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In this paper, we develop sample path large deviations for multivariate marked Hawkes processes with heavy-tailed
mutual excitation rates. Our results address a broad class of rare events in Hawkes processes at the sample path
level and, via the cluster representation of Hawkes processes and a recent result on the tail asymptotics of the
cluster sizes, unravel the most likely configurations of (multiple) large clusters that could trigger the target events.
Our proof hinges on establishing the asymptotic equivalence, in terms of M-convergence, between a suitably scaled
multivariate Hawkes process and a coupled Lévy process with multivariate hidden regular variation. Hence, along
the way, we derive a sample path large deviations principle for a class of Lévy processes with multivariate hidden
regular variation, which not only plays an auxiliary role in our analysis but is also of independent interest.
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1. Introduction

The growing interconnectedness and complexity of modern ecological, economic, engineered, and
social systems have led to risks and uncertainties that can amplify and cascade across populations,
markets, and networks through temporal and spatial feedback. As a result, understanding and managing
the amplification and cascade of risks poses significant challenges across science, engineering, and
business. Multivariate Hawkes processes offer a formalized approach to model such dependencies and
mutual excitation effects in risks, and have been widely applied in finance ([3,5,6,45]), neuroscience
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and biology ([55,64,75]), seismology ([49,58]), epidemiology ([25]), social science ([27,59,60,66]),
queueing systems ([24,31,69]), and cyber security ([10,13]).

More precisely, this paper considers 𝑑-dimensional marked Hawkes processes, where each event
(i.e., point) is associated with a random marker, and the value of the marker modulates the excitation
rates in the conditional intensities, hence the arrival of future events, along the different dimensions.
Throughout, we write [𝑑] = {1,2, . . . , 𝑑}, R𝑑

+ = [0,∞)𝑑 , and let 𝜹𝑥 denote the Dirac measure at 𝑥.

Definition 1.1 (Multivariate Marked Hawkes Processes). A 𝑑-dimensional (linear) multivariate
marked Hawkes process 𝑵(·) =

(
𝑁 𝑗 (·)

)
𝑗∈[𝑑 ] is a collection of point processes 𝑁 𝑗 (·) defined over

[0,∞) ×R𝑑
+ with expression 𝑁 𝑗 (𝐸) =def ∑

𝑘≥1 𝜹 (𝜏 (𝑘)
𝑗

, 𝑩̃
(𝑘)
𝑗 )
(𝐸) if

• independently for all 𝑗 ∈ [𝑑], each 𝑩̃
(𝑘 )
𝑗 = (𝐵̃ (𝑘 )1← 𝑗

, 𝐵̃
(𝑘 )
2← 𝑗

, . . . , 𝐵̃
(𝑘 )
𝑑← 𝑗
), 𝑘 ≥ 1, is an i.i.d. copy from

some law 𝑄 𝑗 over R𝑑
+ , whose coordinates 𝐵̃ (𝑘 )

𝑖← 𝑗
are mutually independent across 𝑖 ∈ [𝑑];

• for each 𝑖 ∈ [𝑑], 𝑡 ≥ 0, and Borel measurable 𝐴 ⊆ R𝑑
+ ,

P
(
𝑁𝑖

(
(𝑡, 𝑡 + Δ] ×R𝑑

+
)
= 0

��� F𝑡 ) = 1 − ℎ𝑖 (𝑡)Δ + o(Δ),

P
(
𝑁𝑖

(
(𝑡, 𝑡 + Δ] × 𝐴

)
= 1

��� F𝑡 ) = (
ℎ𝑖 (𝑡)Δ + o(Δ)

)
·𝑄𝑖 (𝐴),

P
(
𝑁𝑖

(
(𝑡, 𝑡 + Δ] ×R𝑑

+
)
> 1

��� F𝑡 ) = o(Δ),

as Δ ↓ 0, where the conditional intensity process is given by

ℎ𝑖 (𝑡) = 𝑐𝑖 +
∑︁
𝑗∈[𝑑 ]

∑︁
𝑘≥1: 𝜏 (𝑘)

𝑗
<𝑡

𝐵̃
(𝑘 )
𝑖← 𝑗
· 𝑓𝑖← 𝑗 (𝑡 − 𝜏 (𝑘 )𝑗

), ∀𝑖 ∈ [𝑑] . (1)

Here, each 𝑐𝑖 is a positive constant, each 𝑓𝑖← 𝑗 : [0,∞) → [0,∞) is a deterministic and integrable func-
tion, and F𝑡 =def

𝜎
{
𝑵(𝐸) : 𝐸 ∈ B([0, 𝑡] ×R𝑑

+ )
}

is the natural filtration. With slight abuse of notation, we
also define the 𝑑-dimensional càdlàg counting process 𝑵(𝑡) = (𝑁1 (𝑡), 𝑁2 (𝑡), . . . , 𝑁𝑑 (𝑡))⊤ with initial
value 𝑵(0) = 0, where 𝑁 𝑗 (𝑡) = 𝑁 𝑗

(
(0, 𝑡] × R𝑑

+
)
=

∑
𝑘≥1 𝜹𝜏 (𝑘)

𝑗

(0, 𝑡] counts the number of type- 𝑗 events

arrived by time 𝑡.

Intuitively, the constant 𝑐𝑖 represents the base arrival (i.e., immigration) rate of type-𝑖 events, the
(𝜏 (𝑘 )

𝑗
, 𝑩̃
(𝑘 )
𝑗 ) pair represents the arrival time and the marker of the 𝑘 th type- 𝑗 event, and the random

function 𝐵̃
(𝑘 )
𝑖← 𝑗

𝑓𝑖← 𝑗 (·) dictates the rate at which the 𝑘 th type- 𝑗 event induces (i.e., gives birth to) type-𝑖
events in the future, thus capturing the mutual excitation mechanism of risks modulated by the size of
markers. In Definition 1.1, the 𝐵̃𝑖← 𝑗 ’s are typically referred to as excitation rates, and the 𝑓𝑖← 𝑗 (·)’s are
called decay functions. For a more detailed treatment of the conditional intensity approach to Hawkes
processes, see [28,46], and Chapter 7 of [29]. See also Section D.2, where we provide an alternative
definition of 𝑵(𝑡) through the formalism of Poisson cluster processes.

In this paper, we establish a sample path large deviations principle (LDP) for the multivariate marked
Hawkes process 𝑵(𝑡), in the presence of power-law heavy tails in the distribution of the mutual exci-
tation rates 𝐵̃𝑖← 𝑗 . In particular, our work resolves significant gaps in the existing literature on large
deviations of heavy-tailed Hawkes processes.
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• Existing results are manifestations of the principle of a single big jump (e.g., [2,8,53]), addressing
only a limited class of rare events that are driven by a single point inducing a disproportionately
large number of offspring in one generation. By contrast, our results capture a much broader class
of events caused by multiple big jumps across different components.
• A sample-path level characterization of large deviations is absent in the heavy-tailed setting, even

for univariate Hawkes processes; see, for instance, [8]. To the best of our knowledge, our work is
the first to establish sample path LDP for multivariate heavy-tailed Hawkes processes. It is also
worth noting that Hawkes processes can be viewed as continuous-time analogs of branching pro-
cesses with immigration. For heavy-tailed branching processes with immigration, large deviations
in the stationary distribution and partial sums have been studied (e.g., [11,42]); however, sample
path large deviations have still not been characterized, even in the univariate case.

We also note a parallel work [9] that focuses on a similar yet different setting, where the authors study
sample path large deviations for cumulative functionals of Poisson cluster processes (hence covering
Hawkes processes) exhibiting heavy tails in the joint law of marker size and offspring count, char-
acterized via multivariate regular variation. By comparison, our goal is to develop sample path large
deviations for the multivariate counting process 𝑵(𝑡); the complexity of the problem further escalates
due to a sophisticated type of heavy tails with multivariate hidden regular variation (see Section 2
for details), which arises endogenously in the increments of 𝑵(𝑡) because of the underlying branching
structure of Hawkes process clusters.

To further explain these gaps and our methodology, we briefly review the cluster approach (also
known as the Galton-Watson approach), which is standard in large deviations analysis of Hawkes pro-
cesses and exploits the underlying branching structure in 𝑵(𝑡). More precisely, a type- 𝑗 immigrant
gives birth to children along different dimensions and hence induces its own family tree (i.e., cluster).
The cluster size vectors 𝑺 𝑗 solve the distributional fixed-point equations

𝑺 𝑗 =
D 𝒆 𝑗 +

∑︁
𝑖∈[𝑑 ]

𝐵𝑖← 𝑗∑︁
𝑚=1

𝑺 (𝑚)
𝑖

, 𝑗 ∈ [𝑑], (2)

where 𝒆 𝑗 is the 𝑗 th unit vector in R𝑑 (i.e., the vector with its 𝑗 th entry equal to 1 and all other entries
equal to 0), each 𝑺 (𝑚)

𝑖
is an independent copy of 𝑺𝑖 , and

P(𝐵𝑖← 𝑗 > 𝑦) =
∫ ∞

0
P
(
Poisson

(
𝑥 ·



 𝑓𝑖← 𝑗




1

)
> 𝑦

)
P(𝐵̃𝑖← 𝑗 ∈ 𝑑𝑥), (3)

with 𝐵̃𝑖← 𝑗 and 𝑓𝑖← 𝑗 being the excitation rates and decay functions in Definition 1.1, and ∥ 𝑓 ∥1 =
def∫

| 𝑓 (𝑥) |𝑑𝑥. To lighten notations we use 𝐵𝑖← 𝑗 =
D Poisson

(
𝐵̃𝑖← 𝑗



 𝑓𝑖← 𝑗




1
)

to denote the law in (3). For
more details about the cluster representation of Hawkes processes, we refer the reader to [29,46,57]
(see also Definition D.4 in the Appendix). Here, we note that the canonical representation of 𝑺 𝑗 in
(2) is the total progeny of a multi-type branching process (see, e.g., [43,51]) across the 𝑑 dimensions,
where 𝐵𝑖← 𝑗 is the count of type-𝑖 children in one generation from a type- 𝑗 parent.

Specializing to the large deviations analysis for Hawkes processes, the cluster approach proceeds by
first characterizing the behavior of clusters, and then connecting the large deviations of the Hawkes
process to those of a compound Poisson process the increments of which admit the law of the cluster
size vectors 𝑺 𝑗 . In the light-tailed case, this approach is streamlined by the classical LDP framework
([32,34,38,72]) and has been broadly successful in large deviations analyses of Hawkes processes and
several extensions, including marked Hawkes processes and compound Hawkes processes; see, e.g.,
[4,16,41,52,54,70], where works such as [16,41] develop sample-path level results. We also refer the
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reader to [76,77] for large deviations of the non-linear generalization of Hawkes processes ([19]), where
the cluster representation fails.

By contrast, large deviations analyses of heavy-tailed Hawkes processes are relatively scarce, with
the two aforementioned gaps persisting. To resolve the associated technical challenges, we implement
the cluster approach in the multivariate heavy-tailed setting through three steps. In the first step, we
apply the recent progress in [15] to characterize the tail behavior of the cluster size vector 𝑺𝑖 . To be
more specific, given some non-empty index set 𝒋 ⊆ [𝑑], let R𝑑 ( 𝒋) =def {∑𝑖∈ 𝒋 𝑤𝑖E[𝑺𝑖] : 𝑤𝑖 ≥ 0 ∀𝑖 ∈
𝒋} be the convex cone generated by the vectors (E[𝑺𝑖])𝑖∈ 𝒋 . We show that, over each cone R𝑑 ( 𝒋),
Theorem 3.2 of [15] entails that the measure P

(
𝑛−1𝑺𝑖 ∈ · ∩R𝑑 ( 𝒋)

)
—characterizing the tail behavior

of 𝑺𝑖 when restricted over the cone R𝑑 ( 𝒋)—is roughly decaying at a power-law rate 𝑛−𝛼( 𝒋 ) as 𝑛→
∞. That is, hidden regular variation (e.g., [56,61]) arises endogenously in the cluster size vector 𝑺𝑖 ,
which exhibits varying degrees of heavy-tailedness across different directions in Euclidean space. We
review in Section 2.3 the precise definitions of the tail indices 𝛼( 𝒋) and the rigorous statements for tail
asymptotics of 𝑺𝑖 . Compared to prior results (e.g., [2,53]), such characterizations are able to address
a much more general class of sets 𝐴 for the asymptotic analysis of rare events {𝑛−1𝑺𝑖 ∈ 𝐴}, revealing
that the extremal behaviors of Hawkes process clusters are driven by multiple big jumps (i.e., multiple
points in 𝑵(𝑡) giving birth to a disproportionately large number of offspring), whose contributions
align with vectors

(
E[𝑺𝑙]

)
𝑙∈[𝑑 ] .

In light of the cluster size tail asymptotics, our second step is to develop a general framework for
sample path large deviations under increments exhibiting multivariate hidden regular variation. Sam-
ple path level characterizations for the principle of a single big jump (e.g., [18,33,36,40,48]) and the
more general multiple big jump principle (e.g., [12,17,65]) are available for random walks and Lévy
processes with regularly varying increments. See also [35] for the characterization of the multiple big
jump principle in point processes, which could imply sample path LDPs for heavy-tailed random walks
or Lévy processes through continuous mapping arguments. However, studies on sample path large de-
viations under increments with multivariate hidden regular variation are lacking. For instance, Result 2
in [22] addresses Lévy processes with independent jumps of different heavy-tailedness along the stan-
dard orthogonal basis of R𝑑 . However, this is not suitable for our study of Hawkes processes, where the
cluster size vectors exhibit strong cross-coordinate correlations and can align with arbitrary directions
in R𝑑 . Meanwhile, Section 5 of [30] explores the tail asymptotics of Lévy processes with multivariate
hidden regular variation but does not provide sample path level results.

To overcome this technical challenge, we establish in Theorem 3.2 the sample path LDP for Lévy
processes under increments that exhibit a suitable, general form of multivariate hidden regular varia-
tion. The results are stated w.r.t. the Skorokhod 𝐽1 topology of the càdlàg space D[0,𝑇]. This devel-
opment significantly extends existing results: compared to [12,35,65], our results address multivariate
cases with hidden regular variation; unlike Theorem 3.3 of [65] or Result 2 in [22], which assume
independent increments along an orthogonal basis, we allow for more general dependence structures
of multivariate hidden regular variation in Lévy processes; and in contrast to [30], we provide results
at the sample path level. We present formal statements in Section 3.1 and emphasize the following
aspects: (i) the proof refines the notion of asymptotic equivalence in M-convergence theory ([56]),
distinguishing large jumps by their directions to capture hidden regular variation in the increments of
Lévy processes; (ii) the multivariate hidden regular variation is modeled via theMHRV formalism
introduced in [15], which is particularly well-suited to branching processes and Hawkes processes; (iii)
beyond our application to Hawkes processes, Theorem 3.2 is also of independent interest due to the
relevance of Lévy models and hidden regular variation in risk management and mathematical finance
(e.g., [20,21,30,67]).

The third step concerns applying the framework in Theorem 3.2 to Hawkes processes. Specifically,
we show that for large deviations analysis, 𝑵(𝑡) is asymptotically equivalent to a Lévy process with
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cluster size vectors 𝑺 𝑗 as increments (see (2)). That is, in terms of extremal behaviors, the sample
path of the heavy-tailed Hawkes process remains essentially unchanged even if all arrivals in the same
cluster are merged into a single jump (i.e., if all offspring arrive simultaneously with their immigrant
ancestor). To achieve this, we (i) refine the approach in [63] to obtain tight bounds on the cluster
lifetime (i.e., the time gap between an immigrant and its last offspring), and (ii) apply again the notion
of asymptotic equivalence in terms of M-convergence. We outline our proof strategy in Section 3.3 and
collect technical tools for M-convergence theory in Section 2.1.

Equipped with the tools above, we characterize sample path large deviations for multivariate heavy-
tailed Hawkes processes. More precisely, under the presence of regular variation in the mutual exci-
tation rates of 𝑵(𝑡) and under proper tail conditions for the decay functions 𝑓𝑖← 𝑗 (·), Theorem 3.3
establishes asymptotics of the form

C[0,∞)
𝒌 (𝐴) (𝐴

◦) ≤ lim inf
𝑛→∞

P
(
𝑵̄ [0,∞)𝑛 ∈ 𝐴

)
𝜆̆𝒌 (𝐴) (𝑛)

≤ lim sup
𝑛→∞

P
(
𝑵̄ [0,∞)𝑛 ∈ 𝐴

)
𝜆̆𝒌 (𝐴) (𝑛)

≤ C[0,∞)
𝒌 (𝐴) (𝐴

−) (4)

for general sets 𝐴 ⊆ D[0,∞). Here, 𝐴◦ and 𝐴− are the interior and closure of 𝐴 w.r.t. the product 𝑀1
topology of the càdlàg space D[0,∞); 𝑵̄ [0,∞)𝑛 =

def {𝑵(𝑛𝑡)/𝑛 : 𝑡 ≥ 0} is the scaled sample path of 𝑵(𝑡)
embedded in D[0,∞), the limiting measures

(
C[0,∞)
𝒌
(·)

)
𝒌∈Z𝑑

+
are supported on D[0,∞), and the rates of

decay
(
𝜆̆𝒌 (𝑛)

)
𝒌∈Z𝑑

+
are regularly varying functions with indices determined by the 𝛼( 𝒋)’s—the power-

law indices for tail asymptotics of Hawkes cluster sizes. In particular, the rate function 𝒌 (𝐴) ∈ Z𝑑
+ solves

a discrete optimization problem identifying the most likely configuration of large clusters that can
drive the Hawkes process 𝑵̄ [0,∞)𝑛 into the rare-event set 𝐴. Intuitively speaking, the nominal behavior
of the (scaled) Hawkes process 𝑵̄ [0,∞)𝑛 is a linear path with slope 𝝁𝑵 (its expected increments under
stationarity), and recall that, by the tail asymptotics of Hawkes process clusters, the probability of
observing a large cluster with size vector lying in the cone R𝑑 ( 𝒋) is roughly of order 𝑛−𝛼( 𝒋 ) . The
optimization problem behind 𝒌 (𝐴) (see Remark 6) then identifies, among all combinations of large
clusters that can push the 𝝁𝑵 -linear path into the set 𝐴, the configuration that is most likely to occur.
We provide the rigorous statement of Theorem 3.3 and the precise definitions of the notions involved
in Section 3.2. Here, we highlight: (i) the limiting measures C[0,∞)

𝒌
(·) can be efficiently computed via

Monte Carlo simulation (see Remark 7); (ii) in the univariate case, Theorem 3.3 can be uplifted to the
𝑀1 topology of D[0,𝑇] (see Section D.4 of the Appendix); (iii) in the multivariate case, it is generally
not possible to strengthen the characterizations in (4) w.r.t. the product 𝑀1 topology of D[0,∞) to
those on D[0,𝑇] or other stronger Skorokhod non-uniform topologies (see Remark 9).

Regarding the contributions of this work, we emphasize: (i) The study of large deviations for heavy-
tailed Hawkes processes aligns with the importance of power-law heavy tails in fields like epidemiology
([26]), queueing systems ([2,37]), and mathematical finance ([7,44,47,50]); (ii) This paper addresses
major gaps in prior work by developing sample path LDPs for heavy-tailed Hawkes processes that go
well beyond the single big jump regime. For instance, in the context of (unmarked) Hawkes processes,
Proposition 3 of [53] and Proposition 8.2 of [8] (see also [42] for closely related results regarding
branching processes with immigration) are comparable to a special case of (4) with 𝐴 = {𝜉 ∈ D[0,∞) :
𝒄⊤𝜉 (𝑡) > 1} with some 𝒄 ∈ R𝑑

+ and 𝑡 > 0. That is, they address only a limited class of rare events,
which are characterized by an extreme value of the process at a specific time point rather than by
the extremal behavior of the entire sample path, and are driven by a single big jump in the Hawkes
process. (We also note that Proposition 8.1 of [8] studies large deviations of the maximum functional
regarding the clusters of marked Hawkes processes, and is another manifestation of the principle of a
single big jump.) By contrast, our Theorem 3.3 covers a much broader class of sample-path-level rare
events and reveals the most likely configuration of (multiple) big clusters governing such rare events. In
many applications across finance, machine learning, and operations research, impactful rare events are
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determined by the entire sample path of the stochastic dynamics rather than just the running maximum
or endpoint value, and are driven by multiple large jumps in the system (see, e.g., [1,39,71,73]). Our
results thus lay the foundation of precise theoretical insights and efficient rare event simulation for
practical systems under clustering and mutually exciting risks.

This paper is structured as follows. Section 2 reviews M(S \ C) convergence and the results for
tail asymptotics of Hawkes process clusters. Section 3 presents the main results of this paper. In the
Appendix provided as Supplementary Material, Section A collects additional technical details for Sec-
tion 2, Section B provides the details of the counterexamples in Remarks 9 and 10, Sections C and D
contain the proofs for Section 3, Section E provides sample path large deviations for Lévy Processes
withMHRV increments under relaxed conditions, and Section F provides theorem trees to aid read-
ability of the proofs.

2. Preliminaries

This section reviews key definitions and results for our subsequent analysis and is structured as follows.
Section 2.1 reviews the notion of M(S \C)-convergence in [56], which has been a key tool in large de-
viations analyses of heavy-tailed stochastic systems ([15,23,56,65]), and then establishes Lemma 2.3 as
a useful tool for verifying asymptotic equivalence throughout the paper. Section 2.2 reviewsMHRV,
a notion of multivariate hidden regular variation introduced in [15]. Section 2.3 adapts Theorem 3.2 of
[15] to our setting and characterizes the hidden regular variation in Hawkes process clusters in terms of
MHRV. These results are pivotal for the subsequent large-deviation analysis of multivariate marked
Hawkes processes in this paper.

We begin by setting frequently used notations. Let Z be the set of integers, Z+ = {0,1,2, · · · } be
the set of non-negative integers, and N = {1,2, · · · } be the set of positive integers. Given a set 𝑋 and
a countable set 𝐴, we adopt notations 𝒙 ∈ 𝑋𝐴 for vectors of the form 𝒙 = (𝑥𝑖)𝑖∈𝐴 that are of length
|𝐴|, with each coordinate 𝑥𝑖 ∈ 𝑋 indexed by elements of 𝐴. For any 𝑛 ∈ Z+, let [𝑛] =def {1,2, · · · , 𝑛},
with the convention that [0] = ∅. For any 𝑚 ∈ N, let P𝑚 be the collection of all non-empty subsets of
[𝑚], i.e., the power set of {1,2, . . . , 𝑚} excluding ∅. Given some metric space (S, 𝒅), a set 𝐸 ⊆ S, and
𝑟 > 0, let the closed set 𝐸𝑟 =

def {𝑦 ∈ S : 𝒅(𝐸, 𝑦) ≤ 𝑟} be the 𝑟-enlargement of the set 𝐸 , and the open
set 𝐸𝑟 =

def ((𝐸𝑐)𝑟 )𝑐 = {𝑦 ∈ S : 𝒅(𝐸𝑐, 𝑦) > 𝑟} be the 𝑟-shrinkage of 𝐸 ; besides, let 𝐸◦ =def ⋃
𝑟>0 𝐸𝑟 and

𝐸− =
def ⋂

𝑟>0 𝐸
𝑟 be the interior and closure of 𝐸 , respectively. Throughout this paper, we consider the

𝐿1 norm ∥𝒙∥ =∑
𝑖∈[𝑑 ] |𝑥𝑖 | over Euclidean spaces. For any random element 𝑋 and Borel measurable set

𝐴, we use L (𝑋) to denote the law of 𝑋 , and L (𝑋 |𝐴) for the conditional law of 𝑋 given the event 𝐴.
Given real numbers 𝑥 and 𝑦, let 𝑥 ∧ 𝑦 =

def min{𝑥, 𝑦}, 𝑥 ∨ 𝑦 = max{𝑥, 𝑦} be the minimum and maximum
operators, respectively, and let ⌊𝑥⌋ =def max{𝑛 ∈ Z : 𝑛 ≤ 𝑥}, ⌈𝑥⌉ =def min{𝑛 ∈ Z : 𝑛 ≥ 𝑥} be the floor and
ceiling operators, respectively. Given sequences of non-negative real numbers (𝑥𝑛)𝑛≥1 and (𝑦𝑛)𝑛≥1,
we say that 𝑥𝑛 = O(𝑦𝑛) (as 𝑛→∞) if there exists some 𝐶 ∈ [0,∞) such that 𝑥𝑛 ≤ 𝐶𝑦𝑛 ∀𝑛 ≥ 1, and that
𝑥𝑛 = o(𝑦𝑛) if lim𝑛→∞ 𝑥𝑛/𝑦𝑛 = 0.

2.1. M(S \C)-Convergence and Asymptotic Equivalence

Let (S, 𝒅) be a complete and separable metric space. Given Borel measurable sets 𝐴, 𝐵 ⊆ S, 𝐴 is said
to be bounded away from 𝐵 (under 𝒅) if 𝒅(𝐴, 𝐵) =def inf𝑥∈𝐴,𝑦∈𝐵 𝒅(𝑥, 𝑦) > 0. Let S be the 𝜎-algebra of
S. Given a Borel measurable subset C ⊆ S, let S \C be the metric subspace of S in the relative topology
with 𝜎-algebra SS\C =

def {𝐴 ∈SS : 𝐴 ⊆ S \C}. The space of measures

M(S \C) =def {𝜈(·) is a Borel measure on S \C : 𝜈(S \C𝑟 ) <∞ ∀𝑟 > 0}.
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can be topologized by the sub-basis constructed using sets of the form {𝜈 ∈ M(S \ C) : 𝜈( 𝑓 ) ∈ 𝐺},
where 𝐺 ⊆ [0,∞) is open, 𝑓 ∈ C(S \C), and C(S \C) is the set of all real-valued, non-negative,
bounded and continuous functions with support bounded away from C (i.e., there exists 𝑟 > 0 such
that 𝑓 (𝑥) = 0 ∀𝑥 ∈ C𝑟 ). Now, we recall the concept of M(S \C)-convergence.

Definition 2.1 (M(S \C)-convergence). Given a sequence 𝜇𝑛 ∈M(S \C) and some 𝜇 ∈M(S \C), we
say that 𝜇𝑛 converges to 𝜇 in M(S \C) as 𝑛→∞ if

lim
𝑛→∞
|𝜇𝑛 ( 𝑓 ) − 𝜇( 𝑓 ) | = 0, ∀ 𝑓 ∈ C(S \C).

When there is no ambiguity about the choice of S and C, we simply refer to the convergence mode
in Definition 2.1 as M-convergence. Next, we review the Portmanteau Theorem for M-convergence.

Theorem 2.2 (Theorem 2.1 of [56]). Let 𝜇𝑛, 𝜇 ∈M(S \C). The following statements are equivalent.

(i) 𝜇𝑛→ 𝜇 in M(S \C) as 𝑛→∞.
(ii)

∫
𝑓 𝑑𝜇𝑛→

∫
𝑓 𝑑𝜇 for any 𝑓 ∈ C(S \C) that is also uniformly continuous on S.

(iii) For any closed set 𝐹 and open set 𝐺 that are bounded away from C,

lim sup
𝑛→∞

𝜇𝑛 (𝐹) ≤ 𝜇(𝐹), lim inf
𝑛→∞

𝜇𝑛 (𝐺) ≥ 𝜇(𝐺).

The verification of M-convergence is often facilitated by the asymptotic equivalence between two
families of random objects. Throughout this paper, we work with the version of asymptotic equiva-
lence in Lemma 2.3, which is in the same spirit as Lemma 4.2 of [15] with only two key differences.
First, Lemma 2.3 addresses abstract metric spaces, whereas Lemma 4.2 of [15] specifically applies
to the space of polar coordinates. Second, we require condition (ii) to hold only for almost all 𝛿 > 0
sufficiently close to 0. We defer its proof to Section A.1 in the Appendix.

Lemma 2.3. Let 𝑋𝑛 and 𝑌 𝛿
𝑛 be random elements taking values in a complete and separable metric

space (S, 𝒅), and𝑉 𝛿
𝑛 be random elements taking values in a countable set V. Furthermore, given 𝑛 ≥ 1,

𝑋𝑛, 𝑌 𝛿
𝑛 , and 𝑉 𝛿

𝑛 (for any 𝛿 > 0) are supported on the same probability space. Let 𝜖𝑛 be a sequence of
positive real numbers with lim𝑛→∞ 𝜖𝑛 = 0. Let C ⊆ S, letV ⊂ V be a set containing only finitely many
elements, and let 𝜇𝑣 ∈M(S \C) for each 𝑣 ∈ V. Suppose that

(i) (Asymptotic equivalence) Given Δ > 0 and 𝐵 ∈SS that is bounded away from C,

lim
𝛿↓0

lim
𝑛→∞

𝜖−1
𝑛 P

(
𝒅
(
𝑋𝑛,𝑌

𝛿
𝑛

)
I
(
𝑋𝑛 ∈ 𝐵 or 𝑌 𝛿

𝑛 ∈ 𝐵
)
> Δ

)
= 0;

(ii) (M(S\C)-Convergence) Given 𝐵 ∈SS that is bounded away from C and Δ ∈
(
0, 𝒅(𝐵,C)

)
, there

exists some 𝛿0 = 𝛿0 (𝐵,Δ) > 0 such that for all but countably many 𝛿 ∈ (0, 𝛿0),

lim sup
𝑛→∞

𝜖−1
𝑛 P(𝑌 𝛿

𝑛 ∈ 𝐵,𝑉 𝛿
𝑛 = 𝑣) ≤ 𝜇𝑣 (𝐵Δ), lim inf

𝑛→∞
𝜖−1
𝑛 P(𝑌 𝛿

𝑛 ∈ 𝐵,𝑉 𝛿
𝑛 = 𝑣) ≥ 𝜇𝑣 (𝐵Δ), ∀𝑣 ∈ V,

lim
𝑛→∞

𝜖−1
𝑛 P(𝑌 𝛿

𝑛 ∈ 𝐵, 𝑉 𝛿
𝑛 ∉V) = 0.

Then 𝜖−1
𝑛 P(𝑋𝑛 ∈ · ) →

∑
𝑣∈V 𝜇𝑣 (·) in M(S \C).
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2.2. Multivariate Hidden Regular Variation

Recall that a measurable function 𝜙 : (0,∞) → (0,∞) is regularly varying as 𝑥→∞ with index 𝛽 ∈ R,
denoted as 𝜙(𝑥) ∈ RV𝛽 (𝑥) as 𝑥→∞, if lim𝑥→∞ 𝜙(𝑡𝑥)/𝜙(𝑥) = 𝑡𝛽 holds for any 𝑡 > 0. See, e.g., [14,40,
62] for standard treatments of regular variation. In this subsection, we review theMHRV formalism,
a notion of multivariate hidden regular variation proposed in [15]. As shown in Section 2.3,MHRV
provides the appropriate framework to describe the tail asymptotics of Hawkes process clusters. In
particular,MHRV is characterized through the following key elements.

• Basis: S̄ = { 𝒔̄ 𝑗 ∈ [0,∞)𝑑 : 𝑗 ∈ [𝑘]} is a collection of 𝑘 linearly independent vectors;
• Tail indices: 𝜶 =

{
𝛼( 𝒋) ∈ [0,∞) : 𝒋 ⊆ [𝑘]

}
are strictly monotone w.r.t. 𝒋: that is,

𝛼( 𝒋) < 𝛼( 𝒋′), ∀ 𝒋 ⊊ 𝒋′ ⊆ [𝑘], (5)

with the convention that 𝛼(∅) = 0;
• Rate functions: 𝜆 𝒋 (𝑛) ∈ RV−𝛼( 𝒋 ) (𝑛) for each 𝒋 ∈ P𝑘 ;
• Limiting measures:

(
C𝒋 (·)

)
𝒋∈P𝑘 is a collection of Borel measures over R𝑑

+ .

TheMHRV formalism describes how the power-law tail behavior of a Borel measure 𝜈 varies across
different directions of the Euclidean space. More precisely, let 𝔑𝑑

+ =
def {𝒙 ∈ R𝑑

+ : ∥𝒙∥ = 1} be the unit
sphere under the 𝐿1 norm, restricted to the positive quadrant, and let (for each 𝒋 ∈ P𝑑)

R𝑑 ( 𝒋; S̄) =def

{∑︁
𝑖∈ 𝒋

𝑤𝑖 𝒔̄𝑖 : 𝑤𝑖 ≥ 0 ∀𝑖 ∈ 𝒋

}
; (6)

R̄𝑑 ( 𝒋, 𝜖 ; S̄) =def

{
𝑤𝒔 : 𝑤 ≥ 0, 𝒔 ∈𝔑𝑑

+ , inf
𝒙∈R𝑑 ( 𝒋;S̄)∩𝔑𝑑

+
∥𝒔 − 𝒙∥ ≤ 𝜖

}
, 𝜖 > 0; (7)

R̄𝑑
⩽ ( 𝒋 , 𝜖 ; S̄,𝜶) =def

⋃
𝒋′⊆[𝑘 ]: 𝒋′≠𝒋 , 𝛼( 𝒋′ )≤𝛼( 𝒋 )

R̄𝑑 ( 𝒋′, 𝜖 ; S̄), 𝜖 > 0. (8)

When there is no ambiguity about the choice of S̄ and 𝜶, we simplify the notations by writing R𝑑 ( 𝒋) =def

R𝑑 ( 𝒋; S̄), R̄𝑑 ( 𝒋 , 𝜖) =def R̄𝑑 ( 𝒋 , 𝜖 ; S̄), and R̄𝑑
⩽ ( 𝒋 , 𝜖) =

def R̄𝑑
⩽ ( 𝒋 , 𝜖 ; S̄,𝜶). We also adopt the convention that

R̄𝑑 (∅, 𝜖) = {0}. Note that R𝑑 ( 𝒋) is the convex cone generated by { 𝒔̄𝑖 : 𝑖 ∈ 𝒋}, and R̄𝑑 ( 𝒋 , 𝜖) is an
enlarged version of R𝑑 ( 𝒋) by applying an 𝜖-perturbation to the angle of each element under the polar
transform. As shown in Definition 2.4, theMHRV formalism characterizes the heavy tails in a Borel
measure 𝜈(·) over each cone R𝑑 ( 𝒋) by establishing that, under the 𝜆 𝒋 (𝑛)-scaling, the tail behavior of
𝜈
(
· ∩R𝑑 ( 𝒋)

)
converges to the limiting measure C𝒋 . In other words, the measure 𝜈 exhibits different

degrees of hidden regular variation over each cone R𝑑 ( 𝒋), characterized by the power-law tail index
𝛼( 𝒋), the rate function 𝜆 𝒋 (·), and the limiting measure C𝒋 (·). Here, we say that 𝐴 ⊆ R𝑑

+ is bounded
away from 𝐵 ⊆ R𝑑

+ if inf𝒙∈𝐴, 𝒚∈𝐵 ∥𝒙 − 𝒚∥ > 0.

Definition 2.4 (MHRV). Let 𝜈(·) be a Borel measure on R𝑑
+ and 𝜈𝑛 (·) =def

𝜈(𝑛 · ) (i.e., 𝜈𝑛 (𝐴) =
𝜈(𝑛𝐴) = 𝜈

{
𝑛𝒙 : 𝒙 ∈ 𝐴

}
). The measure 𝜈(·) is said to be multivariate regularly varying with basis

S̄ = {𝑠 𝑗 : 𝑗 ∈ [𝑘]}, tail indices 𝜶 =
{
𝛼( 𝒋) ∈ [0,∞) : 𝒋 ⊆ [𝑘]

}
, rate functions 𝜆 𝒋 (·), and limiting

measures C𝒋 (·), denoted as 𝜈 ∈MHRV
(
S̄,𝜶, (𝜆 𝒋) 𝒋∈P𝑘 , (C𝒋) 𝒋∈P𝑘

)
, if the asymptotics

C𝒋 (𝐴◦) ≤ lim inf
𝑛→∞

𝜈𝑛 (𝐴)
𝜆 𝒋 (𝑛)

≤ lim sup
𝑛→∞

𝜈𝑛 (𝐴)
𝜆 𝒋 (𝑛)

≤ C𝒋 (𝐴−) <∞ (9)
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hold for any 𝒋 ∈ P𝑘 and any Borel set 𝐴 ⊆ R𝑑
+ that is bounded away from R̄𝑑

⩽ ( 𝒋 , 𝜖) under some 𝜖 > 0.

Furthermore, MHRV∗ describes the case where, in Definition 2.4, it is known that there is no
power law tail outside of the convex cone generated by the entirety of the basis S̄.

Definition 2.5 (MHRV∗). We say that 𝜈 ∈MHRV∗
(
S̄,𝜶, (𝜆 𝒋) 𝒋∈P𝑘 , (C𝒋) 𝒋∈P𝑘

)
for a Borel measure

𝜈 over R𝑑
+ if

• 𝜈 ∈MHRV
(
S̄,𝜶, (𝜆 𝒋) 𝒋∈P𝑘 , (C𝒋) 𝒋∈P𝑘

)
;

• for any Borel set 𝐴 ⊆ R𝑑
+ bounded away from R̄𝑑 ( [𝑘], 𝜖) under some 𝜖 > 0, we also have

𝜈𝑛 (𝐴) = o(𝑛−𝛾) as 𝑛→∞, ∀𝛾 > 0. (10)

We conclude this subsection by briefly noting the following: (i) Conditions (9) and (10) are equiva-
lent to characterizations of heavy tails in terms of the M(S \ C)-convergence (Definition 2.1) of polar
coordinates (see Lemma 2.4 of [15]); and (ii) MHRV provides an appropriate framework for de-
scribing heavy tails in contexts such as branching processes and Hawkes processes; in particular, the
tail asymptotics stated in Section 2.3 would fail under other formalisms of multivariate hidden regular
variation (see Remark 7 of [15]). Later, in Example 1 and Figure 1, we unpack the notations introduced
above and explain their roles in the context of Hawkes process clusters.

2.3. Tail Asymptotics of Hawkes Process Clusters

The cluster representation of Hawkes processes (see, e.g., [29,46,57]; see also Definition D.4 in the
Appendix) reveals that the size of the cluster induced by a type- 𝑗 immigrant in the Hawkes process
𝑵(𝑡) admits the law of the random vector 𝑺 𝑗 that solves the distributional fixed-point equation in
(2). The canonical representation of 𝑺 𝑗 is the total progeny (across the 𝑑 dimensions) of a multi-type
branching process, where the offspring distributions admit the law (by Poisson(𝑋) for a non-negative
variable 𝑋 , we mean the law of P

(
Poisson(𝑋) > 𝑦

)
=

∫ ∞
0 P

(
Poisson(𝑥) > 𝑦

)
P(𝑋 ∈ 𝑑𝑥) as in (3))

(𝐵𝑖← 𝑗 )𝑖∈[𝑑 ] =D
(
Poisson(𝐵̃1← 𝑗𝜇1← 𝑗 ), . . . ,Poisson(𝐵̃𝑑← 𝑗𝜇𝑑← 𝑗 )

)
, (11)

where
(
𝐵̃𝑖← 𝑗 )𝑖∈[𝑑 ] is introduced in Definition 1.1, and

𝜇𝑖← 𝑗 =
def



 𝑓𝑖← 𝑗




1 =

∫ ∞

0
𝑓𝑖← 𝑗 (𝑡)𝑑𝑡 <∞, ∀𝑖, 𝑗 ∈ [𝑑], (12)

with 𝑓𝑖← 𝑗 (·) being the decay functions in Definition 1.1.
In this subsection, we specialize the assumptions and results in [15] to our context of Hawkes pro-

cesses clusters, which are pivotal to our large-deviation analysis for multivariate heavy-tailed Hawkes
processes. Specifically, let

𝑏̄𝑖← 𝑗 =
def E𝐵𝑖← 𝑗 = E

[
𝐵̃𝑖← 𝑗

]
· 𝜇𝑖← 𝑗 , (13)

be the expectation of offspring distributions, where the equality follows from (11). Under Assumption 1,
Proposition 1 of [2] establishes the existence and uniqueness of the solutions 𝑺 𝑗 to (2) and that E



𝑺 𝑗



 <
∞ for all 𝑗 ∈ [𝑑].
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Assumption 1 (Sub-Criticality). The spectral radius of the mean offspring matrix B̄ = (𝑏̄𝑖← 𝑗 ) 𝑗 ,𝑖∈[𝑑 ]
is strictly less than 1.

Assumption 2 specifies the regularly varying heavy tails in the offspring distribution. Note that,
under the law of the offspring distributions stated in (11), 𝐵 𝑗←𝑖 and 𝐵̃ 𝑗←𝑖 share the same regular
variation index −𝛼 𝑗←𝑖 .

Assumption 2 (Heavy Tails in Mutual Excitation Rates). For any (𝑖, 𝑗) ∈ [𝑑]2, there exists 𝛼 𝑗←𝑖 ∈
(1,∞) such that

P(𝐵̃ 𝑗←𝑖 > 𝑥) ∈ RV−𝛼𝑗←𝑖
(𝑥), as 𝑥→∞.

We also impose the following two regularity conditions.

Assumption 3 (Full Connectivity). For any (𝑖, 𝑗) ∈ [𝑑]2, E𝑆 𝑗←𝑖 > 0.

Assumption 4 (Distinct Tail Indices). In Assumption 2, 𝛼 𝑗←𝑖 ≠ 𝛼 𝑗′←𝑖′ for any (𝑖, 𝑗), (𝑖′, 𝑗 ′) ∈ [𝑑]2
with (𝑖, 𝑗) ≠ (𝑖′, 𝑗 ′).

Theorem 2.6 below allows us to characterize the tail asymptotics of the cluster size vector 𝑺 𝑗 in
terms ofMHRV introduced in Definition 2.4. To state the results, we specify the basis, tail indices,
rate functions, and limiting measures. In particular, let the basis S̄ = { 𝒔̄𝑖 : 𝑖 ∈ [𝑑]} be

𝑠 𝑗←𝑖 =
def E𝑆 𝑗←𝑖 , 𝒔̄𝑖 =

def E𝑺𝑖 = (𝑠1←𝑖 , 𝑠2←𝑖 , . . . , 𝑠𝑑←𝑖)⊤. (14)

Assumption 1 ensures that the 𝒔̄𝑖’s are linearly independent. Next, let

𝛼∗ ( 𝑗) =def min
𝑙∈[𝑑 ]

𝛼 𝑗←𝑙 , 𝑙∗ ( 𝑗) =def arg min
𝑙∈[𝑑 ]

𝛼 𝑗←𝑙 . (15)

By Assumptions 2 and 4, for each 𝑗 ∈ [𝑑] the argument minimum 𝑙∗ ( 𝑗) uniquely exists and 𝛼∗ ( 𝑗) > 1.
Recall that P𝑑 is the collection of all non-empty subsets of [𝑑]. The tail indices are defined by

𝛼( 𝒋) =def 1 +
∑︁
𝑖∈ 𝒋

(
𝛼∗ (𝑖) − 1

)
, ∀ 𝒋 ∈ P𝑑 . (16)

As in Section 2.2, we adopt the convention 𝛼(∅) = 0. The rate functions are defined by

𝜆 𝒋 (𝑛) =def
𝑛−1

∏
𝑖∈ 𝒋

𝑛P(𝐵𝑖←𝑙∗ (𝑖) > 𝑛), ∀𝑛 ≥ 1, 𝒋 ∈ P𝑑 . (17)

Note that 𝜆 𝒋 (𝑛) ∈ RV−𝛼( 𝒋 ) (𝑛). Lastly, for each 𝑖 ∈ [𝑑] and 𝒋 ∈ P𝑑 , the limiting measure C𝒋
𝑖
(·) is

supported on the cone R𝑑 ( 𝒋) defined in (6), and takes the form

C𝒋
𝑖
(·) =def

∫
𝑤 𝑗≥0 ∀ 𝑗∈ 𝒋

I

{∑︁
𝑗∈ 𝒋

𝑤 𝑗 𝒔̄ 𝑗 ∈ ·
}
· 𝑔 𝒋

𝑖
(𝒘)

?
𝑗∈ 𝒋

𝑑𝑤 𝑗

(𝑤 𝑗 )𝛼∗ ( 𝑗 )+1
, (18)

where we write 𝒘 = (𝑤 𝑗 ) 𝑗∈ 𝒋 . The explicit forms of the functions 𝑔
𝒋
𝑖
(𝒘) and the limiting measures

C𝒋
𝑖
(·) are not needed for stating the main results in Section 3, so we defer the details to Section A.2 in

the Appendix. We now state the tail asymptotics of the Hawkes cluster sizes 𝑺𝑖 in terms ofMHRV.
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(a) (b)

Figure 1. Illustration of Example 1 and samples of 𝑺1 (gray dots), where the sizes of the vectors 𝒔̄1 and 𝒔̄2
are rescaled for visualization purposes. (a) Scatter plot of 200,000 samples of 𝑺1, highlighting the dominating
heavy tail around the ray R2 ({2}) (area in red). (b) Scatter plot of 𝑺1, with the range of the plot restricted over
[0,450] × [0,450] to inspect the hidden regular variation around the ray R2 ({1}) (area in green) and the cone
R2 ({1,2}) (area in blue).

Theorem 2.6 (Theorem 3.2 of [15]). Under Assumptions 1–4, it holds for any 𝑖 ∈ [𝑑] that

P(𝑺𝑖 ∈ · ) ∈MHRV∗
(
( 𝒔̄ 𝑗 ) 𝑗∈[𝑑 ] ,

(
𝛼( 𝒋)

)
𝒋⊆[𝑑 ] , (𝜆 𝒋) 𝒋∈P𝑑 ,

(
C𝒋
𝑖

)
𝒋∈P𝑑

)
.

That is, given 𝑖 ∈ [𝑑] and 𝒋 ⊆ [𝑑] with 𝒋 ≠ ∅, if a Borel measurable set 𝐴 ⊆ R𝑑
+ is bounded away from

R̄𝑑
⩽ ( 𝒋 , 𝜖) under some 𝜖 > 0, then

C𝒋
𝑖
(𝐴◦) ≤ lim inf

𝑛→∞
P(𝑛−1𝑺𝑖 ∈ 𝐴)

𝜆 𝒋 (𝑛)
≤ lim sup

𝑛→∞

P(𝑛−1𝑺𝑖 ∈ 𝐴)
𝜆 𝒋 (𝑛)

≤ C𝒋
𝑖
(𝐴−) <∞. (19)

Here, R̄𝑑
⩽ ( 𝒋 , 𝜖) is defined in (7), the rate functions 𝜆 𝒋 (·) are defined in (17), and the measures C𝒋

𝑖
(·)

are defined in (18). Furthermore, for any Borel measurable set 𝐴 ⊆ R𝑑
+ that is bounded away from

R̄𝑑 ( [𝑑], 𝜖) under some 𝜖 > 0,

lim
𝑛→∞

𝑛𝛾 · P(𝑛−1𝑺𝑖 ∈ 𝐴) = 0, ∀𝛾 > 0. (20)

Note that the rare events {𝑛−1𝑺𝑖 ∈ 𝐴} are driven by multiple big jumps (i.e., multiple nodes giv-
ing birth to a disproportionately large number of children) that exhibit sophisticated spatiotemporal
structures in the underlying branching processes. In particular, the contributions of these big jumps
align with the vectors ( 𝒔̄𝑙)𝑙∈[𝑑 ] , and, given a sufficiently general set 𝐴 ⊆ R𝑑

+ , the exact asymptotics of
P(𝑛−1𝑺𝑖 ∈ 𝐴) are dictated by the most likely combination of big jumps that can push 𝑛−1𝑺𝑖 into the set
𝐴, which corresponds to the index set 𝒋 ⊆ [𝑑] leading to non-trivial bounds in (19). For further details,
see also Remark 3 of [15].

Example 1. Consider a numerical example with 𝑑 = 2, where
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• 𝛼∗ (1) = 1.4, 𝑙∗ (1) = 2, and 𝐵1←2 =
D ⌊𝑅⌋ where ⌊·⌋ is the ceiling (i.e., rounding down to integer)

operator and 𝑅 is a Pareto-II variable with index 1.4 (i.e., with tail CDF P(𝑅 > 𝑥) = (1 + 𝑥)−1.4);
• 𝛼∗ (2) = 1.2, 𝑙∗ (2) = 1, and 𝐵2←1 =

D ⌊𝑅′⌋ where 𝑅′ is a Pareto-II variable with index 1.2;
• 𝒔̄1 = E𝑺1 = (3.042,0.497)⊤, 𝒔̄2 = E𝑺2 = (0.616,3.042)⊤.

By (16) and (17), we have 𝛼({1}) = 1.4, 𝛼({2}) = 1.2, 𝛼({1,2}) = 1.6, and 𝜆{1} (𝑛) = P(𝐵1←2 >

𝑛) ∈ RV−1.4 (𝑛), 𝜆{2} (𝑛) = P(𝐵2←1 > 𝑛) ∈ RV−1.2 (𝑛), 𝜆{1,2} (𝑛) = 𝑛P(𝐵1←2 > 𝑛)P(𝐵2←1 > 𝑛) ∈
RV−1.6 (𝑛). Due to 1.2 = 𝛼({2}) < 𝛼({1}) = 1.4 and 𝑙∗ (2) = 1, the most likely way to get a large
cluster is to have a disproportionately large number of type-2 children, and the family trees induced
by these type-2 children would then follow the law of large numbers so their contributions almost
align with 𝒔̄2. This is confirmed in Figure 1 (a). Furthermore, Theorem 2.6 reveals the hidden regular
variation along directions beyond 𝒔̄2.

• Definitions of R̄𝑑 ( 𝒋 , 𝜖) in (6)–(8). Note that R2 ({1}) = {𝑤1 𝒔̄1 : 𝑤1 ≥ 0} (the green ray in Figure 1
(b)) and R2 ({2}) = {𝑤2 𝒔̄2 : 𝑤2 ≥ 0} (the red ray in Figure 1 (a) and (b)). Besides, R̄2 ({1}; 𝜖) is an
expanded version of the ray R2 ({1}) by applying a perturbation (bounded by 𝜖) to the angle of 𝒔̄1;
see the green area in Figure 1 (b). Likewise, see the red area in Figure 1 (b) for an illustration of
R̄2 ({2}; 𝜖). Given the values of the 𝛼( 𝒋)’s, we have R̄2

⩽ ({2}; 𝜖) = {0}, R̄
2
⩽ ({1}; 𝜖) = R̄2 ({2}; 𝜖),

and R̄2
⩽ ({1,2}; 𝜖) = R̄2 ({1}; 𝜖) ∪ R̄2 ({2}; 𝜖). Lastly, note the definition of the cone R2 ({1,2}) =

{∑𝑖=1,2 𝑤𝑖 𝒔̄𝑖 : 𝑤𝑖 ≥ 0}, and that the blue area in Figure 1 (b) indicates R2 ({1,2}) \ R̄2
⩽ ({1,2}; 𝜖).

• Hidden regular variation beyond 𝒔̄2. Around R̄2 ({1}; 𝜖), the law of 𝑺1 exhibits power-law tails
with index 𝛼({1}) = 1.4. The rate of decay for the power-law tail along 𝒔̄1 is characterized by
𝜆{1} (𝑛) ∈ RV−1.4 (𝑛). At the convex cone R2 ({1,2}), especially over regions that are bounded
away from R̄2

⩽ ({1,2}; 𝜖), the cluster size vectors exhibit power-law tails with index 𝛼({1,2}) =
1.6. See the area in Figure 1 (b) color-coded in blue. Large cluster size vectors over this cone are
almost always caused by two big jumps in the underlying branching process, namely one type-1
node giving birth to a large number of type-2 children (due to 𝑙∗ (2) = 1), together with some type-
2 node giving birth to a large number of type-1 children (due to 𝑙∗ (1) = 2). The corresponding rate
of decay is 𝜆{1,2} (𝑛) ∈ RV−1.6 (𝑛).

Remark 1 (Relaxing Assumptions 3 and 4). As mentioned in Remark 6 of [15], Assumptions 3 and
4 are included primarily to obtain a cleaner expression for the MHRV tail in branching processes
and prevent even heavier notations or bookkeeping in Theorem 2.6. Though not pursued yet in [15],
the potential relaxations of these assumptions are as follows:

• The full-connectivity condition in Assumption 3 can be relaxed using the notion of Hawkes graphs
in [53], and the gist is to consider the “essential dimensions” and disregard a pair ( 𝑗 , 𝑙) ∈ [𝑑]2 if
E𝑆 𝑗←𝑙 = 0. In this case, the definition of 𝛼∗ ( 𝑗) and 𝑙∗ ( 𝑗) in (15) needs to be modified accordingly,
and in Theorem 2.6 the description of the tail indices and rate functions will vary with 𝑖—the type
of the ancestor.
• When Assumption 4 is dropped, there could be distinct pairs (𝑖, 𝑗) and (𝑖′, 𝑗 ′) with 𝛼 𝑗←𝑖 = 𝛼 𝑗′←𝑖′ .

As a result, by only comparing tail indices it is unclear whether P(𝐵 𝑗←𝑖 > 𝑥) or P(𝐵 𝑗′←𝑖′ > 𝑥)
has a heavier tail, and extra knowledge is required to obtain tail asymptotics analogous to those
stated in the current version of Theorem 2.6.

3. Sample Path Large Deviations
This section presents the main results of this paper and is structured as follows. Section 3.1 estab-
lishes sample path LDPs for Lévy processes with MHRV increments. Building upon this frame-
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work, Section 3.2 then establishes sample path LDPs for the multivariate Hawkes process 𝑵(𝑡) =
(𝑁1 (𝑡), 𝑁2 (𝑡), . . . , 𝑁𝑑 (𝑡))⊤ under the presence of power-law heavy tails in the mutual excitation rates.
Section 3.3 outlines the proof for sample path LDPs of heavy-tailed Hawkes processes. We defer the
underlying proofs to the Appendix.

3.1. Lévy Processes with MHRV Increments

We begin by briefly reviewing the law of a 𝑑-dimensional Lévy process 𝑳 = {𝑳(𝑡) : 𝑡 ≥ 0}, which is
fully characterized by its generating triplet (𝒄𝑳 ,𝚺𝑳 , 𝜈). Here,

• 𝒄𝑳 ∈ R𝑑 is the constant drift of the process,
• the positive semi-definite matrix 𝚺𝑳 ∈ R𝑑×𝑑 represents the covariance of the Brownian motion

component in 𝑳(𝑡),
• and the Lévy measure 𝜈 is a Borel measure supported on R𝑑 \ {0} that characterizes the intensity

of jumps in 𝑳(𝑡), and satisfies
∫
(∥𝒙∥2 ∧ 1)𝜈(𝑑𝒙) <∞.

More precisely, the Lévy process 𝑳(𝑡) admits the Lévy–Itô decomposition

𝑳(𝑡) =D 𝒄𝑳𝑡 + 𝚺1/2
𝑳 𝑩(𝑡) +

∫
∥𝒙∥≤1

𝒙
[
PRM𝜈 ( [0, 𝑡] × 𝑑𝒙) − 𝑡𝜈(𝑑𝒙)

]
+
∫
∥𝒙∥>1

𝒙PRM𝜈 ( [0, 𝑡] × 𝑑𝒙),

(21)

where 𝑩 is a standard Brownian motion in R𝑑 , and PRM𝜈 is a Poisson random measure with intensity
measure L (0,∞) × 𝜈 and is independent of 𝑩. Here, L𝐼 is the Lebesgue measure restricted on the
interval 𝐼 ⊆ R. We refer the reader to, e.g., [68] for a standard treatment of Lévy processes.

The goal of this subsection is to establish Theorem 3.2 and characterize the sample path LDPs for
Lévy processes exhibiting multivariate hidden regular variation in the increments. Beyond its applica-
tion for sample path LDPs of Hawkes processes that will be explored in Section 3.2, the theoretical
framework developed in Theorem 3.2 is also of independent interest due to the broad relevance of Lévy
processes and hidden regular variation. Specifically, we focus on the case where the Lévy measure 𝜈 is
supported on R𝑑

+ , and characterize the hidden regular variation in 𝜈(·) via the notion ofMHRV (see
Definition 2.4) by imposing the following assumption.

Assumption 5 (MHRV∗ increments). The Lévy measure 𝜈 of 𝑳(𝑡) is supported on R𝑑
+ = [0,∞)𝑑

and satisfies 𝜈 ∈MHRV∗
(
( 𝒔̄𝑖)𝑖∈[𝑑 ] ,

(
𝛼( 𝒋)

)
𝒋⊆[𝑑 ] , (𝜆 𝒋) 𝒋∈P𝑑 , (C𝒋) 𝒋∈P𝑑

)
under

• a collection of vectors ( 𝒔̄𝑖)𝑖∈[𝑑 ] in R𝑑
+ that are linearly independent,

• a collection of real numbers (𝛼( 𝒋)) 𝒋⊆[𝑑 ] that are strictly monotone w.r.t. 𝒋 (see (5)) with 𝛼(∅) = 0,
𝛼( 𝒋) > 1 ∀ 𝒋 ∈ P𝑑 , and 𝛼( 𝒋) ≠ 𝛼( 𝒋′) ∀ 𝒋 , 𝒋′ ∈ P𝑑 with 𝒋 ≠ 𝒋′,
• regularly varying functions 𝜆 𝒋 (𝑛) ∈ RV−𝛼( 𝒋 ) (𝑛) (for each 𝒋 ∈ P𝑑),
• Borel measures (C𝒋) 𝒋⊆[𝑑 ] where, for each 𝒋 ∈ P𝑑 , the measure C𝒋 is supported on R𝑑 ( 𝒋), such

that C𝒋 (𝐴) <∞ holds for any 𝜖 > 0 and Borel set 𝐴 ⊆ R𝑑
+ bounded away from R̄𝑑

⩽ ( 𝒋 , 𝜖) (see (8)).

Furthermore,

𝑛𝜆 𝒋 (𝑛) =
∏
𝑖∈ 𝒋

𝑛𝜆{𝑖} (𝑛), ∀ 𝒋 ∈ P𝑑 . (22)
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We stress that both Assumption 5 and Theorem 3.2 are tailored for the application to heavy-tailed
Hawkes processes. For instance, the condition (22) on 𝜆 𝒋 (·) is met by (17)—the rate functions for the
MHRV tail of Hawkes process clusters. Similarly, an implication of (22) is that

𝛼( 𝒋) − 1 =
∑︁
𝑖∈ 𝒋

(
𝛼({𝑖}) − 1

)
, ∀ 𝒋 ∈ P𝑑 , (23)

due to 𝜆 𝒋 (𝑛) ∈ RV−𝛼( 𝒋 ) (𝑛) for each 𝒋 ∈ P𝑑 inMHRV. Again, this matches (16)—the tail indices
for the MHRV tail of Hawkes process clusters. Moreover, instead of MHRV, Assumption 5 im-
poses the strongerMHRV∗ condition (see condition (10) in Definition 2.4), which agrees with the
statements in Theorem 2.6 for the tail asymptotics of Hawkes process clusters. For Lévy processes in
general contexts, a relaxed form of Assumption 5 may be considered, which yields a correspondingly
weaker version of Theorem 3.2. A detailed discussion of this relaxation is provided in Remark 5.

Throughout the rest of this paper, we use D[0,𝑇] = D
(
[0,𝑇],R𝑑) to denote the space of R𝑑-valued

càdlàg functions with compact domain [0,𝑇], and D[0,∞) =D
(
[0,∞),R𝑑) for the space of R𝑑-valued

càdlàg functions with unbounded domain [0,∞). For the Lévy process 𝑳(𝑡), let

𝝁𝑳 =
def E𝑳(1) = 𝒄𝑳 +

∫
𝒙∈R𝑑 : ∥𝒙∥>1

𝒙𝜈(𝑑𝒙), (24)

where 𝒄𝑳 ∈ R𝑑 is the constant drift in the generating triplet of 𝑳(𝑡). Let

𝑳̄𝑛 (𝑡) =def 𝑳(𝑛𝑡)/𝑛, 𝑳̄ [0,𝑇 ]𝑛 =
def {𝑳̄𝑛 (𝑡) : 𝑡 ∈ [0,𝑇]

}
. (25)

The random element 𝑳̄ [0,𝑇 ]𝑛 is the scaled version of the sample path of 𝑳(𝑡) embedded in D[0,𝑇].
Besides, recall that we adopt notations 𝒌 = (𝑘𝑖)𝑖∈I ∈ 𝐴I for vectors of length |I | with each coordinate
taking values in 𝐴 and indexed by elements in I. Informally speaking, Theorem 3.2 establishes LDP
of the form (as 𝑛→∞)

P
(
𝑳̄ [0,𝑇 ]𝑛 ∈ · ∩ D̆𝜖

K;𝝁𝑳
[0,𝑇]

)
∼ C̆[0,𝑇 ]

K;𝝁𝑳
(·) ×

∏
𝒋∈P𝑑

(
𝑛𝜆 𝒋 (𝑛)

)K𝒋
, ∀K =

(
K𝒋) 𝒋∈P𝑑 ∈ Z

P𝑑
+ . (26)

Here, the 𝜆 𝒋 (·)’s are the rate functions for the MHRV∗ condition in Assumption 5, the vector
K =

(
K𝒋) 𝒋∈P𝑑 corresponds to a configuration of big jumps in the Lévy process, and the set D̆𝜖

K;𝝁𝑳
[0,𝑇]

contains all paths representing the typical behavior of 𝑳̄ [0,𝑇 ]𝑛 perturbed by big jumps of the K-
configuration. Therefore, by (26), the probability of observing a rare event in 𝑳̄ [0,𝑇 ]𝑛 driven by large
jumps of the K-configuration is of order

∏
𝒋∈P𝑑

(
𝑛𝜆 𝒋 (𝑛)

)K𝒋 ; furthermore, under this scaling, the lead-

ing coefficient of the rare-event probabilities is captured by the limiting measure C̆[0,𝑇 ]
K;𝝁𝑳
(·).

To formally present Theorem 3.2, we introduce the rigorous definitions of the notions involved in
(26). Given 𝒙 ∈ R𝑑 , 𝜖 ≥ 0, K = (K𝒋) 𝒋∈P𝑑 ∈ Z

P𝑑
+ , and an interval 𝐼 that is either of the form 𝐼 = [0,𝑇]

or 𝐼 = [0,∞), let 1 = {1(𝑡) = 𝑡 : 𝑡 ∈ 𝐼} be the linear function with slope 1, and define

D̆𝜖
K;𝒙 (𝐼) =

def

{
𝒙1 +

∑︁
𝒋∈P𝑑

K𝒋∑︁
𝑘=1

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,∞)∩𝐼 :

𝑡 𝒋 ,𝑘 ∈ 𝐼 \ {0} and 𝒘 𝒋 ,𝑘 ∈ R̄𝑑 ( 𝒋, 𝜖) ∀ 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋]; 𝑡 𝒋 ,𝑘 ≠ 𝑡 𝒋′ ,𝑘′ ∀( 𝒋 , 𝑘) ≠ ( 𝒋′, 𝑘 ′)
}
.

(27)
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In other words, D̆𝜖
K;𝒙 (𝐼) is the collection of piece-wise linear functions 𝜉 of the form

𝜉 (𝑡) = 𝒙𝑡 +
∑︁
𝒋∈P𝑑

K𝒋∑︁
𝑘=1

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,∞)∩𝐼 (𝑡), ∀𝑡 ∈ 𝐼, (28)

where each 𝒘 𝒋 ,𝑘 belongs to the cone R̄𝑑 ( 𝒋 , 𝜖) (see (7)), and the jump times (𝑡 𝒋 ,𝑘) 𝒋∈P𝑑 , 𝑘∈[K𝒋 ] do not
coincide with one another. We note that in (28), the path 𝜉 vanishes at the origin (i.e., 𝜉 (0) = 0) and,
for each 𝒋 ∈ P𝑑 , the path 𝜉 has at most K𝒋 jumps (i.e., discontinuities) whose directions lie in the
cone R̄𝑑 ( 𝒋, 𝜖). Besides, under K = (0,0, . . . ,0), note that D̆𝜖

0;𝒙 (𝐼) contains only the path 𝜉 (𝑡) = 𝑡𝒙.
Meanwhile, since we only consider 𝐼 = [0,𝑇] or 𝐼 = [0,∞) in (27) and (28) throughout this paper,
we have either I[𝑡𝒋,𝑘 ,∞)∩𝐼 = I[𝑡𝒋,𝑘 ,𝑇 ] or I[𝑡𝒋,𝑘 ,∞)∩𝐼 = I[𝑡𝒋,𝑘 ,∞) . Given the tail indices

(
𝛼( 𝒋)

)
𝒋⊆[𝑑 ] in

Assumption 5, let

𝑐(K) =def
∑︁
𝒋∈P𝑑
K𝒋 ·

(
𝛼( 𝒋) − 1

)
, ∀K = (K𝒋) 𝒋∈P𝑑 ∈ Z

P𝑑
+ . (29)

Due to 𝛼( 𝒋) > 1 ∀ 𝒋 ∈ P𝑑 (see Assumption 5), we have 𝑐(K) > 0 whenever K ≠ 0. Meanwhile, note
that in (26), we have

∏
𝒋∈P𝑑

(
𝑛𝜆 𝒋 (𝑛)

)K𝒋 ∈ RV−𝑐̆ (K ) (𝑛). Next, given 𝒙 ∈ R𝑑 , K = (K𝒋) 𝒋∈P𝑑 ∈ Z
P𝑑
+ \

{0}, and an interval 𝐼 = [0,𝑇] or 𝐼 = [0,∞), we define a Borel measure on D(𝐼) by

C̆𝐼
K;𝒙 ( · ) =

def 1∏
𝒋∈P𝑑 K𝒋!

(30)

·
∫

I

{
𝒙1 +

∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒘 𝒋 ,𝑘I[𝑡𝒋,𝑘 ,∞)∩𝐼 ∈ ·
} ?

𝒋∈P𝑑

?
𝑘∈[K𝒋 ]

(
(C𝒋 × L𝐼 )

(
𝑑 (𝒘 𝒋 ,𝑘 , 𝑡 𝒋 ,𝑘)

))
,

where the C𝒋’s are the limiting measures in the MHRV∗ condition of Assumption 5, L𝐼 is the
Lebesgue measure restricted on the interval 𝐼, and we use 𝜈1 × 𝜈2 to denote the product measure of 𝜈1
and 𝜈2. Note that, by definitions in (27) and the fact that C𝒋 is supported on R𝑑 ( 𝒋) for each 𝒋 ∈ P𝑑 , the
measure C̆𝐼

K;𝒙 is supported on D̆0
K;𝒙 (𝐼).

As will be shown in Theorem 3.2, scenarios corresponding to different K in (26) can be merged to-
gether if the rates of decay

∏
𝒋∈P𝑑

(
𝑛𝜆 𝒋 (𝑛)

)K𝒋 coincide. This occurs frequently under the condition (22)
in Assumption 5. Therefore, this phenomenon is particularly relevant to our analysis of Hawkes pro-
cesses, as condition (22) is tailored to theMHRV∗ tails of Hawkes process clusters (see (17)). Specif-
ically, let

𝑐(𝒌) =def
∑︁
𝑖∈[𝑑 ]

𝑘𝑖 ·
(
𝛼({𝑖}) − 1

)
, ∀𝒌 ∈ Z𝑑

+ , (31)

𝜆̆𝒌 (𝑛) =def
∏
𝑖∈[𝑑 ]

(
𝑛𝜆{𝑖} (𝑛)

) 𝑘𝑖
, ∀𝒌 ∈ Z𝑑

+ , (32)

where
(
𝛼( 𝒋)

)
𝒋∈P𝑑 and

(
𝜆 𝒋 (·)

)
𝒋∈P𝑑 are the tail indices and rate functions for theMHRV∗ condition

in Assumption 5. Note that for each 𝒌 ∈ Z𝑑
+ , we have 𝜆̆𝒌 (𝑛) ∈ RV−𝑐 (𝒌 ) (𝑛). Moreover, Definition 3.1

captures the correspondence between 𝜆̆𝒌 (𝑛) in (32) and the rates of decay
∏

𝒋∈P𝑑
(
𝑛𝜆 𝒋 (𝑛)

)K𝒋 in (26).
Here, for each non-empty index set 𝒋 ∈ P𝑑 , let 𝒆( 𝒋) =

(
𝑒1 ( 𝒋), . . . , 𝑒𝑑 ( 𝒋)

)⊤, where 𝑒𝑙 ( 𝒋) = I{𝑙 ∈ 𝒋}.
That is, in the vector 𝒆( 𝒋), each coordinate 𝑒𝑙 ( 𝒋) indicates whether 𝑙 belongs to the index set 𝒋 or not.



16

Definition 3.1 (Allocation). Given 𝒌 = (𝑘1, . . . , 𝑘𝑑)⊤ ∈ Z𝑑
+ , the vector K = (K𝒋) 𝒋∈P𝑑 ∈ Z

P𝑑
+ is said to

be an allocation of 𝒌 if ∑︁
𝒋∈P𝑑
K𝒋 𝒆( 𝒋) = 𝒌 . (33)

We use A(𝒌) to denote the set of all allocations of 𝒌.

Remark 2. We note a few important implications of Definition 3.1. First, for each 𝒌 ∈ Z𝑑
+ , there exist

only finitely many allocations (i.e., |A(𝒌) | <∞). Second, by (23),

𝑐(K) = 𝑐(𝒌), ∀𝒌 ∈ Z𝑑
+ , K ∈ A(𝒌), (34)

where 𝑐(·) and 𝑐(·) are defined in (31) and (29), respectively. Similarly, by (22),

𝜆̆𝒌 (𝑛) =
∏
𝒋∈P𝑑

(
𝑛𝜆 𝒋 (𝑛)

)K𝒋
, ∀𝒌 ∈ Z𝑑

+ \ {0}, K = (K𝒋) 𝒋∈P𝑑 ∈ A(𝒌). (35)

Furthermore, given 𝒙 ∈ R𝑑 , 𝒌 ∈ Z𝑑
+ , and an interval 𝐼 = [0,𝑇] or 𝐼 = [0,∞), let

D𝒌;𝒙 (𝐼) =def

{
𝒙1 +

∑︁
𝑗∈[𝑑 ]

𝑘 𝑗∑︁
𝑘=1

𝑤 𝑗 ,𝑘 𝒔̄ 𝑗I[𝑡𝑘, 𝑗 ,∞)∩𝐼 : (36)

𝑡 𝑗 ,𝑘 ∈ 𝐼 \ {0} and 𝑤 𝑗 ,𝑘 ≥ 0 ∀ 𝑗 ∈ [𝑑], 𝑘 ∈ [𝑘 𝑗 ]
}

be the collection of all piece-wise linear functions that have slope 𝒙 and make jumps along the vectors
( 𝒔̄ 𝑗 ) 𝑗∈[𝑑 ] . Note that in (36), we allow the 𝑡 𝑗 ,𝑘’s—the arrival times of jumps—to coincide, which fur-
ther allows the paths in D𝒌;𝒙 (𝐼) to exhibit discontinuities that lie in the cones

(
R𝑑 ( 𝒋)

)
𝒋∈P𝑑 (see (6)).

Therefore, by definitions in (36) and (27), we have D̆0
K;𝒙 (𝐼) ⊆ D𝒌;𝒙 (𝐼) for any 𝒌 ∈ Z𝑑

+ and K ∈ A(𝒌).
As a result, given 𝒌 ∈ Z𝑑

+ and K ∈ A(𝒌), the support of C̆𝐼
K;𝒙 defined in (30) is a subset of D𝒌;𝒙 (𝐼).

Now, we are ready to state Theorem 3.2. Given 𝒙 ∈ R𝑑 , 𝜖 ≥ 0, 𝒌 ∈ Z𝑑
+ \ {0}, and interval 𝐼 of the

form 𝐼 = [0,𝑇] or 𝐼 = [0,∞), we define

D̆𝜖
⩽𝒌;𝒙 (𝐼) =

def
⋃

K∈ZP𝑑+ :
K∉A(𝒌 ) , 𝑐̆ (K )≤𝑐 (𝒌 )

D̆𝜖
K;𝒙 (𝐼). (37)

For the càdlàg space D[0,𝑇], recall the definition of the Skorokhod 𝐽1 metric

𝒅 [0,𝑇 ]
𝐽1
(𝑥, 𝑦) =def inf

𝜆∈Λ[0,𝑇 ]
sup

𝑡∈[0,𝑇 ]
|𝜆(𝑡) − 𝑡 | ∨ ∥𝑥(𝜆(𝑡)) − 𝑦(𝑡)∥ , ∀𝑥, 𝑦 ∈ D[0,𝑇], (38)

where Λ[0,𝑇] is the set of all homeomorphisms on [0,𝑇]. Theorem 3.2 establishes sample path LDPs
for Lévy processes withMHRV increments w.r.t. the Skorokhod 𝐽1 topology of D[0,𝑇].
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Theorem 3.2. Let Assumption 5 hold. Let 𝑇 ∈ (0,∞), 𝒌 ∈ Z𝑑
+ \ {0}, and let 𝐵 be a Borel set of D[0,𝑇]

equipped with the Skorokhod 𝐽1 topology. Suppose that 𝐵 is bounded away from D̆𝜖
⩽𝒌;𝝁𝑳

[0,𝑇] under

𝒅 [0,𝑇 ]
𝐽1

for some 𝜖 > 0. Then,

∑︁
K∈A(𝒌 )

C̆[0,𝑇 ]
K;𝝁𝑳
(𝐵◦) ≤ lim inf

𝑛→∞
P( 𝑳̄ [0,𝑇 ]𝑛 ∈ 𝐵)

𝜆̆𝒌 (𝑛)
≤ lim sup

𝑛→∞

P( 𝑳̄ [0,𝑇 ]𝑛 ∈ 𝐵)
𝜆̆𝒌 (𝑛)

≤
∑︁

K∈A(𝒌 )
C̆[0,𝑇 ]

K;𝝁𝑳
(𝐵−) <∞,

(39)
where A(𝒌) is the set containing all allocations of 𝒌 (see Definition 3.1).

We provide the detailed proof of Theorem 3.2 in Section C of the Appendix. In Example 2 and
Figure 2 below, we demonstrate the use of Theorem 3.2 and unpack the notations involved. Also, we
briefly note that the limiting measures of the form C̆𝐼

K;𝒙 (·) can be efficiently evaluated via Monte
Carlo simulation in the context of Hawkes processes (see Remark 7 of Section 3.2). For Monte Carlo
simulation in the setting of Theorem 3.2, we defer the discussion to Remark 8.

Example 2. Consider a compound Poisson process 𝑳(𝑡) taking values in R2
+, where claims arrive at

Poisson rate 1 and the claim sizes admit the following mixture law:

• With 𝑝 = 0.3, we generate (𝑐𝑅 cos 𝜃1, 𝑐𝑅 sin 𝜃1)⊤, where 𝑅 is Pareto-II with heavy-tail index
𝛼({1}) = 1.4 (i.e., with tail CDF P(𝑅 > 𝑟) = (1 + 𝑟)−𝛼({1}) ), 𝜃1 =

𝜋
2 −

𝜋
15 , and 𝑐 = 0.1;

• With 𝑝 = 0.3, we generate (𝑐𝑅 cos 𝜃2, 𝑐𝑅 sin 𝜃2)⊤, where 𝑅 is Pareto-II with heavy-tail index
𝛼({2}) = 1.8, 𝜃2 =

𝜋
15 , and 𝑐 = 0.15;

• With 𝑝 = 0.4, we generate (𝑐𝑅 cosΘ, 𝑐𝑅 sinΘ)⊤, where 𝑐 = 0.3, 𝑅 is Pareto-II with heavy-tail
index 𝛼({1,2}) = 2.2 and, independently, Θ ∼Unif(𝜃2, 𝜃1).

See Figure 2 (a) for a visualization of the corresponding Lévy measure 𝜈, with 𝒔̄𝑖 = (cos 𝜃𝑖 , sin 𝜃𝑖)⊤ in
theMHRV∗ formalism. Figure 2 (b) illustrates a typical path of the scaled process 𝑳̄𝑛 (𝑡) = 𝑳(𝑛𝑡)/𝑛
along with the linear path 𝝁𝑳𝑡 with 𝝁𝑳 = (0.137,0.149)⊤ in (24), due to the functional law of large
numbers. Under 𝑇 = 1, we write 𝑳̄𝑛 = 𝑳̄ [0,1]𝑛 and D̆𝜖

K;𝒙 = D̆𝜖
K;𝒙 [0,1] . Consider the event {𝑳̄𝑛 ∈ 𝐵1}

where

𝐵1 =

{
𝜉 ∈ D

(
[0,1],R2) : sup

𝑡∈[0,1]
𝜉1 (𝑡) + 𝜉2 (𝑡) > 1

}
.

This event is rare as the nominal path 𝝁𝑳𝑡 is bounded away from the set 𝐵1. To unpack the notations
involved and see how Theorem 3.2 addresses {𝑳̄𝑛 ∈ 𝐵1}, we note the following.

• As shown in the Figure 2 (c), the conditional law P( 𝑳̄𝑛 ∈ · | 𝑳̄𝑛 ∈ 𝐵1) concentrates on
D̆0
{1,0,0};𝝁𝑳

(see (27)), i.e., the set of the linear path with slope 𝝁𝑳 , perturbed by only one
jump that aligns with 𝒔̄1. (For notational consistency in this example, we always order the el-
ements in P2 by {{1}, {2}, {1,2}}. Therefore, a configuration vector K ∈ ZP2

+ is always un-
derstood as K = (K{1} ,K{2} ,K{1,2}), where K𝒋 represents the number of jumps aligned with
R𝑑 ( 𝒋) = {∑𝑖∈ 𝒋 𝑤𝑖 𝒔̄𝑖 : 𝑖 ∈ 𝒋 , 𝑤𝑖 ≥ 0}.)
• This is because, among all K with D̆0

K;𝝁𝑳
∩𝐵1 ≠ ∅, the choice of K = (1,0,0) induces the smallest

𝑐(K) (see (29)), with this cost function determined by the number of big jumps required by K

and the rareness of observing large jumps along different directions (governed by the heavy-tail
indices 𝛼( 𝒋)) under 𝜈.
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Figure 2. Illustration of Example 2. (a)MHRV∗ in 𝜈, and 100,000 samples under 𝜈 with range of axes restricted
over [0,100]. (b) A typical path of 𝑳̄𝑛 (𝑡) under 𝑛 = 100. (c) A sample from P( 𝑳̄𝑛 ∈ · | 𝑳̄𝑛 ∈ 𝐵1) with 𝑛 =

1000. (d) A sample from P( 𝑳̄𝑛 ∈ · | 𝑳̄𝑛 ∈ 𝐵2) with 𝑛 = 1000, corresponding to configuration K = (1,1,0) and
allocation 𝒌 = (1,1). (e) Another sample from P( 𝑳̄𝑛 ∈ · | 𝑳̄𝑛 ∈ 𝐵2) with 𝑛 = 1000, corresponding to configuration
K = (0,0,1) and allocation 𝒌 = (1,1). (f) Log-log scale plot of P( 𝑳̄𝑛 ∈ 𝐵𝑖) vs. 𝑛, where 𝜆̆{1,0} (𝑛) = 𝑛−0.4 and
𝜆̆{1,1} (𝑛) = 𝑛−1.2; probabilities are estimated by collecting 25 positive samples (i.e., observing the rare events).
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Next, consider events {𝑳̄𝑛 ∈ 𝐵2} where

𝐵2 =

{
𝜉 ∈ D

(
[0,1],R2) :

(
1, 𝜉1 (1), 𝜉2 (1)

)
∈ 𝐸

}
, 𝐸 = {1} ×

{
(𝑥, 𝑦) : 𝑥 ≥ 0.6, max

{
𝑥

𝑦
,
𝑦

𝑥

}
≤ 1.3

}
.

Compared to 𝐵1, this case is more sophisticated due to the following observations.

• Now, the end point vector
(
𝐿̄𝑛,1 (1), 𝐿̄𝑛,1 (2)

)⊤ not only needs to have a large norm, but also has to
align closely with the linear function with slope 1. Given the close-to-zero values of 𝝁𝑳 , the path
𝝁𝑳𝑡 cannot enter 𝐵2 using only one perturbation that aligns with either 𝒔̄1 or 𝒔̄2.

• Instead, Figure 2 (d) and (e) illustrate two different possibilities. In the former, the path concen-
trates on D̆0

{1,1,0};𝝁𝑳
, where 𝝁𝑳𝑡 is perturbed by two large jumps, aligned with 𝒔̄1 and 𝒔̄2, respec-

tively. In the latter, the path concentrates on D̆0
{0,0,1};𝝁𝑳

, where there is only one perturbation that

lies on the cone R2 ({1,2}) = {∑𝑖=1,2 𝑤𝑖 𝒔̄𝑖 : 𝑤𝑖 ≥ 0}.
• Importantly, the chances of both cases have the same order, i.e.,

(
𝑛𝜆{1} (𝑛)

)
·
(
𝑛𝜆{2} (𝑛)

)
=

𝑛𝜆{1,2} (𝑛) = 𝑛−1.2 by (22). We reiterate that condition (22) is not a boundary case; instead, it
captures a phenomenon that is prevalent and critical to Hawkes processes, owing to (17).

In full generality, this pattern of merging several big jumps into one that lies over a large cone is
captured by the notion of allocation in Definition 3.1. Given two configurations K,K′ ∈ ZP𝑑+ such that
K,K′ ∈ A(𝒌), the rates of decay for observing large jumps of configuration K and K′ are both equal to
𝜆̆𝒌 (𝑛) ∈ RV𝑐 (𝒌 ) (𝑛) (see (31)–(32) for definitions). Lastly, as confirmed in Figure 2 (f), the probability
P( 𝑳̄𝑛 ∈ 𝐵𝑖) (shown in dots or squares) decays at the power-law rate prescribed by the scaling of 𝜆̆𝒌 (𝑛)
(shown in dashed lines) with the corresponding allocation 𝒌.

To conclude this subsection, we add a few remarks about the interpretation of the LDP (39), its proof
strategy, and relaxations of assumptions in Theorem 3.2.

Remark 3 (Interpretations of Asymptotics (39)). Theorem 3.2 shows that, given the rare event set
𝐵, the asymptotics of the form (39) hold for any 𝒌 ∈ Z𝑑

+ \ {0} such that 𝐵 is bounded away from
D̆𝜖
⩽𝒌;𝝁𝑳

[0,𝑇] under 𝒅 [0,𝑇 ]
𝐽1

for some 𝜖 > 0. However, the choice of 𝒌 that attains non-trivial bounds in
(39) is determined by (with D𝒌;𝝁𝑳

[0,𝑇] defined in (36))

𝒌 (𝐵) =def arg min
𝒌∈Z𝑑

+ \{0}: 𝐵∩D𝒌;𝝁𝑳
[0,𝑇 ]≠∅

𝑐(𝒌). (40)

Indeed, as noted in Remark 2, the measure C̆[0,𝑇 ]
K;𝝁𝑳
(·) is supported on D𝒌;𝝁𝑳

[0,𝑇] with K ∈ A(𝒌). To
attain a strictly positive upper bound in (39), we must have 𝐵 ∩D𝒌;𝝁𝑳

[0,𝑇] ≠ ∅. Therefore, given any
Borel set 𝐵 ⊂ D[0,𝑇] that does not contain the linear path with slope 𝝁𝑳 , the LDP (39) implies

C[0,𝑇 ]
𝒌 (𝐵) (𝐵

◦) ≤ lim inf
𝑛→∞

P( 𝑳̄ [0,𝑇 ]𝑛 ∈ 𝐵)
𝜆̆𝒌 (𝐵) (𝑛)

≤ lim sup
𝑛→∞

P( 𝑳̄ [0,𝑇 ]𝑛 ∈ 𝐵)
𝜆̆𝒌 (𝐵) (𝑛)

≤ C[0,𝑇 ]
𝒌 (𝐵) (𝐵

−)

with limiting measure C[0,𝑇 ]
𝒌

=
∑

K∈A(𝒌 ) C̆
[0,𝑇 ]
K;𝝁𝑳

, provided that 𝒌 (𝐵) uniquely exists and 𝐵 is bounded

away from D̆𝜖
⩽𝒌 (𝐵);𝝁𝑳

[0,𝑇] under 𝒅 [0,𝑇 ]
𝐽1

for some 𝜖 > 0. From this perspective, it is worth noting that:
(i) 𝒌 (𝐵) plays a role analogous to that of rate functions in the classical LDP; and (ii) the power-law rates
of decay of rare-event probabilities P( 𝑳̄ [0,𝑇 ]𝑛 ∈ 𝐵), as well as limiting behavior of 𝑳̄ [0,𝑇 ]𝑛 conditioned on
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such rare events, are determined by the discrete optimization problem in (40) regarding the likelihood
of entering the set 𝐵. In particular, note that the nominal behavior of the scaled path 𝑳̄ [0,𝑇 ]𝑛 is the linear
function with slope 𝝁𝑳 . Meanwhile, by Definition 2.4 and theMHRV condition in Assumption 5,
the probability of observing a big jump in 𝑳̄ [0,𝑇 ]𝑛 that is aligned with the cone R𝑑 ( 𝒋) (equivalently,
observing a jump in 𝑳(𝑡) that is of the size O(𝑛) and lies in the cone R𝑑 ( 𝒋), over the time horizon
𝑡 ∈ [0,𝑇𝑛]) is of order 𝑇 · 𝑛𝜆 𝒋 (𝑛) ∈ RV1−𝛼( 𝒋 ) (𝑛). Therefore, the function 𝑐(·) in (29) (and hence 𝑐(·)
in (31) by the equality (34)) corresponds to the “rareness” of observing a certain configuration of big
jumps in the Lévy process, and the solution 𝒌 (𝐵) in (40) corresponds to the most likely configuration
of big jumps that can push the linear path 𝝁𝑳1—the nominal path of 𝑳̄ [0,𝑇 ]𝑛 —into the rare event set 𝐵.

Remark 4 (Proof Sketch for Theorem 3.2). Our proof of Theorem 3.2 relies on the notion of asymp-
totic equivalence in terms of M-convergence ([56]). First, Proposition C.2 shows that, for the purpose of
proving (39), it suffices to study the large-jump approximation 𝑳̂

>𝛿

𝑛 , which removes any discontinuity
in 𝑳̄ [0,𝑇 ]𝑛 with norm less than 𝛿. The key tool is Lemma C.4, which develops concentration inequalities
for the Lévy process 𝑳(𝑡) stopped right before the arrival of the first large jump. Next, Proposition C.3
provides asymptotic analyses of 𝑳̂>𝛿

𝑛 . In particular, Lemma C.6 establishes the asymptotic law of the
arrival times and sizes of large jumps in 𝑳(𝑡). We achieve this by differentiating the large jumps based
on their directions and associating them with one of the cones

(
R𝑑 ( 𝒋)

)
𝒋∈P𝑑 , which enables the ap-

plication of theMHRV∗ tail condition in Assumption 5. Then, we obtain Proposition C.3 through a
continuous mapping argument.

Remark 5 (Relaxation of Assumptions). As noted earlier, the condition (22) on the rate functions
and theMHRV∗ tail condition (instead ofMHRV) in Assumption 5 are specifically designed for
the subsequent analysis of Hawkes processes. In more general settings, one may adopt a more flexi-
ble—though less detailed—description of multivariate hidden regular variation in the Lévy measure
𝜈(·). In Section E of the Appendix, we present an analog of Theorem 3.2 for such settings, where con-
dition (22) is dropped, a weakerMHRV condition is used, and the number of vectors in the basis is
not fixed at 𝑑. Furthermore, our proof strategy for Theorem 3.2 could be extended to Lévy measures
supported on R𝑑 rather than just R𝑑

+ , or to settings where the tail behavior is described using alternative
formalisms such as Adapted-MRV (see [30]). We do not pursue these extensions here, as they are not
closely related to our focus on Hawkes processes in this paper.

3.2. Multivariate Heavy-Tailed Hawkes Processes

In this subsection, we study sample path LDPs for multivariate heavy-tailed Hawkes processes w.r.t.
the product 𝑀1 topology of D[0,∞) = D

(
[0,∞),R𝑑

)
. Here, the product 𝑀1 topology is induced by

projecting any path 𝜉 = (𝜉1, . . . , 𝜉𝑑)⊤ ∈ D[0,∞) onto the 𝑑-fold product space of D
(
[0,∞),R

)
, and

then taking the maximum of the Skorokhod 𝑀1 metric along the 𝑑 dimensions over this product space.
To be more specific, we first review the Skorokhod 𝑀1 metric of the càdlàg space with codomain R.

For any path 𝜉 ∈ D
(
[0,𝑇],R), let

Γ𝜉 =
def

{
(𝑧, 𝑡) ∈ R × [0,𝑇] : 𝑧 ∈ [𝜉 (𝑡−) ∧ 𝜉 (𝑡), 𝜉 (𝑡−) ∨ 𝜉 (𝑡)]

}
be the connected graph of 𝜉, where we take 𝜉 (0−) = 𝜉 (0). We define an order over the connected graph
Γ𝜉 by saying (𝑧1, 𝑡1) ≤ (𝑧2, 𝑡2) if (i) 𝑡1 < 𝑡2 or (ii) 𝑡1 = 𝑡2 and |𝑧1 − 𝜉 (𝑡1−)| ≤ |𝑧2 − 𝜉 (𝑡2−)|. A mapping
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(𝑢(·), 𝑠(·)) is said to be a parametric representation of 𝜉 if 𝑡 ↦→ (𝑢(𝑡), 𝑠(𝑡)) is a continuous and non-
decreasing (over Γ𝜉 ) mapping such that {(𝑢(𝑡), 𝑠(𝑡)) : 𝑡 ∈ [0,1]} = Γ𝜉 . The Skorokhod 𝑀1 metric on
D

(
[0,𝑇],R

)
is defined by (for any 𝜉 (1) , 𝜉 (2) ∈ D

(
[0,𝑇],R

)
)

𝒅 [0,𝑇 ]
𝑀1
(𝜉 (1) , 𝜉 (2) ) =def inf

(𝑢𝑖 ,𝑠𝑖 ) ∈Π ( 𝜉 (𝑖) )
𝑖=1,2

sup
𝑡∈[0,1]

|𝑢1 (𝑡) − 𝑢2 (𝑡) | ∨ |𝑠1 (𝑡) − 𝑠2 (𝑡) |, (41)

where Π(𝜉) is the set of all parametric representations of 𝜉. In the multivariate setting, the product 𝑀1
metric of D[0,𝑇] =D

(
[0,𝑇],R𝑑

)
is defined by

𝒅 [0,𝑇 ]P (𝜉 (1) , 𝜉 (2) ) =def max
𝑗∈[𝑑 ]

𝒅 [0,𝑇 ]
𝑀1
(𝜉 (1)

𝑗
, 𝜉
(2)
𝑗
), ∀𝜉 (1) , 𝜉 (2) ∈ D[0,𝑇], (42)

where we write 𝜉 (𝑖) = (𝜉 (𝑖)1 , 𝜉
(𝑖)
2 , . . . , 𝜉

(𝑖)
𝑑
)⊤, and the subscript P indicates the uniform metric on the

product space. Given 𝑡 ∈ (0,∞), we define the projection mapping 𝜙𝑡 : D[0,∞) →D[0, 𝑡] by

𝜙𝑡 (𝜉) (𝑠) =def
𝜉 (𝑠), ∀𝑠 ∈ [0, 𝑡] . (43)

This allows us to define the product 𝑀1 metric on D[0,∞):

𝒅 [0,∞)P (𝜉 (1) , 𝜉 (2) ) =def
∫ ∞

0
𝑒−𝑡 ·

[
𝒅 [0,𝑡 ]P

(
𝜙𝑡

(
𝜉 (1) ), 𝜙𝑡

(
𝜉 (2)

) )
∧ 1

]
𝑑𝑡, ∀𝜉 (1) , 𝜉 (2) ∈ D[0,∞). (44)

We note that the topology induced by the product metric 𝒅 [0,𝑇 ]P agrees with the weak 𝑀1 topology of
the càdlàg space (see, e.g., Chapter 12 of [74]).

Moving on to the large deviations analysis for multivariate Hawkes processes, we work with the
heavy-tailed setting in Section 2.3 and impose Assumptions 1–4. Besides, we adopt the definitions
of ( 𝒔̄ 𝑗 ) 𝑗∈[𝑑 ] , 𝛼(·), 𝜆 𝒋 (·), and C𝒋

𝑖
(·) in (14)–(18), which specify the basis, tail indices, rate functions,

and limiting measures for theMHRV∗ tail of Hawkes process clusters established in Theorem 2.6.
Throughout this subsection, we set

C𝒋 (·) =def
∑︁
𝑖∈[𝑑 ]

𝑐𝑖 ·C𝒋
𝑖
(·), ∀ 𝒋 ∈ P𝑑 , (45)

where the constants 𝑐𝑖 are the immigration rates of the Hawkes process (see (1)). Next, let D𝒌;𝒙 (𝐼),
𝑐(𝒌), 𝜆̆𝒌 (·), 𝑐(K), C̆𝐼

K;𝒙 ( · ), and D̆𝜖
⩽𝒌;𝒙 (𝐼) be defined as in (27)–(37) of Section 3.1, with C𝒋 specified

as in (45). We are ready to state Theorem 3.3, the main result of this section. For each 𝑛 ≥ 1, let

𝑵̄𝑛 (𝑡) =def 𝑵(𝑛𝑡)/𝑛, 𝑵̄ [0,∞)𝑛 =
def {𝑵̄𝑛 (𝑡) : 𝑡 ∈ [0,∞)

}
, (46)

with 𝑵̄ [0,∞)𝑛 being the scaled version of the sample path of 𝑵(𝑡) embedded in D[0,∞). Besides, let

𝝁𝑵 =
def

∑︁
𝑖∈[𝑑 ]

𝑐𝑖 𝒔̄𝑖 , (47)

where the 𝑐𝑖’s are the immigration rates of the Hawkes process in (1). Under the presence of regularly
varying tails in the offspring distributions, Theorem 3.3 develops sample path LDPs for 𝑵(𝑡) w.r.t. the
product 𝑀1 topology of D[0,∞).
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Theorem 3.3. Let Assumptions 1–4 hold. Let 𝒌 = (𝑘 𝑗 ) 𝑗∈[𝑑 ] ∈ Z𝑑
+ \ {0} and let 𝐵 be a Borel set in

D[0,∞) equipped with the product 𝑀1 topology. Suppose that 𝐵 is bounded away from D̆𝜖
⩽𝒌;𝝁𝑵

[0,∞)
under 𝒅 [0,∞)P for some 𝜖 > 0, and∫ ∞

𝑥/log 𝑥

𝑓𝑝←𝑞 (𝑡)𝑑𝑡 = o
(
𝜆̆𝒌 (𝑥)

/
𝑥
)

as 𝑥→∞, ∀(𝑝, 𝑞) ∈ [𝑑]2, (48)

where the 𝑓𝑝←𝑞’s are the decay functions in (1), and the 𝜆̆ 𝒋 (𝑛)’s are defined in (32). Besides, suppose
that 𝛼( 𝒋) ≠ 𝛼( 𝒋′) for any 𝒋, 𝒋′ ∈ P𝑑 with 𝒋 ≠ 𝒋′, where 𝛼(·) is defined in (16). Then,∑︁
K∈A(𝒌 )

C̆[0,∞)
K;𝝁𝑵

(𝐵◦) ≤ lim inf
𝑛→∞

P
(
𝑵̄ [0,∞)𝑛 ∈ 𝐵

)
𝜆̆𝒌 (𝑛)

≤ lim sup
𝑛→∞

P
(
𝑵̄ [0,∞)𝑛 ∈ 𝐵

)
𝜆̆𝒌 (𝑛)

≤
∑︁

K∈A(𝒌 )
C̆[0,∞)

K;𝝁𝑵
(𝐵−) <∞,

(49)
where A(𝒌) is the set containing all allocations of 𝒌 (see Definition 3.1).

The intuition of the sample path LDP (49) is that, given any Borel set 𝐵 ⊆ D[0,∞) that is bounded
away from D̆𝜖

⩽𝒌;𝝁𝑵
[0,∞), the rare-event probabilities (roughly) admit the asymptotics P(𝑵̄ [0,∞)𝑛 ∈ 𝐵) ∼

𝜆̆𝒌 (𝑛) ·
∑

K∈A(𝒌 ) C̆
[0,∞)
K;𝝁𝑵

(𝐵) as 𝑛→∞, thus exhibiting a power-law rate of decay 𝜆̆𝒌 (𝑛) ∈ RV−𝑐 (𝒌 ) (𝑛)
with leading coefficient

∑
K∈A(𝒌 ) C̆

[0,∞)
K;𝝁𝑵

(𝐵). We elaborate in Remark 6 how the rate functions for

P(𝑵̄ [0,∞)𝑛 ∈ 𝐵) are determined via a discrete optimization problem regarding the geometry of 𝐵 and the
tail asymptotics of Hawkes process clusters.

We provide the proof of Theorem 3.3 in Section 3.3. To conclude, we explain in Remarks 7–10
the evaluation of the limiting measures in (49) via Monte Carlo simulation, the topological choices in
Theorem 3.3, as well as the necessity of condition (48).

Remark 6 (Interpretations of Asymptotics (49)). Analogous to Remark 3, the LDP (49) implies

C[0,∞)
𝒌 (𝐵) (𝐵

◦) ≤ lim inf
𝑛→∞

P(𝑵̄ [0,∞)𝑛 ∈ 𝐵)
𝜆̆𝒌 (𝐵) (𝑛)

≤ lim sup
𝑛→∞

P(𝑵̄ [0,∞)𝑛 ∈ 𝐵)
𝜆̆𝒌 (𝐵) (𝑛)

≤ C[0,∞)
𝒌 (𝐵) (𝐵

−)

for sufficiently general Borel sets 𝐵 of D[0,∞) equipped with the product 𝑀1 topology, with

𝒌 (𝐵) = arg min
𝒌∈Z𝑑

+ \{0}: 𝐵∩D𝒌;𝝁𝑵
[0,∞)≠∅

𝑐(𝒌),

the function 𝑐(·) defined in (31), the set D𝒌;𝝁𝑵
[0,𝑇] defined in (36), and C[0,∞)

𝒌
=

∑
K∈A(𝒌 ) C̆

[0,∞)
K;𝝁𝑵

.

This is made precise by Theorem 3.3 whenever 𝒌 (𝐵) uniquely exists and 𝐵 is bounded away from
D̆𝜖
⩽𝒌 (𝐵);𝝁𝑵

[0,∞) under 𝒅 [0,∞)P for some 𝜖 > 0. In other words, the power-law rates of decay for

P(𝑵̄ [0,∞)𝑛 ∈ 𝐵), as well as limiting behavior of 𝑵̄ [0,∞)𝑛 conditioned on such rare events, are dictated
by the discrete optimization problem in 𝒌 (𝐵). In particular, by the tail asymptotics of Hawkes process
clusters stated in Theorem 2.6, the probability of observing a large cluster (i.e., of size O(𝑛)) whose
size vector aligns with the cone R̄𝑑 ( 𝒋) is roughly of order 𝑛−𝛼( 𝒋 ) with 𝛼(·) defined in (16). From
this perspective, the function 𝑐(·) in (29) (and hence the function 𝑐(·) in (31) by the equality (34))
characterizes the “rareness” of any configuration of large clusters and 𝒌 (𝐵) identifies the most likely
configuration of large clusters that can push 𝝁𝑵1—the nominal path of the (scaled) Hawkes process
𝑵̄ [0,∞)𝑛 —into the rare event set 𝐵.
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Remark 7 (Evaluation of Limiting Measures through Monte Carlo Simulation). We stress that the
limiting measures C̆[0,∞)

K;𝝁𝑵
(·) in (49) can be evaluated efficiently via Monte Carlo simulation. Specifi-

cally, given a Borel set 𝐵 ⊆ D[0,∞) satisfying the conditions in Theorem 3.3, we verify in Lemma D.1
the following claims under any 𝛿 > 0 small enough and 𝑇 > 0 large enough: for any 𝒌 ∈ Z𝑑

+ \ {0},
K ∈ A(𝒌), and 𝜉 ∈ 𝐵 ∩ D̆𝜖

K;𝝁𝑵
[0,∞), in the expression (28) for 𝜉 we have 𝑡 𝒋 ,𝑘 ≤ 𝑇,



𝒘 𝒋 ,𝑘



 > 𝛿, and

𝒘 𝒋 ,𝑘 ∉ R̄𝑑
⩽ ( 𝒋, 𝛿) for each 𝒋 ∈ P𝑑 , 𝑘 ∈ [K𝒋]. Therefore, as long as we can sample from probability

measures (where the C𝒋’s are defined in (45))

C̄𝒋 , 𝛿 (·) =
def C𝒋

(
· ∩R̄𝑑

> ( 𝒋, 𝛿)
)/

C𝒋

(
R̄𝑑
> ( 𝒋 , 𝛿)

)
, with R̄𝑑

> ( 𝒋 , 𝛿) =
def {𝒙 ∈ R𝑑

+ \ R̄𝑑
⩽ ( 𝒋 , 𝛿) : ∥𝒙∥ > 𝛿},

(50)

and evaluate the normalization constants 𝑐 𝒋 , 𝛿 = C𝒋

(
R̄𝑑
> ( 𝒋 , 𝛿)

)
, by (30) we can run Monte Carlo simu-

lation to estimate (under 𝛿 > 0 sufficiently small and 𝑇 > 0 sufficiently large)

C̆[0,∞)
K;𝝁𝑵

(𝐵) =
∏

𝒋∈P𝑑 (𝑇 · 𝑐 𝒋 , 𝛿)
|K𝒋 |∏

𝒋∈P𝑑 K𝒋!
· E

[
I

{
𝝁𝑵1 +

∑︁
𝒋∈P𝑑

∑︁
𝑘∈[K𝒋 ]

𝒁 ( 𝒋 ,𝑘 )I[𝑇 ·𝑈 ( 𝒋,𝑘) ,∞) ∈ 𝐵
}]
, (51)

where the 𝑈 ( 𝒋 ,𝑘 ) ’s are i.i.d. copies of Unif(0,1), and each 𝒁 ( 𝒋 ,𝑘 ) is an independent copy under the law
C̄𝒋 , 𝛿 . Furthermore, the evaluation of constants 𝑐 𝒋 , 𝛿 are detailed in Remark 4 of [15], and rejection sam-
pling addresses the generation of 𝒁 ( 𝒋 ,𝑘 ) ∼ C̄𝒋 , 𝛿 (·), thanks to the specific form of the limiting measures

C𝒋
𝑖
(·) in (18) for Theorem 2.6. We elaborate on the rejection sampling for C̄𝒋 , 𝛿 (·) in Section A.2 of the

Appendix, where we also provide the explicit expressions for the limiting measures C𝒋
𝑖
(·) in (18).

Remark 8 (Monte Carlo Simulation for Limiting Measures in Theorem 3.2). Analogous to Re-
mark 7, the simulation of the limiting measures in Theorem 3.2 (i.e., for Lévy processes) can also be
carried out via (51). This is to be expected, as the limiting measures in Theorem 3.2 and Theorem 3.3
are essentially of the same form. Specifically, step (51) requires an algorithm for sampling from the
C𝒋’s, as well as the evaluation of the normalization constants 𝑐 𝒋 , 𝛿 = C𝒋

(
R̄𝑑
> ( 𝒋 , 𝛿)

)
. In the context of

Hawkes processes, these are available thanks to the tail asymptotics of Hawkes process clusters stated
in Theorem 2.6; see also (18) and Section A.2 in the Appendix for the explicit form of C𝒋 in the context
of Hawkes process clusters. Provided that the same can be done for a given Lévy process, one will be
able to simulate the limiting measures in Theorem 3.2.

Remark 9 (Topological Choices in Theorem 3.3). Concerning the choice of Skorokhod non-uniform
topologies for càdlàg spaces, we note that the characterization of asymptotics (49) under the product
𝑀1 topology of D[0,∞) in Theorem 3.3 is, in general, the tightest one can hope for.

• Compared to the 𝐽1 topology, the 𝑀1 topology would be the right choice for the large deviations
analysis of Hawkes processes, as it allows merging jumps that correspond to distinct but relatively
close arrival times of all descendants within the same cluster.
• In the multivariate setting, there also exists the strong 𝑀1 topology, induced by the metric

𝒅 [0,𝑇 ]
𝑆
(𝜉 (1) , 𝜉 (2) ) = inf

(𝑢𝑖 ,𝑠𝑖 ) ∈Π ( 𝜉 (𝑖) )
𝑖=1,2

sup
𝑡∈[0,1]

∥𝑢1 (𝑡) − 𝑢2 (𝑡)∥ ∨ |𝑠1 (𝑡) − 𝑠2 (𝑡) |,
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where Π(𝜉) is the set of all parametric representations of 𝜉. Note that the product 𝑀1 topology
(induced by 𝒅 [0,𝑇 ]P in (42)) is weaker, as 𝒅 [0,𝑇 ]P allows for different choices of the time transform

along different dimensions, whereas 𝒅 [0,𝑇 ]
𝑆

enforces the same time transform for all dimensions
of 𝜉 (𝑡). We refer the reader to Chapter 12.3 of [74] for a more detailed treatment on the differences
between these topologies.
• In particular, the product (i.e., weak) 𝑀1 topology turns out to be the right choice for stating The-

orem 3.3. Let 𝒔 denote the size vector of a Hawkes process cluster. At any moment 𝑡, the current
size of the cluster (i.e., containing all descendants born by time 𝑡) stays within the hypercube
{𝒙 ∈ N𝑑 : 𝒙 ≤ 𝒔} but would generally deviate from the ray {𝑤𝒔 : 𝑤 ≥ 0} due to the randomness
in the birth times. Such arbitrariness and non-linearity in the growth of cluster sizes prevent the
LDP (49) to hold under the strong 𝑀1 topology and promotes the use of the product (i.e., weak)
𝑀1 topology.

• Note that this issue regarding the arbitrary shape of truncated clusters can be safely dismissed
for univariate Hawkes processes, whose cluster sizes are non-negative scalar variables. In fact, as
detailed in Section D.4 of the Appendix, Theorem 3.3 can be strengthened to the 𝑀1 topology of
D

(
[0,𝑇],R

)
—the càdlàg space with compact domain—in the univariate setting. Compared to the

statements in Theorem 3.3 w.r.t.
(
D

(
[0,∞),R

)
, 𝒅 [0,∞)

𝑀1

)
(when applied to univariate cases), such

extensions to
(
D

(
[0,𝑇],R

)
, 𝒅 [0,𝑇 ]

𝑀1

)
allow us to address a broader class of events and functionals

for heavy-tailed Hawkes processes in the univariate setting.
• By comparison, as we demonstrate in Example 1 in Section B of the Appendix, the characteriza-

tion of LDPs in Theorem 3.3 w.r.t. the product 𝑀1 topology of D[0,∞) is generally the tightest
one can hope for in the multivariate setting. The intuition of the counterexample is that, for any
immigrant that arrives almost at the end of the time interval [0,𝑇], its cluster size vector could be
truncated arbitrarily at time 𝑇 due to the randomness in the birth times of the descendants, which
prevents (49) to hold w.r.t. the product 𝑀1 topology of D[0,𝑇] for rare events set 𝐵 involving the
value of the process at time 𝑇 . In particular, we note that Example 1 is valid even if the decay func-
tions 𝑓𝑖← 𝑗 (·) in (1) have bounded support or exponentially decaying tails. In other words, such
pathological cases would still arise in (D[0,𝑇], 𝒅 [0,𝑇 ]P ) even if we strengthen the condition (48) or
impose exponentially decaying bounds on the tail of birth time distributions of the offspring.

Remark 10 (Tail Conditions on Decay Functions in Theorem 3.3). Even in the univariate setting,
power-law bounds (like (48)) on the tail behavior of decay functions are required for Theorem 3.3 to
hold. In particular, Example 2 in Section B of the Appendix demonstrates that, as long as the decay
function does have a power-law tail, one can always identify a simple class of counterexamples regard-
less of the actual values of the power-law tail indices in the excitation rates and the decay functions of
the Hawkes process. The intuition is that, without sufficiently tight tail bounds on the decay functions,
some rare events are driven by a large cluster with a long lifetime (i.e., a single big jump spread too
widely over the entire timeline), rather than by multiple large clusters.

3.3. Proof of Theorem 3.3

Our proof strategy is to establish the asymptotic equivalence between 𝑵̄ [0,∞)𝑛 , the scaled sample path of
the Hawkes processes defined in (46), and some Lévy process withMHRV increments. Specifically,
consider the multivariate compound Poisson process

𝑳(𝑡) =def
∑︁
𝑖∈[𝑑 ]

∑︁
𝑘≥0

𝑺 (𝑘 )
𝑖

I[𝑇C
𝑖;𝑘 ,∞)

(𝑡), ∀𝑡 ≥ 0. (52)
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Here, independently for each 𝑖 ∈ [𝑑], we use 0 < 𝑇 C
𝑖;1 < 𝑇 C

𝑖;2 < . . . to denote a sequence generated by
a Poisson process with constant rate 𝑐𝑖 introduced in (1). Besides, independent from the sequences
(𝑇 C

𝑖;𝑘)𝑖∈[𝑑 ],𝑘≥1, each 𝑺 (𝑘 )
𝑗

is an i.i.d. copy of 𝑺 𝑗 that solves distributional fixed-point equation (2). The
compound Poisson process 𝑳(𝑡) in (52) is intimately related to 𝑵(𝑡) through the cluster representation
of Hawkes processes, which we detail in Definition D.4 of the Appendix (see also [29,46,57]). In
particular, we consider a coupling between 𝑵(𝑡) and 𝑳(𝑡) such that 𝑇 C

𝑖;𝑘 represents the arrival time of

the 𝑘 th type-𝑖 immigrant in the Hawkes process 𝑵(𝑡), and each 𝑺 (𝑘 )
𝑖

is size vector of the cluster induced
by the 𝑘 th type-𝑖 immigrant. From this perspective, the process 𝑳(𝑡) in (52) is obtained by collapsing
any cluster in 𝑵(𝑡) into a single jump, as if there is no gap between the birth times of the immigrant
inducing the cluster and any offspring in this cluster.

More precisely, our proof of Theorem 3.3 relies on the following two propositions, whose detailed
proofs are provided in Sections D.2–D.3 of the Appendix. First, by exploiting theMHRV∗ tail asymp-
totics established in Theorem 2.6 for the cluster size vectors 𝑺𝑖 , Proposition 3.4 shows that 𝑳(𝑡) is a
Lévy process withMHRV∗ increments.

Proposition 3.4. Let Assumptions 1–4 hold. The process 𝑳(𝑡) defined in (52) is a Lévy process with
generating triplet (0,0, 𝜈) (i.e., with no linear drift and no Brownian motion component) and the Lévy
measure 𝜈 takes the form

𝜈(·) =
∑︁
𝑖∈[𝑑 ]

𝑐𝑖 · P(𝑺𝑖 ∈ · ), (53)

which implies E𝑳(1) =∑
𝑖∈[𝑑 ] 𝑐𝑖 · E𝑺𝑖 = 𝝁𝑵 (see (47)). Furthermore,

𝜈(·) ∈ MHRV∗
(
( 𝒔̄𝑖)𝑖∈[𝑑 ] ,

(
𝛼( 𝒋)

)
𝒋⊆[𝑑 ] , (𝜆 𝒋) 𝒋∈P𝑑 , (C𝒋) 𝒋∈P𝑑

)
, (54)

where 𝒔̄𝑖 = E𝑺𝑖 , and 𝛼(·), 𝜆 𝒋 (·), C𝒋 (·) are defined in (16), (17), and (45), respectively.

Proposition 3.4 allows us to apply Theorem 3.2 and obtain sample path LDPs of the form (49) for
the scaled paths of 𝑳(𝑡), i.e., (under 𝑳̄𝑛 (𝑡) =def 𝑳(𝑛𝑡)/𝑛),

𝑳̄ [0,𝑇 ]𝑛 =
def {𝑳̄𝑛 (𝑡) : 𝑡 ∈ [0,𝑇]

}
, 𝑳̄ [0,∞)𝑛 =

def {𝑳̄𝑛 (𝑡) : 𝑡 ∈ [0,∞)
}
. (55)

Next, to close the loop for the proof of Theorem 3.3, we show that 𝑵̄ [0,∞)𝑛 and 𝑳̄ [0,∞)𝑛 (almost always)
stay close under the metric 𝒅 [0,∞)P . In particular, by refining the approach in [63], under condition (48)
we establish power-law tail bounds for the lifetime of Hawkes process clusters, i.e., the gap in the birth
times between an immigrant and its last offspring. This leads to Proposition 3.5 and verifies that, when
collapsing each cluster in 𝑵̄ [0,∞)𝑛 into a single jump and obtaining 𝑳̄ [0,∞)𝑛 , the perturbation under 𝒅 [0,∞)P
is inconsequential for the purpose of establishing the LDP (49).

Proposition 3.5. Let Assumptions 1–4 hold. Let 𝒌 ∈ Z𝑑
+ \ {0}. Under condition (48), it holds for any

Δ > 0 that

lim
𝑛→∞

P
(
𝒅 [0,∞)P

(
𝑵̄ [0,∞)𝑛 , 𝑳̄ [0,∞)𝑛

)
> Δ

)/
𝜆̆𝒌 (𝑛) = 0,

where 𝜆̆𝒌 (·) is defined in (32).
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We add two remarks regarding the technical tools involved. First, for the proof of Theorem 3.3, we
need to adapt Theorem 3.2 to D[0,∞). The results are stated in Theorem D.3, and we detail the steps in
Section D.1 of the Appendix. Second, the asymptotic equivalence between 𝑵̄ [0,∞)𝑛 and 𝑳̄ [0,∞)𝑛 is stated
in terms of the M-convergence (Definition 2.1) over the metric space

(
D[0,∞), 𝒅 [0,∞)P

)
, and is made

precise by Lemma 2.3. In particular, under the choice of

(S, 𝒅) =
(
D[0,∞), 𝒅 [0,∞)P

)
, C = D̆𝜖

⩽𝒌;𝝁𝑵
[0,∞), 𝑋𝑛 = 𝑵̄ [0,∞)𝑛 , 𝑌 𝛿

𝑛 = 𝑳̄ [0,∞)𝑛 ∀𝛿 > 0,

and with a dummy marker 𝑉 𝛿
𝑛 ≡ 1, V = {1} in Lemma 2.3, to prove Claim (49) it suffices to verify the

following two conditions (given our choice of 𝑌 𝛿
𝑛 , we also write 𝑌𝑛 =𝑌 𝛿

𝑛 = 𝑳̄ [0,∞)𝑛 ):

(i) The claim lim𝑛→∞ P
(
𝒅
(
𝑋𝑛,𝑌𝑛

)
> Δ

)/
𝜆̆𝒌 (𝑛) = 0 holds for each Δ > 0 and Borel set 𝐵 ⊆ S that is

bounded away from C;
(ii) For each Borel set 𝐵 ⊆ S that is bounded away from C, we have lim sup𝑛→∞ P(𝑌𝑛 ∈ 𝐵)/𝜆̆𝒌 (𝑛) ≤

𝜇(𝐵−) <∞ and lim inf𝑛→∞ P(𝑌𝑛 ∈ 𝐵)/𝜆̆𝒌 (𝑛) ≥ 𝜇(𝐵◦), where 𝜇(·) =∑
K∈A(𝒌 ) C̆

[0,∞)
K;𝝁𝑵

(·).

To conclude, we provide the (now succinct) proof of Theorem 3.3, and refer to Section F for the full
theorem tree.

Proof of Theorem 3.3. As noted above, by Lemma 2.3, it suffices to verify Conditions (i) and (ii).
Proposition 3.5 verifies Condition (i), and for Condition (ii) it is equivalent to verifying the following
claim: let 𝒌 = (𝑘 𝑗 ) 𝑗∈[𝑑 ] ∈ Z𝑑

+ \ {0}, and 𝐵 be a Borel set of D[0,∞) equipped with the product 𝑀1

topology; if 𝐵 is bounded away from D̆𝜖
⩽𝒌;𝝁𝑵

[0,∞) under 𝒅 [0,∞)P for some 𝜖 > 0, then,

∑︁
K∈A(𝒌 )

C̆[0,∞)
K;𝝁𝑵

(𝐵◦) ≤ lim inf
𝑛→∞

P
(
𝑳̄ [0,∞)𝑛 ∈ 𝐵

)
𝜆̆𝒌 (𝑛)

≤ lim sup
𝑛→∞

P
(
𝑳̄ [0,∞)𝑛 ∈ 𝐵

)
𝜆̆𝒌 (𝑛)

≤
∑︁

K∈A(𝒌 )
C̆[0,∞)

K;𝝁𝑵
(𝐵−) <∞.

(56)

This is almost an immediate consequence of Theorem 3.2, except that we need to adapt it to D[0,∞)—
the space of R𝑑-valued càdlàg functions with unbounded domain. To this end, we apply Theorem D.3—
the

(
D[0,∞), 𝒅 [0,∞)

𝐽1

)
counterpart of Theorem 3.2—to obtain sample path LDPs of the form (56) for

𝑳̄ [0,∞)𝑛 . Here, the metric is defined by

𝒅 [0,∞)
𝐽1
(𝜉 (1) , 𝜉 (2) ) =def

∫ ∞

0
𝑒−𝑡 ·

[
𝒅 [0,𝑡 ]
𝐽1

(
𝜙𝑡

(
𝜉 (1) ), 𝜙𝑡

(
𝜉 (2)

) )
∧ 1

]
𝑑𝑡, ∀𝜉 (1) , 𝜉 (2) ∈ D[0,∞),

with 𝜙𝑡 (𝜉) (𝑠) = 𝜉 (𝑠) being the projection mapping from D[0,∞) to D[0, 𝑡]. More specifically, the fi-
nite upper bound in (56) is verified by Theorem D.3. Besides, by Theorem D.3 and Proposition 3.4,
Claim (56) holds if 𝐵 is also bounded away from D̆𝜖

⩽𝒌;𝝁𝑵
[0,∞) under 𝒅 [0,∞)

𝐽1
. However, due to

𝒅 [0,𝑇 ]P (𝜉, 𝜉′) ≤ 𝒅 [0,𝑇 ]
𝐽1
(𝜉, 𝜉′) for each 𝑇 ∈ (0,∞) and 𝜉, 𝜉′ ∈ D[0,𝑇] (i.e., the hierarchy of Skorokhod

non-uniform topologies), we have 𝒅 [0,∞)P (𝜉, 𝜉′) ≤ 𝒅 [0,∞)
𝐽1
(𝜉, 𝜉′) for any 𝜉, 𝜉′ ∈ D[0,∞), and hence

𝒅 [0,∞)
𝐽1

(
𝐵, D̆𝜖

⩽𝒌;𝝁𝑵
[0,∞)

)
≥ 𝒅 [0,∞)P

(
𝐵, D̆𝜖

⩽𝒌;𝝁𝑵
[0,∞)

)
> 0.

Here, the strictly positive lower bound holds since, by our running assumption, we take 𝐵 that is
bounded away from D̆𝜖

⩽𝒌;𝝁𝑵
[0,∞) under 𝒅 [0,∞)P . This concludes the proof.
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Supplementary Material

A. Technical Details for Section 2
This section provides the proof of Lemma 2.3 and collects additional details for tail asymptotics of
Hawkes process clusters in Theorem 2.6.

B. Counterexamples of Topology and Tail Behavior
This section provides the details of the counterexample in Remarks 9 and 10.

C. Proof for Large Deviations of Lévy Processes withMHRV Increments
This section collects technical proofs for Section 3.1.

D. Proof for Large Deviations of Multivariate Heavy-Tailed Hawkes Processes
This section collects technical proofs for Section 3.2.

E. Sample Path Large Deviations for Lévy Processes withMHRV Increments (General Case)
This section provides an analog of Theorem 3.2 under relaxed conditions.

F. Theorem Tree
This section provides theorem trees to aid readability of the proofs.
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