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Appendix A: Technical Details for Section 2

measures in Theorem 3.3.

A.l. Proof of Lemma 2.3

from C.
First, for any n > 1 and 6 > 0,
P(X, € B)

- ) 5y <
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Section A.1 provides the proof of Lemma 2.3. Section A.2 collects additional details for tail asymptotics
of Hawkes process clusters in Theorem 2.6, which also address Monte Carlo simulation for the limiting

Proof of Lemma 2.3. Take any Borel measurable B C S that is bounded away from C. W.l.0.g., in this
proof we only consider A > 0 small enough that d(B,C) > 2A, and hence B?A is still bounded away
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<P(Y? e BA)+P(X, € BorY? € B; d(X,,Y) > A)

= Z P(Y? e B, V2 =v) +P(Y2 e BA, VP ¢ V) +P(X, € Bor Y0 € B; d(X,,Y0) > A).
veV
Then, by Condition (ii), there exists some &, > 0 such that for all but countably many ¢ € (0, &),
limsupe, 'P(X, € B) < Z py (B*2) + lim sup e,;lP(d(Xn, Y2)I(X, e BorY? € B) > A).
n—oo VG(V n—o0o

This allows us to pick a sequence 6y | 0 such that Condition (ii) of Lemma 2.3 holds under each § = 6y,
which implies

limsupe, 'P(X, € B)

n—o0

< Z py (B*) + lim sup lim sup e,flP(d(Xn,Yné")]I(Xn eBorY ke B) > A)

VeV k—co  n—eo
= Z 1y (B2 by Condition (i). (1)
veV

Analogously, observe the lower bound (for each n > 1 and 6 > 0)
P(X, € B) >P(X, € B; d(X,,Y0) <A)
>P(Y? € Bp; d(X,,Y,0) < A)
>P(Y € Bp) —P(Y € Ba; d(X,,,Y,0) > A)
>P(Y0 € By) -P(Y? € Bor X, € B; d(X,,,Y,0) > A)

> > P(Y € By, V2 =v) = P(Y € Bor X, € B; d(X,,Y0) > A).
veV

Again, by Condition (ii), one can pick a sequence &y | 0 such that
liminfe, 'P(X, € B)
n—oo

> lim inflim inf e;'P(Y,k € By, VK =v)
—00 N—0

veV

— lim sup lim sup E;IP(d(Xn,Yf")]I(Xn €eBorY* e B) > A)

k—co n—o00

> Z tyv(Baa) by Conditions (i) and (ii). )
veV

Since |V| < o0, u, € M(S \ C) for each v € V, and B?® is bounded away from C, we have
e v (B*2) < co. By sending A | 0 in (1) and (2), it then follows from the continuity of measures
that

D" pe(B°) <liminfe; 'P(X, € B) <limsupe, 'P(X, € B) < > y(B).
n—oo

—00
vevy n vevy

By the arbitrari ¢ our choice of B lude 1t ¢ usine Tt ) 5 N




A.2. Details for Tail Asymptotics of Hawkes Process Clusters

To precisely define the limiting measures C{ in (18), we review a few definitions in [2].

Definition A.1 (Type). We say that I = (I j)i>1, je[q] IS a type if

It,; €{0,1} foreach k > 1 and j € [d];

there exists KT € Z, such that 2jeld] Ik.j =0 Vk > KT and 2jerd] Ik j 21Vl <k < KT,
for each j € [d], we have } ;5 Ii ; < 1;

for k =1, the set {j € [d] : I j = 1} is either empty or contains exactly one element.

Let .# be the collection of all types. For each I € .7, let

P jeld]: I j=1forsomek>1},  jE€ljeld]: =1} Vk>1. (3)

Intuitively speaking, KT is the depth of I, j! is the set of active indices in I, and ji is the set of]
active indices of I at depth k. For any I € .#, note that: (i) j' = @ (and hence K = 0) if and only if
Ii,; =0 for any k, j; and (ii) when K > 1, there uniquely exists some jll € [d] such that j{ = {jll}.
Next, given 8 > 0, we define a Borel measure on (0, o) by

dot Bdw

T I{w > 0}. (4)

vg(dw)
Given non-empty sets 7 C [d] and J C [d], we say that {J () : i € I} is an assignment of 7 to I if

JWcyg Viel; Uj(i)=j; JHNTG)=0 Vi#i. 6)

iel

We use T 7 4 to denote the set containing all assignments of J to 7. Given non-empty J C [d] and
J c [d], define the mapping

gregw) e Z 1—[ 1_[ Wis(jyeis YW= (Wi)ier € [0,00)71. (6)

{J@):iel}eTr qgiel jeJ(i)

Here, recall that §; = ES;, §;; = ES;; (see (14)), and [*(j) is defined in (15).
Given a type I € .# whose active index set j! is non-empty, recall that when j! # 0, there uniquely
exists some jll € [d] such that j{ = {jll}. Let

7(1

) 2 5 (X v @) ™
k=1 " jejk

K’ KI-1
Ci() “‘éf/ 11{ DD wesjE }(5,*(1‘1,)9,. [ gt eyt (wi) |V (dw), (8)

k=1 jejl k=1
where we adopt the notations wj = (Wk’j)jeji and w = (Wi )gex1]- Besides, note that Cf(~) is sup-

ported on the cone R¥( jI ) (see (6)). The measures C{ (+) in (18) admit the form

= > . ©)

Ies: jl=j




Next, continuing the discussions in Remark 7, we note that the evaluation of the limiting measures
Clq(?f;)N () in (49) can be addressed by rejection sampling for Cf (+) in (8). Indeed, as noted in Remark 7,

the key task is to sample under the law CJ-’ 5(-) in (50). Furthermore, the evaluation of C! (RZ(j,4)) is
detailed in Remark 4 of [2]. Then, by (45) and (9), it suffices to check how to sample from probability
measures

¢l (- nRd .9 [cl(R2G.9).

where I € .7 is such that jI = j (see Definition A.1). Furthermore, the proof of Lemma 4.10 (b) of [2]

implies the existence of some constant M’ < co such that (we write wy = (w, ;) jeil )
i (- ()
WhERE ’I_H_[ e
Tttt {1 T o ] 110
=l jejt =l jejt

whenever ZZfl Dl Wk j8j € R4 ¢(J,6). Here, the mapping g7 4 (-) is defined in (6), *(-) is de-

JEJy
fined in (15), and the 7(1 and Ji ’s are specified in Definition A.1. Then, by definitions in (8), to sample
from Cll 5() it suffices to set

w1

i a*(j)+1 .
[T 1, 000 n() ’fWWHH()
k=1 k=1 JEj JjEj

pick ¢ > 0 small enough and M > 0 large enough, and run rejection sampling as follows.

/ w a*(j)
§&w)=

e Independently for each k € [T ] and j € jf(, generate a Pareto (i.e., exact power-law) random vari-
able W]E,éj) with lower bound 6 and power-law index a* () — 1; Write W(%) = (W(é))ke[q(z

e Generate U ~ Unif(O 1).

o If Ypciut) Zjej W )' ;€RA(j,6) and U < gt (W) /[M - f1(W®)], return

>, ywiss

ke[KL]jEj

l.jeit

Otherwise, rerun this procedure.

Appendix B: Counterexamples of Topology and Tail Behavior

Example 1. In this two-dimensional example, we demonstrate that the LDP (49) stated in Theorem 3.3
would generally fail w.r.t. the product M; topology of D[0, T], the cadlag space with compact domain.
The intuition behind the counterexample is that, for any immigrant arriving near the end of the time
interval [0,T7], its cluster size vector may be arbitrarily truncated at time 7 due to randomness in the
birth times of its descendants. As a result, the LDP in (49) generally fails under the product M; topology
on D[0,T] for rare event sets B that involve the value of the process at time 7.

Without loss of generality, we fix T = 1, and lighten the notations by writing

D:D([O,l],Rd), D;(ZD;(;,HN [0.1], Ib;k =I@;k;

-~ _ ¢~0,1] A7 Arlo.1] _ glo,1]
Cx=Clll . No=NYU,  d,=dp".




We focus on the case with d =2 and adopt all assumptions imposed in Theorem 3.3. Besides, we
impose the following conditions on the fertility functions (see (1)):

fie1(®) =0,  Vt>1, (10)
fre1(t) =0, vt € [0,2]. (11)

Here, condition (10) implies that the time a type-1 parent waits to give birth to a type-1 child would,
with probability 1, take values over [0, 1]; condition (11) implies that the time a type-1 parent waits
to give birth to a type-2 child is always strictly larger than 2. We note that: (i) it is easy to identify
concrete cases that are compatible with both (10)—(11) and the tail condition (48) in Theorem 3.3 under
any k; for instance, one can take fj(¢) =I(0,1)(#), which induces a uniform distribution over (0, 1),
and fo1(#) =(2,00)(?) - exp(—(# — 2)), which induces an exponential distribution with +2 offset; (ii)
the exact form of conditions (10)—(11) are not pivotal to the analysis below and are imposed only
for simplicity; for instance, the arguments below would still hold after minor modifications if we set
fj—i(t)=Aj_jexp(~=bj; - 1) (i.e., with exact exponential tails in decay functions, which make the
conditional intensity process of the Hawkes process Markovian).
Regarding the tail indices for the clusters, we assume that

(=1 >1, @mai>aicr, " (2)>a" (1) +1, (12)

where a;.; is the regular variation index for B;; (see Assumption 2 and the discussion right above)
and a*(+) is defined in (15).
We are interested in studying the asymptotics (as n — o)

P(n"'N(n) e A)=P(N, € E),

where N,, = {N(nt)/n: t € [0,1]} is the scaled sample path of the Hawkes process N(¢) embedded in
D, and

A {xm) €RE: x> 1 e >x),  E¥{£eD: £(1) e A}. 13

To specify the choice of ¢, we note that by Assumption 3, in §; = (51, 52.;)" for each i € {1,2}
(see (14)) and puy = (un.1, pN,z)T (see (47)), all coordinates are strictly positive. Therefore, we can
fix ¢ > 0 small enough such that the set {x + uy : x € R?({1,2},€)} is bounded away from A for
some € > 0; see (7) for the definition of cones Rd( J»>€). More generally, given a € (0, o), there exists
M =M(c,a) € (0,00) such that

0 w1 a wi y
S N
We start by making a few observations. Recall that #,, is the collection of non-empty subsets of
[m], and hence P, = {{1}, {2}, {1,2}}. Also, in the context of Theorem 3.3, recall the definitions of

D, = g Dy F0)= ) Ki-(@()-1). )= ki-(a{ih-1),
KeZ)2: jePr i=1.2
KeAk), ¢(K)<c(k)

(15)
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where @ (j) =1+ Y,;¢j (* (i) — 1) is defined in (16). In particular, note that a/({1}) = &*(1), a({2}) =
a*(2), and @({1,2}) =a*(1) + a*(2) — 1. Also, we introduce notations K * = (7<ji)j€;1>2 € Zfz by set-
ting ‘Kji =1if j=i,and ‘Kji = 0 otherwise. For instance, in K112} = (V(J.{l’z})jepz, we have K112} = 1

{12}
and 7(3;2} = ‘K{{Zlf} =0. By (12) and (15), we have

= € = €
Do < U Dy
?
(I(EZ+22 K2y=K1,2y=0

Furthermore, for any K € Zfz such that K7y =K1 2y =0and any & € DE ., we have

£(1) eR*({1}, )+ py.

Meanwhile, recall the definitions of the sets A and E in (13). It has been noted above that R?({1,2}, €) +
My is bounded away from A, which implies that the set E is bounded away from D ©.1) under d,.
Now, suppose that the asymptotics (49) stated in Theorem 3.3 hold w.r.t. the product M topology of D

(i.e., on the metric space (D, dp)). Then, we are led to believe that
P(N, €E) =O(i(0,1)(n)), as n — oo. (16)

However, our analysis below disproves (16) by verifying that

liminfP(N,, € E) /P(By; > n) > 0. (17)
n—0oo
Indeed, by Assumption 2, we have P(B1—1 > n) € RV _q,_, (n); by (12) and (15), we have /i(o’])(n) €
Rrv_c((o’l))(n) with C((O, 1)) =a”*(2) =1 > aj1. Then, by

P(N,€E P(N,€E P(B|_
timint PV EE) | pining TV CE) e PBIc1 > 1)
n—oo /1(0,1)(”) n—oe P(Bi_1>n) n—ow /1(0,1)(”)

we end up with liminf,, e P(N,, € E) /A(9,1)(n) = 0o, which is a clear contradiction to (16). We thus
confirm that it is generally not possible to strengthen the characterizations in (49) stated in Theorem 3.3
w.r.t. the product M; topology of D[0, c0) to those on D[0,T7].

Below, we verify Claim (17). To proceed, we adopt the notations in (99)—(103) for the cluster rep-
resentation of Hawkes processes. Specifically, for each j € {1,2}, we use the sequence (Tﬁk)kZl to
denote the arrival times of type-j immigrants, which are generated by a Poisson process G (¢) with

rate ¢ (see (1)). For N ?TC N the cluster process induced by the k' type-j immigrant, we denote its
k!
size by

T

() g O ()i ") () ) *)

Sy uadom=if, s (s s sR )
m>0

Next, we define the event (with up defined in (47))

<I>={n—1 > > Sj.k)szuN},

Je{1.2} k>1.7S <n-2
Jik




which represents the case where the accumulated size of all clusters arrived by time n — 2 is upper|
bounded by the vector 2n ;. Also, recall that we use G j(¢) to denote the Poisson process generating
the arrival times Tﬁk for the immigrants. Let

(I = {Gl(n— )=Gi(n-2)=1; Gi(n) = G1(n—1) =0; Gz(n)—Gz(n—2)=0}.

That is, on event (II), there is only one type-1 immigrant who arrived during the time window (n—2,n],
with the arrival time lying in (n — 2,n — 1], and no type-2 immigrant arrived during (n — 2,n]. On this
event, for the only type-1 immigrant that arrived during (n — 2, n], we use Bj to specifically denote
the number of its type-1 children (in one generation). Let

() = {By >nM}.

Here, by (14), we fix some M large enough such that

(8) < (Wl) <2uyn,y>M = (Wl) + (g) €A. (18)

w2 w2

Now, we make some observations. First, on the event (II), by (10) we know that all the By children
of the type-1 ancestor must have arrived by time n, and they may further give birth to more type-1
offspring by time n. On the other hand, by (11), we know that any type-2 offspring in this cluster,
induced by the type-1 immigrant who arrived during (n — 2, n], will have to arrive after time n. Then,
by (18), on event (I) N (IT) N (I1I) we must have n~ ' N(n) € A. This leads to

X -1
I P(N,€E) . P 'N(n)eA)

. . P(Bi—1>nM)
n—oo P(Bl<—1 > n) n—00 P(Bl<—1 > n) = nH}I‘}O (( )) (( )) m

n—e P(Biey>n) ’
where the inequality follows from the independent and stationary increments in Poisson processes
G j(1). By the law of large numbers, we get lim, .o P((I)) = 1. By the law of Poisson processes, we
have

P((ID)) =P(G1(1) =1; G1(2) = G1(1) =0; G2(2) =0) > 0.
P(Bl(,1>nM)

Lastly, by the regularly varying law of B, we get lim;,,—,c PB ) = M~%<1 > (. This con-
cludes the proof of Claim (17).

Example 2. This example demonstrates that, even in the univariate setting, we need sufficiently tight
power-law bounds on the tail behavior of the decay functions (like in (48)) for the large deviations
asymptotics stated in Theorem 3.3 to hold. The intuition of this is that, without sufficiently tight tail
bounds on the decay functions, some rare events may be driven by a single large cluster with a long
lifetime—effectively a big jump spread broadly across the entire timeline—rather than by multiple
large clusters.

Specifically, we consider a univariate Hawkes process N (¢) with initial value N(0) =0 and condi-
tional intensity A(z) =c + fot B(s)f(t — s)dN(s), where the constant ¢ > 0 is the immigration rate, the
decay function f(-) takes the form

0

m, V>0, (19)

f()=
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for some 6 > 1 (i.e., /[oo f(s)ds=1+1)"% and || f||, = fooo f(t)dt = 1), and the excitation rates B(s)
are independent copies of some non-negative random variable B with law

- 1
P(B > X) = W, Vx eR. (20)

Here, we have > 1 for the power-law tail index; the constant & > 0 is small enough such that E[B] -

Il £1l; =E[B] < 1 (so the sub-critical condition in Assumption 1 also holds). By (47), in this univariate
setting we have uy =

C —_ C
K I-E[B]-Ifl, — 1-E[B]" o
Recall that N, (1) = N(nt)/n, and that NI € (N, (r) : 1 > 0} is the scaled sample path of the
Hawkes process N(¢). In this example, we study events of the form {N'"* € A(k)} with

A(k) € {£eD([0,00),R) : £ty +u) — (1) > un ¥I=0,1,...,k -1}, (1)

where

o k is some positive integer;

e thefj’saresuchthat O=tp<t1 <tr <...<fr_1 <1;

e Furthermore, u € (0,1) is small enough such that, across / =0,1,...,k — 1, the intervals [; =
[#;,t; + u] are mutually disjoint and are all contained within [0, 1].

In other words, for any path & that belongs to the set A(k), the increment of & over each of the mutually
disjoint intervals /; is bounded from below by p . In particular, note that A (k) is bounded away from
(by adapting (27) and (37) to the univariate setting)

DE . [0:0) =k/ 01U k IDE,M [0,00) =D_,..,. [0,00)

under dﬁ[’?’) for any € > 0 small enough: indeed, a linear path of slope up would only increase by
u - un < un over each interval /7, meaning that at least one jump needs to be added to the linear path
over each (I;);=0.1,... k-1 for it to enter the set A(k). Also, when there is no ambiguity about the choice
of k, we simply write A = A(k).

We note that, regardless of the value of the tail indices 6 in (19) for the decay function and « in (20)
for the law of the excitation rates, the tail condition (48) would be violated eventually for all k large
enough. Indeed, by (17) and (35), in this univariate setting we have

A (x) = (xP(E >x))k = O(x ka1,

Therefore, condition (48) fails if 6 < k(@ — 1) + 1. Suppose that Theorem 3.3 holds even after dropping
the tail condition (48) on the decay functions, then we are led to believe that

P(NE)"”) €A)= O(ik(n)) = O(n_k("_l)), as n — oo. (22)
However, our analysis below derives the lower bound

liminfP(N) € A) - n@(0+D=1 5 ¢, (23)
n—0oo
This clearly contradicts (22) for all & large enough such that k(o — 1) > (6 + 1) — 1. In summary, even

in the univariate setting, it is generally not possible to remove tail bounds on the decay functions from
Theorem 3.3




The rest of this example is devoted to establishing the lower bound (23), and we proceed by defining
a few events. Let 0 < T3 < T, < ... be a sequence generated by a Poisson process with rate c. This
sequence denotes the arrival time sequence of the immigrants in N (). Also, let (B;);>1 be independent
copies of B 2 Poisson(B - || f]l;) 2 Poisson(B) (recall that we have || f]|; = 1). Note that P(B > x) ~
P(B > x) as x — oo. In the cluster representation of N (), each B; denotes the count of first-generation
offspring of the immigrant arriving at time 7;. We fix C € (0, co) large enough such that

COu
—— > un, (24)
4
and define the event
(A:%) ¥ {31‘ such that T; < % B; > Cn"“}. (25)

That is, on the event (A : *), an immigrant arrives before time “5* and plans to give birth to more than

n?*! descendants in one generation. Next, on this event, we use i* to denote the smallest 7 such that the
conditions in (25) hold. Let the sequence (T,f’*))kz 1 be independent copies with density f(-)/||f|l; =
f(-); this sequence denotes the gap between the arrival times of the i*-th immigrant and its first-
generation offspring. Using these notations, we define the event

(A:0)% {#{k <[Cn®": 11 <nuf2} > uy n} (26)

On the event (A : %) N (A : 0), note that in the Hawkes process N(#) we must have more than uy - n
points arriving by time nu. Indeed, on this event, there is an immigrant who arrives by time nu/2
and gives birth to more than n -y of its first-generation descendants within nu /2 time after its arrival.
Then, under the O (n) scaling for both time and space in N, we have N,, (1) — N,,(0) > pn . Besides,
for each / € [k — 1] we define

(A:D) % {#{k <fcn®17: 1) € [m,, nt; + ”7” } > pN n} 27)

Similarly, on the event (A : ) N (A : [) we must have more than yu - n points arriving during [nt;, n(t; +
u)]. Then, under the O (n) scaling for both time and space in N, we have Ny, (1; +u) — Ny, (1;) > pun .-
In summary, on the event (A : *) N (Uj=o.1.... k(A : 1)), we have N} € A. Furthermore, if we can

.....

verify that
liminfP((A : %)) - n®(@*D=1 5 0, (28)
n—oo
lim P((A:D) | (A:%)=1, VI=0,1,....k—1, (29)
n—oo

then, the lower bound (23) follows immediately.

Verification of Claim (28). Throughout, we use Poisson(1) to denote a generic copy of a Poisson
random variable with rate A. By the law of a compound Poisson process,

P((A: %)) :P(Poisson(% -c-P(B> Cn9+1)) > 1) =1-exp ( - % -nP(B > Cn*).
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Then, by P(B > x) ~ P(B > x) as x — oo and (20),

n—oo

lim P((A:#)) - n®(@+D=1 = % - lim n®@* D=1 p(B > Cnf*l) = % (€18 > 0.
n—oo

Verification of Claim (29), (I = 0). We first verify the case where [/ = 0. Since the Tlii*) ’s are indepen-
dent copies with density f(-), we have

P(((4:0))

(A:9)
nu/2
= P(Binomial(l’Cn”“'l,/ f(t)dt) < uNn)
0
< P(Binomial([CnBH], 1/2) < ,uNn) for any n large enough due to || f||; =1
< P(Binomial(l'CnHH], 1/2) < |'Cn9+1'|/4) for any n large enough due to 6 > 0.
Then, by the law of large numbers,

lim P(((A L0))°

n—oo

(A *)) < lim P(Binomial(rCn9+11, 1 /2) < [Cnf*1 /4) =0.
n—00
This verifies that lim, e P((A:0) | (A: %)) = 1.

Verification of Claim (29), (/ =1,2,...,k — 1). Next, we take any / € [k — 1]. Note that

P(((A:l))c (A *)) :P(Binomial([cn9+l1,/H(M)f(t)dt) S/,th).
nty
iy
By (19) and that#; + u < 1,
nu\ " 0 nu
Flz(ntl)_e—(nt1+7) ZW7

As a result, for any n large enough we have F; > % -n~9, and hence

P(((4: D)

(A: *)) < P(Binomial([Cn0+l], ‘%M ‘n_g) < lan)-

By Chernoff bounds, for any w > 0 we have

P(((4: D)

PR + [—
4nt 4nt

Ou  Oue™ Cn!
(A: *)) <exp(wunn) - (l - )




Then, due to (1 +x,)" ~ exp(nx,) when lim,_, x, =0, we get (for any w > 0)

lim supP(((A )€

n—oo

6
(A: *)) < exp(— cnf* . (1-e"). ﬁ +w,uNn)

e (S )

By our choice of C in (24), it holds for any w > 0 small enough that w

implies limsupn_mP(((A (D) (A *)) =0 and hence lim, o P((A:1) | (A: %)) =1.

—wupn >0, which

Appendix C: Proof for Large Deviations of Lévy Processes with
MHRYV Increments

Without loss of generality, we prove Theorem 3.2 for 7 = 1. Besides, considering the arbitrariness of
the drift constant ¢z, in (24), we can w.l.o.g. impose the following assumption and focus on centered
Lévy processes for the proof of Theorem 3.2.

Assumption 1 (WLOG Assumption for Theorem 3.2). p; =0in (24), and T = 1.

Henceforth in Section C, we also lighten notations in the proofs by writing

9

D £ D5[0.1]. DL EDE,[01), Cx Ty, Ly¥LY. a, €. G0

C.1. Proof of Theorem 3.2

We start by identifying the large jumps in L,,. Given n € N and 6 > 0, let
779 (k) définf{t>T;5(k—l): ||ALn(t)||>6}, Vk > 1, %(0) ¥o; (31)
W29 (k) défAI:n(T;(S(k)), Vi > 1. 32)

In (31), note that AL, (t) = AL(nt)/n. Intuitively speaking, the sequence (7, ®(k)), ., marks the ar-
rival times of jumps in L, (¢) with size (in terms of L| norm) larger than &, which correspond to jumps
of size larger than nd in L, (1); the sequence (W, ‘S(k)) k1 represents the sizes of the large jumps.

Building upon the definitions in (31)—(32), we introduce a large-jump approximation for Ly (t).
Specifically, given 6 >0 and n > 1, let

L% Y WL 26y (0. Vre[0,1], (33)
k>1
and A:(S &f {ﬁ:é(t) .t €[0,1]}. Clearly, i:é(t) is a step function (i.e., piece-wise constant) in
D =D([0, 1], R4 ) that vanishes at the origin and approximates L, () by only keeping the large jumps
(under threshold 6).
Our proof of Theorem 3.2 hinges on Propositions C.2 and C.3 that outline the following key steps:

1 WE €SLaD N e 4 mpto cquivalence petween n-dnd NCX WE
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provide a detailed asymptotic analysis for the law of large jumps. To carry out these two steps, we fur-
ther classify the large jumps W, % (k) based on their locations w.r.t. some cones R>° ( j). Specifically,
let

R7O(j) € {x eR{: lIx]| > 6, x € RY(j,6) \RL(j.6)},  V6>0, jePa. (34)

We highlight several useful properties regarding R>% ().

e First, note that Ujep, R>9(j) ={x eR%: ||x|| > 6, x e R([d],6)}. Indeed, it is obvious that

Ujgpd >S(jyc{xe Rd . |lx]| > 6, x € R([d],5)}. On the other hand, given any ¢ > 0 and

x e R4([d], 6) with ||x|| > 6, the argument minimum
def

J(x)=  argmin  a(j)
JEP4: xeR4(f,5)

uniquely exists under the condition a(j) # a(j "YVYj,j' € Py in Assumption 5. Then, we must
have x e R>9(j(x)) (_1ue to the definition of Ri (j,0) =_Ujrg[k]:jr¢j, a()<a () R4(j’,6). This
confirms that Ujep, R>9(j) 2 {x eR?: |lx|| > 6, x e R([d],0)}.

e Next, we note that R>¢(j) N R>4(j”) = 0 holds for any j, j’ € P4 with j # j’. To see why, we

assume w.l.o.g. that a(j’) < a(j). Then, due to j’ # j and a(j’) < a(j), we have R>9(j’) C
R‘i (j,6). Therefore, for any x € R4 (), we must have x ¢ R(j,6) \ Ré (7, 6). Repeating this

argument for all j, j” € P4, we confirm that R>%(j)NnR>9(j") =0.
e In summary, the collection of sets R>4(j) provide a partition of {x e R : ||| > 6, x €
R4([d],8)}. Meanwhile, note that

Z C;j (6R>6(j)) =0, for all but countably many ¢ > 0, (35)
J€Pa

where we use dE & E~ \ E° to denote the boundary of the set E. This claim is a consequence of

the definition of MH RV, and we state the proof below.
Lemma C.1. Let Assumption 5 hold. Let R>9 () be defined as in (34). For each j € Py,
(oF (6R>6(j)) =0, for all but countably many 6 > 0. (36)

Proof. Take any 6g > 0. For each ¢ > 9, note that

OR”°(j) € {x e R{\RL(j,60) : Ilxll =6} U {x eRE\RL(j,00) : x € IR/ (j,9), |Ix|l > b0}

def def
=E(5) =E(6)

U{xeRd\R (j,S0): x € ORY 434,90, llx]| > 6o} -

s (6)

We first analyze the set E1(5). Note that £1(5) N E(6”) =0 for any 6p <6 < ¢’, and U s>, E1(6) S
R4\ R‘é (J,60). Meanwhile, under the MHRYV condition in Assumption 5, we have

(R(léo)) 00;

N\




see Definition 2.4. As a result, given any € > 0, there exists at most finitely many ¢ € (dg, co0) such that
C;(E1(5)) > €. Sending € | 0, we confirm that C; (E1(6)) =0 for all but countably many & € (6o, ).
Similarly, note that s> 5, E2(5) € RY \Ri (J,00), and that E>(8) N E(6”) =0 for any 6’ > § > &,

The same arguments above confirm that C; (E2(6)) = 0 for all but countably many ¢ € (g, o). Next,
by the definition of Ri (J,0), we have E3(6) C Ujrep,: j'4j, a(i)<a (i) Eg (6), where

E} (6) € {x e RI\RL(j, 00) : x € IR?(j',6), Il > 6o}
For each j" € Py with j" # j, a(j’) < a(j), one can see that U se (s, 0) Eé., (6) cRY \R‘i (J,60), and
Eg,(d) N E{ (6") =0 for any 6’ > § > §p. Again, we get

C;(E3(5)) < > C;(E (5)) =0
J€Par i 4. ai)<al)

for all but countably many ¢ € (6, ). )
In summary, we have verified that the claim Cj([)R>5( J)) =0 holds for all but countably many
6 € (80, ). We conclude the proof by sending & | 0. O

To proceed, given ¢ > 0, j € Py, and n € N, let (for each k > 1)
779 (ks j) définf{t >17%k=1;4): AL,(1) € R”S(j)}, (37)
W% (k: ) dé‘"AIZn(T,T‘S(k;j)), (38)
and we adopt the convention 7,; 9(0; j) = 0. Analogous to the definitions in (31)—(32), the T, S(k;j)’s

and W °(k; j)’s are the arrival times and sizes of the k™ large jump that belongs to R>%(j). To
provide the individual count for different types of large jumps, we define

K2°(j) ¥ max{k >0: 7, °(k; j) <1}, VjePy, (39)

and keep track of all counts by defining

Ko (k00) , ezl (40)

Similarly, we define
T 0(k) Einf{t > 7,% (k- 1): AL, (1) ¢ RY([d],6)},  #7°(0)=0, (41)
K20 ¥max{k>0: 7.%(k) <1}, (42)

for big jumps that are not aligned with any direction of the cone R?([d], ). Given K = (Kj)jer, €
Zf" , note that on the event {K>° = K} N {I?; 9 =0}, the process I:Z(s(t) admits the form

£>0 .
L= D Wil zoy) 0. Vielo.1] (43)
JE€Pa ke[ K]

with the 7,9 (k; j)’s and W} °(k; j)’s defined in (37)—~(38). In particular, on the event {K; ¢ = K} n

(K>% =0}, we have i7° cDo o [0, 1], see (27)
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We are now ready to state Propositions C.2 and C.3. Specifically, let
K’ ¥ (K;°,K?) (44)
be the concatenation of K>, ¢ and E,T 9 defined in (39)—(42). Let
A)¥{(K,00: KeA(k)}, VkeZd, (45)

where A (k) is introduced in Definition 3.1. That is, we augment each allocation K € A(k) with the
same constant 0.

Proposition C.2. Let Assumptions 5 and 1 hold. For each k = (k) je[a) € Z4\ {0} and A > 0,

lim P<d11 (I:Zé, L,)> A) //ik (n) =0, V6 > 0 small enough, (46)

n—oo

where Ay (n) is defined in (32).

Proposition C.3. Let Assumptions 5 and 1 hold. Let f : D — [0,00) be bounded (i.e., | f|| “
supzep | f(€)] < o0) and continuous (w.r.t. the Jy topology of D). Let k = (kj)je[a] € zd \ {0} and

€ > 0. Suppose that B = supp(f) is bounded away from Iﬁ)gk under d Ix Then,
(a) forany 6 € (0,¢),

BlALOHK e A}

[l

lim <
n—o0 /lk (I’l)

(b) there exists 6¢ > 0 such that for all but countably many & € (0, 6p),

E[ /(L K, = (K.0)}]
lim

n—oo /ik (n)

=Cx(f) <o,  YKeA(k),

where the measure Cyc(-) = 6[70(1(% () is defined in (30).
We defer their proofs to Section C.2, and conclude this subsection by applying Propositions C.2 and
C.3 and establishing Theorem 3.2.

Proof of Theorem 3.2. Without loss of generality, we prove Theorem 3.2 under Assumption 1. For

any € > 0 and any Borel set B C D that is bounded away from Dz x> hote that B is also bounded away

from Dzk under any A > 0 sufficiently small. By Urysohn’s Lemma, one can identify some bounded
and continuous f: D — [0,1] such that g < f < I ga. Then, part (b) of Proposition C.3 confirms that
Zxentk) Cx(B) < Xgcea) Cx(f) < co. This establishes the finite upper bound in Claim (39) and

verifies that Ylgce s (k) Cx e M(D\ }f)zk), thus allowing us to apply Lemma 2.3. Next, given € > 0 and
under the choice of

>0 =>0 -
20 V=K%, V=A(k),

En:;lk(n), anin, Ynézt n
(47)

(S,d)=(D.d,), C=Dg,,




Condition (i) of Lemma 2.3, is verified by Proposition C.2, and Condition (ii) is verified by Proposi-
tion C.3. In particular, in Condition (i) of Lemma 2.3, note that

P(d(X,,,Y)I(X, € Bor Y0 € B) > A) < P(d(X,,,Y,)) > A),

and the claim P(d (X, Y9 > A) = 0(e,) as n — oo, under the choices in (47) with 6 > 0 small enough,
is exactly the content of Proposition C.2. As for Condition (ii), note that the claims are trivial when
B =0. In case that B # 0, since B is bounded away from D;k, we pick A > 0 small enough B? is still
bounded away from C. By Urysohn’s Lemma, one can find some bounded and continuous f : D —)
[0,1] such that Ip < f < Iza. Then, by applying part (b) of Proposition C.3 onto such f, one can
identify some &y = 6o(B,A) > 0 such that for all but countably many 6 € (0, &),

. P(L.° e B, K;° = (%.0))
lim sup

n—oo /ik (n)

_E[f(L)O){K.° = (K,0)}]
< lim

> = Cyc(f) < Cx(BY), VK € Ak).
n—oo /lk (11)

By a similar argument using Urysohn’s Lemma, one can identify some bounded and continuous f with
Iz, < f <1g. Using part (b) of Proposition C.3 again (and by picking a smaller ¢y > 0 if necessary),
it follows for all but countably many 6 € (0, dg) that

.. P(L)°eB.K;°=(K.0))
lim inf

“ > Cx(Bn), VK € Ak).
n—oo /lk (I’l)

Likewise, by part (a) of of Proposition C.3, for the continuous and bounded f with I < f <1iga
identified above, it holds for any ¢ > 0 small enough that

_ P(L°eB. K:°¢A(k) . E[f(L)°){K,° ¢ Ak)}]
lim sup = < lim _ =0.
nsoo Ak (n) neo T (n)

These calculations verify Condition (ii) of Lemma 2.3 under the choices in (47). Using Lemma 2.3, we
conclude the proof of Theorem 3.2. O

C.2. Proofs of Propositions C.2 and C.3

This subsection collects the proofs of Propositions C.2 and C.3. To this end, we prepare a few technical
lemmas. First, Lemma C.4 establishes a concentration inequality for L, (¢) before the arrival of any
large jump.

Lemma C.4. Let Assumption 5 hold. Given any €,3,T > 0, there exists 5o = 6¢ (€, B) such that

lim n# - P sup |Ln(t) — ppt]|>€e|=0 Vo€ (0,5).

e te[0,T]: t<729(1)
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Proof. Without loss of generality, we work with the assumption that uy =0 and 7 = 1. Recall the
Lévy-Itd6 decomposition stated in (21):

L(t) QEIL/ZB(t)Jr/
N — llxll<1

def
=L, (1)

x[PRM, ([0,7] X dx) — tv(dx)| +th+/ xPRM,, ([0, 1] x dx),

llx(1>1

def def
=Ly (1) =Ls(1)

where v is the Lévy measure supported on R¢ \ {0} satisfying /xeRd\{o}(llxll2 A 1)v(dx) < 0. By

definitions in (31), 7,; (1) is the arrival time of the first discontinuity in L, () with norm larger than
6. Therefore, after the 1/n time-scaling, nt, ®(1) is the arrival time of the first discontinuity in L(r)
larger than né. Then, it suffices to show that (as n — o)

P( sup |IL1 ()] >né/3) —o(n P, (48)
tel0,n]

P( sup [ILo(0)] > ne/3) =o(n7P), (49)
tel0,n]

P( sup [|L3(2)| > ne/3) =o(nP), V6 > 0 small enough. (50)
[0,n]: t<nT;9(1)

Proof of Claim (48). We use o-l.lé.z to denote the element in the /™ row and j™ column of the positive

semi-definite matrix Z}‘/z e R4 and write B(t) = (B (1), ... ,Bd(t))T. Let C € max; je[q) |o'l.1$.2|.

Suppose that sup,¢(q 1B (1)] < 3222 holds for each j € [d]. Then, under the L; norm,

Sup LIS D, ) Il sup B0 ), sup |B;(n)]-Cd<d- o Cdsels.
n

ie[d] jeld] , jerd] €l0.n] 3

Therefore, it suffices to show that P(sup, . [0.n] 1B()] > L) = o(n™P) holds for a standard Brownian

3Cal2
motion B(¢) in R'. By Doob’s maximal inequality and the MGF of B(t), we get

2 2

1 ne €
- =2. —ne—— | =onP
n (3Cd2)] eXp( " 18c2d4) o(n™®).

P| sup |B(t)|> )SZ-exp
(te[o n] Cd2

and conclude the proof of Claim (48).

Proof of Claim (49). Note that each coordinate of Ly(t) = (L2,1(?),...,L24(t))" is a Lévy process
with bounded jumps and also a martingale. Therefore, each L, ;(¢) has finite moments of any order;
see Theorem 34 in Chapter I of [7]. Meanwhile, by Burkholder-Davis-Gundy inequalities (see Theorem
48 in Chapter IV of [7]), for each p € [1, o), there exists some constant ¢, € (0, co) (whose value does
not vary with the law of L) such that

r/2
E[ sup |L2’j(l)|p} SCPE ([Lz’j,Lz,j](n)) :|, Vjeld],n>1,

te[0,n]

where V; (1) & [La,j, Ly, ;](¢) is the quadratic variation process of Ly ;(#). Due to the independent and




has stationary and independent increments. Then, by the Minkowski inequality, for each p € [1, o0) we
have

E[ sup |Lo,;(0)|”
te[0,n]

2/p o) 2/p
) < (CP)Z/P . (E[([Lz’j,l‘z,j](n)) })

< (Cp)Z/p ‘n- (E[(Vj(l))p/2] )2/17'
— ———

def
=Vp,j<®

As aresult, for each j € [d], p € [1,),and n > 1,

3d\? E|su |La,; (D)]P
p( sup |L2,j(t)|>g)s( ) CE[supiefo,n 1L2,/(1)17]
te[0,n] 3d np

€

< 3d P_”p/z'cp"p,j _(34 p_cp"p,j
e np € np/2

Picking p > 23, we conclude the proof of Claim (49).
Proof of Claim (50). Note that L3(¢) is a compound Poisson process with drift, i.e., L3(?) = cpt +

ZZY) Z,, where N(t) is a Poisson process with rate 4 = v({||x|| € Rf . llx]l > 1}), and the Z,,’s are
i.i.d. copies under the law

v( - n{llxll €RY: x|l > 1})

P(Ze )=
v{llxll RS« [lx]| > 1}

In particular, under our running assumption yy, = 0, by (24) we have ¢y = —AEZ for the linear drift,
and hence

N(t)
Ly(1) = Z Z,—t-AEZ.

i=1
Also, by Assumption 5 and the MHRYV condition in Definition 2.4, P(||Z]| > n) € RV _ 4 ((i+})(n)
with a({i*}) > 1, where i* © arg min;c[4) @({i}). This confirms that |[EZ|| < co and || Z|| has regularly
varying law with tail index larger than 1.
To proceed, let j* = j*(n,6) be the index of the first Z; with ||ZJ|| > nd, and 7° = 7%(n, ) be its
arrival time in the compound Poisson process Zi]igt) Z,,. Given é > 0, on the event { sup, . [0,n] IN(1) =
At| < né}, observe that

N(t)
sup ILs(H)]|=  sup Z Z,—t AEZ
re[0,n]: t<nt; (1) te[0,n]: t<r* || 751
N (1)
< sup Z Z,-N@t)-EZ||+ sup |N(t) -t |EZ|
te[0,n]: t<t* || 54 te[0,n]: t<t*

Zzi—i-EZ

=1 I}

~

< max
j<(A+é)-n: j<j*

+né-||EZ||
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J
< max +né-||EZ|.
j<(A+é)n

ZI{||Zi| <né}-i-EZ
1

i=

In particular, by picking € > 0 small enough, we get é - ||[EZ|| < €/6. Therefore, to prove Claim (50), it
suffices to show that

P( sup |N(t) — At > né) =o(nP), (51)
te[0,n]

J

> 2|z <no}-i-EZ

i=1

P( max > ne/6) =o(nP), Vs> 0 small enough. (52)
J<(A+€)-n

However, the bound (51) follows from Doob’s maximal inequality and Cramer’s theorem, and the bound

(52) follows from Lemma 3.1 in [9] (i.e., concentration inequalities for truncated regularly varying
vectors). This concludes the proof of Claim (50). O

o £>6 . . =
The next result justifies the use of L: in (33) as an approximator to L,,.

Lemma C.5. Let k e N and € > 0. For any n > 1 and 6 > 0, it holds on event

{r70(k) <1 <70k +1)}

k+1
N ( ﬂ { sup |
m=1 ‘te[1;;%(m-1),1]: 1<% (m)

n

La() = Lu(57°(m - 1)) | < kil})

def
=An(m;6,k,€)
that

sup
t€[0,1]

L% —L,,(t)“ <e.

Proof. For any £, € D and any 0 < u < v < 1, observe the elementary bound

sup [[é(r) =€)
tel0,v]

< sup e -Ell+ sw (e - ) - (E0 - £ | +ao) - a0,

Furthermore, applying this bound inductively, it holds for any 0 < #| < #, <... <t <1 that (under the
convention that zo =0 and 7] = 1)

sup [|é(r) - €|
te[0,1]
k+1

<> s (€0 - 6n-) - (E0) - Ean) | + 1) - aéG].

m=1 te[tm—] Jm)




Now, on event {7;;° (k) <1 <7;°(k+1)}n (ﬂﬁ:;ll An(m;8,k,€)), we apply this bound with & = L,
E=17° and t,, =t (m). In particular, by (33), we have supserr, i €@ = E(tm-1)| = 0 and
||A§ (tm) — AE (tm)H = 0. The claims then follow directly from the condition in the event A, (m; 38, k, €).

O

In Lemma C.6, we develop useful asymptotics for 7,7 ¢ (k; j) and W (k; j). Specifically, given
0 >0, n > 1, we define the event

E;°€{K;°=0}. (53)

Furthermore, given K = (Kj)jep, € Zfd , we define

Eié(W)dg{KZ‘5=7<}ﬁE§5=( ﬂ {Ki‘s(j)=7<f} n{k;°=0}. (54)
jepdﬁ,—/
Lz (%)

Given j € P4 and ¢ > 0, let (Wic) (k; j)) x>1 be sequences that are independent across j € g4, where
each W' (k; j) is an i.i.d. copy of W) (j) with law

P(WU)e )2 e( - k() [Ci(R (), (55)
where the C;’s are the limiting measures in the MHRYV condition of Assumption 5, and the R ()’s

are defined in (34). Besides, let the Uj ;s be i.i.d. copies of Unif(0, 1), and, for each k > 1 and j € Py,
let Uj (1:x) < Uj,(2:1) < - .. < Uj (k:k) be the order statistics of (Uj ¢)ge[k]-

Lemma C.6. Let Assumptions 5 and 1 hold. Let K = (Kj)jep, € Zfd, and let k € Z¢ satisfy (33) (i.e.,
‘K is an allocation of k). First,

lim ny-P((E;‘S)C) —0, Vy>0,6>0. (56)

n—oo

Next, for any 6 > 0 if Claim (35) holds, then

. P(E;(K)) 1 > )\ K
i L (o) o7

where /ij(~) is defined in (32). Furthermore, if K # 0, then

f((r;‘f(k;j),wzé(k;j)) (U ke WE (ke )

E;6(7()) N

jePa, ke[?(j])
(58)

JePa, ke[K;]

as n — oo in terms of weak convergence
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Proof. Recall the definition of v,,(A) = v{nx : x € A}. First, by the law of the (scaled) Lévy process
L,1)= %L(nt) in (21) and the definitions in (41)—(42),

P((E;‘S)C) = P(Poisson(n v (R Rd([d],é))) > 1)

<E

Poisson(n vn(RE\RY([d], 6)))] =n- vn((Rd([d], 6))0) by Markov’s inequality.

By the MHRYV condition in Assumption 5 (in particular, Claim (10) in Definition 2.4), we verify
Claim (56).
Next, by the independence when splitting the Poisson random measure PRM,, in (21),

P(E;5(7()) =( [1 P(E;j(vg-)) P(EZ0).

JjePa

On the one hand, Claim (56) implies that lim;, e P(E - 6) = 1. On the other hand, in light of property
(35), to prove (57) it suffices to show that for any j € P4 and k > 0,

P(E?é(k)) 1 ~ k
o W (e (RO
S gy m)F R (o) °Y
By the law of the (scaled) Lévy process L, (¢) in (21) and the definitions in (37)—(38),
. k
P(E;;;.S(k)) = P(Poisson(n v (RZO()) ) = k) =exp (- nbn(Jj,0)) - M (60)
———

€0,3.,6)

By the MH RV condition in Assumption 5,

lim 0n(J,0) _ (oF (R”(j)); see (9) and our choice of § in (35).
n—e Aj(n)
This also implies 6,(j,8) = O(1j(n)) = o(n) (due to Aj(n) € RV_,(j)(n) with a(j) > 1), and
hence limy,—,0 exp ( — 16, (j,6)) = 1. Plugging these limits back into (60), we conclude the proof of]
Claim (59).

Next, we prove the weak convergence stated in (58). Again, by the independence of the Poisson
splitting, it suffices to show that for any j € £y and K > 1,

>0 (1. 7 >0 (1. 7
f((rn (e ) Wi k), o

> (6) (p. ;
Eﬁ(K))ef((U,-,wm,W* (k,J))kE[K]). (61)

Next, by the law of a compound Poisson process, the arrival times 7,; 9(k; j) are independent of the
jump sizes W, ® (k; j), which implies that the law of the jump size sequence (W, ° (k; j)) ., is inde-




the form

LN ), 17025 ), -1 O (K )

E;;}S(K)) =$(Uj,(1:K)»Uj,(2:K), s Up kx|

Therefore, it only remains to study the marginal law for W °(1; j) (since all W} °(k; j)’s admit the
same law) and show that

P(Wo(jye ) - P(W (e )

in terms of weak convergence, where the law of Wié) () is defined in (55). To this end, note that by
the definitions in (37)—(38),

Vn(R>6(j) n- )

P(W;%(1;j)e - )= ~ . VYjePa 62
( no(15J) ) V@) J€Pa (62)
Then, given a Borel set A C R,
limsupP(WZ‘S(l;j) € A)
n—oo
va(ANEZ2 () [40n)
=lim sup by (62)

sy (R0 ()[40
< C,-((A N R>6(j))_)/Cj((R>§(j))o) by the MHRYV condition and (9)
<C; (A‘ N R>5(j))/cj (R>5(j)) because of (AN B)~ € A~ N B~ and (35)
- P(Wi‘” (j) € A‘); see (55).
Using the Portmanteau Theorem, we conclude the proof. O
Given K = (Kj)jep, € Zfd and € > 0, recall that any path & € ]f)fK admits the form
%Ki
=3 > wily, @,  Vie[01], (63)
Jj€Pa k=1
where w; i € R9(j,€) and tj.k € (0,1] for each j € P, and k € [K]], and any two elements in the

sequence (tj k)jep,, ke[%;] will not coincide; see (27) and (28). Besides, recall that in Definition 3.1,

we use A(k) to denote the set of all allocations of k € Zf. We prepare the next two lemmas to collect
useful properties of sets D;( and measures C(+) (see (30)).

Lemma C.7. Let Assumption 5 hold. Let k = (k) jc[a) € Zd with k #(0,...,0), € >0, and let B be a
Borel set of D equipped with Skorokhod J| topology. Suppose that B is bounded away from Dz i under

€ JOLLOWINg aims noia
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(2) d, (B€,DE,) > &
(b) Given any K= (Kj)jep, € A(k) and £ € Bén D;}, in the expression (63) for & we have

|wjkll > andwj x ¢ RE(j.8),  Vj€Pa, ke [Kj], (64)

where the set R‘é (j,e)= Rdg (j.€:8, ) is defined in (8).

Proof. Part (a) follows directly from the fact that B is bounded away from Dik under d 7 for some

€ > 0, as well as the monotonicity of DEKI - Dg( forany e > ¢’ >0 and K € Zfd .

Moving on to part (b), since there are only finitely elements in A(k), if suffices to fix some K =
(Kj)jer, € A(k) and prove the claim (64). Specifically, we take any 6 € (0,€) and proceed with a
proof by contradiction. Suppose that, for some & € B€ N D;}, there are j* € Py and k* € [Kj+] (which,

of course, requires that K+ > 1) such that Hw k]| < d in the expression for & in (63). Then, with

Ki
O Swiadp, 0+ > wpdp, @), Vre[o,1],
JePa\J"} k=1 ke[ K« 1: kek*
we construct a path £ by removing the jump w = i« from £. By defining K’ = (‘KJf)jepd as
7(/ déf 7{] 1fj ;tj*
TT\K -1 =gt

we have &* € ]]5);_(, and ¢(K’) < &(K) (see (29) and (34)), thus implying &* € D However, due to

é
<k’

<§<é€

d; (€€ < sup [lE(0) =€ (0l =y e
te[0,1]

and ¢ € B€, we arrive at the contradiction that d 7 (B E,Dik) < €. In summary, we have shown that
”Wj,k“ > ¢ for any j € P4, k € [Kj] in the expression (63) for &.

Next, suppose that, for some & € B€ ﬂ]D;(, there exist j* € Py and k* € [K+] (which, again, requires
that %+ > 1) such that w - ;. € Ré (j*,6). Then, by the definition of R‘é (j*,6) in (8) and our choice
of & € (0,&), there exists some j’ € Py with j” # j*, a(j’) < a(j*) such that wj- - € RY(j’,8) €
R4 (j’,€). Now, define K’ = (K))jep, by

K1 if j=j"
KGEIKy+1 it =),
K otherwise

and note that £ € D€, due to Wi+ g+ € R4(j’,€). Dueto a(j’) < a(j*), we have ¢(K’) < &(K) = c(k)
(see (29)), and hence & € Dik (see (37)). In light of the running assumption & € B€, we arrive at the
contradiction that B€ N Di  # 0. This concludes the proof of part (b). O




Lemma C.8. Let Assumption 5 hold. Let k = (kj)jc[a) € Zf such thatk #0. Let T, e > 0 and x € R¥.
For any Borel set B of (D[0,T], df;)l’T] ) that is bounded away from Iﬁ)ik_x [0,T] under d[JOI’T] ,

D CRIB) <.
Kehk)

Proof. Without loss of generality, we impose Assumption 1 (i.e., we focus on the case of 7T =1 and
x =0), and adopt the notations in (30). Also, since there are only finitely many elements in A(k), it
suffices to fix some K = (Kj)jep, € A(k) and some Borel set B of (D, d1|) that is bounded away

from Dik, and show that Cq((B) < o0, Since the measure Cq((~) is supported on D‘,}( (see (30) and the

remarks right after), it suffices to show that
éq((B N Dg() < 00,
€

<k’
claim holds: given any & € BN DY, in the expression (63) for & we have

Since B is bounded away from D€, , Lemma C.7 allows us to fix some & > 0 such that the following

[wj k| >6andwjx ¢RE(j.5),  VjePa ke[K].
Then, by the definition of C(K in (30),

K
o . 1 _ _ _ J
Cx(BNDY) < =——- (C- {weRr?: ||w||>6,w¢Rd(j,6)}) ) (65)
T Mjer, %! ,l;[ (e -

Lo

In particular, for any & € (0,6), the set {w € R{ : [w|| > 45, w ¢ RZ(j,6)} is bounded away from
Ri (j,0). Then, by the MHRYV condition in Assumption 5 (in particular, Claim (9) in Definition 2.4)
we get ¢j(6) < oo for each j € Py. Plugging these bounds back into (65), we conclude the proof. [

Now, we are ready to state the proof of Propositions C.2 and C.3.
Proof of Proposition C.2. Recall the definition of ¢ : Z¢ — [0,00) in (31) and ¢ : Zfd — [0,00) in

(29). Define events

By {djl (L3° L) > A}, B« {1’(';'5 - 0}, B ¥ {5(1{35) < c(k)}. (66)

To establish Claim (46), it suffices to show that for any ¢ > 0 small enough,

Tim P(Bo \ B1)/ Ak (n) =0, (67)
lim P((Bo N B1) \ B2) /Ay (n) =0, (68)
lim P(B() NBN Bz) /;ik (n)=0. (69)

n—oo

Proof of Claim (67). By Claim (56) of Lemma C.6, we get P((B)€) = ok (n)) as n — oo under any
0>0
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Proof of Claim (68). We prove this claim for any § > 0. Let
K, & {7( ezl {(K) > c(k)}.

Note that (Bg N B1) \ B2 C (B2)¢ = {¢(K; %) > c(k)} = {K; % € K> }. Meanwhile, by the definition of
the linear function &(+) in (29) with coefficients @ (j) — 1 > O for any j € P, (see Assumption 5), there
exists a subset KI € K. such that |[KZ | < oo (i.e., containing only finitely many elements) and

S(K)>c(k) = K =K forsome KeKL.

Here, the ordering x > y between two real vectors is equivalent to x; > y; for all i. Then,
{ek;%) > oy c | ) {K;° =%}

KeK
Therefore, to prove Claim (68), it suffices to fix some K € KI (or, more generally, some K =

(Kj)jep, € Zf"’ such that ¢(K) > c(k)) and show that

lim P(K;;° > K) /A (n) =0.

n—oo

By the definition of KZ’S in (40) and the law of L(¢) in (21),

P(K;° > K) (70),

= 1_[ P(K; S(j) > ‘KJ) due to the independence of Poisson splitting
J€Pa

= 1_[ P(Poisson(n v (R™9(j)) ) 2 (KJ) by (37)~(39), where v, (A) = v{nx: x € A}
jePa S———
E0n(.6)

. O\ % . k
< l_l (an(J,(S)) due to P(Poisson(4) > k) <A VA > 0.
J€Pa

Under the MHRYV condition in Assumption 5 (in particular, by Claim (9) in Definition 2.4), we have
0,(j,6) =0(1j(n)) for each j € P4. Plugging these bounds into display (70), we get

P(KZ($Z7<)=O( I—[ (n/lj(n))(KJ), as n — oco.
J€Pa
By the definition of ¢(-) in (29) and 2 (n) € RV _ 4 ;) (n), we have []jcp, (n/].j(l’l)){](j € RV _s(x0) (n).

Lastly, due to g (n) € RV _ .k (n) (see (32)) and &(K) > c(k), we get P(K;;° > K) = o(dx (n)). This
concludes the proof of Claim (68).

Proof of Claim (69). We first note that the set

Ke ©{Kezld: K¢ AK), d(K) <c(k)}




contains only finitely many elements. Therefore, it suffices to fix some K € K¢ and show that

tim P({d, (Ln, L;°) > A} 0 {K;° =%, K2 =0}) [de(m) =0, V& >0 small enough.

n—oo
Let events A, (m;0, k, A) be defined as in Lemma C.5, and let |K| =2 jep, K. By Lemma C.5,

d, (L, L;,°) < Aholds on the event {K;® = %, K;® =0} n (A ™I 4, (m;5,1%1, ). (71)

a

m=1

Then, it only remains to show that lim, P(( ﬁ'mﬂ An(m;6,|K]|, A))C) //ik (n) = 0. By the strong

Markov property of the Lévy process L,, at stopping times 7, ¢ (m) defined in (31), we have

%K +1 . ) A
P[] Antm:sl®IA) | <(KI+D-P(  sup L] > =
m=1 ref0,1]: t<7%(1) ||+
= o(ik (n)) as n — oo for any ¢ > 0 small enough.
The last line follows from Lemma C.4. This concludes the proof of Claim (69). O

Proof of Proposition C.3. (a) Note that
P OK;® ¢ Adk)}
<A -H{I:ZéeB}]I{I_{ZéeéA(k)} due to B = supp(f)

<|IfI-T{L,° € BYI{K;® > 1} +||£1l - T{L,° € BYI{e(K; %) > c(k)}

€1 (n,06) L n,6)

+IAI1-T{L.° € BYI{K:® ¢ A(k), &(K;%) < c(k), K9 =0}.

ELn,06)

Repeating the proof of Claims (67) and (68) for Proposition C.2, we get E[I 1(n, 6)] = o(ik (n)) and
E[Iz(n, 6)] = o(/ik (n)) (as n — oo) for any 6 > 0. Next, let K< &f {‘K € Zf‘l : KeAlk), ¢(K) <
c(k)}. By the definition of D;k = ng;o [0, 1] in (39), for any K € K. we have ]]533( c ng. Therefore,
given K € K., it holds on the event {KZ‘S =K, I?,T‘s =0} that

€ D;S( c D;k, due to property (43) and our choice of § € (0, €).

Since B is bounded away from Eik under dJ] we must have {I:Zé €B}N {K,ﬁ‘S ¢ A(k), c“(KZ‘S) <

c(k)} = (). In summary, we have shown that I3(n, ) = 0 for each ¢ € (0, €) and n > 1. This concludes
the proof of part (a).

(b) Recall that there are only finitely many assignments for k (i.e., |A(k)| < o). Therefore, it suffices
to prove part (b) for some fixed K = (Kj)jep, € A(k). By the definition of B = supp(f), we have

( x| tl < t - ( x| B). | sing Lemma C.8, we confirm tha ('gKl t) < 0. Next applying Lemma C.7
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onto B = supp(f), one can fix some €, § > 0 such that d; (Bg,Ibik) > € and, given £ € B€ N Ibf;(, in
the expression (63) for & we have

||wj.k|| > & and wj,kg]@\g(j,é), VjePa, ke[Kj]. (72)

To proceed, let

28>0

Igc(n,8) € f(L, )I{K;°=%K, K;° =0}

Note that {K>¢ = K, K9 = 0} = E;°(K); see (54). Also, note that Claim (35) holds for all but
countably many ¢ > 0, which is verified by Lemma C.1. Henceforth in this proof, we only consider ¢ €
(0,6) such that Claim (35) holds. Next, let |K] £ % jep, Kj, and define the mapping 4(-) as follows:

given W= (wy,...,wx|) € (Rf)m| and t = (t1,....t%) € (0, 1%, 1et

W% T Wil (73)

One can see that / : (Rf YK % 0,1]%l - Dis continuous (w.r.t. the J; topology of D) when restricted
on the domain (RY)I™! x (0, I+ with A% € {(#1,...,1x) € Ak 2 1, #; Vi, j € [d] withi # j}.

This allows us to apply the continuous mapping theorem and study the asymptotic law of f (IA,Z(S)
conditioned on the event E; 4 (K). Specifically, on {K; ° = K, K;,° = 0}, we write

W>6:(W>6k;~) , T>5:(>5k;-) )
n n( J)J_E%kemj] no = (o J)jemkem]

By (43), on the event E;® (K) we have L..° = h(W;°,T;?). As aresult,

E[Ix(n.0) s s > 7O(K)
%ZE[f(h(Wné,Tné)) (E,,‘S(‘K)] . P(ET(n))'

Then, by Lemma C.6 and the continuity of f (h(-)) on (Rf)”(| x (0,1)!* | we obtain the follow-
ing results (note that f(£) =0 V¢ ¢ B), where we use the Uj i ’s to denote i.i.d. copies of Unif(0, 1),
Uj (1:) SUj 2:1) < - .. S Uj (k:k) for the order statistics of (Uj 4)ge[k]» L1 for the Lebesgue measure
restricted on interval I, and C; () for the location measure in the MRV condition of Assumption 5
supported on R%(j) (see Definition 2.4):

n—oo

:/f( >y wi,kﬂ[rj,k,ll)

JEPa ke[ %K)

lim E[f(h(WZ‘S,TZ‘S))

E;5(7<>]

'H{ PIDIRTVE B} g B0 Vi e Py, ke 551)

JE€Pa ke[ K]

Cj(dwj,k)
(.25 i) Sl tnonog) i)

[P i kel I
d Y

[




(;)/f( Z Z wj,kﬂ[zj,k,ll)

JE€Pa ke[ K]

.11{ Z Z Wikl kl]EB} ]I{wj,keERi(j,d)VjePd, kE[Wj]}

JE€Pa ke[ K]

C; (dWJ k)
( >< R>6(J) >< P((Uj’(]:(Kf)""’Uj’((Kj?'Kj)) Ed(tj,l,...,lj,r/(j))
JePake[%;] fepy
()
JEPdke[WJ
Cj(dwj ) ) (
. >< >< _—’ | Uj,(l:W-),...,Uj,(q(-;’K.) Ed(tj’l,...,tj’q(_)) .
(JePdke[q(]Cj(R>6(J)) JZSd ( J G 1) g

In the display above, the step (*) holds since R>%(j) = R4 (j, ) \R‘é (J,6), and C;(-) is supported

on R (j) CR4(j,6); the step (2) follows from the definition of B = supp(f), our choice of § in (72)
and 6 € (0,5). To proceed, we make a few observations. First, using Uy <U@ik) <... <Ugrpy to
denote the order statistics of k copies of Unif(0, 1), we have

P((U(l:k):U(Z:k)"- "U(k:k)) € d(l‘l,...,tk)) = k!H{O <t <t <...<tp< l}dtldl‘z codty.

Second, the mapping & defined in (73) is invariant under permutation of its arguments. That is, given
W= (wy,.. .,W|7(|) and f = (tl,...,l‘|q(|), we have

for any permutation (o (i));=1,... % of {1,2,...,|K]}. These two properties allow us to re-evaluate
step (4) as an integral over the domain {(#; x); x : tj x € (0, 1)V, k} instead of imposing the ordering
constraint zj | <tjz <...< 1, %; for each j. Specifically,

lim E[f(h(W;‘S,TZ‘S)) ‘E;‘S(‘K)] (74)

n—oo

_ %
1 (CJ(R>6(J')))
J€Pa
/f( Z Z wjvkﬂ[tj,k,l])>< >< (CfX'E(O,l)(d(wj,kvtj,k)))

J€Pa k%G1 JePa kel%KG]
. ( l—l K
J

[ (c,- (R>5(j)))_7(j []

JE€Pa

. éq((f) by definitions in (30) and (30).
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On the other hand, applying the claim (57) in Lemma C.6, we get

P(E;°(K)) 1 . %
lim — 22— = —(Ci(R°(j))) . (75)
n—o A4 (n) J.le;[d %! ( 4 )
Combining (74) and (75), we conclude the proof. O]

Appendix D: Proof for Large Deviations of Multivariate
Heavy-Tailed Hawkes Processes

D.1. Adapting Theorem 3.2 to ID[0, c0)

We first establish sample path large deviations for Lévy processes with MIHRYV increments (i.e., a
suitable modification of Theorem 3.2) w.r.t. the J; topology on D[0, o). Specifically, recall that the
projection mapping ¢, : D[0, 00) — D[0, 7] is defined by ¢, (£)(s) = &(s) for any s € [0, ¢], and let

a (€D [T et [ah (onfe) arfe®)) at]ar vl e eDo). (T6)
0
We need the following two lemmas. First, Lemma D.1 adapts Lemmas C.7 and C.8 to D[0, c0).

Lemma D.1. Let Assumption 5 hold. Let k = (kj)jca) € Zf \ {0}, and € > 0. Given any Borel set B
of (D[0, o), d[JOI’m) ) that is bounded away from Dzk‘/u [0, ) under dljol’w),

(i) there existT € (0, c0) and § € (0, o) such that the following claim holds: for any K = (Kj)jep, €
A(k)and £ € BN D;(.”L [0, 00), in the expression (28) for ¢ (i.e., under I = [0, 00) and x = puy ),
we have

tik <T, ||Wj,k||>5_, and wj ¢Ré(_},5), VjePa, kelKil; an
(i) Egenk) Cip, (B) < oo.
Proof. Fix some A > 0 such that d[JOI’“’) (B,If)gk,m [0, oo)) > A.

(i) Since |A(k)| < oo, it suffices to prove part (i) for some fixed K = (Kj);jep, € A(k). We first show
that Claim (77) holds for any T > 0 large enough such that

e T <A (78)

We consider a proof by contradiction. Suppose that for some £ € BN Ilj)(;_”L [0, ), in expression (28)

there exist some j* € P4 and k* € [Kj+] such that t;+ ;> T. By defining

X
&Y ppt+ Z Zw,,kﬂ{tj,k ST} Ty 000, VE20,
JE€Pa k=1

we construct a path & by removing any jump in & that arrives after time 7. On the one hand, the
existence of t« j- > T implies that we are removing at least one jump when defining £’, and hence




& e DikﬂL [0,0) by definitions in (37). On the other hand, since &(¢) = &’(¢) for each ¢t € [0,T],
we have d[JOI“”) (&,¢) < ft>T e7'dt =e T < A. Due to ¢ € B, we arrive at the contradiction that
d[Jol’m) (B,ITDE [0, oo)) < A, which verifies claim (77) under our choice of T in (78).

<k;u
Next, throughLa proof by contradiction, we show that Claim (77) holds under

d€(0,eANA). (79)

First, suppose that for some & € BN D;ﬂu [0, ), in expression (28) there exist some j* € Py and
k* € [Kj+] such that ||wj*,k*

< 6. By defining

%

EOLupr+ . Y wirl{( 0 # GO Ty (0, V20,

JEPa k=1

we construct a path ¢ by removing the jump wj« ;«—arriving at time #j+ ;~—from &. Again, we

have &’ € ng;y,_ [0,00). On the other hand, due to ||w;- x+|| < J, we have sup, |I£(f) — & (1)|| <4,

and hence d[Jol’m) (£,¢&) < fow e ! . §dt =8 < A; see (79). We then arrive at the contradiction that
leOfm) (B’ng;l‘L [0, oo)) < A. Second, suppose that for some £ € BN D;(;”L [0, ), in expression (28)

there exist some j* € P4 and k* € [K+] such that w- ;- € RZ(j*,6) SR (j*, €) (due to our choice

of § < € in (79)). Then, by definitions in (8), there exists some j’ € Py with j* # j*, a(j’) < a(j*)
such that wj« ;- € R4(j’, €). Now, define K’ = (‘KJf)jepd by

Kp—1  ifj=j*
IGELKy+1 ifj=
K otherwise
First, wj= i+ € R9(j’,€) implies that & € DE » [0, ). Moreover, due to a(j’) < a(j*), we have
ML
G(K') < &(K) = c(k), and hence DE » [0,00) C ]]V))ik.ﬂL [0,00). By & € B, we now arrive at BN
ML <,

D;k;h [0, 00) # 0, which clearly _contradicts d[}’l’“) (B,I@;k;“ [0,c0)) > A. This concludes the proof]
of claim (77) under our choice of ¢ in (79).

(ii) Again, it suffices to fix some K = (Kj)jep, € A(k) and show that C%Z)L (B) < 0. Let T and § be
characterized as in part (i). By the definition of (VZ([]%_"IJL in (30),

ikl > 6, andwjx e RE(j,5), VjePa, ke [791}

>< ((CjXL(o,oo))(d(Wj,k,tj,k)))

JE€Pa ke[ %]

9 1
Clo> (B s—-/]l tik <T,
(I(;”L( ) Hjepdqq' J»k

g [ (roolteexs - w ek
————- T-CilyweRS: |w||>6, weéRZ(Jj,0) .
HfEqug! jle;[d J({ i S })

def =
=cj(6)
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Furthermore, it has been shown in the proof of Lemma C.8 that ¢;(5) < co. This concludes the proof]
of part (7). O

Recall the definition of the projection mapping ¢; : D[0, c0) — D[0, ] in (43), i.e., ¢ (&) (s) = &(s)
for any s € [0,¢]. Lemma D.2 connects the bounded-away-from-Dz ko [0, ©0) condition (under d[Jol"”))

to that of D;k;x[o, T] and d[JOI’T] .

Lemma D.2. Let k € Z¢ \ {0}, € > 0, and x € R%. Given a Borel set B of (D0, 00),d[101’°°)) that is
bounded away from D;k;x [0, 00) under d[JOI’m), it holds for any T > 0 large enough that ¢1(B) is
bounded away from Dzk-x [0,T] under d[JOI’TJ.

Proof. Fix some A > 0 such thatd [0 ) (B, Df kx [0, )) > A. Using a proof by contradiction, we show
that the claim holds for any 7 > 0 large enough such that

e T <A)2. (80)
Specifically, suppose there are sequences &, € ¢r(B), &), € Dik,x [0,T] such that
lim d" (£0.£7) =0. (81)

Then, considering the definition of Dzk,x [0,77] in (37) and by picking a sub-sequence if needed, we

can w.l.o.g. assume the existence of K = (Kj)jcp, € ZP such that K € A(k), ¢(K) < c(k) and &), €
]T)f [0.T] for each n > 1. In particular, due to k # 0, we must have K # 0. Note that | K| & Zjeg)d K

is the number of jumps for any path in D"K'x [0,T]. Since &), € D;(,x [0,T7] for each n, by (28) we know
that &;, admits the form

(n)
&) =tx+ W, ]I n) (1), vVt € [0,T],
" J;d kZ: ZJ ke T]

where each wj("k) belongs to the cone R¥(j, €). Next, we fix some

A
) 2
6€(°’2+4||x||+4|7<|) (82

By (81), it holds for any n large enough that we have d [Jol’” (én,£;,) < 6. In other words, for each n large
enough there exists 1,—a homeomorphism on [0, 7]—such that

sup_ | (1) =tV ||€ (A0 (1)) — En(D)]| < 6. (83)
te

Under such large n, we consider ¢ € (0,7T) such that

ze[('” 5z<") s,  VjePa kel%Kl. (84)




By (84), &,,(+) does note make any jump over the interval [t — &,¢ + 6] N [0, 7], meaning that, over this
interval, the path &;,(-) is a linear function with slope x. Then, by (83), we get

sup € (t1) = &5 (12)|| < 6+ Ilx]l - 26.

t1,trel[t—6,t+5|N[0,T]

Therefore, by modifying A, (-) only over [7—4, 7], one can obtain /iff)—a homeomorphism over [0, #]—
such that

sup | (u) —u| v
uel0,t]

en () ) =& <5+ (14211,

Applying this bound on d[0 V(e (£n), (&) A1 for any t € (0,T) satisfying (84), and applying the
trivial upper bound 1 for any t where (84) doest not hold, we get (for all n large enough)

/ C[ab (o6 @n(en)) A1ar (85)

<

/ e "o (1+2|x])dt +|K| - 26
re[0,T]: zg[zjfj}j-é,zjfjj+5] VjePy, ke[K;]

<6-(1+2[x[|+2]K]) <A/2 by (82).

Furthermore, since &, € ¢;(B), for each n > 1 there is &, € B such that .fn(t)v: &,(1) Ve € [0,T].
Also, by extending the path &/, linearly with slope x over (T, o), we obtain £/, € Dg. . [0, 00) such that

& (1) = £/, (t) Vt € [0,T]. Following from the inequality in display (85),
N ol .
d‘[lol’ )(gn’é:n) < 5 +'/7: e t . I:d‘[lol’ ](¢t(§n)7 ¢l(£n)) /\ l]d[
<A by (80),

which clearly contradicts d[JOI"”) (B, bgk-x [0, oo)) > A. This concludes the proof. O

Now, we are ready to prove Theorem D.3, which adapts Theorem 3.2 to (D[0, c0), d[0 °°))

Theorem D.3. Let Assumption 5 hold. Let k = (kj) jc[a) € 74\ {0}, and let B be a Borel set of D0, co)

equipped with Jy topology (i.e., induced by d; [0 ) ). Suppose that B is bounded away from D€ <k: [0, o0)

UL
under d[Jol ) for some € > 0. Then,

P(L € B) P(L™ € B)
. En =B) Z

Z C[0 °°) (B ) < liminf ————— < limsup

> < Coen (B7) <o,
Kea(k) nme g (n) n—eo Ak (n) Kentk) ¢

(86)

where Ay (n), uy, C[ °°) , and D‘ [O, o) are defined in (32), (24), (30), and (37), respectively.

Proof. Part (ii) of Lemma D.1 confirms that Ygcca k) C[0 ) € M(D[O0, c0) \DE [O 00)) (under

d, 10. °°)) for any € > 0, which verifies the finite upper bound in (86) Then by Theorem 2.2 (the Port-
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[0, 00) uniformly continuous (w.r.t. (D[0, c0), d[JOI’”) )) and bounded (i.e., || fIl = Sup£epjo,00) f(£) < )

such that B supp( f) is bounded away from I@zk_”L [0, co) under d[JOI’w) for some € > 0, we have

7 [0,00)
tim B0 ) DL R (). (87)

n—oo /ik (n) Keh(k) Kone

To proceed, for each ¢ € [0, o0) we define the mapping f; : D[0, 7] — R by (note that in the display (88)
below, the path ¢ is an element of D[0, ¢])

Hi(E)E F(¢™(£)), where g™ (£)(s) EES AN +[0V (s=1)] - pp Vs > 0. (88)

That is, ¢itnv extends the path & € D[0, 1] to D[0, o) linearly with slope yy over (z, o), which, in a way,
“inverts” the projection mapping ¢; in (43). Now, we make a few observations.

e Define ¢, : D[0, c0) — D0, o) by
GO EECA)+[0V (s=0)]-pp,  VE€D[0,00), 5>0.

By the definition of d[JOI"X’) in (76), for any ¢t > 0 and & € D[0, ), we have d[Jol’m) (6:(£),¢) <

fs L e tds = e~'. Then, by the uniform continuity of the function f fixed in (87), given € > 0,
there exists T =T (e) > 0 such that

[f (&)~ f(d:(8))|<e.  Vi=T, £eD[0,). (89)
e Recall that B = supp(f), and note that
f(&)=0and f(¢:(£)) =0,  V1>0, & €D[0, o) such that ¢, (¢) € ¢:(B).  (90)
e Combining (89) and (90), we know that given € > 0, there is 7' = T (¢) € (0, o) such that
1£(&) - £(6:(&)| <e-I{p (&) € p(B)},  Vi=T, £€D[0,00). o1

e Recall that in (88), we use & to denote an element of D[0, ¢], which differs from our convention
henceforth that & € D[0, o0). By definitions in (88), it holds for any ¢ > 0 and ¢ € D[0, o) that
fi(p:(8)) = £(:(£)). Then, by (91), given € > O there exists T =T'(€) > 0 such that for any > T,

E i[O,W) E i[OJ] P i[ostl B
lim sup fv( n) < lim fﬁ( z )+e~limsupw (92)
n—eo A (n) n—e g (n) n—oo A (n)
E l_,[o’m) E i[O,t] P i[OJ] B
fiminf ELEn ) oy B &), B €4(B) (93)
n—oo Ak (n) n—eo A (n) n—oo A (n)
Suppose we can show that
Ef,(l_,[o’t]) -
lim lim =C= o= % CR (), ©4)
oenme s () gy
P(LY"V e ¢,(B
lim sup lim sup P(Ly_€¢:(B) < 0. 95)

t—o00 n—oo /lvk (n)




Then, by plugging these results into (92)—(93) and sending ¢t — co, € | 0, we conclude the proof of]
claim (87). Now, it only remains to prove claims (94) and (95).

Proof of Claim (94). For any ¢ > 0, the function f; is continuous and bounded. Besides, note that
f: (&) =0 whenever & ¢ ¢;(B), where B =supp(f). On the other hand, Lemma D.2 shows that ¢;(B)

is bounded away from Dik_ﬂL [0,7] under d[JOI”] for any 7 > 0 large enough. This allows us to apply

Theorem 3.2 and Theorem 2.2, the Portmanteau Theorem for M-convergence, to show that

E I:[OJ]
lim L") =

[0.7] .
A X () Z C,K;”L (fr), Vt > 0 sufficiently large.

Keh(k)

Also, note that |A(k)| < oo (i.e., the set contains only finitely many elements). Therefore, to prove
Claim (94), it suffices to fix some K = (Kj)jcp, € A(k) and show that Cf]%fl]lL(f,) = C[O’“’)L (f) for

Kiu
any ¢ > 0 sufficiently large. Now, by the definition of f; in (88) and C,[]()(’I]IL in (30),

(0,1 1 inv
C[&;;I;L(ft)=m'/f(¢z (HLI"' Z Z wj,kﬂ[tj,k’l])) (96)

JE€Pa ke[ K]

X X ((cj x L<o,t))(d(w,-,k,zj,k)))

JEPa ke[ K]

¢;HV(HL1+ Z Z Wj,kﬂ[tj,k,t]))

JE€Pa ke[ K]

_ 1 /
"Mt )7
.H{tj,k <tVjePqg, ke [(KJ]} >< >< ((Cj X.E(O,oo))(d(wj’k,tj,k))),
JEPa ke[ K]

where £ is the Lebesgue measure restricted on interval /. Furthermore, for B = supp( f), by part (i)
of Lemma D.1, there exists some T € (0, co) such that the following claim holds: for any piece-wise

linear function ¢ € D[0, ) of the form £(7) = ppt + Yjep, Zz(zjl wj,kﬂ[tj,k,w)(t) with w; . € R4 ()
for each j € Py, k € [Kj], we have

E€eB = tj<TVjePy, kel[K;]. 97

Therefore, provided that wj € R4(j) for each j € Py and k € [%;1, given any t > T we have

f(¢i,nV(pL1+ >N wj,kﬂ[,j’k,t])) Wty <1Vj € Pa, ke [9G])

JE€Pa ke[ K]

=f(ﬂL1+ > wj,kﬂ[,j’k,m)) -H{;j,k <tVjePy ke [7(,-]} by (88),
JE€Pa ke[ K]

=f(;1L1+ Z Z wj,k]I[,j‘k,oo)) due to (97) and B = supp(f).

JE€Pa ke[ K]
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Also, by the MHRYV condition of Assumption 5, for each j € P, the measure C;(-) is supported on
R4(j) (see also Section 2.2). Then, in (96), it holds for any ¢ > T that

[0.2]
Chetl ()
1
:—H- pwan -/f(/lL1+ Z Z Wj,kH[tj,k,oo)) >< >< ((CjX.E(o,oo))(d(wj’k,tj,k)))
JEPa "N JE€Pa ke[ K] JePake[%;]
_ (A[0,0)
=CR ().
This concludes the proof of Claim (94).

Proof of Claim (95). By the definition of the projection mapping ¢, in (43), for any t’ > ¢ > 0 we have
{LY" € ¢.(B)} 2 {L}""" € ¢,(B)}. This monotonicity w.r.t. ¢ implies that, to prove Claim (95), it
suffices to find T € (0, o0) such that

PLY" € or(B) _

lim su = 98)
Since B = supp(f) is bounded away from Dik.h [0, c0) under d[JOI"”) for some € > 0, Lemma D.2
shows that ¢7(B) is bounded away from Dik'pL [0,T] under d[Jol’T] for any 7 > O large enough.
Claim (98) then follows from the finite upper bound in Claim (39) of Theorem 3.2. O

D.2. Proof of Proposition 3.4

To rigorously explain the coupling between the Hawkes process N(#) and the compound Poisson pro-
cess L(z) in (52), we first review the cluster representation of Hawkes processes, which reveals the
underlying branching structure in N(#). Intuitively speaking, the cluster representation shows that the
Hawkes process N(¢) can be constructed by first generating a sequence of “immigrants” (i.e., points of]
the O™ generation) arriving at Poisson rates ¢; and then, iteratively, letting each generation of points
to give birth to the next generation of descendants. In particular, any type-j point gives birth to type-i
points according to an inhomogeneous Poisson processes with rates determined by B;. jfiej(-). This
approach was first introduced in [4] in the univariate setting. See also Chapter 4 of [6] and Examples
6.3(c) and 6.4(c) of [3] for a treatment in the multivariate setting.

Appealing to the more general framework of Poisson cluster processes, we start by constructing a
point process that identifies the centers of each cluster, and then augment each center with a separate
point process representing the arrival times and types of the offspring in this cluster. First, we define a
point process in the space N C(-) in [0, 00) x [d], where the superscript C denotes “center”. Recall the
positive immigration rates ¢; in (1). Independently for each j € [d], generate 0 < TlC1 < TlC2 < ...under
a Poisson process with rate c;. Let

NCOE D > 8ae, 0 (99)

jeld] k=0

where 0 denotes the Dirac measure at x. This is equivalent to the superposition of several independent

Poisson processes, where each arrival T.Cl is augmented with a marker j to denote its type.




Next, we associate each point (TJ? ,J) in the center process with an offspring process, which is a
point process in the space [0, %) X [d] (we use the superscript O to denote “offspring”):

KO(TF,.)
o — .
Nae.n©= 2 Sagmag,om - (100

In particular, each N o c
(Tj:k’
by the following iterative procedure.

) () is an independent copy of a point process CJ.O, whose law is described
J

Definition D.4 (Offspring Cluster Process CJQ). For each j € [d], the point process CJQ(-) in the
space [0, 0) X [d] is defined as follows.

(1) (Ancestor Immigrant) In this procedure, we use R;");j to denote the number of type-i individ-
uals in the n'" generation of the cluster CJQ, and Ti("” (k) for the time between the arrival of the
ancestor of the cluster and the birth of the k" type-i individual in the n™ generation. Specifically,
let RJ(.O);j =1 and R;O);j =0 for each i € [d], i # j, which represents that the type-j ancestor is
the only member in the 0" generation of this cluster. Besides, we set T ;0);]. (1) =0.

(ii) (Offspring in the n'M generation) Iteratively, do the following for n = 1,2,.. ., until we arrive
at some n such that Rl.("_l);j =0 for any i € [d]. For any [ € [d] with Rl("_l);j > 1, and any

me [Rl("fl);j ], independently for each i € [d], generate the sequence (Tl(ilm)] (k)) « according
to an inhomogeneous Poisson process with rate

Bicifiea( =17V (m)). (101),
Here, by sampling under the rate in (101), we mean the following.

e First, generate an independent copy of Bi . Conditioning on Bi; = b for some b > 0,

generate Bf&;");j —the count of type-i children (in the n'" generation) born by the m™ type-
n,m);j
I

[ individual in the (n — 1)"generation—by BE ~ Poisson(b - i), with u;; defined
in (12). |
o Next, let 7 be i.i.d. copies under the law with density fi;(-)/pics. Let T"™% (k) =

il
tr + Tl("_l)” (m) for each k € [B("’m);]].

i—j
Then, given i € [d], by ordering the arrival times Tl.(i’lm);j(k) across all [ € [d], m € [Rl("_l);j],
and k € [Bfg");j], we get 0 < Tl.(");j(l) < Tl.(");j 2)<...< Tl.(");j (Rl.(");j), where we use Rl.(");j
to denote the count of type-i individuals in the n' generation. Note that this strictly increasing

sequence is almost surely well-defined (i.e., with no ties) since the law of Tl.((f’lm);j (k) is absolutely
continuous w.r.t. the Lebesgue measure.

(iii) (Definition of the cluster process) Let K & max{n > 0: R > 1 for some i € [d]} be the

count of generations in this cluster. W.l.o.g. we set Ri(");j =0forany n > KJO +1andi € [d]. The
cluster process is defined by

K](.) R
SC

D Bty (102)

n=vrera m=t
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In this paper, we work with conditions (see Section 2.3) which ensure that there are almost surely
finitely many points in C].O, and hence the count of points K (Tﬁ ,J) is almost surely finite in (100).

Define the time-shift operator 6, by 6, u(-) & Yik>10(1p+t,a,) () for any £ > 0 and point process
() = Xg>10(1,a,)- Augmenting the center process N C with each offspring cluster N© T’ we
obtain a point process

KO(TC D)
def
N()¥ Z[;i kz;)eTc NOe ()= Z;i]];) Z;) 816,479, ()49, om) (- (103)
je€ > et = o

For each t > 0 and i € [d], we define the counting process

KO(TG,.))
Ni(0) € N([0.1] % {i}) = Z 2 2 {TC +T0 (m) <1, A k(m)—z} (104)
1k20  m=0

Under the sub-criticality condition regarding the offspring distributions (i.e., Assumption 1), it has
been shown in [3,4] that the definitions in (99)—(104) using the cluster representation agree with Defi-
nition 1.1.

We formally define the size of the offspring cluster processes Cj(.). Using notations in Definition D.4,
we define (for each j € [d])

Siej djfZR(")J Sj ] (Sl<—j’S2‘—j""’Sd‘_j)T' (105)

n>0

That is, S; is the size vector of the offspring cluster process CJO(-) induced by a type-j ancestor,

with each element S;.; representing the count of type-i points in the cluster. Under the law of C 20!
specified above, the vectors §; solve the distributional fixed-point equations (2), under the offspring
distributions (B;«j);e[q] stated in (11).

Meanwhile, using notations in (100), we denote the size vector of cluster N (¢ )by
k
(k) der O (1) =i (k) ger (g(k) (k) x) \T
Sy ua%om=if, s (s s s ) (106)

m>0

By definition, (S (k )) k> are i.i.d. copies of the S; defined in (105), and hence exhibit the MH RV*
tail asymptotics characterlzed in Theorem 2.6.

In the construction of L(¢) in (52), let S;k) be defined as in (106). Now, Proposition 3.4 is an
immediate consequence of the construction of the compound Poisson process L(#) in (52) and the tail
asymptotics of Hawkes process clusters established in Theorem 2.6.

Proof of Proposition 3.4. Note that L(¢) is the superposition of a sequence of independent compound
Poisson processes. That is, L(#) = X je[q] L-—;(?), where

L) st s“‘)n o0 Vieldl,
k>0




the (Tjgk)kzl is a sequence generated by a Poisson process on (0,c0) with a constant rate c;, and

(S;.k))kzl are i.i.d. copies of §;. In other words, L.._j(?) is a Lévy process with generating triplet
(0,0,v;), where the Lévy measure is v;(-) = c; - P(S; € - ). Therefore, Claim (53) follows from
L(t) = X je[ay L-—;j(?). Next, by Theorem 2.6,

vi € MHRV*|(5))je[a)s (a(j))j;[d], (A)jepys (Ci.C{)jGPd)’ Vie [d].

Then, the MHRYV™ tail condition of v = 2ie[d) Vi claimed in (54) follows from Definition 2.4 for
MHRYV?*, as well as the definition of Cj = 3[4 ¢i - C{ in (45). O

D.3. Proof of Proposition 3.5

To prove Proposition 3.5, we prepare a few lemmas. First, we decompose L(¢) in (52) into processes
constructed by “large” clusters and “small” clusters separately. For each §,7 >0 and n > 1, let

_ L1
LnE- 3 Zs}’”n{”sﬁ““ >n6} L, o) (1), (107)
n T kso I
_ _ ] 1
L0 L0 -L =1 3 Y sf.k)H{ Hs}")“ < na} Tje, o (10). (108)
jeld] k=0 I

We also define the (scaled) sample paths
L0720 ref0,T]), L7 € {L2°(r): 120}, (109)

. =<6, = <6310.00 . . .
and adopt notations L, 0T and L, 710 analogously. Recall that 1(¢) = ¢ is the linear function

with slope 1, and that EL(1) = up (see (47)). The next lemma establishes the asymptotic equivalence
between LI and L, + uy 1 under dp™.

Lemma D.5. Let Assumptions 1-4 hold. For any A, 8 > 0,

lim n# 'P(d[;,’“’) (l_,ﬁ)"x’), I::é;[o’”) + N 1) > A) =0, V6 > 0 small enough.

n—oo

Proof. Fix T > 0 large enough such that e=7 < A/2. Note that
/ et [d[;’” (¢t (€M), o, (g<2>)) A l]dt <eT<n2,  veW ¢® eD[o, ).
t>T

Besides , for each 7 € [0,T], the metric d [72’” is bounded by the uniform metric on D[0, ¢]. Therefore,
it suffices to show that

P( sup

L) - (L;‘S(t) + ,uNt)H > A/2) —o(nF), V&> 0 small enough. (110)
t€[0,T]
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To proceed, let (for each k > 1)

)L >0 (k=1): AL (1) #0} = {r>77%(k=1): |[AL(n)]| > 6} (111)
be the arrival time of the k" large jump in L, (), under the convention that 7, ¢(0) = 0. Meanwhile,
for any non-negative integer K, on the event {T; S(K+1) > T} (meaning that there are at most K large

jumps in L, (¢) during ¢ € [0, T]), note that

sup
t€[0,T]

L.(0) - (i;é(t) +,1Nr)H

= sup |‘i<6(t)—uNt|| see (108)
t€[0,T]

K+1
SZ sup |
k=1 tel7; % (k=1),7;° (k))N[0,T]

L5 - py - (=770 (k= 1) - L5 (e (e - ).

YR (8)

In the last line of the display above, we applied 7,7 ¢ (K + 1) > T, as well as the fact that L fé(t) makes
no jumps at any ¢ =1,, ¢ (k); see the definitions in (108). Therefore, to prove Claim (110), it suffices to
show the existence of some K € N such that

P(T;5 (K+1) < T) —o(nP), V&> 0 sufficiently small, (112)

and that for each k € [K + 1],

P| Ry (8) > =o(nP), Vs> 0 sufficiently small. (113)

A
2(K+1)

Proof of Claim (112). We prove that, for K large enough, the claim holds for any ¢ > 0. In light of
Proposition 3.4 and the definitions in (107)—(108), i>6(t) is a Lévy process with generating triplet

(0, 0,7 vy( - N{xeR: x| > 6})) where v,,(A) = v{nx : x € A}, and v is defined in (53),
satisfying the MHRV™ tail condition in (54). Next, let @*(-) and a(+) be defined as in (15)-(16), and

let j* < argmin ¢ ({/}) = argmin @*(j). Note that this argument minimum is unique and *(j*) > 1

Jjeld] Jjeld] B
under Assumptions 2 and 4. As a result, Ri ({j*},€) ={0} for any € > 0. By (9),

. nva{x €RY: |Ix|| > 6}
lim sup

w0,  V5>0, (114)
n—sco najy(n)

where A;(n) is defined in (17). This implies nv,, {x € R{ : ||lx|| > 6} = O(nd(;+}(n)) as n — co. Then,
for any K € N,

P(r7O(K+1)<T) =P(P0isson(nvn{x eR?: |x|>6}-T) 2K+ 1)

<TX* . (nv,fx eRY: x| (5})K+1 due to P(Poisson(2) > k) < A*

\ 7




=0((nagy )<} by (114,

Lastly, due to nd j«y (n) € RV _(o+(j*)-1)(n) (see (17)) and o™ (j*) > 1, it holds for all K large enough

that (K + 1) - (e*(j*) — 1) > B, and hence (n/l{j*}(n))KJrl = o(n™P). This concludes the proof of
Claim (112).

Proof of Claim (113). By the Markov property at each stopping time 7, 9(k), it suffices to show that
(for any 6 > 0 small enough),

P( sup ‘ LS
te[0,T]: t<7;9(1)

= P( sup L) - pyt| >
€[0,T]: r<7;9(1)

> s
(K+1)

=o(nP),

A
2(K+1)

where we applied the fact that I:,fé(t) =L,(t)foranyt <1, 9(1); see (107)-(108). Besides, recall that
EL(1) = up. Applying Lemma C.4, we conclude the proof of claim (113). O

Analogous to Lemma D.5, we decompose the Hawkes process N(7) by considering the small or
large clusters therein. More precisely, for the scaled process N, (t) = N(nt)/n, it follows from the
cluster representation (104) that

KO(TY (k).j)
Nn,i(z)_ ZZ Z ]I{Tﬁkn]?k(m)sm, Agk(m)=i}, Vt>0,i€ld],

]6 [d] k=0 m=0

and Ny, (1) = (Np,1 (1), N2 (2), . ... ,Nn,d(t))T. Meanwhile, recall that S;.k) is size vector of the cluster

induced by the k™ type-j immigrant (see (106)) and Tfk is the arrival time of that immigrant. By
incorporating the cluster size, for each n > 1 and § > 0 we define

KO(Tf (k). j)

N>6()djf1 D) Z {”S(k)”>n6} H{ +T9 (m) < nt, AS k(m)_,} (115)

]E[d]k>0 m=0
SO Y N () - N2 () (116)

KO(TF (k).j)

. Z >y ]I{HSj.k)”Sné}-]I{TC +79.(m) <nt, AS k(m)—l}

e[d] k=0  m=0

and Nzé(t) &f (N>2(n),... N>‘S (t)) \Y fé(t) o (fo(t), ... ,Nfg(t))T. Analogous to (109), we
define | ' |

NPT N (@0 e [0T]), NP0 N 20} ()

The proof of the next lemma involves the lifetime of each cluster. Adopting notations in (100), we
use

H© o maxTOk(m) (118)
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o

to denote the lifetime of the cluster process N (i.e., the gap in the birth times between the

(TE (K).))
ancestor and the last descendant in this cluster). Similarly, in (102) we use
H% max T7"9(m 119
I m=0,ie[d] (m) (1)
to denote the lifetime of the point process C].O. Since N (OTC(k) y are i.i.d. copies of CJ.O, the sequence
j ’.]

Hj(.k) are also independent copies of H;. Lemma D.6 establishes the asymptotic equivalence between

70,00 57> 030,00 o
N and N, *1 >+,uN1underdgg’ )

Lemma D.6. Let Assumptions 14 hold. For any A, 8> 0,

lim n# ~P(d[£’°°) (N[,?’w), NZ&"""") +IlN1) > A) =0, Vé > 0 small enough.

n—oo

Proof. The proof is similar to that of Lemma D.5. In particular, by fixing T large enough such that
e T <A /2, it suffices to prove that

P( sup HN,,(:) - (N;‘s(:) + yNt)” > A/Z) —o(nB), V&> 0 small enough. (120)
t€[0,T]

First, by comparing the definitions in (108) and (116),
NSOy <LS%(),  V6>0,n>1,1>0, (121)

.= . . . .

since in L, ° (t) we lump all descendants in the same cluster at the arrival time of the immigrant of the
cluster. Here, the order x < y between two vectors in R? means that x; < y; for each i € [d]. Next, for
each M > 0, let

My et Ol <)
LM (1) ;:U;)Sj 1{m < m} 76, o (1)
Jj >

That is, L'™ (¢) is a modification of L(7) in (52) by only considering clusters with lifetime below M.
Note that

E[LM(1)]= Y ¢ B[S;I{H; <M} > ) c;-ES;=py, asM— oo, (122)
jeTd] jetd]

by the monotone convergence theorem. Besides, for each n > 1 and ¢ > 0, we define processes

7IM o aer | (K 77(6)
L% Z Zsj {H SM}']I[Tic'k’DO)(nt),
jeld] k=0 7

F<6IM |y aer | (k) ” (k)” (k) ,
Ly - Z Zsj ]1{ S7|| s B <M Tge (),
je[d] k=0

which scale both time and space by n. For any €, 6 > 0, and any n large enough such that ne > M,

6|M((

NS°(y > LS t—€)v0), V6>0,n>1,1>0. (123)




Indeed, for any cluster with its immigrant arriving at Tﬁk < n(t — €) and lifetime H](.k) < M, all the
descendants in this cluster must have arrived by the time n(t — €) + M < nt. Combining (121) and
(123), for any €, M, 6 > 0, it holds for all n large enough with ne > M that

L™t - v0) —puyt < N2 (0) - puyt < L3O (1) - pyt. Vi20
= sup HN,fa(t)—yNtH < sup sup 5|M(([_E)v0) _MNtH_
t€[0,T] t€[0,T] t€[0,T]

The last step follows from our choice of the L; norm and the preliminary bound that y <x <7 =
|x| < |y| + |z|. Furthermore, note that

sup 6|M((t -e)Vv0)- ,uNtH

t€[0,T]

< sup [|IE50™ )~ B[LM ()] |+ e+ 7y ~E[LM (1]

t€[0,T]

< sup 5|M(t) tE[L'M(l)]”+A/6 for any € small enough and M large enough.
t€[0,T]

The last inequality follows from the limit in (122). Therefore, to prove Claim (120), it suffices to

show that given M > 0, the bounds P( SUP;e[0,7] <(SlM(t) t- E[ |M(l) H > A/6) =o(n"P) and

P(suptE[O,T] L; (t) - yNt” > A/6) =o(n~P) for any 6 > 0 small enough. By repeating the argu-

ments in Lemma D.5 for (110), one can establish both claims above. L]

To proceed, we prepare Lemma D.7 and characterize the tail asymptotics for H; in (119) (i.e., the
lifetime of clusters).

Lemma D.7. Let Assumptions 1 and 2 hold. Let B> 0 and a : (0, 0) — (0, 00) be a regularly varying
function with a(x) € RV _g(x) as x — oco. Let fi,4(-) be the decay functions in (1). Suppose that

/00 fpeq(t)dt=o0(a(x)) asx — oo, Vp,q € [d]. (124)
x/logx
Then,

P(H; > ne) =o(a(n)) asn— oo, Vjeld], e>0. (125)

Proof. In this proof, we fix some € > 0 and j € [d]. Recall the cluster representation of Hawkes
processes in (99)—(104). The key of this proof is to establish a stochastic comparison of H ;, the lifetime
of a cluster CJQ, which refines the bounds for the lifetime of clusters in [8] by taking the maximum
instead of the sum of the birth times within each generation. To be more specific, we introduce a few
notations. Independently for each pair (i,1) € [d]?, let (BEZ;");J )
(11), i.e., with law

nm>1 be the i.i.d. copies of B;; in

Bic~ Poisson(l?ly_l‘/ fi(_l(t)dt).
0




42

Here, recall that by Poisson(X) for a non-negative variable X, we mean the law P(Poisson(X ) > y) =
f “P(Poisson(x) > y)P(X € dx). This agrees with the notations in Definition D.4, where we use

B(n M o denote, in the cluster process CO( -), the count of type-i children (in the n'M generation)

born by the m'™ type-/ individual in the (n — 1)™ generation. Besides, independent from the sequence
(n,m);j
(B

) s o let (X(" k! ))n kx> beiid. copies of X;; with law

il

./tEE fi«—l(t)dt

P(Xie; € E) = 2Lk
it €)=

, V Borel E C (0, ). (126)

By step (ii) in Definition D.4, we interpret Xl.(i’lk’k/) as the time that the k™ type-/ parent in the (n — 1)
generation waited to give birth to its (k”)™ type-i child (here, the children are not ordered by age).
As in Definition D.4, we use RE");J to denote, in the cluster C?, the count of type-i descendants in

the (n — 1) generation, and use the sequence 0 < Tl.(");j (1)< Tl.(");j (2) < ... to denote the birth times
of type-i descendants in the n'" generation (provided that the cluster does have at least n generations
and there are type-i individuals in the nM generation). In particular, note that each Ti(");j (r) admits the
expression

(n):j (1,1,k}) (2,k2,k5) (n.kn kly)
T (r)= X11<—J +Xj2<—j1 “'+Xi<_jn71 ’
where, for the (random) indices, we have j; € [d], k; € [R;ll__ll);j], and k; € [B;?(_kjl o ]] for each [;
here, note that we must have jy = j and k| = 1, since the only individual in the oth generation is the
type-j ancestor itself. Next, note that

T(") J( ) < X](Ll k) +X(.2’k2.’ké) ot (An_l’k'.l_]’k;l") + max max X‘(]:’_];,k )
1<J 21 Jn-1<"Jn-2 p.geld] ke[R;n—l);j]
K e[BYRR)TY
(.1’1’.]{;) (‘Z’kz"ké) (=l kn-rk, ) max max (m)
ot =i J2r—in Jn-1—Jn—2 Poa€ld] pye[RUV ) ap
’ ’ ’
g X e e max X,

PaEld] ey, g R

In the display above, the stochastic comparison (i.e., the < step) holds due to the independence between
St

k,k") s t,k,k . .
the X;'f_p )5 and (X,L_v ))u,ve[d],kzl,k/>1 te[n-1]° where we use Xé"(l)p to denote generic copies of

Xy p (see (126)) that are independent of the X,Ef_kvk ). We emphasize that this stochastic comparison

holds due to the independence between the size (i.e., offspring counts) and the birth time distributions
in the cluster. Repeating this argument inductively, we obtain

(n);j (m)
T (r) <n- max max X/ 127)
st pageld] 1<mells;|| T
We note that (127) refines the bounds for the lifetime of clusters in [8]. .
Adopting the notations in Definition D.4, we let K}O =max{n >0: RE") > 1 for some i € [d]}

C R E ()i




offspring count in the n™ generation of the cluster process C](.)(-). By (127), for any c; > 0 we have

P(H; > ne) <P(K9 > c;logn) + P| max max X("L) > ne )
(Hj>ne) < P(K} = crlogn) (p,qe[dl 1<me|ls;|| P77 cilogn

ne
<P(K9 > ¢ logn) + P( max X > )
] Psqze][d] remsis;l 7T 17 ¢\ logn

To prove (125), it suffices to find some constant ¢; > 0 (depending only on 8 and ;) such that

P(K].O > cylogn) =o(a(n)) asn— oo, (128)
and that
(m) ne |\ _ 2
P max XU, =o(a(n)) asn— oo, Y(p,q) € [d]*. (129)
L<ms|[S ;]| cilogn

Proof of Claim (128). We fix some & € (1, minp, 4 @p4). By Assumption 2, we have E[Bp<_q] < 00,
Under this condition and Assumption 1, it has been established in Section 3 of [5] (in particular, see
Equation (6) in the paper and the discussion below) that

E[(R®N¥] <eqvk,  Vkx1,

for some cq € (0,00) and v € (0, 1) whose values only depend on the law of the Ep,q’s. Then, by
Markov’s inequality,

P(K? > k)=P(RM7 >0) =P(RMV 2 1) <cov¥,  Vkx1.
By picking ¢ > 0 large enough such that ¢ log(v) < —f3, we get
P(Kjo > ¢y logn) < co-ve118M) = o p€11980) = 5 (a(n))

due to a(n) € RV _g(n). This verifies Claim (128).

Proof of Claim (129). Since the X ;,'fi)q’s are independent of the X [(,'f_’;k ) and R;,");j (and hence the

cluster CJQ and the cluster size vector S ;),

(m) ne _ (m)
P max X, . > )—ZP( max X, ’, > o logn

L<ms||S; || crlogn) &4 \melk]

Jedls 1=k

<k p( g > 1ogn) P(S,]| = )

e[S, P{Xpey > o)

cilogn

ks
I foeq(t)at
=o(a(n))  dueto (124).

/ fpeq(t)dt by (126)
t>ne/(cylogn)
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This concludes the proof of Claim (129). L]

We prepare a lemma studying the distance between step functions under the metric d [;,’T] in (42).

Lemma D.8. Let T € (0,00), k,k’ €N, € >0, and ¢,& € D[0,T] =D(]0, T],Rd). Suppose that

e ¢ is a non-decreasing step function with k jumps and vanishes at the origin; i.e., £(t) =
Zf:] willl;, 71(2) Vt € [0,T], where w; € R\ {0} for eachi € [k] and 0 <t; < ... <ty =T;

e & is a non-decreasing step function with k’ jumps and vanishes at the origin;

o £((r—€)VO0) <& (1) <&(t) foreach t € [0,T].

Then, for any t € (0,T] such that t; ¢ [t — €,t] Vi € [k] (i.e., £(+) remains constant over [(t —€) V 0,1]),
dp'l(£.¢) <e.

Proof. We write £(r) = (£1(1),....£q4(1) " and &' (1) = (&](1),....&,(1)) . Let I ={r € (0,T] : 1; ¢
[z,2+€] Vi € [k]}. By definition of the product M| metric in (42), it suffices to show that d}ﬁl’:] (&i,€)) <

e foreachi € [d] and ¢ € I, where d}&’ij is the M| metric for R-valued cadlag paths; see (41). As a result,
it suffices to prove the claim for R-valued cadlag paths. More specifically, let 7 € (0, c0), k, k' € Zy,
€ >0, and x,y € D([0,T],R), and suppose that

e x is a non-decreasing step function with k£ jumps and vanishes at the origin,
e y is a non-decreasing step function with k” jumps and vanishes at the origin,
e and x((t —€) v 0) < y(r) < x(z) for each r € [0, T].

It suffices to fix some ¢ € (0, 7] such that Ax(u) =0 for each u € [(t — €) Vv 0,¢], and show that
[0.1]
dMI (x,y) <e. (130)

Since both x and y are non-decreasing step functions over [0, ¢], there exist some k* € Z, and a se-
quence 0 =z9 < z; <22 <...< Zp* such that

{Z € [0,00) : z=x(u) or y(u) for some u € [O,t]} ={20,21s+-+»Zk*}-

For each [ € [k*], let

7 Cmin{u>0: x(u) >z}, n min{u>0: y(u) >z}

be the first time x(u) (resp., y(u)) crosses the level of z;. Due to x((u — €) v 0) < y(u) < x(u) for each
u € [0,1], we have

n-est<p, Vi e [k*]. (131)

Also, since Ax(u) =0 for each u € [(t — €) Vv 0,¢], we know that the value of the step function x(-)
remains constant over [(¢ — €) V 0,7]. Then by x((z — €) vV 0) < y(¢) < x(r), at the right endpoint of the
time interval [0, ¢] we have

x(t) = y(t) = zp+. (132)

Now, we prove Claim (130) by constructing s
i or the path x, we adopt the conventi




[ € [k*]) over the interval w € 22(,5: +11) '3 szﬂ ), the parametric representation (1™, s*) spends half of the

time moving uniformly and horizontally from (#;" |, z;-1) to (7, z;-1) over the connected graph of x,
and then spends the other half time moving uniformly and vertically from (#},z;-1) to (#}',z;). More
precisely, for each [ € [k*], let

G ) [ Dw=20-D| ifwe [2(1 b 20-1+ 1)

() 2k*+1° 2k*+1
o Fe 20-1)+1 21 ’
l 2k +1 2k +1

x(u(w)) =211 2%k +1° 2k +1

20-1)+1 21 )

ifwe[z(z—n 2(1—1)+1)

s¥(w) ¥

-1+ (zr—zi-1) - [(2k*+1)w—(2(1—1)+1)] ifwe[ el 211

By definition, x(u) remains constant over u € [t7,,1], so we set

~ . 2k
W (W) & 4 (-1 - [(Zk* + 1w — 2k*], SN, VYwe [ﬁ 1].

Here, the choice of s*(w) = z+ is valid due to the property (132). Analogously, for the path y we define
(for each [ € [k*])

. 21-1) 2(1-1)+1
y y _ 4y . * _ _
B =) [(2k + 1w —2( 1)] 1fw€[2k*+1, —
. 2l-1+1 2\
£
lwe[ 2k +1 ’2k*+1)

u (w) ¥

y
h

y(u” (W) =z1-1

ifwe[z(z—l) 2(1—1)+1)
2k*+1° 2k*+1

20-1)+1 21 \°
2k*+1 ’2k*+1)

s (w) e

2+ (2= 2e1) - [(2k* +Dw— (20— 1)+ 1)] ifwe [

and due to y(u) = z;~ for any u € [ti*, t] (see (132)), we set

W) =) [k Dw -2k |, P e, Ve 2.
k 2k* +1

Lastly, by our construction of the parametric representations (u*, s*) and (u”, s”), we have s¥ (w) =

s (w) for any w € [0, 1], and sup,, 1o 17 [u* (w) — u”(w)| < € due to (131). This concludes the proof
of Claim (130). O

Equipped with Lemmas D.7 and D.8, we provide high probability bounds over the distance between
L% in (109) and N, ** in (117) under d1%.
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Lemma D.9. Let Assumptions 1-4 hold. Let B> 1 and a : (0,00) — (0, 00) be a regularly varying
function with a(x) € RV _g(x) as x — oo. Suppose that

/ fpeq()dt =o(a(x)/x) asx— oo, Vp,q € [d]. (133)
x/log x
Then, for each A > 0,

lim (a(n))_1 -P(d[;’w) (l_,z&[o’m), NZ&[O’“)) > A) =0, Y6 > 0 small enough.
n—oo

Proof. Analogous to the proof of Lemma D.5, we fix some T large enough such that e~7 < A/2, and
note that it suffices to prove

T 0 —>6'0 —>6'()
p / e—t.[d[?)»f] (Ln el >0 ,rl)/\l
0

On the one hand, by comparing the definitions in (108) and (116), we must have

A
dt > E) =o(a(n)), V6> 0small enough.  (134)

NP <LI°(), V6>0,n>1,1>0. (135)

On the other hand, recall that for some cluster induced by a type-j immigrant, we use S%) to denote
the cluster size, T/gk for the arrival time of the immigrant inducing the cluster, and H](.k) for the lifetime

of the cluster (see (118)). On the event {HJ(.k) < neV(k,j) with T/.Q < nT}, we must have

N2 =L °((t-€)v0), V6>0,n>1,1€[0,T]. (136)

Indeed, for any cluster induced by an immigrant arriving at time Tfk < n(t—e€) and with cluster lifetime

H ;k) < ne, all descendants in this cluster must have arrived by the time nt. Furthermore, let 7, S(k)

be defined as in (111), and note that the sequence of stopping times (7,; o (k)) k>1 corresponds to the

arrival times of jumps in I::a(t). Therefore, for any K > 1, on the event

An(K,T,€,6) € {270 (K+1)>T} 0 {H\") <neV(k, j) with TS, <nT},

we have I:Za((t —e)V0) < N:é(t) < I:Za(t) for any ¢ € [0,T], and I:Z&[O’T] is a step function that
vanishes at the origin and has at most K jumps (all belonging to Rf \ {0}). By Lemma D.8, there exists

. . =>0; - >0;
a Borel set I C [0,T], whose choice is random and depends on the paths L,>, [0"], N Z [0”], such that

e L(I) < Ke, where L, is the Lebesgue measure on (0, c0);
o dg}’] (i:é’[o”], N:é’[o‘t]) <eforanyte[0,T]\I

Therefore, on the event A,, (K, T, €,0), we have

r =>0; - >0;
/ e_"[d[;i’t] (Ln Mol i ’[O"])/\l
0

S/ d[;}’] (I:Zé;[o’t], N:&[O"])dt+/ dt <Te+Ke.
te0,T]\I tel

dt




Furthermore, by picking € > 0 small enough we have (T + K)e < A/2. In summary, to prove
Claim (134), it suffices to show the existence of some K > 1 such that

P(rﬁ (K+1) < T) =o(a(n)), V6> 0small enough, (137)
and that for any € > 0,

P(HJ(.k) > ne for some (k, j) with Tﬁk < nT) =o(a(n)). (138)

Proof of Claim (137). This has been established in the proof of Claim (112) in Lemma D.5.
Proof of Claim (138). It suffices to fix some j € [d], € > 0 and show that
P(H](.k) > ne for some k > 1 such that Tfk < nT) =o(a(n)).

Recall that (Tfk) k>1 are generated by a Poisson process with constant rate ¢ ;. Therefore, by picking C
large enough (whose value only depends on 7" and the constants c ), it follows from Cramer’s Theorem
that P(TJQMCJ < nT) =o(a(n)). Fixing such C, we only need to show that P(HJ(.k) > ne for some k <
|nC]) = o(a(n)) holds for any 6 > 0 small enough. However, since H](.k) are i.i.d. copies of H; (see
(118) and (119)),

P(H;k) > ne for some k < [nC]) <nC-P(Hj > ne) =nC -o(a(n)/n) =o(a(n)).

The second to last equality follows from the condition (133) and Lemma D.7. This concludes the proof
of Claim (138). O]

Lastly, we prove Proposition 3.5.

Proof of Proposition 3.5. Due to
d[;;’“’) (N,[f""’),lig”“))

0,00) ( x7[0,00) &7 05[0,00 0,00) (77> 050,00 7 >0,[0,00
<dp™ (NP N, 1 4 un 1) +d5™ (N, 7O + uyLL, 70 + un1)

0,00) (F [0,00) F>65[0,00
+dp™ (L™ L, """ + un1)

>

— 4[0.0) {x7[0.09) 7> O5[0.00) [0,00) {77 O05[0,00) 7 > O5[0,00) [0,00) [ 7 [0,00) 7 > O5[0,00)
=dy,” (N, N, +unl)+dy;~ (N, L, )+dp™ (Ly™, Ly, +un1),

Proposition 3.5 follows directly from Lemmas D.5, D.6, and D.9. O

D.4. Univariate Results for M; Topology of D[0,T]

'We show that in the univariate setting, Theorem 3.3 can be uplifted to the M| topology of D[0, T]—the
cadlag space with compact domain. Without loss of generality, throughout this section we fix 7 = 1 and
adopt the notations

D=D([0,1,R), d,, =dy;".
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We start by adapting the notions from the main paper to the univariate setting, as many of them now
admit simpler or more explicit expressions. First, the univariate Hawkes process N(¢) has initial value
N (0) =0 and conditional intensity

T
h(t):c+/ B(s)f(t —s)dN(s).
0

Here, the constant ¢y > 0 is the arrival rate of immigrants, the decay function f(-) is such that || f||; <
oo, and the excitation rates (Bﬁ(s))po are independent copies of B with P(B > x) € RV _, (x) for some
a > 1. Second, we adapt the tail asymptotics characterized in Section 2.3 for Hawkes processes clusters
to the unvariate setting. Let S be a generic copy for the size of a cluster. For any x > 0, we have

ES 1+a
P(S > nx) ~ % -P(B>n), asn— oo, (139)

where B 2 Poisson(g N fl ) Also, note that the regularly varying law of B implies
P(B>x) ~P(B-||flly >x) ~ I fIIf P(B >x).

The asymptotics (139) are well-documented in existing literature on branching processes (e.g., Theo-
rem 1 of [1]) and are an immediate consequence of Theorem 2.6 in univariate settings. In particular,
using notations in Section 2.3, we have P(S > nx) ~ A(n) - Cg ((x, ©0)) as n — oo, where

An)=P(B>n);  Cs((x,))=(ES)*/x vx>0. (140)

Next, we adapt the notions introduced in Section 3 to the univariate setting. By (32), for each k > 1
we set

Ax(n) = (nP(B > n))~. (141)
Analogous to (27), for each k > 0 and x € R, we define
k
Dk;x &ef {xl + Zwiﬂ[l‘i,l] :w;>0andt; €(0,1] Vie [k]},
i=1
where 1(¢) = ¢ is the identity mapping of R!. That is, Dy. is the subset of D = D([0,1],R) containing
any piece-wise linear function with slope x that vanishes at the origin and has at most k jumps (all
upward). Adapting (45) and (47), we define
C=c-Cg, un =c-ES. (142)
We also adapt (30) and define Borel measures on Dk;x by (for each k > 1 and x e R)

k
H{Xl + w;l Ui,1] € * }
/w>0 vie[k] ; Fll 4

4

k k(l+a) k k )
ac ES dw
_ (acn) (k|) E / H{x1+§ willjy, 1] € }>< |,
! wi>0 Vie[k] pary (wi)

i=1

< 1
Ck;x( -)=—E

i Cldw)

k
=1




where the sequence (U;);> are independent copies of Unif(0, 1), and the last line of the display above
follows from the definition of Cg(-) in (140). Now, let

N, (t) =N(nt)/n, N, ={N,(): t€[0,1]}.
We are ready to state the strengthened univariate results.

Theorem D.10. Let k € N. Let A be a Borel set of D equipped with the Skorokhod M topology.
Suppose that

/ f(dt=o(x(x)/x), (143)

/log x

and the set A is bounded away from Dk_l;ﬂ ~ under d My Then,

. P(N,cA P(N,cA) .
Crn (4%) < liminf V€A i cup % < Cpun (A7),

n—oo Ar(n n—oo Ak }’l)

where the interior and exterior sets A° and A~ are determined under d M (i.e., w.r.t. the M| topology
of D=D([0,1],R)).

Since Theorem D.10 is established w.r.t. the M| topology of D[0,T] (i.e., the cadlag space with
compact domain) instead of D[0, o), our results now address a broader class of events or functional of]
N,, compared to only applying Theorem 3.3 directly to univariate Hawkes processes. We conclude this
subsection with the proof of Theorem D.10.

Proof of Theorem D.10. The proof is in the same spirit as Theorem 3.3. In particular, like in (52) and
(55), we set L(t) as the compound Poisson process with ¢ as arrival rates and S (the cluster size)
as increments, and let L, = {L(nt)/n: t € [0,1]} be the scaled version of the sample path of L(t)
embedded in D. By Proposition 3.4 and Lemma 2.3, it suffices to fix some positive integer k and verify
the following: Let A be a Borel set of D equipped with the M topology such that A is bounded away
from Dy 1, under dM1 ; for each A > 0 we have

P(dMl (Np, Ly)I{Nyor L, € A} > A) =o(dk(n)), asn— co. (144)
To this end, we consider the definitions in (107)—-(109) and (115)—(117) in the unvariate setting. That
is, we use N Zé (resp., N 56) to denote a modified version of N,, where we only include clusters in

N (t) whose sizes are larger than (resp., bounded by) né. We adopt similar notations I:Z % and I:fa for
L,,. First, the proof of Claim (110) in Lemma D.5 implies that for any A > 0,

L) = (L% () + unt)

P( sup

> A) =o(dk(n)), V6 > 0 small enough. (145)
tel0,1]

Similarly, the proof of Claim (120) in Lemma D.6 implies that for any A > 0,

No(6) = (N2 + )

P( sup

> A) =o(dx(n)), V6 > 0 small enough. (146)
te[0,1]
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Meanwhile, in (144) note that: (i) d M, is upper bounded by the uniform metric; (ii) whenever L,cA
and dM1 (Ly, l_,:(s +un1) < A, we must have I_,Z(s +un1e A2 the same can be argued for N,,; and (iii)

for any A > 0 small enough the set A® is still bounded away from Iﬁ)k_l; uy - Therefore, due to (145)—
(146) and the arbitrariness of the choice of A and A > 0 in (144), it suffices to show the following: Let
A be a Borel set of (D, d Ml) that is bounded away from Dk,l; uy under d M and let A > 0; for any
6 > 0 small enough we have

P(dM1 (N7 L°)U{N;° +unleAor L.’ + unyl€ A} > A) =o(1x(n)). (147)

Ea.(6)
Without loss of generality, in (147) we fix § > 0, and take some A > 0 small enough such that A%
is still bounded away from Iﬁ)k_l; uy under d M, To proceed, we define a few events. Let H be the
lifetime of a generic copy of the cluster S, and the sequence (S;, H;) be independent copies of (S, H).
Generate the sequence 0 <77 <7, < ... by a Poisson process with rate ¢, which denote the arrival
times of each immigrant in N(¢). By definition, the associated compound Poisson process admits the
form L() =% ;51 S;I{T; < t}. For each € > 0, define events

F,(€) déf{Hj <neforany j > 1 withT; < n}

That is, on the event F,, (€), any immigrant that arrives by time n induces a cluster with lifetime shorter
than ne. Next, let K, © be the count of jumps in iZ(s. Due to the O(n) time scaling in I:Z‘S, we have
K;°=#{j>1: Tj <n, S; >nd}. Now, define events

EV@ K=k EPGo{L -1 (- =0vie[1-e1]}.

Also, recall the definition of events A, (6) in (147). Suppose that (i) for any € > 0, we have

P((Fu(e)) =0 (Te(m); (148)

(i1) next,
P((An(é) n Fn(e)) \ED (5)) =o(lk(n), Vee(0,A), (149)
lim lim P((An(é) A Fy(e)nED (5)) \E@ (s, e)) / A(n) =0; (150)

(iii) furthermore, for any € € (0, A),

it holds on the event A,(6) N Fy(€) N Ey" (6) N E\Y (6,€) thatd,, (N;°,Ly°) <A (151)

Then, the bound (147) follows directly from Claims (148)—(151). Now, it only remains to verify these
claims.

Proof of Claim (148). This is an immediate consequence of Lemma D.7 under condition (143). See
also the proof of Claim (138) in Lemma D.9




Proof of Claim (149). By the law of the compound Poisson process L(t),
P(K;;® > k+1) = P(Poisson(nP(S > n6)) = k+1)
< (nP(S > n(S))k+1 due to P(Poisson(1) > m) <A™
=0((wP(B>m)*") =o(I(m) by (139)and (141).
Therefore, it suffices to show that for any € € (0, A),

{N;5+uN1erri;5+ﬂN1eA} A Fp(e) N {K;fs sk—l}:(b.

First, on {K, % <k — 1}, we have L7 %+unle Dk— 1.y - Since A is bounded away from Dy_1., , this
confirms that {I::a +un1le A} n{K;;% <k -1} =0. Next, on the event F,,(€), the lifetime of any
cluster arriving by time 7 is upper bounded by ne. Note that in N ¢ and L. ¢, due to the O(n) time
scaling, this translates to an € upper bound time-wise. Also, recall that we only consider € € (0,A). By
the same arguments in Lemma D.8, one can see that, on the event F,(€) N {K; S <k-— 1}, by setting
E()=L°%(t) AN;°(1) Vt € [0, 1], the path £ € D admits the form

k-1
gy =punt+ Y willl,11(1),  wherew; 2 0and 1; € (0,1] Vi€ [k - 1],
i=1

and satisfies dMl (§,N,>L6) < € < A. This confirms that, on the event F,(¢€) N {K,T‘S <k- 1}, we must
have Nza +unle (Dk_l;ﬂN)A. However, this implies that on the event Fj,(e) N {K,T‘S <k- 1}, we
must have N Z(s +un1¢ A. Indeed, note that

Fu(e) n{K; % <k =1} n{N;° +un1€ A} < {N;° + un1 e (Dp_ 1) N A}.

Meanwhile, recall the running assumption that A2 is bounded away from Dk_l; uy under d M, which

implies (Dg_1: )" NA =0, and hence F,, (e)N{K;° <k-1}n {N;§+MN1 € A} = 0. This concludes
the proof of Claim (149).

Proof of Claim (150). It suffices to show that

11?31)(1(;5 =k; 3re[l-e, 1] suchthat L>°(r) = L% (t-) ¢0)/ik(n) =0.
€

=EV (S\ES (6,€)

By the law of compound Poisson processes, we have (where the U;’s are i.i.d. copies of Unif(0, 1))
1 2

P(ES (5)\ E}Y(6,€))

=P(Poisson(nP(S > né)) = k) ~P(Uj €[1-¢,1] for some j € [k])

< (nP(S n(ﬂ)k ke
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(ES)I"'O‘

Nke.
6(1

k
) Ak (n) by (139) and (141).

Sending € | 0, we conclude the proof of Claim (150).

Proof of Claim (151). This follows form Lemma D.8 and our choice of € € (0, A). In particular, note
that in the one-dimensional case, the product M| metric d[;;’” degenerates to the standard M| metric

dy, on D=D([0,1],R). O

Appendix E: Sample Path Large Deviations for Lévy Processes with
MHRYV Increments (General Case)

In this section, we provide an analog of Theorem 3.2—the sample path LDPs for Lévy Processes with
MHRYV Increments—under relaxed conditions. Such developments allow us to extend Theorem 3.2
beyond the context of Hawkes processes considered in the main paper and to cover a broader class of
Lévy processes whose increments exhibit a more flexible form of multivariate hidden regular variation.

Specifically, we work with the following condition regarding the Lévy measure v(-) of the d-
dimensional Lévy process L(t).

Assumption 2 (MHRYV increments in Lévy Processes (General Case)). The Lévy measure v(-)
of L(t) is supported on R¢ and satisfies v € M(H‘R(V((Ej)jelmj, (a(j))jg[m], (Aj)jePps (Cj)jeyam)

under

e some positive integer m € [d],

e a collection of vectors (5 ) je[m] in Rf that are linearly independent,

e acollection of real numbers (a(j))jc[m) that are strictly monotone w.r.t. j (see (5)) with a(0) =0,
a(j)>1VjePm anda(j)+a(j')VJj,j € Pmwithj+j';

e regularly varying functions 1j(n) € RV _,j)(n) (for each j € Pp,),

o Borel measures (Cj)jcm] where, for each j € Py, the measure C; is supported on R4 (), such
that C;(A) < oo holds for any € > 0 and Borel set A C RY bounded away from R%(j, €) (see (8)).

Throughout this section, we denote the basis by S = {5 j ¢ J € [m]} and the collection of tail in-
dices by a = (a/(j))jg[m]. Besides, we adopt the simplified notations RZ(j) = R4(j;S), R9(j,€) =
R9(j,€;8), and Ri (j,e) = Ri (j.€:S, @) in Section 2.2. Compared to Assumption 5, the key differ-
ences in Assumption 2 are that

e we drop the condition (22) on the rate functions A; (-);
e we now consider a weaker MHRYV condition (instead of the MHRV* condition in Assump-
tion 5); also, the number of base vectors §; considered is not fixed as d.

‘When imposing the more flexible Assumption 2, one potential issue is that we remain agnostic about the
tail behaviors outside of the cone R4 ([m]). This potential lack of knowledge about the hidden regular
variation in certain regions is reflected in Theorem E.1—the main result of this section—through the
following definition:

R if j = [m] (152

R(j.8) ={




In other words, we only modify the definition R (j, €;S) to include the entire domain Rf. We also
write RY(j, ) ¥R4(j,€;8) as there will be no ambiguity about S in this section.

We introduce a few notions that are required for the statement of Theorem E.1. Recall that we use
notations like k = (k;)ic g € AT to denote vectors of length | J| with each coordinate taking values
in A and indexed by elements in 7. Besides, recall that we use #,, to denote the collection of all
non-empty subsets of [m]. Analogous to (27), given x € R¢, K = (Kjjep,, € Zf’” \ {0}, we define

%Ki
D;(x[O,T] &f {x1+ Z ZWJ k]I[tJ o T]
JEPm k=1
tjk € (0,71 and Wik ERd(j,E) VjePm, ke [7(1], ok Fj k Y(j, k) + (j,,k/) s
(153)
i.e., the set of all paths & of the form
K5
ey=xr+ > w710, Vie[0T], (154)

JE€EPm k=1

where each w Jiok belongs Fo thg cone R‘.’l( J,€),and any two.numbers in the sequence (¢ k)jep,,, ke (%]
are not equal (i.e., the arrival times of jumps would not coincide). Next, define

(10 Y K (e -1), VK= (K)jep, €20 (155)

Note that this agrees with ¢(-) in (29), and we repeat the definition here so that ¢ (%K) is consistent with
other notations introduced in this section. Given x € R¢, € > 0, K = (Kjjep,, € Zf’" \ {0}, let

DE g [0.T1% g Do [0.7]. (156)
W’erm:
K +K, (K <e(K)

Meanwhile, given K = (Kj)jep,, € Zf’” \ {0}, let

OERN| (n/lj(n))(Kj, (157)

JE€Pm

where Aj(n) € RV _,j)(n) is the rate function of the MHRYV condition in Assumption 2. Then, by
the definition of &(-) in (155), we have Agc(n) € RV _¢(¢) (n). Lastly, analogous to (30), given x € R4
and K= (Kj)jep,, € Zf’" \ {0}, we define the Borel measure

A - 1
Cix () E 77—y
T [jep,, Kj!
/H{x1+ Z Z wj,k]I[l‘j,k,T] S } >< >< ((ClX.E(()’T))(d(wj,k,tj,k)))s
JE€Pm ke[ K] JE€Pm kelkj]

(158)
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where the C;’s are the limiting measures for the MHRYV condition of Assumption 2, Lo r) is the
Lebesgue measure on the interval (0,7), and we use v| X v; to denote the product measure of vy, v;.
Let gy and L E) Tl be defined as in (24)—(25). We are now ready to state Theorem E.I.

Theorem E.1. Let Assumption 2 hold. Let T € (0,00), K = (Kj)jep,, € Zf'” \ {0}, and let B be a
Borel set of D[0,T] equipped with the Skorokhod J| topology. Suppose that B is bounded away from

Di?ﬁz, [0, T] under d[JOI’T] for some (and hence all) € > 0 small enough. Then,
. P(L))" e B) P(L)" eB) .
[0,T] o . . n . n [0,T] -
C(ICI‘L (B°) <liminf —— = <limsup ——= < CW;/JL (B7) < oo.

n—oo Agc(n) n—oo Agc(n)

In other words, Theorem E.1 addresses the general case where a more flexible (and hence less de-
tailed) description of the multivariate hidden regular variation (as in Assumption 2) for the Lévy mea-
sure v(-) is available, at the cost of slightly weaker characterizations of sample path large deviations
when compared to Theorem 3.2. In particular, without conditions like (22), we do not know if the rate
functions Ag(n) are comparable (as n — oo) for different K if their tail indices ¢(K) are equal; as a
result, Theorem E.1 does not allow the merging of multiple cases corresponding to different K with
equal tail indices ¢(K). Besides, the modification from R4 (j, €) to R (j, €) in (152) enlarges the set
D;(;/JL [0,7] in (153) (when compared to D’;;HL [0,T] in (27)). This generally leads to fewer sets B

that are bounded away from ]@2"('#1, [0,T], and thus fewer combinations of rare events and the rates

¥ to which Theorem E.1 can be applied.
The proof of Theorem E.1 is almost identical to that of Theorem 3.2 stated in Section C, and we
provide a proof sketch below for the sake of completeness.

Proof Sketch for Theorem E.1. Analogous to Theorem 3.2, w.l.0.g. we consider the case where T = 1
and p; =0, and adopt the notations L, = L))", D = D([o, 1],Rd), and d-]l = d[JOI’” . Again, the proof
relies on the notion of asymptotic equivalence for M-convergence. By Lemma 2.3, it suffices to verify
the following two conditions:

(i) For each K = (Kj)jep,, €Z2™ \ {0} and A > 0,

lim P(d (L0 L) > A) / Ag(n)=0, V5> 0 small enough,

n—oo

where .. is defined in (31)—(33).

(i) Let K= (Kj)jep,, € Zf’” \{0} and € > 0. Let f : D — [0, co0) be bounded and continuous (w.r.t.
the J; topology of D). Suppose that B = supp(f) is bounded away from ]@;7(;0 [0, 1] under d Ix
Then, there exists 6y > 0 such that for all but countably many ¢ € (0, dp),

Tim E[f(L, )]/ Aac(n) = Cle (f) <o,

One can see that these two conditions are similar to the statements in Propositions C.2 and C.3. Like-
wise, these two conditions can be verified by repeating the arguments in Section C.2. The only key
difference stems from the definition of the modified cones R¥(, €) in (152). In particular, any vector

in R? \ R4 ([m]) would now fall into R4([m], €) (under any € > 0). Therefore, when keeping track of]
he larce i . s . . . c 1 d




the notions of 7,; 6(k) and E,f 9 introduced in (41)—(42) are not needed here). Instead, for each & > 0,
J € Pum, let

RO(H¥ {x eR{ :llxll > 6, x € R7(j.6)\ ( U Rd(j',é))},

J'elml:j'#j, a(')<a(j)

which adapts the definition of R>9(j) in (34) to our current setting. Next, for each § > 0, j € P,,, and
k > 1, we define (under the convention that 7. (0; j) = 0)

£200 ) Linf{e> 70k = 1) AL €R7O(D}, W, (k) & AL (870 (k: ).
Besides, for each 6 > 0, let

7o) S max(k>0: 5706 )< 1) ViePws  ROE(R7OG))

JE€Pm
In short, we adapt the definitions in (37)—(40) to count each type of large jumps in L(¢) based on their
locations w.r.t. the (modified) cones Rd( J) in (152), which are generated by the basis described in
Assumption 2. Then, to prove conditions (i) and (ii) listed above, it only remains to repeat the proofs
in Section C. The changes are minimal and, in fact, the arguments are now even simpler. For instance,
when adapting Lemma C.6, as noted above there is no need to consider K, 9 anymore. Besides, in
Lemmas C.7 and C.8, the notion of allocation A(k) is not needed (as noted right after Theorem E.1,
we do not consider merging the cases corresponding to different % here), so it suffices to fix some
K=(Kj)jcp,, € Zf’” \ {0} in the proof. The arguments are almost identical, and we omit the details
here to avoid repetition. O
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Appendix F: Theorem Tree

Theorem Tree of Theorem 3.2
- Theorem 3.2
- Lemma 2.3
- Proposition C.2

- Lemma C4

- Lemma C.5

- Lemma C.6
- Proposition C.3

- Lemma C.1

- Lemma C.6

- Lemma C.7

- Lemma C.8

- Lemma C.7

Theorem Tree of Theorem 3.3
- Theorem 3.3
- Lemma 2.3
Theorem D.3
- Theorem 3.2
- Theorem 2.2
- Lemma D.1
- Lemma C.8
- Lemma D.2
Proposition 3.4
- Theorem 2.6
Proposition 3.5
- Lemma D.5
- Lemma C.4
- Proposition 3.4
- Lemma D.6
- Lemma D.9
- Lemma D.7
- Lemma D.8
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