝑓 (𝜉) − 𝑓 (𝜙𝑡 (𝜉)) �� < 𝜖, ∀𝑡 ≥ 𝑇, 𝜉 ∈ D[0,∞). (89)

• Recall that 𝐵 = supp( 𝑓 ), and note that

𝑓 (𝜉) = 0 and 𝑓
(
𝜙𝑡 (𝜉)

)
= 0, ∀𝑡 > 0, 𝜉 ∈ D[0,∞) such that 𝜙𝑡 (𝜉) ∉ 𝜙𝑡 (𝐵). (90)

• Combining (89) and (90), we know that given 𝜖 > 0, there is 𝑇 = 𝑇 (𝜖) ∈ (0,∞) such that�� 𝑓 (𝜉) − 𝑓 (𝜙𝑡 (𝜉)) �� ≤ 𝜖 · I{𝜙𝑡 (𝜉) ∈ 𝜙𝑡 (𝐵)}, ∀𝑡 ≥ 𝑇, 𝜉 ∈ D[0,∞). (91)

• Recall that in (88), we use 𝜉 to denote an element of D[0, 𝑡], which differs from our convention
henceforth that 𝜉 ∈ D[0,∞). By definitions in (88), it holds for any 𝑡 > 0 and 𝜉 ∈ D[0,∞) that
𝑓𝑡
(
𝜙𝑡 (𝜉)

)
= 𝑓

(
𝜙𝑡 (𝜉)

)
. Then, by (91), given 𝜖 > 0 there exists 𝑇 = 𝑇 (𝜖) > 0 such that for any 𝑡 ≥ 𝑇 ,

lim sup
𝑛→∞

E 𝑓 ( 𝑳̄ [0,∞)𝑛 )
𝜆̆𝒌 (𝑛)

≤ lim
𝑛→∞

E 𝑓𝑡 ( 𝑳̄ [0,𝑡 ]𝑛 )
𝜆̆𝒌 (𝑛)

+ 𝜖 · lim sup
𝑛→∞

P( 𝑳̄ [0,𝑡 ]𝑛 ∈ 𝜙𝑡 (𝐵))
𝜆̆𝒌 (𝑛)

, (92)

lim inf
𝑛→∞

E 𝑓 ( 𝑳̄ [0,∞)𝑛 )
𝜆̆𝒌 (𝑛)

≥ lim
𝑛→∞

E 𝑓𝑡 ( 𝑳̄ [0,𝑡 ]𝑛 )
𝜆̆𝒌 (𝑛)

− 𝜖 · lim sup
𝑛→∞

P( 𝑳̄ [0,𝑡 ]𝑛 ∈ 𝜙𝑡 (𝐵))
𝜆̆𝒌 (𝑛)

. (93)

Suppose we can show that

lim
𝑡→∞

lim
𝑛→∞

E 𝑓𝑡 ( 𝑳̄ [0,𝑡 ]𝑛 )
𝜆̆𝒌 (𝑛)

=
∑︁

K∈A(𝒌 )
C̆[0,∞)

K;𝝁𝑳
( 𝑓 ), (94)

lim sup
𝑡→∞

lim sup
𝑛→∞

P( 𝑳̄ [0,𝑡 ]𝑛 ∈ 𝜙𝑡 (𝐵))
𝜆̆𝒌 (𝑛)

<∞. (95)
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Then, by plugging these results into (92)–(93) and sending 𝑡 →∞, 𝜖 ↓ 0, we conclude the proof of
claim (87). Now, it only remains to prove claims (94) and (95).

Proof of Claim (94). For any 𝑡 > 0, the function 𝑓𝑡 is continuous and bounded. Besides, note that
𝑓𝑡 (𝜉) = 0 whenever 𝜉 ∉ 𝜙𝑡 (𝐵), where 𝐵 = supp( 𝑓 ). On the other hand, Lemma D.2 shows that 𝜙𝑡 (𝐵)
is bounded away from D̆𝜖⩽𝒌;𝝁𝑳

[0, 𝑡] under 𝒅 [0,𝑡 ]
𝐽1

for any 𝑡 > 0 large enough. This allows us to apply
Theorem 3.2 and Theorem 2.2, the Portmanteau Theorem for M-convergence, to show that

lim
𝑛→∞

E 𝑓𝑡 ( 𝑳̄ [0,𝑡 ]𝑛 )
𝜆̆𝒌 (𝑛)

=
∑︁

K∈A(𝒌 )
C̆[0,𝑡 ]

K;𝝁𝑳
( 𝑓𝑡 ), ∀𝑡 > 0 sufficiently large.

Also, note that |A(𝒌) | < ∞ (i.e., the set contains only finitely many elements). Therefore, to prove
Claim (94), it suffices to fix some K = (K𝒋) 𝒋∈P𝑑 ∈ A(𝒌) and show that C̆[0,𝑡 ]

K;𝝁𝑳
( 𝑓𝑡 ) = C̆[0,∞)

K;𝝁𝑳
( 𝑓 ) for

any 𝑡 > 0 sufficiently large. Now, by the definition of 𝑓𝑡 in (88) and C̆[0,𝑡 ]
K;𝝁𝑳

in (30),

C̆[0,𝑡 ]
K;𝝁𝑳
( 𝑓𝑡 ) =

1∏
𝒋∈P𝑑 K𝒋!

·
∫

𝑓

(
𝜙inv
𝑡

(
𝝁𝑳1 +

∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,𝑡 ]

))
(96)

?
𝒋∈P𝑑

?
𝑘∈[K𝒋 ]

(
(C𝒋 × L (0,𝑡 ) )

(
𝑑 (𝒘 𝒋 ,𝑘 , 𝑡 𝒋 ,𝑘)

))
=

1∏
𝒋∈P𝑑 K𝒋!

·
∫

𝑓

(
𝜙inv
𝑡

(
𝝁𝑳1 +

∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,𝑡 ]

))
· I

{
𝑡 𝒋 ,𝑘 < 𝑡 ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋]

} ?
𝒋∈P𝑑

?
𝑘∈[K𝒋 ]

(
(C𝒋 × L (0,∞) )

(
𝑑 (𝒘 𝒋 ,𝑘 , 𝑡 𝒋 ,𝑘)

))
,

where L𝐼 is the Lebesgue measure restricted on interval 𝐼. Furthermore, for 𝐵 = supp( 𝑓 ), by part (𝑖)
of Lemma D.1, there exists some 𝑇 ∈ (0,∞) such that the following claim holds: for any piece-wise
linear function 𝜉 ∈ D[0,∞) of the form 𝜉 (𝑡) = 𝝁𝑳𝑡 +

∑
𝒋∈P𝑑

∑K𝒋

𝑘=1 𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,∞) (𝑡) with 𝒘 𝒋 ,𝑘 ∈ R𝑑 ( 𝒋)
for each 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋], we have

𝜉 ∈ 𝐵 =⇒ 𝑡 𝒋 ,𝑘 < 𝑇 ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋] . (97)

Therefore, provided that 𝒘 𝒋 ,𝑘 ∈ R𝑑 ( 𝒋) for each 𝒋 ∈ P𝑑 and 𝑘 ∈ [K𝒋], given any 𝑡 > 𝑇 we have

𝑓

(
𝜙inv
𝑡

(
𝝁𝑳1 +

∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,𝑡 ]

))
· I

{
𝑡 𝒋 ,𝑘 < 𝑡 ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋]

}
= 𝑓

(
𝝁𝑳1 +

∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,∞)

)
· I

{
𝑡 𝒋 ,𝑘 < 𝑡 ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋]

}
by (88),

= 𝑓

(
𝝁𝑳1 +

∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,∞)

)
due to (97) and 𝐵 = supp( 𝑓 ).
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Also, by theMHRV condition of Assumption 5, for each 𝒋 ∈ P𝑑 the measure C𝒋 (·) is supported on
R𝑑 ( 𝒋) (see also Section 2.2). Then, in (96), it holds for any 𝑡 > 𝑇 that

C̆[0,𝑡 ]
K;𝝁𝑳
( 𝑓𝑡 )

=
1∏

𝒋∈P𝑑 K𝒋!
·
∫

𝑓

(
𝝁𝑳1 +

∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,∞)

) ?
𝒋∈P𝑑

?
𝑘∈[K𝒋 ]

(
(C𝒋 × L (0,∞) )

(
𝑑 (𝒘 𝒋 ,𝑘 , 𝑡 𝒋 ,𝑘)

))
= C̆[0,∞)

K;𝝁𝑳
( 𝑓 ).

This concludes the proof of Claim (94).

Proof of Claim (95). By the definition of the projection mapping 𝜙𝑡 in (43), for any 𝑡′ > 𝑡 > 0 we have{
𝑳̄ [0,𝑡 ]𝑛 ∈ 𝜙𝑡 (𝐵)

}
⊇

{
𝑳̄ [0,𝑡

′ ]
𝑛 ∈ 𝜙𝑡 ′ (𝐵)

}
. This monotonicity w.r.t. 𝑡 implies that, to prove Claim (95), it

suffices to find 𝑇 ∈ (0,∞) such that

lim sup
𝑛→∞

P( 𝑳̄ [0,𝑇 ]𝑛 ∈ 𝜙𝑇 (𝐵))
𝜆̆𝒌 (𝑛)

<∞. (98)

Since 𝐵 = supp( 𝑓 ) is bounded away from D̆𝜖⩽𝒌;𝝁𝑳
[0,∞) under 𝒅 [0,∞)

𝐽1
for some 𝜖 > 0, Lemma D.2

shows that 𝜙𝑇 (𝐵) is bounded away from D̆𝜖⩽𝒌;𝝁𝑳
[0,𝑇] under 𝒅 [0,𝑇 ]

𝐽1
for any 𝑇 > 0 large enough.

Claim (98) then follows from the finite upper bound in Claim (39) of Theorem 3.2.

D.2. Proof of Proposition 3.4

To rigorously explain the coupling between the Hawkes process 𝑵(𝑡) and the compound Poisson pro-
cess 𝑳(𝑡) in (52), we first review the cluster representation of Hawkes processes, which reveals the
underlying branching structure in 𝑵(𝑡). Intuitively speaking, the cluster representation shows that the
Hawkes process 𝑵(𝑡) can be constructed by first generating a sequence of “immigrants” (i.e., points of
the 0th generation) arriving at Poisson rates 𝑐𝑖 and then, iteratively, letting each generation of points
to give birth to the next generation of descendants. In particular, any type- 𝑗 point gives birth to type-𝑖
points according to an inhomogeneous Poisson processes with rates determined by 𝐵̃𝑖← 𝑗 𝑓𝑖← 𝑗 (·). This
approach was first introduced in [4] in the univariate setting. See also Chapter 4 of [6] and Examples
6.3(c) and 6.4(c) of [3] for a treatment in the multivariate setting.

Appealing to the more general framework of Poisson cluster processes, we start by constructing a
point process that identifies the centers of each cluster, and then augment each center with a separate
point process representing the arrival times and types of the offspring in this cluster. First, we define a
point process in the space 𝑵C (·) in [0,∞) × [𝑑], where the superscript C denotes “center”. Recall the
positive immigration rates 𝑐𝑖 in (1). Independently for each 𝑗 ∈ [𝑑], generate 0 < 𝑇 C

𝑖;1 < 𝑇
C
𝑖;2 < . . . under

a Poisson process with rate 𝑐𝑖 . Let

𝑵C (·) =def
∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥0

𝜹 (𝑇C
𝑗;𝑘 , 𝑗 )
(·), (99)

where 𝜹𝑥 denotes the Dirac measure at 𝑥. This is equivalent to the superposition of several independent
Poisson processes, where each arrival 𝑇 C

𝑗;𝑘 is augmented with a marker 𝑗 to denote its type.
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Next, we associate each point (𝑇 C
𝑗;𝑘 , 𝑗) in the center process with an offspring process, which is a

point process in the space [0,∞) × [𝑑] (we use the superscript O to denote “offspring”):

𝑵O(𝑇C
𝑗;𝑘 , 𝑗 )
(·) =

𝐾O (𝑇C
𝑗;𝑘 , 𝑗 )∑︁

𝑚=0

𝜹 (𝑇O
𝑗;𝑘 (𝑚) ,𝐴

O
𝑗;𝑘 (𝑚) )

(·). (100)

In particular, each 𝑵O
(𝑇C

𝑗;𝑘 , 𝑗 )
(·) is an independent copy of a point process 𝐶O

𝑗
, whose law is described

by the following iterative procedure.

Definition D.4 (Offspring Cluster Process 𝐶O
𝑗

). For each 𝑗 ∈ [𝑑], the point process 𝐶O
𝑗
(·) in the

space [0,∞) × [𝑑] is defined as follows.

(i) (Ancestor Immigrant) In this procedure, we use 𝑅 (𝑛); 𝑗
𝑖

to denote the number of type-𝑖 individ-

uals in the 𝑛th generation of the cluster 𝐶O
𝑗

, and 𝑇 (𝑛); 𝑗
𝑖
(𝑘) for the time between the arrival of the

ancestor of the cluster and the birth of the 𝑘 th type-𝑖 individual in the 𝑛th generation. Specifically,
let 𝑅 (0); 𝑗

𝑗
= 1 and 𝑅 (0); 𝑗

𝑖
= 0 for each 𝑖 ∈ [𝑑], 𝑖 ≠ 𝑗 , which represents that the type- 𝑗 ancestor is

the only member in the 0th generation of this cluster. Besides, we set 𝑇 (0); 𝑗
𝑗
(1) = 0.

(ii) (Offspring in the 𝑛th generation) Iteratively, do the following for 𝑛 = 1,2, . . ., until we arrive
at some 𝑛 such that 𝑅 (𝑛−1); 𝑗

𝑖
= 0 for any 𝑖 ∈ [𝑑]. For any 𝑙 ∈ [𝑑] with 𝑅

(𝑛−1); 𝑗
𝑙

≥ 1, and any

𝑚 ∈ [𝑅 (𝑛−1); 𝑗
𝑙

], independently for each 𝑖 ∈ [𝑑], generate the sequence
(
𝑇
(𝑛,𝑚); 𝑗
𝑖←𝑙 (𝑘)

)
𝑘

according
to an inhomogeneous Poisson process with rate

𝐵̃𝑖←𝑙 𝑓𝑖←𝑙
(
· −𝑇 (𝑛−1); 𝑗

𝑙
(𝑚)

)
. (101)

Here, by sampling under the rate in (101), we mean the following.

• First, generate an independent copy of 𝐵̃𝑖←𝑙 . Conditioning on 𝐵̃𝑖←𝑙 = 𝑏 for some 𝑏 ≥ 0,
generate 𝐵 (𝑛,𝑚); 𝑗

𝑖←𝑙 —the count of type-𝑖 children (in the 𝑛th generation) born by the 𝑚th type-

𝑙 individual in the (𝑛 − 1)thgeneration—by 𝐵 (𝑛,𝑚); 𝑗
𝑖←𝑙 ∼ Poisson

(
𝑏 · 𝜇𝑖←𝑙

)
, with 𝜇𝑖←𝑙 defined

in (12).
• Next, let 𝑡𝑘 be i.i.d. copies under the law with density 𝑓𝑖←𝑙 (·)/𝜇𝑖←𝑙 . Let 𝑇 (𝑛,𝑚); 𝑗

𝑖←𝑙 (𝑘) =
𝑡𝑘 +𝑇 (𝑛−1); 𝑗

𝑙
(𝑚) for each 𝑘 ∈ [𝐵 (𝑛,𝑚); 𝑗

𝑖← 𝑗 ].

Then, given 𝑖 ∈ [𝑑], by ordering the arrival times 𝑇 (𝑛,𝑚); 𝑗
𝑖←𝑙 (𝑘) across all 𝑙 ∈ [𝑑], 𝑚 ∈ [𝑅 (𝑛−1); 𝑗

𝑙
],

and 𝑘 ∈ [𝐵 (𝑛,𝑚); 𝑗
𝑖←𝑙 ], we get 0 < 𝑇 (𝑛); 𝑗

𝑖
(1) < 𝑇 (𝑛); 𝑗

𝑖
(2) < . . . < 𝑇 (𝑛); 𝑗

𝑖

(
𝑅
(𝑛); 𝑗
𝑖

)
, where we use 𝑅 (𝑛); 𝑗

𝑖

to denote the count of type-𝑖 individuals in the 𝑛th generation. Note that this strictly increasing
sequence is almost surely well-defined (i.e., with no ties) since the law of𝑇 (𝑛,𝑚); 𝑗

𝑖←𝑙 (𝑘) is absolutely
continuous w.r.t. the Lebesgue measure.

(iii) (Definition of the cluster process) Let 𝐾O
𝑗
=
def max{𝑛 ≥ 0 : 𝑅 (𝑛); 𝑗

𝑖
≥ 1 for some 𝑖 ∈ [𝑑]} be the

count of generations in this cluster. W.l.o.g. we set 𝑅 (𝑛); 𝑗
𝑖

= 0 for any 𝑛 ≥ 𝐾O
𝑗
+ 1 and 𝑖 ∈ [𝑑]. The

cluster process is defined by

𝐶O𝑗 (·) =
def

𝐾O
𝑗∑︁

𝑛=0

∑︁
𝑖∈[𝑑 ]

𝑅
(𝑛) ; 𝑗
𝑖∑︁
𝑚=1

𝜹 (𝑇 (𝑛) ; 𝑗
𝑖

(𝑚) ,𝑖) (·). (102)
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In this paper, we work with conditions (see Section 2.3) which ensure that there are almost surely
finitely many points in 𝐶O

𝑗
, and hence the count of points 𝐾O (𝑇 C

𝑗;𝑘 , 𝑗) is almost surely finite in (100).

Define the time-shift operator 𝜽 𝑡 by 𝜽 𝑡 𝜇(·) =def ∑
𝑘≥1 𝜹 (𝑡𝑘+𝑡 ,𝑎𝑘 ) (·) for any 𝑡 ≥ 0 and point process

𝜇(·) = ∑
𝑘≥1 𝜹 (𝑡𝑘 ,𝑎𝑘 ) . Augmenting the center process 𝑵C with each offspring cluster 𝑵O

(𝑇C
𝑗;𝑘 , 𝑗 )

, we

obtain a point process

𝑵(·) =def
∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥0

𝜽
𝑇C
𝑗;𝑘
𝑵O(𝑇C

𝑗;𝑘 , 𝑗 )
(·) =

∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥0

𝐾O (𝑇C
𝑗;𝑘 , 𝑗 )∑︁

𝑚=0

𝜹 (𝑇C
𝑗;𝑘+𝑇

O
𝑗;𝑘 (𝑚) ,𝐴

O
𝑗;𝑘 (𝑚) )

(·). (103)

For each 𝑡 ≥ 0 and 𝑖 ∈ [𝑑], we define the counting process

𝑁𝑖 (𝑡) =def 𝑵
(
[0, 𝑡] × {𝑖}

)
=

∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥0

𝐾O (𝑇C
𝑗;𝑘 , 𝑗 )∑︁

𝑚=0

I

{
𝑇 C
𝑗;𝑘 +𝑇

O
𝑗;𝑘 (𝑚) ≤ 𝑡, 𝐴

O
𝑗;𝑘 (𝑚) = 𝑖

}
. (104)

Under the sub-criticality condition regarding the offspring distributions (i.e., Assumption 1), it has
been shown in [3,4] that the definitions in (99)–(104) using the cluster representation agree with Defi-
nition 1.1.

We formally define the size of the offspring cluster processes 𝐶O
𝑗

. Using notations in Definition D.4,
we define (for each 𝑗 ∈ [𝑑])

𝑆𝑖← 𝑗 =
def

∑︁
𝑛≥0

𝑅
(𝑛); 𝑗
𝑖

, 𝑺 𝑗 =
def (𝑆1← 𝑗 , 𝑆2← 𝑗 , . . . , 𝑆𝑑← 𝑗 )⊤. (105)

That is, 𝑺 𝑗 is the size vector of the offspring cluster process CO
𝑗
(·) induced by a type- 𝑗 ancestor,

with each element 𝑆𝑖← 𝑗 representing the count of type-𝑖 points in the cluster. Under the law of 𝐶O
𝑗
(·)

specified above, the vectors 𝑺 𝑗 solve the distributional fixed-point equations (2), under the offspring
distributions (𝐵𝑖← 𝑗 )𝑖∈[𝑑 ] stated in (11).

Meanwhile, using notations in (100), we denote the size vector of cluster 𝑵O
(𝑇C

𝑗;𝑘 , 𝑗 )
by

𝑆
(𝑘 )
𝑖← 𝑗 =

def
∑︁
𝑚≥0

I

{
𝐴O
𝑗;𝑘 (𝑚) = 𝑖

}
, 𝑺 (𝑘 )

𝑗
=
def

(
𝑆
(𝑘 )
1← 𝑗 , 𝑆

(𝑘 )
2← 𝑗 , . . . , 𝑆

(𝑘 )
𝑑← 𝑗

)⊤
. (106)

By definition,
(
𝑺 (𝑘 )
𝑗

)
𝑘≥1 are i.i.d. copies of the 𝑺 𝑗 defined in (105), and hence exhibit theMHRV∗

tail asymptotics characterized in Theorem 2.6.
In the construction of 𝑳(𝑡) in (52), let 𝑺 (𝑘 )

𝑗
be defined as in (106). Now, Proposition 3.4 is an

immediate consequence of the construction of the compound Poisson process 𝑳(𝑡) in (52) and the tail
asymptotics of Hawkes process clusters established in Theorem 2.6.

Proof of Proposition 3.4. Note that 𝑳(𝑡) is the superposition of a sequence of independent compound
Poisson processes. That is, 𝑳(𝑡) =∑

𝑗∈[𝑑 ] 𝑳 ·← 𝑗 (𝑡), where

𝑳 ·← 𝑗 (𝑡) =def
∑︁
𝑘≥0

𝑺 (𝑘 )
𝑗

I[𝑇C
𝑗;𝑘 ,∞)

(𝑡), ∀ 𝑗 ∈ [𝑑],
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the (𝑇 C
𝑗;𝑘)𝑘≥1 is a sequence generated by a Poisson process on (0,∞) with a constant rate 𝑐 𝑗 , and

(𝑺 (𝑘 )
𝑗
)𝑘≥1 are i.i.d. copies of 𝑺 𝑗 . In other words, 𝑳 ·← 𝑗 (𝑡) is a Lévy process with generating triplet

(0,0, 𝜈 𝑗 ), where the Lévy measure is 𝜈 𝑗 (·) = 𝑐 𝑗 · P(𝑺 𝑗 ∈ · ). Therefore, Claim (53) follows from
𝑳(𝑡) =∑

𝑗∈[𝑑 ] 𝑳 ·← 𝑗 (𝑡). Next, by Theorem 2.6,

𝜈𝑖 ∈MHRV∗
(
( 𝒔̄ 𝑗 ) 𝑗∈[𝑑 ] ,

(
𝛼( 𝒋)

)
𝒋⊆[𝑑 ] , (𝜆 𝒋) 𝒋∈P𝑑 ,

(
𝑐𝑖 ·C𝒋

𝑖

)
𝒋∈P𝑑

)
, ∀𝑖 ∈ [𝑑] .

Then, the MHRV∗ tail condition of 𝜈 =
∑
𝑖∈[𝑑 ] 𝜈𝑖 claimed in (54) follows from Definition 2.4 for

MHRV∗, as well as the definition of C𝒋 =
∑
𝑖∈[𝑑 ] 𝑐𝑖 ·C

𝒋
𝑖

in (45).

D.3. Proof of Proposition 3.5

To prove Proposition 3.5, we prepare a few lemmas. First, we decompose 𝑳(𝑡) in (52) into processes
constructed by “large” clusters and “small” clusters separately. For each 𝛿,𝑇 > 0 and 𝑛 ≥ 1, let

𝑳̄
>𝛿
𝑛 (𝑡) =

def 1
𝑛

∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥0

𝑺 (𝑘 )
𝑗

I

{ 


𝑺 (𝑘 )𝑗 


 > 𝑛𝛿} · I[𝑇C
𝑗;𝑘 ,∞)

(𝑛𝑡), (107)

𝑳̄
⩽𝛿
𝑛 (𝑡) =

def 𝑳̄𝑛 (𝑡) − 𝑳̄
>𝛿
𝑛 (𝑡) =

1
𝑛

∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥0

𝑺 (𝑘 )
𝑗

I

{ 


𝑺 (𝑘 )𝑗 


 ≤ 𝑛𝛿} · I[𝑇C
𝑗;𝑘 ,∞)

(𝑛𝑡). (108)

We also define the (scaled) sample paths

𝑳̄
>𝛿;[0,𝑇 ]
𝑛 =

def {𝑳̄>𝛿𝑛 (𝑡) : 𝑡 ∈ [0,𝑇]
}
, 𝑳̄

>𝛿;[0,∞)
𝑛 =

def {𝑳̄>𝛿𝑛 (𝑡) : 𝑡 ≥ 0
}
, (109)

and adopt notations 𝑳̄
⩽𝛿;[0,𝑇 ]
𝑛 and 𝑳̄

⩽𝛿;[0,∞)
𝑛 analogously. Recall that 1(𝑡) = 𝑡 is the linear function

with slope 1, and that E𝑳(1) = 𝝁𝑵 (see (47)). The next lemma establishes the asymptotic equivalence
between 𝑳̄ [0,∞)𝑛 and 𝑳̄

>𝛿;[0,∞)
𝑛 + 𝝁𝑵1 under 𝒅 [0,∞)P .

Lemma D.5. Let Assumptions 1–4 hold. For any Δ, 𝛽 > 0,

lim
𝑛→∞

𝑛𝛽 · P
(
𝒅 [0,∞)P

(
𝑳̄ [0,∞)𝑛 , 𝑳̄

>𝛿;[0,∞)
𝑛 + 𝝁𝑵1

)
> Δ

)
= 0, ∀𝛿 > 0 small enough.

Proof. Fix 𝑇 > 0 large enough such that 𝑒−𝑇 < Δ/2. Note that∫
𝑡>𝑇

𝑒−𝑡 ·
[
𝒅 [0,𝑡 ]P

(
𝜙𝑡

(
𝜉 (1) ), 𝜙𝑡

(
𝜉 (2)

) )
∧ 1

]
𝑑𝑡 ≤ 𝑒−𝑇 < Δ/2, ∀𝜉 (1) , 𝜉 (2) ∈ D[0,∞).

Besides , for each 𝑡 ∈ [0,𝑇], the metric 𝒅 [0,𝑡 ]P is bounded by the uniform metric on D[0, 𝑡]. Therefore,
it suffices to show that

P
(

sup
𝑡∈[0,𝑇 ]




𝑳̄𝑛 (𝑡) − (
𝑳̄
>𝛿
𝑛 (𝑡) + 𝝁𝑵 𝑡

)


 > Δ/2
)
= o(𝑛−𝛽), ∀𝛿 > 0 small enough. (110)
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To proceed, let (for each 𝑘 ≥ 1)

𝜏>𝛿𝑛 (𝑘) =
def {

𝑡 > 𝜏>𝛿𝑛 (𝑘 − 1) : Δ𝑳̄
>𝛿 (𝑡) ≠ 0

}
=

{
𝑡 > 𝜏>𝛿𝑛 (𝑘 − 1) :



Δ𝑳̄(𝑡)

 > 𝛿} (111)

be the arrival time of the 𝑘 th large jump in 𝑳̄𝑛 (𝑡), under the convention that 𝜏>𝛿𝑛 (0) = 0. Meanwhile,
for any non-negative integer 𝐾 , on the event

{
𝜏>𝛿𝑛 (𝐾 + 1) > 𝑇

}
(meaning that there are at most 𝐾 large

jumps in 𝑳̄𝑛 (𝑡) during 𝑡 ∈ [0,𝑇]), note that

sup
𝑡∈[0,𝑇 ]




𝑳̄𝑛 (𝑡) − (
𝑳̄
>𝛿
𝑛 (𝑡) + 𝝁𝑵 𝑡

)



= sup
𝑡∈[0,𝑇 ]




𝑳̄⩽𝛿 (𝑡) − 𝜇𝑵 𝑡



 see (108)

≤
𝐾+1∑︁
𝑘=1

sup
𝑡∈[𝜏>𝛿

𝑛 (𝑘−1) ,𝜏>𝛿
𝑛 (𝑘 ) )∩[0,𝑇 ]




𝑳̄⩽𝛿
𝑛 (𝑡) − 𝝁𝑵 ·

(
𝑡 − 𝜏>𝛿𝑛 (𝑘 − 1)

)
− 𝑳̄

⩽𝛿
𝑛

(
𝜏>𝛿𝑛 (𝑘 − 1)

)


︸                                                                                                        ︷︷                                                                                                        ︸
=
def
𝑅𝑘 (𝛿 )

.

In the last line of the display above, we applied 𝜏>𝛿𝑛 (𝐾 + 1) > 𝑇 , as well as the fact that 𝑳̄⩽𝛿
𝑛 (𝑡) makes

no jumps at any 𝑡 = 𝜏>𝛿𝑛 (𝑘); see the definitions in (108). Therefore, to prove Claim (110), it suffices to
show the existence of some 𝐾 ∈ N such that

P
(
𝜏>𝛿𝑛 (𝐾 + 1) ≤ 𝑇

)
= o(𝑛−𝛽), ∀𝛿 > 0 sufficiently small, (112)

and that for each 𝑘 ∈ [𝐾 + 1],

P

(
𝑅𝑘 (𝛿) >

Δ

2(𝐾 + 1)

)
= o(𝑛−𝛽), ∀𝛿 > 0 sufficiently small. (113)

Proof of Claim (112). We prove that, for 𝐾 large enough, the claim holds for any 𝛿 > 0. In light of
Proposition 3.4 and the definitions in (107)–(108), 𝑳̄>𝛿 (𝑡) is a Lévy process with generating triplet(
0,0, 𝑛 · 𝜈𝑛

(
· ∩{𝒙 ∈ R𝑑+ : ∥𝒙∥ > 𝛿}

) )
, where 𝜈𝑛 (𝐴) = 𝜈{𝑛𝒙 : 𝒙 ∈ 𝐴}, and 𝜈 is defined in (53),

satisfying theMHRV∗ tail condition in (54). Next, let 𝛼∗ (·) and 𝛼(·) be defined as in (15)–(16), and
let 𝑗∗ =def arg min

𝑗∈[𝑑 ]
𝒄
(
{ 𝑗}

)
= arg min

𝑗∈[𝑑 ]
𝛼∗ ( 𝑗). Note that this argument minimum is unique and 𝛼∗ ( 𝑗∗) > 1

under Assumptions 2 and 4. As a result, R̄𝑑⩽ ({ 𝑗
∗}, 𝜖) = {0} for any 𝜖 > 0. By (9),

lim sup
𝑛→∞

𝑛𝜈𝑛{𝒙 ∈ R𝑑+ : ∥𝒙∥ > 𝛿}
𝑛𝜆{ 𝑗∗ } (𝑛)

<∞, ∀𝛿 > 0, (114)

where 𝜆 𝒋 (𝑛) is defined in (17). This implies 𝑛𝜈𝑛{𝒙 ∈ R𝑑+ : ∥𝒙∥ > 𝛿} = O
(
𝑛𝜆{ 𝑗∗ } (𝑛)

)
as 𝑛→∞. Then,

for any 𝐾 ∈ N,

P
(
𝜏>𝛿𝑛 (𝐾 + 1) ≤ 𝑇

)
= P

(
Poisson

(
𝑛𝜈𝑛{𝒙 ∈ R𝑑+ : ∥𝒙∥ > 𝛿} · 𝑇

)
≥ 𝐾 + 1

)
≤ 𝑇𝐾+1 ·

(
𝑛𝜈𝑛{𝒙 ∈ R𝑑+ : ∥𝒙∥ > 𝛿}

)𝐾+1 due to P
(
Poisson(𝜆) ≥ 𝑘

)
≤ 𝜆𝑘
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= O
( (
𝑛𝜆{ 𝑗∗ } (𝑛)

)𝐾+1) by (114).

Lastly, due to 𝑛𝜆{ 𝑗∗ } (𝑛) ∈ RV−(𝛼∗ ( 𝑗∗ )−1) (𝑛) (see (17)) and 𝛼∗ ( 𝑗∗) > 1, it holds for all 𝐾 large enough
that (𝐾 + 1) ·

(
𝛼∗ ( 𝑗∗) − 1

)
> 𝛽, and hence

(
𝑛𝜆{ 𝑗∗ } (𝑛)

)𝐾+1
= o(𝑛−𝛽). This concludes the proof of

Claim (112).

Proof of Claim (113). By the Markov property at each stopping time 𝜏>𝛿𝑛 (𝑘), it suffices to show that
(for any 𝛿 > 0 small enough),

P

(
sup

𝑡∈[0,𝑇 ]: 𝑡<𝜏>𝛿
𝑛 (1)




𝑳̄⩽𝛿
𝑛 (𝑡) − 𝝁𝑵 𝑡




 > Δ

2(𝐾 + 1)

)
= P

(
sup

𝑡∈[0,𝑇 ]: 𝑡<𝜏>𝛿
𝑛 (1)



𝑳̄𝑛 (𝑡) − 𝝁𝑵 𝑡


 > Δ

2(𝐾 + 1)

)
= o(𝑛−𝛽),

where we applied the fact that 𝑳̄⩽𝛿
𝑛 (𝑡) = 𝑳̄𝑛 (𝑡) for any 𝑡 < 𝜏>𝛿𝑛 (1); see (107)–(108). Besides, recall that

E𝑳(1) = 𝝁𝑵 . Applying Lemma C.4, we conclude the proof of claim (113).

Analogous to Lemma D.5, we decompose the Hawkes process 𝑵(𝑡) by considering the small or
large clusters therein. More precisely, for the scaled process 𝑵̄𝑛 (𝑡) = 𝑵(𝑛𝑡)/𝑛, it follows from the
cluster representation (104) that

𝑁̄𝑛,𝑖 (𝑡) =
1
𝑛

∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥0

𝐾O (𝑇C
𝑗
(𝑘 ) , 𝑗 )∑︁

𝑚=0

I

{
𝑇 C
𝑗;𝑘 +𝑇

O
𝑗;𝑘 (𝑚) ≤ 𝑛𝑡, 𝐴

O
𝑗;𝑘 (𝑚) = 𝑖

}
, ∀𝑡 ≥ 0, 𝑖 ∈ [𝑑],

and 𝑵̄𝑛 (𝑡) =
(
𝑁̄𝑛,1 (𝑡), 𝑁̄𝑛,2 (𝑡), . . . , 𝑁̄𝑛,𝑑 (𝑡)

)⊤. Meanwhile, recall that 𝑺 (𝑘 )
𝑗

is size vector of the cluster

induced by the 𝑘 th type- 𝑗 immigrant (see (106)) and 𝑇 C
𝑗;𝑘 is the arrival time of that immigrant. By

incorporating the cluster size, for each 𝑛 ≥ 1 and 𝛿 > 0 we define

𝑁̄>𝛿𝑛,𝑖 (𝑡) =
def 1
𝑛

∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥0

𝐾O (𝑇C
𝑗
(𝑘 ) , 𝑗 )∑︁

𝑚=0

I

{ 


𝑺 (𝑘 )𝑗 


 > 𝑛𝛿} · I{𝑇 C𝑗;𝑘 +𝑇 O𝑗;𝑘 (𝑚) ≤ 𝑛𝑡, 𝐴O𝑗;𝑘 (𝑚) = 𝑖}, (115)

𝑁̄
⩽𝛿
𝑛,𝑖
(𝑡) =def

𝑁̄𝑛,𝑖 (𝑡) − 𝑁̄>𝛿𝑛,𝑖 (𝑡) (116)

=
1
𝑛

∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥0

𝐾O (𝑇C
𝑗
(𝑘 ) , 𝑗 )∑︁

𝑚=0

I

{ 


𝑺 (𝑘 )𝑗 


 ≤ 𝑛𝛿} · I{𝑇 C𝑗;𝑘 +𝑇 O𝑗;𝑘 (𝑚) ≤ 𝑛𝑡, 𝐴O𝑗;𝑘 (𝑚) = 𝑖},
and 𝑵̄

>𝛿
𝑛 (𝑡) =

def (
𝑁̄>𝛿
𝑛,1 (𝑡), . . . , 𝑁̄

>𝛿
𝑛,𝑑
(𝑡)

)⊤
, 𝑵̄

⩽𝛿
𝑛 (𝑡) =

def (
𝑁̄
⩽𝛿
𝑛,1 (𝑡), . . . , 𝑁̄

⩽𝛿
𝑛,𝑑
(𝑡)

)⊤
. Analogous to (109), we

define

𝑵̄
>𝛿;[0,𝑇 ]
𝑛 =

def {𝑵̄>𝛿𝑛 (𝑡) : 𝑡 ∈ [0,𝑇]
}
, 𝑵̄

>𝛿;[0,∞)
𝑛 =

def {𝑵̄>𝛿𝑛 (𝑡) : 𝑡 ≥ 0
}
. (117)

The proof of the next lemma involves the lifetime of each cluster. Adopting notations in (100), we
use

𝐻
(𝑘 )
𝑗

=
def max
𝑚≥0

𝑇 O
𝑗;𝑘 (𝑚) (118)
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to denote the lifetime of the cluster process 𝑵O
(𝑇C

𝑗
(𝑘 ) , 𝑗 )

(i.e., the gap in the birth times between the

ancestor and the last descendant in this cluster). Similarly, in (102) we use

𝐻 𝑗 =
def max
𝑚≥0, 𝑖∈[𝑑 ]

𝑇
(𝑛); 𝑗
𝑖
(𝑚) (119)

to denote the lifetime of the point process 𝐶O
𝑗

. Since 𝑵O
(𝑇C

𝑗
(𝑘 ) , 𝑗 )

are i.i.d. copies of 𝐶O
𝑗

, the sequence

𝐻
(𝑘 )
𝑗

are also independent copies of 𝐻 𝑗 . Lemma D.6 establishes the asymptotic equivalence between

𝑵̄ [0,∞)𝑛 and 𝑵̄
>𝛿;[0,∞)
𝑛 + 𝝁𝑵1 under 𝒅 [0,∞)P .

Lemma D.6. Let Assumptions 1–4 hold. For any Δ, 𝛽 > 0,

lim
𝑛→∞

𝑛𝛽 · P
(
𝒅 [0,∞)P

(
𝑵̄ [0,∞)𝑛 , 𝑵̄

>𝛿;[0,∞)
𝑛 + 𝝁𝑵1

)
> Δ

)
= 0, ∀𝛿 > 0 small enough.

Proof. The proof is similar to that of Lemma D.5. In particular, by fixing 𝑇 large enough such that
𝑒−𝑇 < Δ/2, it suffices to prove that

P
(

sup
𝑡∈[0,𝑇 ]




𝑵̄𝑛 (𝑡) − (
𝑵̄
>𝛿
𝑛 (𝑡) + 𝝁𝑵 𝑡

)


 > Δ/2
)
= o(𝑛−𝛽), ∀𝛿 > 0 small enough. (120)

First, by comparing the definitions in (108) and (116),

𝑵̄
⩽𝛿
𝑛 (𝑡) ≤ 𝑳̄

⩽𝛿
𝑛 (𝑡), ∀𝛿 > 0, 𝑛 ≥ 1, 𝑡 ≥ 0, (121)

since in 𝑳̄
⩽𝛿
𝑛 (𝑡) we lump all descendants in the same cluster at the arrival time of the immigrant of the

cluster. Here, the order 𝒙 ≤ 𝒚 between two vectors in R𝑑 means that 𝑥𝑖 ≤ 𝑦𝑖 for each 𝑖 ∈ [𝑑]. Next, for
each 𝑀 > 0, let

𝑳 |𝑀 (𝑡) =def
∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥0

𝑺 (𝑘 )
𝑗

I

{
𝐻
(𝑘 )
𝑗
≤ 𝑀

}
· I[𝑇C

𝑗;𝑘 ,∞)
(𝑡).

That is, 𝑳 |𝑀 (𝑡) is a modification of 𝑳(𝑡) in (52) by only considering clusters with lifetime below 𝑀 .
Note that

E
[
𝑳 |𝑀 (1)

]
=

∑︁
𝑗∈[𝑑 ]

𝑐 𝑗 · E
[
𝑺 𝑗I{𝐻 𝑗 ≤ 𝑀}

]
→

∑︁
𝑗∈[𝑑 ]

𝑐 𝑗 · E𝑺 𝑗 = 𝝁𝑵 , as 𝑀→∞, (122)

by the monotone convergence theorem. Besides, for each 𝑛 ≥ 1 and 𝛿 > 0, we define processes

𝑳̄
|𝑀
𝑛 (𝑡) =

def 1
𝑛

∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥0

𝑺 (𝑘 )
𝑗

I
{
𝐻
(𝑘 )
𝑗
≤ 𝑀

}
· I[𝑇C

𝑗;𝑘 ,∞)
(𝑛𝑡),

𝑳̄
⩽𝛿 |𝑀
𝑛 (𝑡) =def 1

𝑛

∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥0

𝑺 (𝑘 )
𝑗

I

{ 


𝑺 (𝑘 )𝑗 


⩽ 𝑛𝛿, 𝐻
(𝑘 )
𝑗
≤ 𝑀

}
· I[𝑇C

𝑗;𝑘 ,∞)
(𝑛𝑡),

which scale both time and space by 𝑛. For any 𝜖, 𝛿 > 0, and any 𝑛 large enough such that 𝑛𝜖 > 𝑀 ,

𝑵̄
⩽𝛿
𝑛 (𝑡) ≥ 𝑳̄

⩽𝛿 |𝑀
𝑛

(
(𝑡 − 𝜖) ∨ 0

)
, ∀𝛿 > 0, 𝑛 ≥ 1, 𝑡 ≥ 0. (123)
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Indeed, for any cluster with its immigrant arriving at 𝑇 C
𝑗;𝑘 ≤ 𝑛(𝑡 − 𝜖) and lifetime 𝐻 (𝑘 )

𝑗
≤ 𝑀 , all the

descendants in this cluster must have arrived by the time 𝑛(𝑡 − 𝜖) + 𝑀 < 𝑛𝑡. Combining (121) and
(123), for any 𝜖, 𝑀, 𝛿 > 0, it holds for all 𝑛 large enough with 𝑛𝜖 > 𝑀 that

𝑳̄
⩽𝛿 |𝑀
𝑛

(
(𝑡 − 𝜖) ∨ 0

)
− 𝝁𝑵 𝑡 ≤ 𝑵̄

⩽𝛿
𝑛 (𝑡) − 𝝁𝑵 𝑡 ≤ 𝑳̄

⩽𝛿
𝑛 (𝑡) − 𝝁𝑵 𝑡, ∀𝑡 ≥ 0

=⇒ sup
𝑡∈[0,𝑇 ]




𝑵̄⩽𝛿
𝑛 (𝑡) − 𝝁𝑵 𝑡




 ≤ sup
𝑡∈[0,𝑇 ]




𝑳̄⩽𝛿
𝑛 (𝑡) − 𝝁𝑵 𝑡




 + sup
𝑡∈[0,𝑇 ]




𝑳̄⩽𝛿 |𝑀
𝑛

(
(𝑡 − 𝜖) ∨ 0

)
− 𝜇𝑵 𝑡




 .
The last step follows from our choice of the 𝐿1 norm and the preliminary bound that 𝑦 ≤ 𝑥 ≤ 𝑧 =⇒
|𝑥 | ≤ |𝑦 | + |𝑧 |. Furthermore, note that

sup
𝑡∈[0,𝑇 ]




𝑳̄⩽𝛿 |𝑀
𝑛

(
(𝑡 − 𝜖) ∨ 0

)
− 𝝁𝑵 𝑡





≤ sup
𝑡∈[0,𝑇 ]




𝑳̄⩽𝛿 |𝑀
𝑛 (𝑡) − 𝑡 · E

[
𝑳 |𝑀 (1)

]


 + 𝜖 

𝝁𝑵



 +𝑇 · 


𝝁𝑵 −E
[
𝑳 |𝑀 (1)

]



≤ sup
𝑡∈[0,𝑇 ]




𝑳̄⩽𝛿 |𝑀
𝑛 (𝑡) − 𝑡 · E

[
𝑳 |𝑀 (1)

]


 + Δ/6 for any 𝜖 small enough and 𝑀 large enough.

The last inequality follows from the limit in (122). Therefore, to prove Claim (120), it suffices to
show that given 𝑀 > 0, the bounds P

(
sup𝑡∈[0,𝑇 ]




𝑳̄⩽𝛿 |𝑀
𝑛 (𝑡) − 𝑡 · E

[
𝑳 |𝑀 (1)

]


 > Δ/6
)
= o(𝑛−𝛽) and

P
(

sup𝑡∈[0,𝑇 ]



𝑳̄⩽𝛿

𝑛 (𝑡) − 𝝁𝑵 𝑡




 > Δ/6
)
= o(𝑛−𝛽) for any 𝛿 > 0 small enough. By repeating the argu-

ments in Lemma D.5 for (110), one can establish both claims above.

To proceed, we prepare Lemma D.7 and characterize the tail asymptotics for 𝐻 𝑗 in (119) (i.e., the
lifetime of clusters).

Lemma D.7. Let Assumptions 1 and 2 hold. Let 𝛽 > 0 and 𝑎 : (0,∞) → (0,∞) be a regularly varying
function with 𝑎(𝑥) ∈ RV−𝛽 (𝑥) as 𝑥→∞. Let 𝑓𝑝←𝑞 (·) be the decay functions in (1). Suppose that∫ ∞

𝑥/log 𝑥
𝑓𝑝←𝑞 (𝑡)𝑑𝑡 = o

(
𝑎(𝑥)

)
as 𝑥→∞, ∀𝑝, 𝑞 ∈ [𝑑] . (124)

Then,

P(𝐻 𝑗 > 𝑛𝜖) = o
(
𝑎(𝑛)

)
as 𝑛→∞, ∀ 𝑗 ∈ [𝑑], 𝜖 > 0. (125)

Proof. In this proof, we fix some 𝜖 > 0 and 𝑗 ∈ [𝑑]. Recall the cluster representation of Hawkes
processes in (99)–(104). The key of this proof is to establish a stochastic comparison of 𝐻 𝑗 , the lifetime
of a cluster CO

𝑗
, which refines the bounds for the lifetime of clusters in [8] by taking the maximum

instead of the sum of the birth times within each generation. To be more specific, we introduce a few
notations. Independently for each pair (𝑖, 𝑙) ∈ [𝑑]2, let

(
𝐵
(𝑛,𝑚); 𝑗
𝑖←𝑙

)
𝑛,𝑚≥1 be the i.i.d. copies of 𝐵𝑖←𝑙 in

(11), i.e., with law

𝐵𝑖←𝑙 ∼ Poisson
(
𝐵̃𝑖←𝑙

∫ ∞

0
𝑓𝑖←𝑙 (𝑡)𝑑𝑡

)
.
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Here, recall that by Poisson(𝑋) for a non-negative variable 𝑋 , we mean the law P
(
Poisson(𝑋) > 𝑦

)
=∫ ∞

0 P
(
Poisson(𝑥) > 𝑦

)
P(𝑋 ∈ 𝑑𝑥). This agrees with the notations in Definition D.4, where we use

𝐵
(𝑛,𝑚); 𝑗
𝑖←𝑙 to denote, in the cluster process 𝐶O

𝑗
(·), the count of type-𝑖 children (in the 𝑛th generation)

born by the 𝑚th type-𝑙 individual in the (𝑛 − 1)th generation. Besides, independent from the sequence(
𝐵
(𝑛,𝑚); 𝑗
𝑖←𝑙

)
𝑛,𝑚≥1 , let

(
𝑋
(𝑛,𝑘,𝑘′ )
𝑖←𝑙

)
𝑛,𝑘,𝑘′≥1 be i.i.d. copies of 𝑋𝑖←𝑙 with law

P(𝑋𝑖←𝑙 ∈ 𝐸) =
∫
𝑡∈𝐸 𝑓𝑖←𝑙 (𝑡)𝑑𝑡∫ ∞
0 𝑓𝑖←𝑙 (𝑡)𝑑𝑡

, ∀ Borel 𝐸 ⊆ (0,∞). (126)

By step (ii) in Definition D.4, we interpret 𝑋 (𝑛,𝑘,𝑘
′ )

𝑖←𝑙 as the time that the 𝑘 th type-𝑙 parent in the (𝑛−1)th
generation waited to give birth to its (𝑘 ′)th type-𝑖 child (here, the children are not ordered by age).

As in Definition D.4, we use 𝑅 (𝑛); 𝑗
𝑖

to denote, in the cluster CO
𝑗

, the count of type-𝑖 descendants in

the (𝑛− 1)th generation, and use the sequence 0 < 𝑇 (𝑛); 𝑗
𝑖
(1) < 𝑇 (𝑛); 𝑗

𝑖
(2) < . . . to denote the birth times

of type-𝑖 descendants in the 𝑛th generation (provided that the cluster does have at least 𝑛 generations
and there are type-𝑖 individuals in the 𝑛th generation). In particular, note that each 𝑇 (𝑛); 𝑗

𝑖
(𝑟) admits the

expression

𝑇
(𝑛); 𝑗
𝑖
(𝑟) = 𝑋 (1,1,𝑘

′
1 )

𝑗1← 𝑗 + 𝑋 (2,𝑘2 ,𝑘
′
2 )

𝑗2← 𝑗1 + . . . + 𝑋 (𝑛,𝑘𝑛 ,𝑘
′
𝑛 )

𝑖← 𝑗𝑛−1
,

where, for the (random) indices, we have 𝑗𝑙 ∈ [𝑑], 𝑘𝑙 ∈
[
𝑅
(𝑙−1); 𝑗
𝑗𝑙−1

]
, and 𝑘 ′

𝑙
∈

[
𝐵
(𝑛,𝑘𝑙−1 ); 𝑗
𝑗𝑙← 𝑗𝑙−1

]
for each 𝑙;

here, note that we must have 𝑗0 ≡ 𝑗 and 𝑘1 ≡ 1, since the only individual in the 0th generation is the
type- 𝑗 ancestor itself. Next, note that

𝑇
(𝑛); 𝑗
𝑖
(𝑟) ≤ 𝑋 (1,1,𝑘

′
1 )

𝑗1← 𝑗 + 𝑋 (2,𝑘2 ,𝑘
′
2 )

𝑗2← 𝑗1 + . . . + 𝑋 (𝑛−1,𝑘𝑛−1 ,𝑘
′
𝑛−1 )

𝑗𝑛−1← 𝑗𝑛−2
+ max
𝑝,𝑞∈[𝑑 ]

max
𝑘∈[𝑅 (𝑛−1) ; 𝑗

𝑝 ]
𝑘′∈[𝐵(𝑛,𝑘) ; 𝑗𝑞←𝑝 ]

𝑋
(𝑛,𝑘,𝑘′ )
𝑞←𝑝

≤
s.t.
𝑋
(1,1,𝑘′1 )
𝑗1← 𝑗 + 𝑋 (2,𝑘2 ,𝑘

′
2 )

𝑗2← 𝑗1 + . . . + 𝑋 (𝑛−1,𝑘𝑛−1 ,𝑘
′
𝑛−1 )

𝑗𝑛−1← 𝑗𝑛−2
+ max
𝑝,𝑞∈[𝑑 ]

max
𝑚∈[𝑅 (𝑛) ; 𝑗𝑞 ]

𝑋
(𝑚)
𝑞←𝑝

≤ 𝑋 (1,1,𝑘
′
1 )

𝑗1← 𝑗 + 𝑋 (2,𝑘2 ,𝑘
′
2 )

𝑗2← 𝑗1 + . . . + 𝑋 (𝑛−1,𝑘𝑛−1 ,𝑘
′
𝑛−1 )

𝑗𝑛−1← 𝑗𝑛−2
+ max
𝑝,𝑞∈[𝑑 ]

max
𝑚≤∑𝑙∈ [𝑑] 𝑅

(𝑛) ; 𝑗
𝑙

𝑋
(𝑚)
𝑞←𝑝 .

In the display above, the stochastic comparison (i.e., the ≤
s.t.

step) holds due to the independence between

the 𝑋 (𝑛,𝑘,𝑘
′ )

𝑞←𝑝 ’s and
(
𝑋
(𝑡 ,𝑘,𝑘′ )
𝑢←𝑣

)
𝑢,𝑣∈[𝑑 ],𝑘≥1,𝑘′≥1,𝑡∈[𝑛−1] , where we use 𝑋 (𝑚)𝑞←𝑝 to denote generic copies of

𝑋𝑞←𝑝 (see (126)) that are independent of the 𝑋 (𝑡 ,𝑘,𝑘
′ )

𝑢←𝑣 ’s. We emphasize that this stochastic comparison
holds due to the independence between the size (i.e., offspring counts) and the birth time distributions
in the cluster. Repeating this argument inductively, we obtain

𝑇
(𝑛); 𝑗
𝑖
(𝑟) ≤

s.t.
𝑛 · max

𝑝,𝑞∈[𝑑 ]
max

1≤𝑚≤∥𝑺 𝑗 ∥
𝑋
(𝑚)
𝑞←𝑝 . (127)

We note that (127) refines the bounds for the lifetime of clusters in [8].
Adopting the notations in Definition D.4, we let 𝐾O

𝑗
= max{𝑛 ≥ 0 : 𝑅

(𝑛); 𝑗
𝑖

≥ 1 for some 𝑖 ∈ [𝑑]}
be the total count of generations in this cluster. Besides, we use 𝑅 (𝑛); 𝑗 =def ∑

𝑖∈[𝑑 ] 𝑅
(𝑛); 𝑗
𝑖

to denote the
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offspring count in the 𝑛th generation of the cluster process 𝐶O
𝑗
(·). By (127), for any 𝑐1 > 0 we have

P(𝐻 𝑗 > 𝑛𝜖) ≤ P(𝐾O𝑗 ≥ 𝑐1 log𝑛) + P
(

max
𝑝,𝑞∈[𝑑 ]

max
1≤𝑚≤∥𝑺 𝑗 ∥

𝑋
(𝑚)
𝑝←𝑞 >

𝑛𝜖

𝑐1 log𝑛

)
≤ P(𝐾O𝑗 ≥ 𝑐1 log𝑛) +

∑︁
𝑝,𝑞∈[𝑑 ]

P
(

max
1≤𝑚≤∥𝑺 𝑗 ∥

𝑋
(𝑚)
𝑝←𝑞 >

𝑛𝜖

𝑐1 log𝑛

)
.

To prove (125), it suffices to find some constant 𝑐1 > 0 (depending only on 𝛽 and 𝑗) such that

P(𝐾O𝑗 ≥ 𝑐1 log𝑛) = o
(
𝑎(𝑛)

)
as 𝑛→∞, (128)

and that

P
(

max
1≤𝑚≤∥𝑺 𝑗 ∥

𝑋
(𝑚)
𝑝←𝑞 >

𝑛𝜖

𝑐1 log𝑛

)
= o

(
𝑎(𝑛)

)
as 𝑛→∞, ∀(𝑝, 𝑞) ∈ [𝑑]2. (129)

Proof of Claim (128). We fix some 𝛼̃ ∈ (1,min𝑝,𝑞 𝛼𝑝←𝑞). By Assumption 2, we have E[𝐵̃ 𝛼̃𝑝←𝑞] <∞.
Under this condition and Assumption 1, it has been established in Section 3 of [5] (in particular, see
Equation (6) in the paper and the discussion below) that

E
[
(𝑅 (𝑘 ); 𝑗 ) 𝛼̃

]
≤ 𝑐0𝑣

𝑘 , ∀𝑘 ≥ 1,

for some 𝑐0 ∈ (0,∞) and 𝑣 ∈ (0,1) whose values only depend on the law of the 𝐵̃𝑝,𝑞’s. Then, by
Markov’s inequality,

P(𝐾O𝑗 ≥ 𝑘) = P
(
𝑅 (𝑘 ); 𝑗 > 0

)
= P

(
𝑅 (𝑘 ); 𝑗 ≥ 1

)
≤ 𝑐0𝑣

𝑘 , ∀𝑘 ≥ 1.

By picking 𝑐1 > 0 large enough such that 𝑐1 log(𝑣) < −𝛽, we get

P(𝐾O𝑗 ≥ 𝑐1 log𝑛) ≤ 𝑐0 · 𝜈𝑐1 log(𝑛) = 𝑐0 · 𝑛𝑐1 log(𝜈) = o
(
𝑎(𝑛)

)
due to 𝑎(𝑛) ∈ RV−𝛽 (𝑛). This verifies Claim (128).

Proof of Claim (129). Since the 𝑋 (𝑚)𝑝←𝑞’s are independent of the 𝑋 (𝑛,𝑘,𝑘
′ )

𝑝←𝑞 and 𝑅 (𝑛); 𝑗𝑝 (and hence the
cluster CO

𝑗
and the cluster size vector 𝑺 𝑗 ),

P
(

max
1≤𝑚≤∥𝑺 𝑗 ∥

𝑋
(𝑚)
𝑝←𝑞 >

𝑛𝜖

𝑐1 log𝑛

)
=

∑︁
𝑘≥1

P
(

max
𝑚∈[𝑘 ]

𝑋
(𝑚)
𝑝←𝑞 >

𝑛𝜖

𝑐1 log𝑛

)
P(



𝑺 𝑗

 = 𝑘)
≤

∑︁
𝑘≥1

𝑘 · P
(
𝑋𝑝←𝑞 >

𝑛𝜖

𝑐1 log𝑛

)
· P(



𝑺 𝑗

 = 𝑘)
= E

[ 

𝑺 𝑗

 ]
· P

(
𝑋𝑝←𝑞 >

𝑛𝜖

𝑐1 log𝑛

)
=

E


𝑺 𝑗

∫ ∞

0 𝑓𝑝←𝑞 (𝑡)𝑑𝑡
·
∫
𝑡>𝑛𝜖 /(𝑐1 log𝑛)

𝑓𝑝←𝑞 (𝑡)𝑑𝑡 by (126)

= o
(
𝑎(𝑛)

)
due to (124).
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This concludes the proof of Claim (129).

We prepare a lemma studying the distance between step functions under the metric 𝒅 [0,𝑇 ]P in (42).

Lemma D.8. Let 𝑇 ∈ (0,∞), 𝑘, 𝑘 ′ ∈ N, 𝜖 > 0, and 𝜉, 𝜉′ ∈ D[0,𝑇] =D
(
[0,𝑇],R𝑑

)
. Suppose that

• 𝜉 is a non-decreasing step function with 𝑘 jumps and vanishes at the origin; i.e., 𝜉 (𝑡) =∑𝑘
𝑖=1 𝒘𝑖I[𝑡𝑖 ,𝑇 ] (𝑡) ∀𝑡 ∈ [0,𝑇], where 𝒘𝑖 ∈ R𝑑+ \ {0} for each 𝑖 ∈ [𝑘] and 0 < 𝑡1 < . . . < 𝑡𝑘 = 𝑇;

• 𝜉′ is a non-decreasing step function with 𝑘 ′ jumps and vanishes at the origin;
• 𝜉

(
(𝑡 − 𝜖) ∨ 0

)
≤ 𝜉′ (𝑡) ≤ 𝜉 (𝑡) for each 𝑡 ∈ [0,𝑇].

Then, for any 𝑡 ∈ (0,𝑇] such that 𝑡𝑖 ∉ [𝑡 − 𝜖, 𝑡] ∀𝑖 ∈ [𝑘] (i.e., 𝜉 (·) remains constant over [(𝑡 − 𝜖) ∨ 0, 𝑡]),

𝒅 [0,𝑡 ]P (𝜉, 𝜉
′) ≤ 𝜖 .

Proof. We write 𝜉 (𝑡) = (𝜉1 (𝑡), . . . , 𝜉𝑑 (𝑡)
)⊤ and 𝜉′ (𝑡) = (𝜉′1 (𝑡), . . . , 𝜉

′
𝑑
(𝑡)

)⊤. Let 𝐼 = {𝑡 ∈ (0,𝑇] : 𝑡𝑖 ∉
[𝑡, 𝑡+𝜖] ∀𝑖 ∈ [𝑘]}. By definition of the product 𝑀1 metric in (42), it suffices to show that 𝒅 [0,𝑡 ]

𝑀1
(𝜉𝑖 , 𝜉′𝑖 ) ≤

𝜖 for each 𝑖 ∈ [𝑑] and 𝑡 ∈ 𝐼, where 𝒅 [0,𝑡 ]
𝑀1

is the 𝑀1 metric for R-valued càdlàg paths; see (41). As a result,
it suffices to prove the claim for R-valued càdlàg paths. More specifically, let 𝑇 ∈ (0,∞), 𝑘, 𝑘 ′ ∈ Z+,
𝜖 > 0, and 𝑥, 𝑦 ∈ D

(
[0,𝑇],R

)
, and suppose that

• 𝑥 is a non-decreasing step function with 𝑘 jumps and vanishes at the origin,
• 𝑦 is a non-decreasing step function with 𝑘 ′ jumps and vanishes at the origin,
• and 𝑥

(
(𝑡 − 𝜖) ∨ 0

)
≤ 𝑦(𝑡) ≤ 𝑥(𝑡) for each 𝑡 ∈ [0,𝑇].

It suffices to fix some 𝑡 ∈ (0,𝑇] such that Δ𝑥(𝑢) = 0 for each 𝑢 ∈ [(𝑡 − 𝜖) ∨ 0, 𝑡], and show that

𝒅 [0,𝑡 ]
𝑀1
(𝑥, 𝑦) ≤ 𝜖 . (130)

Since both 𝑥 and 𝑦 are non-decreasing step functions over [0, 𝑡], there exist some 𝑘∗ ∈ Z+ and a se-
quence 0 = 𝑧0 < 𝑧1 < 𝑧2 < . . . < 𝑧𝑘∗ such that{

𝑧 ∈ [0,∞) : 𝑧 = 𝑥(𝑢) or 𝑦(𝑢) for some 𝑢 ∈ [0, 𝑡]
}
= {𝑧0, 𝑧1, . . . , 𝑧𝑘∗ }.

For each 𝑙 ∈ [𝑘∗], let

𝑡𝑥𝑙 =
def min{𝑢 ≥ 0 : 𝑥(𝑢) ≥ 𝑧𝑙}, 𝑡

𝑦

𝑙
=
def min{𝑢 ≥ 0 : 𝑦(𝑢) ≥ 𝑧𝑙}

be the first time 𝑥(𝑢) (resp., 𝑦(𝑢)) crosses the level of 𝑧𝑙 . Due to 𝑥
(
(𝑢 − 𝜖) ∨ 0

)
≤ 𝑦(𝑢) ≤ 𝑥(𝑢) for each

𝑢 ∈ [0, 𝑡], we have

𝑡
𝑦

𝑙
− 𝜖 ≤ 𝑡𝑥𝑙 ≤ 𝑡

𝑦

𝑙
, ∀𝑙 ∈ [𝑘∗] . (131)

Also, since Δ𝑥(𝑢) = 0 for each 𝑢 ∈ [(𝑡 − 𝜖) ∨ 0, 𝑡], we know that the value of the step function 𝑥(·)
remains constant over [(𝑡 − 𝜖) ∨ 0, 𝑡]. Then by 𝑥

(
(𝑡 − 𝜖) ∨ 0

)
≤ 𝑦(𝑡) ≤ 𝑥(𝑡), at the right endpoint of the

time interval [0, 𝑡] we have

𝑥(𝑡) = 𝑦(𝑡) = 𝑧𝑘∗ . (132)

Now, we prove Claim (130) by constructing suitable parametric representations for paths 𝑥 and 𝑦.
First, for the path 𝑥, we adopt the convention 𝑡𝑥0 = 0, and define

(
𝑢𝑥 (𝑤), 𝑠𝑥 (𝑤)

)
such that (for each
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𝑙 ∈ [𝑘∗]) over the interval 𝑤 ∈
[ 2(𝑙−1)

2𝑘∗+1 ,
2𝑙

2𝑘∗+1
)
, the parametric representation (𝑢𝑥 , 𝑠𝑥) spends half of the

time moving uniformly and horizontally from (𝑡𝑥
𝑙−1, 𝑧𝑙−1) to (𝑡𝑥

𝑙
, 𝑧𝑙−1) over the connected graph of 𝑥,

and then spends the other half time moving uniformly and vertically from (𝑡𝑥
𝑙
, 𝑧𝑙−1) to (𝑡𝑥

𝑙
, 𝑧𝑙). More

precisely, for each 𝑙 ∈ [𝑘∗], let

𝑢𝑥 (𝑤) =def


𝑡𝑥
𝑙−1 + (𝑡

𝑥
𝑙 − 𝑡

𝑥
𝑙−1) ·

[
(2𝑘∗ + 1)𝑤 − 2(𝑙 − 1)

]
if 𝑤 ∈

[
2(𝑙 − 1)
2𝑘∗ + 1

,
2(𝑙 − 1) + 1

2𝑘∗ + 1

)
𝑡𝑥𝑙 if 𝑤 ∈

[
2(𝑙 − 1) + 1

2𝑘∗ + 1
,

2𝑙
2𝑘∗ + 1

) ,

𝑠𝑥 (𝑤) =def


𝑥
(
𝑢𝑥 (𝑤)

)
= 𝑧𝑙−1 if 𝑤 ∈

[
2(𝑙 − 1)
2𝑘∗ + 1

,
2(𝑙 − 1) + 1

2𝑘∗ + 1

)
𝑧𝑙−1 + (𝑧𝑙 − 𝑧𝑙−1) ·

[
(2𝑘∗ + 1)𝑤 −

(
2(𝑙 − 1) + 1

) ]
if 𝑤 ∈

[
2(𝑙 − 1) + 1

2𝑘∗ + 1
,

2𝑙
2𝑘∗ + 1

) .

By definition, 𝑥(𝑢) remains constant over 𝑢 ∈ [𝑡𝑥
𝑘∗ , 𝑡], so we set

𝑢𝑥 (𝑤) =def
𝑡𝑥𝑘∗ + (𝑡 − 𝑡

𝑥
𝑘∗ ) ·

[
(2𝑘∗ + 1)𝑤 − 2𝑘∗

]
, 𝑠𝑥 (𝑤) =def

𝑧𝑘∗ , ∀𝑤 ∈
[

2𝑘∗

2𝑘∗ + 1
,1

]
.

Here, the choice of 𝑠𝑥 (𝑤) = 𝑧𝑘∗ is valid due to the property (132). Analogously, for the path 𝑦 we define
(for each 𝑙 ∈ [𝑘∗])

𝑢𝑦 (𝑤) =def


𝑡
𝑦

𝑙−1 + (𝑡
𝑦

𝑙
− 𝑡𝑦
𝑙−1) ·

[
(2𝑘∗ + 1)𝑤 − 2(𝑙 − 1)

]
if 𝑤 ∈

[
2(𝑙 − 1)
2𝑘∗ + 1

,
2(𝑙 − 1) + 1

2𝑘∗ + 1

)
𝑡
𝑦

𝑙
if 𝑤 ∈

[
2(𝑙 − 1) + 1

2𝑘∗ + 1
,

2𝑙
2𝑘∗ + 1

) ,

𝑠𝑦 (𝑤) =def


𝑦
(
𝑢𝑦 (𝑤)

)
= 𝑧𝑙−1 if 𝑤 ∈

[
2(𝑙 − 1)
2𝑘∗ + 1

,
2(𝑙 − 1) + 1

2𝑘∗ + 1

)
𝑧𝑙−1 + (𝑧𝑙 − 𝑧𝑙−1) ·

[
(2𝑘∗ + 1)𝑤 −

(
2(𝑙 − 1) + 1

) ]
if 𝑤 ∈

[
2(𝑙 − 1) + 1

2𝑘∗ + 1
,

2𝑙
2𝑘∗ + 1

) ,

and due to 𝑦(𝑢) ≡ 𝑧𝑘∗ for any 𝑢 ∈ [𝑡𝑦
𝑘∗ , 𝑡] (see (132)), we set

𝑢𝑦 (𝑤) =def
𝑡
𝑦

𝑘∗ + (𝑡 − 𝑡
𝑦

𝑘∗ ) ·
[
(2𝑘∗ + 1)𝑤 − 2𝑘∗

]
, 𝑠𝑦 (𝑤) =def

𝑧𝑘∗ , ∀𝑤 ∈
[

2𝑘∗

2𝑘∗ + 1
,1

]
.

Lastly, by our construction of the parametric representations (𝑢𝑥 , 𝑠𝑥) and (𝑢𝑦 , 𝑠𝑦), we have 𝑠𝑦 (𝑤) =
𝑠𝑥 (𝑤) for any 𝑤 ∈ [0,1], and sup𝑤∈[0,1] |𝑢𝑥 (𝑤) − 𝑢𝑦 (𝑤) | ≤ 𝜖 due to (131). This concludes the proof
of Claim (130).

Equipped with Lemmas D.7 and D.8, we provide high probability bounds over the distance between
𝑳̄
>𝛿;[0,∞)
𝑛 in (109) and 𝑵̄

>𝛿;[0,∞)
𝑛 in (117) under 𝒅 [0,∞)P .
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Lemma D.9. Let Assumptions 1–4 hold. Let 𝛽 > 1 and 𝑎 : (0,∞) → (0,∞) be a regularly varying
function with 𝑎(𝑥) ∈ RV−𝛽 (𝑥) as 𝑥→∞. Suppose that∫ ∞

𝑥/log 𝑥
𝑓𝑝←𝑞 (𝑡)𝑑𝑡 = o

(
𝑎(𝑥)/𝑥

)
as 𝑥→∞, ∀𝑝, 𝑞 ∈ [𝑑] . (133)

Then, for each Δ > 0,

lim
𝑛→∞

(
𝑎(𝑛)

)−1 · P
(
𝒅 [0,∞)P

(
𝑳̄
>𝛿;[0,∞)
𝑛 , 𝑵̄

>𝛿;[0,∞)
𝑛

)
> Δ

)
= 0, ∀𝛿 > 0 small enough.

Proof. Analogous to the proof of Lemma D.5, we fix some 𝑇 large enough such that 𝑒−𝑇 < Δ/2, and
note that it suffices to prove

P

( ∫ 𝑇

0
𝑒−𝑡 ·

[
𝒅 [0,𝑡 ]P

(
𝑳̄
>𝛿;[0,𝑡 ]
𝑛 , 𝑵̄

>𝛿;[0,𝑡 ]
𝑛

)
∧ 1

]
𝑑𝑡 >

Δ

2

)
= o

(
𝑎(𝑛)

)
, ∀𝛿 > 0 small enough. (134)

On the one hand, by comparing the definitions in (108) and (116), we must have

𝑵̄
>𝛿
𝑛 (𝑡) ≤ 𝑳̄

>𝛿
𝑛 (𝑡), ∀𝛿 > 0, 𝑛 ≥ 1, 𝑡 ≥ 0. (135)

On the other hand, recall that for some cluster induced by a type- 𝑗 immigrant, we use 𝑺 (𝑘 )
𝑗

to denote

the cluster size, 𝑇 C
𝑗;𝑘 for the arrival time of the immigrant inducing the cluster, and 𝐻 (𝑘 )

𝑗
for the lifetime

of the cluster (see (118)). On the event
{
𝐻
(𝑘 )
𝑗
≤ 𝑛𝜖 ∀(𝑘, 𝑗) with 𝑇 C

𝑗;𝑘 ≤ 𝑛𝑇
}
, we must have

𝑵̄
>𝛿
𝑛 (𝑡) ≥ 𝑳̄

>𝛿
𝑛

(
(𝑡 − 𝜖) ∨ 0

)
, ∀𝛿 > 0, 𝑛 ≥ 1, 𝑡 ∈ [0,𝑇] . (136)

Indeed, for any cluster induced by an immigrant arriving at time 𝑇 C
𝑗;𝑘 ≤ 𝑛(𝑡−𝜖) and with cluster lifetime

𝐻
(𝑘 )
𝑗
≤ 𝑛𝜖 , all descendants in this cluster must have arrived by the time 𝑛𝑡. Furthermore, let 𝜏>𝛿𝑛 (𝑘)

be defined as in (111), and note that the sequence of stopping times
(
𝜏>𝛿𝑛 (𝑘)

)
𝑘≥1 corresponds to the

arrival times of jumps in 𝑳̄
>𝛿
𝑛 (𝑡). Therefore, for any 𝐾 ≥ 1, on the event

𝐴𝑛 (𝐾,𝑇, 𝜖, 𝛿) =def {𝜏>𝛿𝑛 (𝐾 + 1) > 𝑇} ∩
{
𝐻
(𝑘 )
𝑗
≤ 𝑛𝜖 ∀(𝑘, 𝑗) with 𝑇 C

𝑗;𝑘 ≤ 𝑛𝑇
}
,

we have 𝑳̄
>𝛿
𝑛

(
(𝑡 − 𝜖) ∨ 0

)
≤ 𝑵̄

>𝛿
𝑛 (𝑡) ≤ 𝑳̄

>𝛿
𝑛 (𝑡) for any 𝑡 ∈ [0,𝑇], and 𝑳̄

>𝛿;[0,𝑇 ]
𝑛 is a step function that

vanishes at the origin and has at most 𝐾 jumps (all belonging to R𝑑+ \ {0}). By Lemma D.8, there exists
a Borel set 𝐼 ⊆ [0,𝑇], whose choice is random and depends on the paths 𝑳̄

>𝛿;[0,𝑡 ]
𝑛 , 𝑵̄

>𝛿;[0,𝑡 ]
𝑛 , such that

• L∞ (𝐼) ≤ 𝐾𝜖 , where L∞ is the Lebesgue measure on (0,∞);
• 𝒅 [0,𝑡 ]P

(
𝑳̄
>𝛿;[0,𝑡 ]
𝑛 , 𝑵̄

>𝛿;[0,𝑡 ]
𝑛

)
≤ 𝜖 for any 𝑡 ∈ [0,𝑇] \ 𝐼.

Therefore, on the event 𝐴𝑛 (𝐾,𝑇, 𝜖, 𝛿), we have∫ 𝑇

0
𝑒−𝑡 ·

[
𝒅 [0,𝑡 ]P

(
𝑳̄
>𝛿;[0,𝑡 ]
𝑛 , 𝑵̄

>𝛿;[0,𝑡 ]
𝑛

)
∧ 1

]
𝑑𝑡

≤
∫
𝑡∈[0,𝑇 ]\𝐼

𝒅 [0,𝑡 ]P

(
𝑳̄
>𝛿;[0,𝑡 ]
𝑛 , 𝑵̄

>𝛿;[0,𝑡 ]
𝑛

)
𝑑𝑡 +

∫
𝑡∈𝐼

𝑑𝑡 ≤ 𝑇𝜖 + 𝐾𝜖.
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Furthermore, by picking 𝜖 > 0 small enough we have (𝑇 + 𝐾)𝜖 < Δ/2. In summary, to prove
Claim (134), it suffices to show the existence of some 𝐾 ≥ 1 such that

P
(
𝜏>𝛿𝑛 (𝐾 + 1) ≤ 𝑇

)
= o

(
𝑎(𝑛)

)
, ∀𝛿 > 0 small enough, (137)

and that for any 𝜖 > 0,

P
(
𝐻
(𝑘 )
𝑗

> 𝑛𝜖 for some (𝑘, 𝑗) with 𝑇 C
𝑗;𝑘 ≤ 𝑛𝑇

)
= o

(
𝑎(𝑛)

)
. (138)

Proof of Claim (137). This has been established in the proof of Claim (112) in Lemma D.5.

Proof of Claim (138). It suffices to fix some 𝑗 ∈ [𝑑], 𝜖 > 0 and show that

P
(
𝐻
(𝑘 )
𝑗

> 𝑛𝜖 for some 𝑘 ≥ 1 such that 𝑇 C
𝑗;𝑘 ≤ 𝑛𝑇

)
= o

(
𝑎(𝑛)

)
.

Recall that (𝑇 C
𝑗;𝑘)𝑘≥1 are generated by a Poisson process with constant rate 𝑐 𝑗 . Therefore, by picking 𝐶

large enough (whose value only depends on 𝑇 and the constants 𝑐 𝑗 ), it follows from Cramer’s Theorem
that P

(
𝑇 C
𝑗;⌊𝑛𝐶 ⌋ ≤ 𝑛𝑇

)
= o

(
𝑎(𝑛)

)
. Fixing such 𝐶, we only need to show that P

(
𝐻
(𝑘 )
𝑗

> 𝑛𝜖 for some 𝑘 ≤
⌊𝑛𝐶⌋

)
= o

(
𝑎(𝑛)

)
holds for any 𝛿 > 0 small enough. However, since 𝐻 (𝑘 )

𝑗
are i.i.d. copies of 𝐻 𝑗 (see

(118) and (119)),

P
(
𝐻
(𝑘 )
𝑗

> 𝑛𝜖 for some 𝑘 ≤ ⌊𝑛𝐶⌋
)
≤ 𝑛𝐶 · P(𝐻 𝑗 > 𝑛𝜖) = 𝑛𝐶 · o

(
𝑎(𝑛)/𝑛

)
= o

(
𝑎(𝑛)

)
.

The second to last equality follows from the condition (133) and Lemma D.7. This concludes the proof
of Claim (138).

Lastly, we prove Proposition 3.5.

Proof of Proposition 3.5. Due to

𝒅 [0,∞)P
(
𝑵̄ [0,∞)𝑛 , 𝑳̄ [0,∞)𝑛

)
≤ 𝒅 [0,∞)P

(
𝑵̄ [0,∞)𝑛 , 𝑵̄

>𝛿, [0,∞)
𝑛 + 𝜇𝑵1

)
+ 𝒅 [0,∞)P

(
𝑵̄
>𝛿, [0,∞)
𝑛 + 𝜇𝑵1, 𝑳̄>𝛿, [0,∞)𝑛 + 𝜇𝑵1

)
+ 𝒅 [0,∞)P

(
𝑳̄ [0,∞)𝑛 , 𝑳̄

>𝛿, [0,∞)
𝑛 + 𝜇𝑵1

)
= 𝒅 [0,∞)P

(
𝑵̄ [0,∞)𝑛 , 𝑵̄

>𝛿, [0,∞)
𝑛 + 𝜇𝑵1

)
+ 𝒅 [0,∞)P

(
𝑵̄
>𝛿, [0,∞)
𝑛 , 𝑳̄

>𝛿, [0,∞)
𝑛

)
+ 𝒅 [0,∞)P

(
𝑳̄ [0,∞)𝑛 , 𝑳̄

>𝛿, [0,∞)
𝑛 + 𝜇𝑵1

)
,

Proposition 3.5 follows directly from Lemmas D.5, D.6, and D.9.

D.4. Univariate Results for 𝑴1 Topology of D[0, 𝑻]

We show that in the univariate setting, Theorem 3.3 can be uplifted to the 𝑀1 topology of D[0,𝑇]—the
càdlàg space with compact domain. Without loss of generality, throughout this section we fix 𝑇 = 1 and
adopt the notations

D =D
(
[0,1],R

)
, 𝒅

𝑀1
= 𝒅 [0,1]

𝑀1
.
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We start by adapting the notions from the main paper to the univariate setting, as many of them now
admit simpler or more explicit expressions. First, the univariate Hawkes process 𝑁 (𝑡) has initial value
𝑁 (0) = 0 and conditional intensity

ℎ(𝑡) = 𝑐 +
∫ 𝑇

0
𝐵̃(𝑠) 𝑓 (𝑡 − 𝑠)𝑑𝑁 (𝑠).

Here, the constant 𝑐𝑁 > 0 is the arrival rate of immigrants, the decay function 𝑓 (·) is such that ∥ 𝑓 ∥1 <
∞, and the excitation rates

(
𝐵̃(𝑠)

)
𝑠>0 are independent copies of 𝐵̃ with P(𝐵̃ > 𝑥) ∈ RV−𝛼 (𝑥) for some

𝛼 > 1. Second, we adapt the tail asymptotics characterized in Section 2.3 for Hawkes processes clusters
to the unvariate setting. Let 𝑆 be a generic copy for the size of a cluster. For any 𝑥 > 0, we have

P(𝑆 > 𝑛𝑥) ∼ (E𝑆)
1+𝛼

𝑥𝛼
· P(𝐵 > 𝑛), as 𝑛→∞, (139)

where 𝐵 =
D Poisson

(
𝐵̃ · ∥ 𝑓 ∥1

)
. Also, note that the regularly varying law of 𝐵̃ implies

P(𝐵 > 𝑥) ∼ P(𝐵̃ · ∥ 𝑓 ∥1 > 𝑥) ∼ ∥ 𝑓 ∥𝛼1 P(𝐵̃ > 𝑥).

The asymptotics (139) are well-documented in existing literature on branching processes (e.g., Theo-
rem 1 of [1]) and are an immediate consequence of Theorem 2.6 in univariate settings. In particular,
using notations in Section 2.3, we have P(𝑆 > 𝑛𝑥) ∼ 𝜆(𝑛) ·C𝑆

(
(𝑥,∞)

)
as 𝑛→∞, where

𝜆(𝑛) = P(𝐵 > 𝑛); C𝑆
(
(𝑥,∞)

)
= (E𝑆)1+𝛼

/
𝑥𝛼 ∀𝑥 > 0. (140)

Next, we adapt the notions introduced in Section 3 to the univariate setting. By (32), for each 𝑘 ≥ 1
we set

𝜆̆𝑘 (𝑛) =
(
𝑛P(𝐵 > 𝑛)

) 𝑘
. (141)

Analogous to (27), for each 𝑘 ≥ 0 and 𝑥 ∈ R, we define

D̆𝑘;𝑥 =
def

{
𝑥1 +

𝑘∑︁
𝑖=1

𝑤𝑖I[𝑡𝑖 ,1] : 𝑤𝑖 ≥ 0 and 𝑡𝑖 ∈ (0,1] ∀𝑖 ∈ [𝑘]
}
,

where 1(𝑡) = 𝑡 is the identity mapping of R1. That is, D̆𝑘;𝑥 is the subset of D =D
(
[0,1],R

)
containing

any piece-wise linear function with slope 𝑥 that vanishes at the origin and has at most 𝑘 jumps (all
upward). Adapting (45) and (47), we define

C = 𝑐 ·C𝑆 , 𝜇𝑁 = 𝑐 · E𝑆. (142)

We also adapt (30) and define Borel measures on D̆𝑘;𝑥 by (for each 𝑘 ≥ 1 and 𝑥 ∈ R)

C̆𝑘;𝑥 ( · ) =
1
𝑘!

E

[ ∫
𝑤𝑖>0 ∀𝑖∈[𝑘 ]

I

{
𝑥1 +

𝑘∑︁
𝑖=1

𝑤𝑖I[𝑈𝑖 ,1] ∈ ·
} 𝑘?
𝑖=1

C(𝑑𝑤𝑖)
]

=
(𝛼𝑐𝑁 )𝑘 (E𝑆)𝑘 (1+𝛼)

𝑘!
E

[ ∫
𝑤𝑖>0 ∀𝑖∈[𝑘 ]

I

{
𝑥1 +

𝑘∑︁
𝑖=1

𝑤𝑖I[𝑈𝑖 ,1] ∈ ·
} 𝑘?
𝑖=1

𝑑𝑤𝑖

(𝑤𝑖)1+𝛼

]
,
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where the sequence (𝑈𝑖)𝑖≥1 are independent copies of Unif(0,1), and the last line of the display above
follows from the definition of C𝑆 (·) in (140). Now, let

𝑁̄𝑛 (𝑡) = 𝑁 (𝑛𝑡)/𝑛, 𝑵̄𝑛 = {𝑁̄𝑛 (𝑡) : 𝑡 ∈ [0,1]}.

We are ready to state the strengthened univariate results.

Theorem D.10. Let 𝑘 ∈ N. Let 𝐴 be a Borel set of D equipped with the Skorokhod 𝑀1 topology.
Suppose that ∫ ∞

𝑥/log 𝑥
𝑓 (𝑡)𝑑𝑡 = o

(
𝜆̆𝑘 (𝑥)

/
𝑥
)
, (143)

and the set 𝐴 is bounded away from D̆𝑘−1;𝜇𝑁 under 𝒅
𝑀1

. Then,

C̆𝑘;𝜇𝑁 (𝐴◦) ≤ lim inf
𝑛→∞

P(𝑵̄𝑛 ∈ 𝐴)
𝜆̆𝑘 (𝑛)

≤ lim sup
𝑛→∞

P(𝑵̄𝑛 ∈ 𝐴)
𝜆̆𝑘 (𝑛)

≤ C̆𝑘;𝜇𝑁 (𝐴−),

where the interior and exterior sets 𝐴◦ and 𝐴− are determined under 𝒅
𝑀1

(i.e., w.r.t. the 𝑀1 topology
of D =D

(
[0,1],R

)
).

Since Theorem D.10 is established w.r.t. the 𝑀1 topology of D[0,𝑇] (i.e., the càdlàg space with
compact domain) instead of D[0,∞), our results now address a broader class of events or functional of
𝑵̄𝑛 compared to only applying Theorem 3.3 directly to univariate Hawkes processes. We conclude this
subsection with the proof of Theorem D.10.

Proof of Theorem D.10. The proof is in the same spirit as Theorem 3.3. In particular, like in (52) and
(55), we set 𝐿 (𝑡) as the compound Poisson process with 𝑐𝑁 as arrival rates and 𝑆 (the cluster size)
as increments, and let 𝑳̄𝑛 = {𝐿 (𝑛𝑡)/𝑛 : 𝑡 ∈ [0,1]} be the scaled version of the sample path of 𝐿 (𝑡)
embedded in D. By Proposition 3.4 and Lemma 2.3, it suffices to fix some positive integer 𝑘 and verify
the following: Let 𝐴 be a Borel set of D equipped with the 𝑀1 topology such that 𝐴 is bounded away
from D̆𝑘−1;𝜇𝑁 under 𝒅

𝑀1
; for each Δ > 0 we have

P
(
𝒅
𝑀1

(
𝑵̄𝑛, 𝑳̄𝑛

)
I
{
𝑵̄𝑛 or 𝑳̄𝑛 ∈ 𝐴

}
> Δ

)
= o

(
𝜆̆𝑘 (𝑛)

)
, as 𝑛→∞. (144)

To this end, we consider the definitions in (107)–(109) and (115)–(117) in the unvariate setting. That
is, we use 𝑵̄

>𝛿
𝑛 (resp., 𝑵̄⩽𝛿

𝑛 ) to denote a modified version of 𝑵̄𝑛 where we only include clusters in
𝑁 (𝑡) whose sizes are larger than (resp., bounded by) 𝑛𝛿. We adopt similar notations 𝑳̄

>𝛿
𝑛 and 𝑳̄

⩽𝛿
𝑛 for

𝑳̄𝑛. First, the proof of Claim (110) in Lemma D.5 implies that for any Δ > 0,

P
(

sup
𝑡∈[0,1]

����𝐿̄𝑛 (𝑡) − (
𝐿̄>𝛿𝑛 (𝑡) + 𝜇𝑵 𝑡

)���� > Δ

)
= o

(
𝜆̆𝑘 (𝑛)

)
, ∀𝛿 > 0 small enough. (145)

Similarly, the proof of Claim (120) in Lemma D.6 implies that for any Δ > 0,

P
(

sup
𝑡∈[0,1]

����𝑁̄𝑛 (𝑡) − (
𝑁̄>𝛿𝑛 (𝑡) + 𝜇𝑵 𝑡

)���� > Δ

)
= o

(
𝜆̆𝑘 (𝑛)

)
, ∀𝛿 > 0 small enough. (146)
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Meanwhile, in (144) note that: (i) 𝒅
𝑀1

is upper bounded by the uniform metric; (ii) whenever 𝑳̄𝑛 ∈ 𝐴
and 𝒅

𝑀1

(
𝑳̄𝑛, 𝑳̄

>𝛿
𝑛 +𝜇𝑁1

)
≤ Δ, we must have 𝑳̄

>𝛿
𝑛 +𝜇𝑁1 ∈ 𝐴Δ; the same can be argued for 𝑵̄𝑛; and (iii)

for any Δ > 0 small enough the set 𝐴Δ is still bounded away from D̆𝑘−1;𝜇𝑁 . Therefore, due to (145)–
(146) and the arbitrariness of the choice of 𝐴 and Δ > 0 in (144), it suffices to show the following: Let
𝐴 be a Borel set of (D, 𝒅

𝑀1
) that is bounded away from D̆𝑘−1;𝜇𝑁 under 𝒅

𝑀1
and let Δ > 0; for any

𝛿 > 0 small enough we have

P
(
𝒅
𝑀1

(
𝑵̄
>𝛿
𝑛 , 𝑳̄

>𝛿
𝑛

)
I
{
𝑵̄
>𝛿
𝑛 + 𝜇𝑁1 ∈ 𝐴 or 𝑳̄>𝛿𝑛 + 𝜇𝑁1 ∈ 𝐴

}︸                                            ︷︷                                            ︸
=
def
𝐴𝑛 (𝛿 )

> Δ

)
= o

(
𝜆̆𝑘 (𝑛)

)
. (147)

Without loss of generality, in (147) we fix 𝛿 > 0, and take some Δ > 0 small enough such that 𝐴Δ

is still bounded away from D̆𝑘−1;𝜇𝑁 under 𝒅
𝑀1

. To proceed, we define a few events. Let 𝐻 be the
lifetime of a generic copy of the cluster 𝑆, and the sequence (𝑆 𝑗 , 𝐻 𝑗 ) be independent copies of (𝑆, 𝐻).
Generate the sequence 0 < 𝑇1 < 𝑇2 < . . . by a Poisson process with rate 𝑐𝑁 , which denote the arrival
times of each immigrant in 𝑁 (𝑡). By definition, the associated compound Poisson process admits the
form 𝐿 (𝑡) =∑

𝑗≥1 𝑆 𝑗I{𝑇 𝑗 ≤ 𝑡}. For each 𝜖 > 0, define events

𝐹𝑛 (𝜖) =def

{
𝐻 𝑗 ≤ 𝑛𝜖 for any 𝑗 ≥ 1 with 𝑇 𝑗 ≤ 𝑛

}
.

That is, on the event 𝐹𝑛 (𝜖), any immigrant that arrives by time 𝑛 induces a cluster with lifetime shorter
than 𝑛𝜖 . Next, let 𝐾>𝛿𝑛 be the count of jumps in 𝑳̄

>𝛿
𝑛 . Due to the O(𝑛) time scaling in 𝑳̄

>𝛿
𝑛 , we have

𝐾>𝛿𝑛 = #{ 𝑗 ≥ 1 : 𝑇 𝑗 ≤ 𝑛, 𝑆 𝑗 > 𝑛𝛿}. Now, define events

𝐸
(1)
𝑛 (𝛿) =def

{
𝐾>𝛿𝑛 = 𝑘

}
, 𝐸

(2)
𝑛 (𝛿, 𝜖) =def

{
𝑳̄
>𝛿
𝑛 (𝑡) − 𝑳̄

>𝛿
𝑛 (𝑡−) = 0 ∀𝑡 ∈ [1 − 𝜖,1]

}
.

Also, recall the definition of events 𝐴𝑛 (𝛿) in (147). Suppose that (i) for any 𝜖 > 0, we have

P
( (
𝐹𝑛 (𝜖)

)𝑐)
= 𝑜

(
𝜆̆𝑘 (𝑛)

)
; (148)

(ii) next,

P
((
𝐴𝑛 (𝛿) ∩ 𝐹𝑛 (𝜖)

)
\ 𝐸 (1)𝑛 (𝛿)

)
= o

(
𝜆̆𝑘 (𝑛)

)
, ∀𝜖 ∈ (0,Δ), (149)

lim
𝜖 ↓0

lim
𝑛→∞

P
((
𝐴𝑛 (𝛿) ∩ 𝐹𝑛 (𝜖) ∩ 𝐸 (1)𝑛 (𝛿)

)
\ 𝐸 (2)𝑛 (𝛿, 𝜖)

)/
𝜆̆𝑘 (𝑛) = 0; (150)

(iii) furthermore, for any 𝜖 ∈ (0,Δ),

it holds on the event 𝐴𝑛 (𝛿) ∩ 𝐹𝑛 (𝜖) ∩ 𝐸 (1)𝑛 (𝛿) ∩ 𝐸 (2)𝑛 (𝛿, 𝜖) that 𝒅
𝑀1

(
𝑵̄
>𝛿
𝑛 , 𝑳̄

>𝛿
𝑛

)
≤ Δ. (151)

Then, the bound (147) follows directly from Claims (148)–(151). Now, it only remains to verify these
claims.

Proof of Claim (148). This is an immediate consequence of Lemma D.7 under condition (143). See
also the proof of Claim (138) in Lemma D.9.
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Proof of Claim (149). By the law of the compound Poisson process 𝐿 (𝑡),

P
(
𝐾>𝛿𝑛 ≥ 𝑘 + 1

)
= P

(
Poisson

(
𝑛P(𝑆 > 𝑛𝛿)

)
≥ 𝑘 + 1

)
≤

(
𝑛P(𝑆 > 𝑛𝛿)

) 𝑘+1 due to P
(
Poisson(𝜆) ≥ 𝑚

)
≤ 𝜆𝑚

= O
( (
𝑛P(𝐵 > 𝑛)

) 𝑘+1)
= o

(
𝜆̆𝑘 (𝑛)

)
by (139) and (141).

Therefore, it suffices to show that for any 𝜖 ∈ (0,Δ),{
𝑵̄
>𝛿
𝑛 + 𝜇𝑁1 ∈ 𝐴 or 𝑳̄>𝛿𝑛 + 𝜇𝑁1 ∈ 𝐴

}
∩ 𝐹𝑛 (𝜖) ∩

{
𝐾>𝛿𝑛 ≤ 𝑘 − 1

}
= ∅.

First, on
{
𝐾>𝛿𝑛 ≤ 𝑘 −1

}
, we have 𝑳̄

>𝛿
𝑛 + 𝜇𝑁1 ∈ D̆𝑘−1;𝜇𝑁 . Since 𝐴 is bounded away from D̆𝑘−1;𝜇𝑁 , this

confirms that
{
𝑳̄
>𝛿
𝑛 + 𝜇𝑁1 ∈ 𝐴

}
∩

{
𝐾>𝛿𝑛 ≤ 𝑘 − 1

}
= ∅. Next, on the event 𝐹𝑛 (𝜖), the lifetime of any

cluster arriving by time 𝑛 is upper bounded by 𝑛𝜖 . Note that in 𝑁̄>𝛿𝑛 and 𝐿̄>𝛿𝑛 , due to the O(𝑛) time
scaling, this translates to an 𝜖 upper bound time-wise. Also, recall that we only consider 𝜖 ∈ (0,Δ). By
the same arguments in Lemma D.8, one can see that, on the event 𝐹𝑛 (𝜖) ∩

{
𝐾>𝛿𝑛 ≤ 𝑘 − 1

}
, by setting

𝜉 (𝑡) = 𝐿̄>𝛿𝑛 (𝑡) ∧ 𝑁̄>𝛿𝑛 (1) ∀𝑡 ∈ [0,1], the path 𝜉 ∈ D admits the form

𝜉 (𝑡) = 𝜇𝑁 𝑡 +
𝑘−1∑︁
𝑖=1

𝑤𝑖I[𝑡𝑖 ,1] (𝑡), where 𝑤𝑖 ≥ 0 and 𝑡𝑖 ∈ (0,1] ∀𝑖 ∈ [𝑘 − 1],

and satisfies 𝒅
𝑀1
(𝜉, 𝑵̄>𝛿𝑛 ) < 𝜖 < Δ. This confirms that, on the event 𝐹𝑛 (𝜖) ∩

{
𝐾>𝛿𝑛 ≤ 𝑘 − 1

}
, we must

have 𝑵̄
>𝛿
𝑛 + 𝜇𝑁1 ∈ (D̆𝑘−1;𝜇𝑁 )Δ. However, this implies that on the event 𝐹𝑛 (𝜖) ∩

{
𝐾>𝛿𝑛 ≤ 𝑘 − 1

}
, we

must have 𝑵̄
>𝛿
𝑛 + 𝜇𝑁1 ∉ 𝐴. Indeed, note that

𝐹𝑛 (𝜖) ∩
{
𝐾>𝛿𝑛 ≤ 𝑘 − 1

}
∩

{
𝑵̄
>𝛿
𝑛 + 𝜇𝑁1 ∈ 𝐴

}
⊆

{
𝑵̄
>𝛿
𝑛 + 𝜇𝑁1 ∈ (D̆𝑘−1;𝜇𝑁 )Δ ∩ 𝐴

}
.

Meanwhile, recall the running assumption that 𝐴Δ is bounded away from D̆𝑘−1;𝜇𝑁 under 𝒅
𝑀1

, which

implies (D𝑘−1;𝜇𝑁 )Δ∩𝐴 = ∅, and hence 𝐹𝑛 (𝜖)∩
{
𝐾>𝛿𝑛 ≤ 𝑘−1

}
∩

{
𝑵̄
>𝛿
𝑛 +𝜇𝑁1 ∈ 𝐴

}
= ∅. This concludes

the proof of Claim (149).

Proof of Claim (150). It suffices to show that

lim
𝜖 ↓0

P
(
𝐾>𝛿𝑛 = 𝑘; ∃𝑡 ∈ [1 − 𝜖,1] such that 𝐿̄>𝛿𝑛 (𝑡) − 𝐿̄>𝛿𝑛 (𝑡−) ≠ 0︸                                                                       ︷︷                                                                       ︸

=𝐸
(1)
𝑛 (𝛿 )\𝐸

(2)
𝑛 (𝛿,𝜖 )

)/
𝜆̆𝑘 (𝑛) = 0.

By the law of compound Poisson processes, we have (where the𝑈 𝑗 ’s are i.i.d. copies of Unif(0,1))

P
(
𝐸
(1)
𝑛 (𝛿) \ 𝐸 (2)𝑛 (𝛿, 𝜖)

)
= P

(
Poisson

(
𝑛P(𝑆 > 𝑛𝛿)

)
= 𝑘

)
· P

(
𝑈 𝑗 ∈ [1 − 𝜖,1] for some 𝑗 ∈ [𝑘]

)
≤

(
𝑛P(𝑆 > 𝑛𝛿)

) 𝑘 · 𝑘𝜖
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∼ 𝑘𝜖 ·
(
(E𝑆)1+𝛼
𝛿𝛼

) 𝑘
· 𝜆̆𝑘 (𝑛) by (139) and (141).

Sending 𝜖 ↓ 0, we conclude the proof of Claim (150).

Proof of Claim (151). This follows form Lemma D.8 and our choice of 𝜖 ∈ (0,Δ). In particular, note
that in the one-dimensional case, the product 𝑀1 metric 𝒅 [0,1]P degenerates to the standard 𝑀1 metric
𝒅
𝑀1

on D =D
(
[0,1],R

)
.

Appendix E: Sample Path Large Deviations for Lévy Processes with
MHRV Increments (General Case)

In this section, we provide an analog of Theorem 3.2—the sample path LDPs for Lévy Processes with
MHRV Increments—under relaxed conditions. Such developments allow us to extend Theorem 3.2
beyond the context of Hawkes processes considered in the main paper and to cover a broader class of
Lévy processes whose increments exhibit a more flexible form of multivariate hidden regular variation.

Specifically, we work with the following condition regarding the Lévy measure 𝜈(·) of the 𝑑-
dimensional Lévy process 𝑳(𝑡).

Assumption 2 (MHRV increments in Lévy Processes (General Case)). The Lévy measure 𝜈(·)
of 𝑳(𝑡) is supported on R𝑑+ and satisfies 𝜈 ∈ MHRV

(
( 𝒔̄ 𝑗 ) 𝑗∈[𝑚] ,

(
𝛼( 𝒋)

)
𝒋⊆[𝑚] , (𝜆 𝒋) 𝒋∈P𝑚 , (C𝒋) 𝒋∈P𝑚

)
under

• some positive integer 𝑚 ∈ [𝑑],
• a collection of vectors ( 𝒔̄ 𝑗 ) 𝑗∈[𝑚] in R𝑑+ that are linearly independent,
• a collection of real numbers (𝛼( 𝒋)) 𝒋⊆[𝑚] that are strictly monotone w.r.t. 𝒋 (see (5)) with 𝛼(∅) = 0,
𝛼( 𝒋) > 1 ∀ 𝒋 ∈ P𝑚, and 𝛼( 𝒋) ≠ 𝛼( 𝒋′) ∀ 𝒋 , 𝒋′ ∈ P𝑚 with 𝒋 ≠ 𝒋′;
• regularly varying functions 𝜆 𝒋 (𝑛) ∈ RV−𝛼( 𝒋 ) (𝑛) (for each 𝒋 ∈ P𝑚),
• Borel measures (C𝒋) 𝒋⊆[𝑚] where, for each 𝒋 ∈ P𝑚, the measure C𝒋 is supported on R𝑑 ( 𝒋), such

that C𝒋 (𝐴) <∞ holds for any 𝜖 > 0 and Borel set 𝐴 ⊆ R𝑑+ bounded away from R̄𝑑 ( 𝒋 , 𝜖) (see (8)).

Throughout this section, we denote the basis by S̄ = { 𝒔̄ 𝑗 : 𝑗 ∈ [𝑚]} and the collection of tail in-
dices by 𝜶 =

(
𝛼( 𝒋)

)
𝒋⊆[𝑚] . Besides, we adopt the simplified notations R𝑑 ( 𝒋) = R𝑑 ( 𝒋; S̄), R̄𝑑 ( 𝒋 , 𝜖) =

R̄𝑑 ( 𝒋 , 𝜖 ; S̄), and R̄𝑑⩽ ( 𝒋 , 𝜖) = R̄𝑑⩽ ( 𝒋 , 𝜖 ; S̄,𝜶) in Section 2.2. Compared to Assumption 5, the key differ-
ences in Assumption 2 are that

• we drop the condition (22) on the rate functions 𝜆 𝒋 (·);
• we now consider a weakerMHRV condition (instead of theMHRV∗ condition in Assump-

tion 5); also, the number of base vectors 𝑠 𝑗 considered is not fixed as 𝑑.

When imposing the more flexible Assumption 2, one potential issue is that we remain agnostic about the
tail behaviors outside of the cone R𝑑 ( [𝑚]). This potential lack of knowledge about the hidden regular
variation in certain regions is reflected in Theorem E.1—the main result of this section—through the
following definition:

R̂𝑑 ( 𝒋 , 𝜖 ; S̄) =def

{
R̄( 𝒋 , 𝜖 ; S̄) if 𝒋 ∈ P𝑚, 𝒋 ≠ [𝑚]
R𝑑+ if 𝒋 = [𝑚]

. (152)
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In other words, we only modify the definition R̄𝑑 ( 𝒋 , 𝜖 ; S̄) to include the entire domain R𝑑+ . We also
write R̂𝑑 ( 𝒋 , 𝜖) =def R̂𝑑 ( 𝒋 , 𝜖 ; S̄) as there will be no ambiguity about S̄ in this section.

We introduce a few notions that are required for the statement of Theorem E.1. Recall that we use
notations like 𝒌 = (𝑘𝑖)𝑖∈J ∈ 𝐴J to denote vectors of length |J | with each coordinate taking values
in 𝐴 and indexed by elements in J . Besides, recall that we use P𝑚 to denote the collection of all
non-empty subsets of [𝑚]. Analogous to (27), given 𝒙 ∈ R𝑑 , K = (K𝒋) 𝒋∈P𝑚 ∈ Z

P𝑚
+ \ {0}, we define

D̂𝜖
K;𝒙 [0,𝑇] =

def

{
𝒙1 +

∑︁
𝒋∈P𝑚

K𝒋∑︁
𝑘=1

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,𝑇 ] :

𝑡 𝒋 ,𝑘 ∈ (0,𝑇] and 𝒘 𝒋 ,𝑘 ∈ R̂𝑑 ( 𝒋, 𝜖) ∀ 𝒋 ∈ P𝑚, 𝑘 ∈ [K𝒋]; 𝑡 𝒋 ,𝑘 ≠ 𝑡 𝒋′ ,𝑘′ ∀( 𝒋, 𝑘) ≠ ( 𝒋′, 𝑘 ′)
}
,

(153)
i.e., the set of all paths 𝜉 of the form

𝜉 (𝑡) = 𝒙𝑡 +
∑︁
𝒋∈P𝑚

K𝒋∑︁
𝑘=1

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,𝑇 ] (𝑡), ∀𝑡 ∈ [0,𝑇], (154)

where each 𝒘 𝒋 ,𝑘 belongs to the cone R̂𝑑 ( 𝒋 , 𝜖), and any two numbers in the sequence (𝑡 𝒋 ,𝑘) 𝒋∈P𝑚 , 𝑘∈[K𝒋 ]
are not equal (i.e., the arrival times of jumps would not coincide). Next, define

𝑐(K) =def
∑︁
𝒋∈P𝑚

K𝒋 ·
(
𝛼( 𝒋) − 1

)
, ∀K = (K𝒋) 𝒋∈P𝑚 ∈ Z

P𝑚
+ . (155)

Note that this agrees with 𝑐(·) in (29), and we repeat the definition here so that 𝑐(K) is consistent with
other notations introduced in this section. Given 𝒙 ∈ R𝑑 , 𝜖 ≥ 0, K = (K𝒋) 𝒋∈P𝑚 ∈ Z

P𝑚
+ \ {0}, let

D̂𝜖⩽K;𝒙 [0,𝑇] =
def

⋃
K′∈ZP𝑚+ :

K′≠K, 𝑐̂ (K′ )≤ 𝑐̂ (K )

D̂𝜖
K′;𝒙 [0,𝑇] . (156)

Meanwhile, given K = (K𝒋) 𝒋∈P𝑚 ∈ Z
P𝑚
+ \ {0}, let

𝜆̂K (𝑛) =def
∏
𝒋∈P𝑚

(
𝑛𝜆 𝒋 (𝑛)

)K𝒋
, (157)

where 𝜆 𝒋 (𝑛) ∈ RV−𝛼( 𝒋 ) (𝑛) is the rate function of theMHRV condition in Assumption 2. Then, by
the definition of 𝑐(·) in (155), we have 𝜆̂K (𝑛) ∈ RV−𝑐̂ (K ) (𝑛). Lastly, analogous to (30), given 𝒙 ∈ R𝑑

and K = (K𝒋) 𝒋∈P𝑚 ∈ Z
P𝑚
+ \ {0}, we define the Borel measure

Ĉ[0,𝑇 ]
K;𝒙 ( · ) =

def 1∏
𝒋∈P𝑚 K𝒋!

·
∫

I

{
𝒙1 +

∑︁
𝒋∈P𝑚

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,𝑇 ] ∈ ·
} ?

𝒋∈P𝑚

?
𝑘∈[𝑘𝒋 ]

(
(C𝒋 × L (0,𝑇 ) )

(
𝑑 (𝒘 𝒋 ,𝑘 , 𝑡 𝒋 ,𝑘)

))
,

(158)
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where the C𝒋’s are the limiting measures for theMHRV condition of Assumption 2, L (0,𝑇 ) is the
Lebesgue measure on the interval (0,𝑇), and we use 𝜈1 × 𝜈2 to denote the product measure of 𝜈1, 𝜈2.

Let 𝝁𝑳 and 𝑳̄ [0,𝑇 ]𝑛 be defined as in (24)–(25). We are now ready to state Theorem E.1.

Theorem E.1. Let Assumption 2 hold. Let 𝑇 ∈ (0,∞), K = (K𝒋) 𝒋∈P𝑚 ∈ Z
P𝑚
+ \ {0}, and let 𝐵 be a

Borel set of D[0,𝑇] equipped with the Skorokhod 𝐽1 topology. Suppose that 𝐵 is bounded away from
D̂𝜖⩽K;𝝁𝑳

[0,𝑇] under 𝒅 [0,𝑇 ]
𝐽1

for some (and hence all) 𝜖 > 0 small enough. Then,

Ĉ[0,𝑇 ]
K;𝝁𝑳
(𝐵◦) ≤ lim inf

𝑛→∞

P
(
𝑳̄ [0,𝑇 ]𝑛 ∈ 𝐵

)
𝜆̂K (𝑛)

≤ lim sup
𝑛→∞

P
(
𝑳̄ [0,𝑇 ]𝑛 ∈ 𝐵

)
𝜆̂K (𝑛)

≤ Ĉ[0,𝑇 ]
K;𝝁𝑳
(𝐵−) <∞.

In other words, Theorem E.1 addresses the general case where a more flexible (and hence less de-
tailed) description of the multivariate hidden regular variation (as in Assumption 2) for the Lévy mea-
sure 𝜈(·) is available, at the cost of slightly weaker characterizations of sample path large deviations
when compared to Theorem 3.2. In particular, without conditions like (22), we do not know if the rate
functions 𝜆̂K (𝑛) are comparable (as 𝑛→∞) for different K if their tail indices 𝑐(K) are equal; as a
result, Theorem E.1 does not allow the merging of multiple cases corresponding to different K with
equal tail indices 𝑐(K). Besides, the modification from R̄𝑑 ( 𝒋, 𝜖) to R̂𝑑 ( 𝒋 , 𝜖) in (152) enlarges the set
D̂𝜖

K;𝝁𝑳
[0,𝑇] in (153) (when compared to D̆𝜖

K;𝝁𝑳
[0,𝑇] in (27)). This generally leads to fewer sets 𝐵

that are bounded away from D̂𝜖⩽K;𝝁𝑳
[0,𝑇], and thus fewer combinations of rare events and the rates

K to which Theorem E.1 can be applied.
The proof of Theorem E.1 is almost identical to that of Theorem 3.2 stated in Section C, and we

provide a proof sketch below for the sake of completeness.

Proof Sketch for Theorem E.1. Analogous to Theorem 3.2, w.l.o.g. we consider the case where 𝑇 = 1
and 𝝁𝑳 = 0, and adopt the notations 𝑳̄𝑛 = 𝑳̄ [0,1]𝑛 , D = D

(
[0,1],R𝑑

)
, and 𝒅

𝐽1
= 𝒅 [0,1]

𝐽1
. Again, the proof

relies on the notion of asymptotic equivalence for M-convergence. By Lemma 2.3, it suffices to verify
the following two conditions:

(i) For each K = (K𝒋) 𝒋∈P𝑚 ∈ Z
P𝑚
+ \ {0} and Δ > 0,

lim
𝑛→∞

P
(
𝒅
𝐽1

(
𝑳̂
>𝛿

𝑛 , 𝑳̄𝑛
)
> Δ

)/
𝜆̂K (𝑛) = 0, ∀𝛿 > 0 small enough,

where 𝑳̂
>𝛿

𝑛 is defined in (31)–(33).
(ii) Let K = (K𝒋) 𝒋∈P𝑚 ∈ Z

P𝑚
+ \ {0} and 𝜖 > 0. Let 𝑓 : D→ [0,∞) be bounded and continuous (w.r.t.

the 𝐽1 topology of D). Suppose that 𝐵 = supp( 𝑓 ) is bounded away from D̂𝜖⩽K;0 [0,1] under 𝒅
𝐽1

.
Then, there exists 𝛿0 > 0 such that for all but countably many 𝛿 ∈ (0, 𝛿0),

lim
𝑛→∞

E
[
𝑓 ( 𝑳̂>𝛿𝑛 )

] /
𝜆̂K (𝑛) = Ĉ[0,1]

K;0 ( 𝑓 ) <∞.

One can see that these two conditions are similar to the statements in Propositions C.2 and C.3. Like-
wise, these two conditions can be verified by repeating the arguments in Section C.2. The only key
difference stems from the definition of the modified cones R̂𝑑 ( 𝒋, 𝜖) in (152). In particular, any vector
in R𝑑+ \ R𝑑 ( [𝑚]) would now fall into R̂𝑑 ( [𝑚], 𝜖) (under any 𝜖 ≥ 0). Therefore, when keeping track of
the large jumps in 𝑳(𝑡), there is no need to specifically count those that lie outside of R𝑑 ( [𝑚]) (i.e.,
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the notions of 𝜏>𝛿𝑛 (𝑘) and 𝐾>𝛿𝑛 introduced in (41)–(42) are not needed here). Instead, for each 𝛿 > 0,
𝒋 ∈ P𝑚, let

R̂>𝛿 ( 𝒋) =def

{
𝒙 ∈ R𝑑+ : ∥𝒙∥ > 𝛿, 𝒙 ∈ R̂𝑑 ( 𝒋 , 𝛿) \

( ⋃
𝒋′⊆[𝑚]: 𝒋′≠𝒋 , 𝛼( 𝒋′ )≤𝛼( 𝒋 )

R̂𝑑 ( 𝒋′, 𝛿)
)}
,

which adapts the definition of R̄>𝛿 ( 𝒋) in (34) to our current setting. Next, for each 𝛿 > 0, 𝒋 ∈ P𝑚, and
𝑘 ≥ 1, we define (under the convention that 𝜏>𝛿𝑛 (0; 𝒋) ≡ 0)

𝜏>𝛿𝑛 (𝑘; 𝒋) =def inf
{
𝑡 > 𝜏>𝛿𝑛 (𝑘 − 1; 𝒋) : Δ𝑳̄𝑛 (𝑡) ∈ R̂>𝛿 ( 𝒋)

}
, 𝑾̂

>𝛿

𝑛 (𝑘; 𝒋) =def
Δ𝑳̄𝑛

(
𝜏>𝛿𝑛 (𝑘; 𝒋)

)
.

Besides, for each 𝛿 > 0, let

𝐾̂>𝛿𝑛 ( 𝒋) =
def max{𝑘 ≥ 0 : 𝜏>𝛿𝑛 (𝑘; 𝒋) ≤ 1}, ∀ 𝒋 ∈ P𝑚; 𝑲̂

>𝛿

𝑛 =
def

(
𝐾̂>𝛿𝑛 ( 𝒋)

)
𝒋∈P𝑚

.

In short, we adapt the definitions in (37)–(40) to count each type of large jumps in 𝑳(𝑡) based on their
locations w.r.t. the (modified) cones R̂𝑑 ( 𝒋) in (152), which are generated by the basis described in
Assumption 2. Then, to prove conditions (i) and (ii) listed above, it only remains to repeat the proofs
in Section C. The changes are minimal and, in fact, the arguments are now even simpler. For instance,
when adapting Lemma C.6, as noted above there is no need to consider 𝐾̃>𝛿𝑛 anymore. Besides, in
Lemmas C.7 and C.8, the notion of allocation A(𝒌) is not needed (as noted right after Theorem E.1,
we do not consider merging the cases corresponding to different K here), so it suffices to fix some
K = (K𝒋) 𝒋∈P𝑚 ∈ Z

P𝑚
+ \ {0} in the proof. The arguments are almost identical, and we omit the details

here to avoid repetition.



56

Appendix F: Theorem Tree

Theorem Tree of Theorem 3.2
- Theorem 3.2

- Lemma 2.3
- Proposition C.2

- Lemma C.4
- Lemma C.5
- Lemma C.6

- Proposition C.3
- Lemma C.1
- Lemma C.6
- Lemma C.7
- Lemma C.8

- Lemma C.7

Theorem Tree of Theorem 3.3
- Theorem 3.3

- Lemma 2.3
- Theorem D.3

- Theorem 3.2
- Theorem 2.2
- Lemma D.1

- Lemma C.8
- Lemma D.2

- Proposition 3.4
- Theorem 2.6

- Proposition 3.5
- Lemma D.5

- Lemma C.4
- Proposition 3.4

- Lemma D.6
- Lemma D.9

- Lemma D.7
- Lemma D.8
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