Optimal Savings and Portfolio Choice with
Risky Labor Income and Loss Aversion*

Servaas van Bilsen Roger J. A. Laeven!
Amsterdam School of Economics Amsterdam School of Economics
University of Amsterdam University of Amsterdam

and NETSPAR EURANDOM and CentER

Theo E. Nijman

Department of Finance
Tilburg University
CentER and NETSPAR

February 2, 2026

Abstract
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large heterogeneity across consumption-to-reference level ratios. We also find that the
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1 Introduction

Labor income is the most important asset for many households. Indeed, as estimated by
The World Bank Group (2021), human wealth, which equals the present value of future
labor income, constitutes 71.2% of total US wealth.! Yet, labor income is far from
riskless, as has been amply demonstrated by the recent COVID-19 crisis.? Hence, an
important question is how risky labor income affects individuals’ optimal savings and
portfolio decisions. We analyze this question for an individual with modern preferences
featuring loss aversion and reference dependence, which are prominent behavioral
regularities documented in a large experimental and empirical literature.

We show that the negative impact of a labor income decline on both the optimal
savings rate and the optimal risky portfolio share is significantly more pronounced
under loss-averse reference-dependent preferences than under conventional,
non-behavioral preferences.” Our findings reveal a notable behavioral opposition: when
confronted with a labor income shock, loss-averse individuals tend to preserve current
consumption by strongly reducing savings and excessively de-risk their portfolios — a
response that contrasts sharply with the familiar prediction of increased saving and
additional risk-taking following a negative stock return shock.? Hence, the direction and
magnitude of the optimal responses of the savings rate and risky portfolio share depend

critically on the source of risk. In many cases, our individuals even exhibit a preference

1See also Mayers (1972), Jorgenson and Fraumeni (1989) and Lustig, van Nieuwerburgh, and
Verdelhan (2013).

2The unemployment rate in the US increased from 3.5% in February 2020 to 14.7% in April 2020. In
August 2021, the unemployment rate was 5.2%, which is still considerably higher than in the three years
prior to the COVID-19 crisis (US Bureau of Labor Statistics). In the EU, total employment income
decreased by 4.8% in 2020, mainly due to absences and reduced hours (EUROSTAT).

3Throughout, by conventional (or standard) preferences, we mean CRRA (i.e., iso-elastic, power
utility) expected utility preferences, unless stated otherwise. Section 1.1 reviews the related literature,
including papers with labor income risk, and discusses how our paper differs from this literature.

4This familiar prediction occurs already under standard preferences, a finding that can be traced back
to Merton (1969), and even more so under behavioral preferences (e.g., Van Bilsen, Laeven, and Nijman
(2020D)).



to withdraw financial wealth prior to retirement, reflecting a strong aversion to
consumption losses relative to their reference levels. These effects are particularly
pronounced among individuals with low consumption-to-reference level ratios, who face
greater difficulty adjusting their current consumption in response to income shocks. By
contrast, individuals with high consumption-to-reference level ratios are generally less
constrained and can more easily accommodate reductions in income without sharply
reducing savings or risk-taking. Furthermore, we find that the optimal investment
strategy under loss aversion tends to be more conservative at older ages and more
aggressive at younger ages, relative to strategies derived from conventional preferences
that incorporate risky labor income. Importantly, welfare losses resulting from applying
standard, non-behavioral savings and investment policies can easily exceed 25%,
underscoring the substantial costs of ignoring reference dependence and loss aversion in
financial life-cycle planning. Our findings remain qualitatively robust across a wide
range of parameter values.

In our analysis, we consider an individual who decides at every time instance how
much to save and how to invest. She draws utility from the difference between
consumption and a reference level, in line with the seminal work of Kahneman and
Tversky (1979) and Tversky and Kahneman (1992).  Negative deviations in
consumption from the reference level loom larger than positive deviations. That is, our
individual is loss averse. Furthermore, the reference level is endogenous and depends
upon own past optimal consumption decisions.” In addition to stock market risk, the
individual faces both permanent and transitory labor income risk. Shocks to labor
income cannot be hedged, thus exposing the individual to an important, non-tradable
source of risk, which substantially complicates the analysis of the optimal policies.

We explicitly derive and explore the optimal savings and portfolio strategies. Our

5In an extension of the base model, the individual’s reference level also depends on own past labor
income and the past consumption choices of the individual’s neighbors, in line with, e.g., Langtry (2023).



analysis yields three main findings. First, we find that both the optimal savings rate
and the share of wealth allocated to risky assets are more adversely affected by a
decline in labor income when individuals exhibit loss-averse reference-dependent
preferences, compared to those with conventional preferences. Under these standard
preferences, a negative labor income shock already leads to a reduction in the optimal
savings rate. Under loss-averse reference-dependent preferences, this response becomes
further amplified. The endogeneity of the reference level and the desire to avoid losses
in current consumption generate excess sensitivity: a strong downward adjustment in
savings and risk-taking following a labor income decline. A loss-averse individual with
an endogenous reference level strongly prefers to shield current consumption. As a
result, she absorbs a drop in labor income by strongly cutting back on savings and
excessively reducing the exposure to risky assets. By contrast, the response to a
negative stock return shock is markedly different. In that case, the individual increases
her savings rate and allocates a larger share of her portfolio to risky assets. This
behavior reflects an attempt to recover from financial losses. The opposite responses —
heavily reducing savings and risk-taking after a labor income shock versus increasing
savings and risk-taking after a stock return shock — is a distinctive implication of our
setting with loss-averse reference-dependent preferences and risky labor income.

We even find that, in the case of a substantial drop in labor income, the individual does
not save at all and already withdraws financial wealth prior to retirement. This behavior
underscores the potential downside of institutional constraints that limit early access to
retirement savings. In particular, settings where individuals are unable to unlock financial
wealth before retirement can lead to significant welfare losses. For example, in the United

States, individuals are generally not permitted to withdraw funds from tax-advantaged

6Under standard preferences, a labor income shock affects consumption not only during the working
phase but also during the retirement phase. Accordingly, following a drop in labor income, the individual
reduces her savings rate, leading to lower financial wealth available for retirement consumption.



accounts such as 401(k) plans or Individual Retirement Accounts (IRAs) before the age
of 60. While these restrictions are intended to preserve retirement security, they may be
counterproductive in circumstances such as job loss, where early access to savings could
smooth consumption more efficiently. Our analysis shows that the welfare loss associated
with conventional preferences — under which early withdrawal of financial wealth is less
likely than under loss-averse reference-dependent preferences — can reach up to 25%.

Furthermore, we can explain the excess sensitivity of the optimal risky portfolio share
using a time-varying relative risk aversion. Following a decline in labor income, the
individual reduces her optimal share of risky assets not only because her expected future
labor income falls — thereby weakening the diversification benefits of labor income against
stock return risk — but also because she typically becomes more risk averse. Indeed, after
an income shock, the individual becomes more concerned about the possibility that future
consumption might fall below her reference level. To avoid such consumption losses, she
chooses to de-risk: shifting her investments away from risky stocks toward safer, riskless
assets.

Our second main finding is that the optimal response of both the savings rate and
the risky portfolio share to a labor income shock varies significantly with the ratio of
consumption to the reference level. When consumption is close to the reference level, the
individual responds to a drop in labor income by drastically reducing both her savings rate
and her allocation to risky assets. Intuitively, as consumption approaches the reference
level, the individual becomes increasingly concerned about potential consumption losses
relative to the reference level and thus prefers to strongly protect current consumption.
To do so, she lowers her savings rate and reduces the exposure to stock market risk. By
contrast, when consumption is far above the reference level, a decline in labor income
has a much smaller effect on savings behavior and portfolio choice. Importantly, this

behavior differs markedly from the case of conventional preferences, under which the



optimal responses of the savings rate and risky portfolio share are independent of the
ratio between consumption and the reference level.

Our third main finding is that the optimal portfolio strategy is typically more
conservative at older ages and more aggressive at younger ages, compared to the case
with standard preferences and risky labor income. This age-dependent pattern arises
from the interplay between risky labor income and loss aversion with an endogenous
reference level, both of which shape the individual’s risk-taking behavior over the life
cycle. Consistent with existing literature (e.g., Viceira (2001)), risky labor income
reduces the optimal share of financial wealth allocated to risky assets, as it increases
overall income risk and lowers the diversification benefits of labor income against stock
return risk. However, the introduction of loss aversion with an endogenous reference
level generates two counteracting effects on the optimal portfolio choice. On the one
hand, the endogeneity of the reference level encourages riskier investment behavior.
Since individuals gradually adjust their consumption over time in response to shocks,
they can limit the impact of a shock on current consumption. This adaptive behavior
makes them more willing to take stock return risk, particularly at younger ages, when
there is more time to recover from negative shocks. On the other hand, loss aversion
implies a strong preference to avoid future consumption falling below the reference level,
prompting a more conservative investment strategy to minimize the risk of consumption
losses. This precautionary motive becomes increasingly important with age, as there is
less time to recover from shocks. Overall, for a wide and realistic range of parameter
values, we find that the optimal portfolio strategy under loss-averse reference-dependent
preferences is more conservative at older ages and more aggressive at younger ages,
diverging from predictions under standard preference models with risky labor income.

An important methodological contribution of our work is the development of a novel

solution approach tailored to the challenges posed by market incompleteness and



loss-averse reference-dependent preferences. Standard solution methods are not
applicable in this setting. We therefore construct a non-trivial solution technique that
allows us to explicitly derive the optimal savings and portfolio policies, and we develop
a comprehensive numerical algorithm to compute the shadow price of labor income risk.
This shadow price plays a central role in obtaining explicit solutions, making it a
valuable tool for both theoretical analysis and intuitive interpretation of the optimal
strategies. Our approach extends and adapts the frameworks of He and Pearson (1991),
Schroder and Skiadas (2002), and Van Bilsen et al. (2020b) to accommodate the

presence of behavioral preferences and non-tradable labor income risk.

1.1 Related Literature

The question of how to optimally save and invest total wealth over the life-cycle has been
extensively studied in different contexts since the seminal works of Mossin (1968), Merton
(1969) and Samuelson (1969).” Bodie, Merton, and Samuelson (1992) was the first to
include human wealth into the analysis and shows that in a setting in which labor income
is riskless and CRRA preferences apply, the optimal share of financial wealth invested in
the risky stock decreases, on average, with age. Intuitively, the bond-like asset human
wealth diversifies stock return risk. Hence, early in life, when human wealth is large, the
individual can afford to take more stock return risk. Furthermore, they show that the
optimal consumption drawdown strategy remains state-independent.

A number of authors (see, e.g., Viceira (2001), Cocco, Gomes, and Maenhout (2005),
Benzoni, Collin-Dufresne, and Goldstein (2007), and Schlafmann, Setty, and Vestman

(2024)) explore optimal household behavior with (non-tradable) risky labor income.?

"For example, Campbell, Cocco, Gomes, Maenhout, and Viceira (2001), Wachter (2002), Chacko and
Viceira (2005), Liu (2007), and Laeven and Stadje (2014) among other papers study how stochastic
rather than constant investment opportunities affect household consumption and portfolio decisions.

8See also, e.g., Gomes and Michaelides (2003), Chai, Horneff, Maurer, and Mitchell (2011), Hubener,
Maurer, and Mitchell (2016), and Maurer, Mitchell, Rogalla, and Schimetschek (2021).



These papers are successful in explaining several empirical facts such as most noticeably
the hump-shaped equity allocation over the life-cycle (as documented, e.g., by Ameriks
and Zeldes (2004)). Most papers in this literature describe household preferences by
either CRRA utility or Epstein-Zin utility.

The experimental and empirical literature has, however, shown substantial
deviations from these conventional preferences. One prominent finding is that people
tend to evaluate outcomes relative to a reference level; see the classical works of
Kahneman and Tversky (1979) and Tversky and Kahneman (1992). Several papers
explore the savings and investment implications of loss-averse reference-dependent
preferences (see, e.g., Berkelaar, Kouwenberg, and Post (2004), Gomes (2005), and
Van Bilsen et al. (2020b)).?>'Y Most of these authors do not consider labor income risk.
We ask how uncertainty in labor income affects the optimal savings and portfolio
strategies in this behavioral environment.

Our paper is perhaps most closely related to the work by Pagel (2018), which also
incorporates loss aversion in consumption and allows for risky labor income.'! While both
papers share these features, the focus and approach of Pagel (2018) differ from ours in
a number of ways. First, Pagel (2018) focuses on inattention and delegation in portfolio
choice. Second, under the preferences of Pagel (2018), the individual experiences loss-
averse utility over news and the reference level is based on expectations, whereas in our
setting the reference level depends on past consumption experiences. Third, to derive

actual optimal strategies, Pagel (2018) relies on numerical backward induction.'” Our

9See also, e.g., Jin and Zhou (2008), He and Zhou (2011), He and Zhou (2016), Curatola (2017),
Guasoni, Huberman, and Ren (2020),Van Bilsen, Bovenberg, and Laeven (2020a), Deng, Li, Pham, and
Yu (2022), He and Strub (2022), Liang, Luo, and Yuan (2023), Liu, Yu, and Zhang (2024), and Wang,
Liu, and Siu (2024).

10This paper considers a partial equilibrium model; that is, we assume that asset prices are exogenously
given. For the asset-pricing implications of loss aversion, see, e.g., Shumway (1997), Barberis, Huang,
and Santos (2001), Yogo (2008), Andries (2012), and Pagel (2016).

HBuilding on the work of Készegi and Rabin (2006), Pagel (2017) studies optimal consumption
decisions in the presence of risky labor income but does not consider optimal portfolio choice.

12See Appendix D.2 in Pagel (2018).



paper develops a novel solution method that allows us to derive the optimal policies
analytically, up to the numerical determination of the shadow price of labor income risk.
This enables us to characterize and provide intuitive interpretations to the interaction
between labor income risk and consumption and investment behavior in a behavioral
setting.

Finally, we note that a backward-looking rule for updating the reference level has
been widely employed in the habit formation literature since Constantinides (1990).
Within that literature, individuals are not loss averse over consumption, since the
reference level acts as a hard floor and income is implicitly assumed to be sufficient to
guarantee consumption at that level. By contrast, our paper adopts a more flexible
approach by interpreting the reference level as a standard of living. In our setting,
individuals can experience consumption shortfalls relative to this reference level, and
they are explicitly loss averse over such losses. Moreover, income is uncertain and, by
construction, there is no guaranteed floor, so individuals face the risk of both income
and consumption falling below their standard of living — sharply contrasting with the
assumptions and implications of the standard habit formation literature.

The remainder is structured as follows. Section 2 introduces the model specification,
while Section 3 presents the optimal policies and outlines the solution technique. The
main findings are discussed in Section 4. This section also indicates how our findings can
be tested using household data. Finally, Section 5 provides a conclusion. The proofs and
several technical details are relegated to Appendices A and B. We describe the numerical

algorithm in an online appendix.



2 Model

This section presents our continuous-time model. Denote by ¢ adult age, which
corresponds to the individual’s chronological age minus the age at which she starts
working. To focus on the impact of risky labor income on the individual’s optimal
savings and investment strategies, we abstract away from longevity risk, assuming that
the individual retires at the (fixed) adult age Tr > 0 and dies at the (fixed) adult age

TD>O.

2.1 State Variables, Labor Income and Financial Market

We consider an economy with two state variables: risky labor income Y'(¢) and the
stock price S(t). We assume rather generic dynamics for individual labor income. We
generalize the labor income model considered by Wang, Wang, and Yang (2016) and

specify individual labor income Y (¢) as follows (t < Tg):"?

Y(t) = Y(0) exp { /0 t fiy (s)ds + oy /0 t e_"(t_s)dZy(s)} : (2.1)

Y (0) > 0. Here, puy(t) € R represents the growth rate of median labor income, oy > 0
denotes (instantaneous) labor income volatility, Zy(t) is a standard Brownian motion,
and £ > 0 models the impact of the labor income shock oy dZy (¢) on future median labor
income. We allow x to be different from zero to capture the idea that labor income shocks
can be permanent or transitory; see, e.g., Caroll (1997). If x = 0, then labor income
shocks are permanent, while if K = oo, then labor income shocks are fully transitory, i.e.,
labor income shocks will not affect future median labor income. Figure 12 in Section 4.4
illustrates the impact of a labor income shock on future median labor income for various

values of k. Moreover, we allow the growth rate of median labor income puy (t) to be

131f k = 0 and py (s) is age-independent, (2.1) reduces to the model considered by Wang et al. (2016).



time-dependent, to capture the idea that the drift of the labor income process typically
depends on age; see, e.g., Cocco et al. (2005). Finally, we note that, after retirement,
Y (t) represents the social security payment from the government at adult age ¢.'

We assume that the individual can invest her financial (pension) wealth F'(¢) into two
assets: a risky stock and a riskless asset. We assume the following dynamics for the stock

price S(t) and the price of the riskless asset B(t):

dS(t) = (r + Asos) S()dt + oeS(t)dZs(t), (2.2)

dB(t) = rB(t)dt, (2.3)

S(0), B(0) > 0. Here, Ag € R denotes the market price of stock return risk, og > 0
models the stock return volatility, Zs(t) is a standard Brownian motion, and r € R
denotes the riskless interest rate. We allow the Brownian motions Zg(t) and Zy (t) to be

correlated, and denote the associated correlation coefficient by pgy € [—1, +1].

2.2 Preferences

Denote by c(t) and h(t) the individual’s consumption choice and the individual’s
endogenous reference level at adult age ¢, respectively. We assume that the individual
derives utility from the difference between consumption and an endogenously-updated

consumption reference level. More specifically, expected lifetime utility is given by

U=E {/TD e %% (c(t) — h(t))dt| , (2.4)

14We assume that the size of the social security payment is determined at the retirement age Tr and
is a function of the history of individual labor income Y (s), s € [0, Tg]. In what follows, we refer to Y ()
simply as individual labor income at ¢.

10



with!'®

(et) —ht)e,  if olt) = h(t);
wlelt) — (1)) = (25)
0 (h(t) = ct))r, i elt) < h(d).

Here, E, [-] represents the expectation conditional upon information available at time 0.
The instantaneous utility function wu(-) takes the form of the familiar two-part power
utility function under which risk preferences for gains are different than risk preferences
for losses and one dollar loss looms larger than one dollar gain. The parameters v, € (0, 1)
and vy, > 0 dictate the curvature for gains and losses, respectively, n > 1 stands for the
loss aversion parameter,'® and ¢ > 0 denotes the subjective rate of time preference. The
individual is risk averse in the gain domain and either risk loving (0 < v < 1) or risk
17

averse (7, > 1) in the loss domain.

We assume that the reference level satisfies the dynamics:

dh(t) = (Be(t) — a(t)h(t)) dt, (2.6)

8

h(0) > 0. Specification (2.6) is our base specification.’® We allow the depreciation

15We consider loss aversion in consumption rather than in wealth. Consumption-based loss aversion
is particularly appropriate for household life-cycle planning, as households are sensitive to changes in
their consumption patterns, i.e., standard of living. By contrast, wealth-based loss aversion is more
relevant for analyzing pure investment behavior. For example, Barberis, Huang, and Thaler (2006)
study how the interaction of narrow framing and loss aversion can lead investors to reject favorable but
risky investments, thereby helping to explain limited stock market participation.

16There is ongoing debate in the literature regarding the precise definition of loss aversion. In this
paper, we adopt the formulation of Tversky and Kahneman (1992). According to their formulation,
the disutility associated with a unit loss is 7 times greater than the utility derived from a unit gain.
From Section 4, we assume that v; > 7g, which jointly with n > 1 ensures that losses loom larger
than equivalent gains, i.e., —u(—z) > u(z) for all x > 1. This assumption is particularly plausible in a
life-cycle context, where the stakes involved are typically substantial.

I"Tn the special case in which losses are excluded, i.e., n = oo, the curvature parameter for gains v¢ is
allowed to be larger than 1, i.e., v € (0, 00).

18Tn the appendix (and the online appendix), we consider an even more general reference level
specification that depends not only on own past consumption but also on individual past labor income
and on past consumption of the individual’s neighbors. A reference level specification in which the
reference level depends on other people’s consumption captures the idea that the individual wants to

11



parameter a(t) to be a deterministic function of adult age ¢, so that, for example, the
rate of depreciation during the working phase can differ from the rate of depreciation
during the retirement phase. The preference parameter § > 0 models the impact of
current consumption ¢(t) on the individual’s current consumption reference level h(t).
Our reference level specification (2.6) is in line with, or nests as special cases, the
specifications considered by, e.g., Constantinides (1990), Detemple and Zapatero (1991),
Gomes and Michaelides (2003), Munk (2008), and Van Bilsen et al. (2020b).

2.3 Dynamic Budget Constraint

The individual invests all her financial wealth, which includes (past) labor income that
is saved and not consumed. Let us denote by w(t) the share of financial wealth F'(t)
invested in the risky stock at adult age t. The individual’s dynamic budget constraint is

now given by

AF(t) = (r + w(t)Asos) F(E)dt + w(t)osF(H)AZs(t) + (Y (t) — e(t))dt, (2.7)

F(0) > 0. We observe from (2.7) that financial wealth grows because of two reasons:
investment results (see the first two terms on the right-hand side of (2.7)) and new
savings Y (t) — ¢(t). Admissible consumption and investment strategies ensure that F(t)

is bounded from below (Karatzas and Shreve (1998), pp. 91-92).

catch up with the Joneses; see, e.g., Abel (1990), Campbell and Cochrane (1999), Chen (2017), and
Langtry (2023).

12



2.4 Dynamic Maximization Problem

The individual faces the following dynamic maximization problem:
T
C(rtr)lié) Eg [/0 e "u(c(t) — h(t))dt
dh(t) = (Be(t) — alt)h(t)) dt (2.8)
s.t. dF(t) = (r+w(t)\sos) F(t)dt + w(t)osF(t)dZs(t) + (Y (t) — c(t))dt

h(t) < L(t) + ¢(t), for all ¢t € [0, T].

The amount by which consumption ¢(t) can fall below the reference level h(t) is capped
at L(t), as follows from (2.8). The maximum possible loss L(t) is assumed to be a
deterministic function of time ¢."

To solve (2.8), we define the stochastic discount factor m(t). One can show that m(¢)

satisfies the following dynamics (see, e.g., He and Pearson (1991)):
dm(t) = —rm(t)dt + o' ()m(t)dZ(t), (2.9)

m(0) > 0. Here, T denotes the transpose sign, Z(t) = (Zs(t), Zy(t)), and ¢(t) is a
vector of factor loadings. We can determine ¢(t) from the vector of prices of risk A(t) =
(Mg, Ay (t)) where Ay (t) denotes the shadow price of labor income risk.”” We have the

following relationship:

-1

o(t) = — A(t). (2.10)
pPsy 1

19This primarily technical condition ensures that consumption is bounded from below, thus avoiding
the optimization problem to be ill-posed, and is required only if the individual is risk loving in the loss
domain. Although in principle consumption can become negative, we can choose the maximum possible
loss L(t) such that the probability of consumption falling below zero is negligibly small.

20Since labor income risk is not traded and its market price cannot be observed, we refer to Ay (t) as
the shadow price of labor income risk (instead of the market price of labor income risk).

13



By the principle of no arbitrage, As = (us — 1) /os. However, as labor income risk is
non-tradable, the principle of no arbitrage does not uniquely determine the value of Ay ().

Section 3 and the (online) appendix explain how we endogenously determine Ay (¢).

3 Optimal Life-Cycle Policies

The financial market as defined in Section 2.1 is incomplete, since the number of sources
of risk (labor income and stock returns) exceeds the number of risky assets (the stock).
We determine the optimal consumption and portfolio policies in an incomplete financial
market as follows.

First, given the shadow price of labor income risk Ay (¢), we transform the dynamic
optimization problem (2.8) into a static variational problem using the martingale
approach.?!’ 'We then convert this static primal problem into a static dual optimization
problem without endogenous updating of the reference level using the isomorphism of
Schroder and Skiadas (2002) (see also Van Bilsen et al. (2020Db)).

Next, we endogenously determine the share of dual total wealth invested in the risky
stock and the dual shadow price of labor income risk by imposing the condition that
unexpected changes in dual tradable total wealth match unexpected changes in the value
of future optimal dual consumption.?” As a result, the dual shadow price of labor income
risk is chosen such that the individual does not wish to hedge non-tradable uncertainty,
i.e., the individual’s demand for non-marketed consumption claims is zero. We then
substitute this endogenously determined dual shadow price of labor income risk in the

optimal dual consumption policy.

21Gee, e.g., Pliska (1986), Karatzas, Lehoczky, and Shreve (1987), and Cox and Huang (1989, 1991).

22Unexpected changes in dual tradable total wealth and in the value of future optimal dual consumption
may arise from either a stock return shock or a labor income shock. Hence, the condition that unexpected
changes in dual tradable total wealth match unexpected changes in the value of future optimal dual
consumption leads to a system of two equations in two unknowns. We can now uniquely solve for the
share of dual total wealth invested in the risky stock and the dual shadow price of labor income risk.
Formally, this identifies the minimax local martingale measure (He and Pearson (1991)).

14



Finally, we use equivalence relationships to find the optimal (primal) consumption
policy, the optimal share of (primal) total wealth invested in the risky stock, and the
optimal (primal) shadow price of labor income risk. Note that although labor income
risk is unhedgeable, optimal consumption is hedgeable. For details, we refer the reader to
Appendix A, containing the static dual formulation, Appendix B, providing the derivation
of the optimal policies and shadow price of risk, and the online appendix, describing the

non-trivial numerical solution algorithm.

3.1 Optimal Consumption Choice

We are now ready to present the optimal consumption choice.

Theorem 1 (optimal consumption choice) Consider an individual who solves the
mazximization problem (2.8). Let A\ (t) be the optimal (endogenous) shadow price of
labor income risk. Denote by h*(t) the individual’s optimal reference level at adult age t

implied by substituting the optimal past consumption choices into (2.6). Then:

(i) If the individual is risk averse in the loss domain, the optimal consumption choice
at adult age t is given by

B (t yedtm(t) % 0] <

. )+ Seror ! if Fo <

c(t) =

§

5 1 (3.1)
* . eStm(t) \ 71 .ot
h(t)—mm{(zméoﬁ)L ,L<t>}, if 24 > ¢

15



where the threshold £(t) is implicitly defined as follows:

_ =t _ yeété(t)>%cl
0= (1) (1

€5t ﬁ YL
+ e~y min { (yTi(t» , L(t)} (3.2)

— y&(t) min { (y‘e:ff)) O , L(t)} .

(i1) If the individual is risk loving in the loss domain, the optimal consumption choice

at adult age t is given by

() + (Lm0 ) 6Tt g O (g,
h(t) — L(t), if 29 > ((t);

where the threshold ((t) is implicitly defined as follows:

0= e (1 ) (ﬂ—f”) T L) — (L), (3.4

Here, m*(t) = m(t) (14 Bf(t)) with

s = [ R vl s

1s the dual stochastic discount factor associated with the optimal shadow price of labor
income risk Ay (t); and the Lagrange multiplier y is chosen such that the static budget

constraint, as defined in (A8) in Appendiz A, holds with equality.

Proof. See Appendix B.1.

In the online appendix, we describe how to numerically determine the optimal shadow
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price of labor income risk A} (¢). This reveals that the optimal shadow price of labor
income risk is, under some mild conditions, proportional to the ratio of dual human wealth
to dual total wealth (i.e., discounted value of dual future consumption ¢(s), with s > ).
This result is consistent with Sangvinatsos and Wachter (2005) and de Jong (2008), who
find that under standard CRRA preferences, the shadow price of labor income risk is

proportional to the ratio of human wealth to total wealth.

3.2 Optimal Portfolio Choice
The following theorem summarizes the optimal portfolio choice.

Theorem 2 (optimal portfolio choice) Consider an individual who solves the
mazimization problem (2.8). Let

-1

1 A
oiy=—| " <7 (3.6)
pPsy 1 Ay (1)

be the vector of optimal factor loadings, and let F(t) be the individual’s financial wealth

at adult age t. Then the optimal portfolio choice at adult age t is given by

010 = (14 850 Gy S, 37)
where
ﬁ@) _ F(t) - f(t)h<t> (38)

1+ Bf(t)

and m*(t) is the dual stochastic discount factor associated with the optimal shadow price

of labor income risk A} (t).

Proof. See Appendix B.2.
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4 Main Implications

In this section, we explore our main implications.

4.1 Benchmark Setting

We consider an individual who starts working at age 25, retires at age 65, and passes away
at age 85. Fach period, the individual decides what share of labor income to consume
and save, and how much to invest in the riskless asset and the risky stock. We assume the
following parameter values for the financial market and the labor income process. The
riskless interest rate r and the mean stock return ug are set at 1% and 5%, respectively.
We assume that the stock return volatility og is equal to 20%. These parameter values
roughly coincide with those in Gomes, Kotlikoff, and Viceira (2008). Initial salary Y(0)
is equal to $68,000 per year, which corresponds to the average US household income
in 2019. During retirement, the individual does not receive labor income. In line with
Viceira (2001), we set labor income volatility oy equal to 10%.%* Moreover, the growth
rate of median labor income is constant and normalized to zero, i.e., uy (t) = 0 for every
age, and labor income shocks are permanent, i.e., K = 0. In Section 4.4, we explore the
impact of different values of x on the optimal policies. The initial reference level equals
50% of initial labor income. We set the parameters that characterize the reference level,
i.e., a(t) = o and 5, equal to 0.2 and 0.1, respectively. Furthermore, we assume that the
subjective rate of time preference § equals 4%, the loss aversion index 7 is equal to 2, g
equals 0.4, and =7, is equal to 1.3, in line with Van Bilsen et al. (2020b). Finally, initial
financial wealth F(0) is zero. Our main implications remain qualitatively unchanged if we
vary the values of the parameters within reasonable limits and if we consider a different
process for labor income. Finally, we note that the individual’s relative risk aversion is

time-varying. In most scenarios, relative risk aversion is in between 1 and 3.

ZViceira’s estimate of oy is based on Chamberlain and Hirano (1999) and Caroll and Samwick (1997).
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4.2 Optimal Consumption Choice

This subsection explores the individual’s optimal consumption choice.

4.2.1 Excess Sensitivity of the Current Optimal Savings Rate

We aim to analyze the implications of a stock return shock and a labor income shock
for optimal consumption and the optimal savings rate. Before doing so, we examine how
total wealth responds to a shock. Indeed, total wealth finances optimal consumption.
The effect of a shock on total wealth is not immediately clear, as shocks to both stock
prices and individual labor income affect total wealth indirectly through their impact on
the shadow price of labor income risk.

Obviously, a negative stock return shock reduces financial wealth. Furthermore, we
find that a drop in the stock price leads to a decrease in human wealth. Indeed, a lower
stock price implies a higher shadow price of labor income risk, which, in turn, implies a
lower expected discounted value of future labor income; see Figure 1(a).?* Hence, a stock
price decline constitutes additional bad news, as both financial wealth and human wealth
decrease. We note that, even in the absence of correlation between stock return shocks
and labor income shocks, human wealth decreases following a stock price decline.

While a drop in labor income leaves current financial wealth unaffected, it has two
counteracting effects on human wealth. On the one hand, human wealth decreases,
because expected labor income declines, assuming the labor income shock is
non-transitory. On the other hand, human wealth increases, because the shadow price
of labor income risk becomes smaller; see Figure 1(b). We find that, for a wide range of
parameter values, the first effect (heavily) dominates the second effect. Hence, human

wealth decreases following a negative shock in labor income, which is economically

24Gince the shadow price of labor income risk is — under some conditions — proportional to the ratio of
dual human wealth to dual total wealth, a reduction in dual financial wealth leads to a higher shadow
price of labor income risk. We refer the reader to (IA98) in the internet appendix for more information.
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Figure 1. Impact of Shocks on Median Shadow Price of Labor Income Risk The figure shows
how the median shadow price of labor income risk Ay (¢) changes following a 30% drop in the stock price
at age 40 (left panel) and following a 20% permanent drop in labor income at age 40 (right panel). The
parameter values are given in Section 4.1.

From our analysis above, it becomes clear that both a negative stock return shock
and a negative permanent labor income shock lead to a reduction in the individual’s
total wealth. As a result, the individual must reduce future median optimal
consumption levels following a negative shock. As illustrated in Figures 2 and 3, we find
that optimal consumption responds sluggishly to both shocks. Intuitively, with an
endogenous reference level, consumption reductions in the far future are felt less acutely
than consumption reductions in the near future. The dashed lines show the case in
which the individual has conventional CRRA preferences. In that case, a shock has a
similar effect on median consumption levels in the near future as in the distant future,
implying no gradual adjustment.

A direct implication of the reduction of median optimal consumption following
negative shocks is that the current optimal savings rate — i.e., the optimal share of labor
income saved — responds differently to a stock return shock than to a labor income

shock; see Figure 4(a). A stock price decline — which leads to a reduction in financial
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Figure 2. Impact of a Stock Return Decline on Future Median Optimal Consumption
The figure shows the impact of a 30% drop in the stock price at age 40 on future median optimal
consumption. The solid line illustrates an individual with loss-averse reference-dependent preferences
with parameter values given in Section 4.1 (benchmark setting). The dashed line illustrates the case in
which the individual has conventional CRRA preferences (with unit relative risk aversion) and does not
face labor income risk. Both cases experience the same relative decline in total wealth.

wealth — affects consumption not only during the retirement phase but also during the
working phase. Under conventional CRRA preferences, she increases the optimal
savings rate after a drop in the current stock price, to compensate for the reduction in
financial wealth. However, in the case of loss aversion and an endogenous reference
level, the increase in the optimal savings rate is lower compared to conventional
preferences. Indeed, with loss aversion and an endogenous reference level, the individual
prefers to protect current consumption. The solid line in Figure 4(a) shows how the
current optimal median savings rate responds to a stock return shock.

The dash-dotted line in Figure 4(a) displays that, after a permanent drop in current
labor income, the current optimal median savings rate decreases. We can decompose

the optimal response of the current savings rate into two parts. The first part reflects
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Figure 3. Impact of a Labor Income Decline on Future Median Optimal Consumption The
figure shows the impact of a 20% permanent drop in labor income at age 40 on future median optimal
consumption. The solid line illustrates an individual with loss-averse reference-dependent preferences
with parameter values given in Section 4.1 (benchmark setting). The dashed line illustrates the case
in which the individual has conventional CRRA preferences (with relative risk aversion equal to 5) and
faces labor income risk. Both cases experience the same relative decline in total wealth.

the preference for consumption smoothing, which is also present under conventional
preferences, as illustrated by the dark gray area in Figure 4(b). Due to consumption
smoothing, a labor income shock affects consumption not only during the working
phase, but also during the retirement phase. To shift part of the current labor income
decline to the retirement period, the individual reduces her optimal savings rate, leaving
less financial wealth available for retirement consumption. The second part is an
additional effect arising from loss aversion and the endogenous reference level, as
illustrated by the light gray area in Figure 4(b). Indeed, since the individual prefers to
protect current consumption, she reduces her optimal savings rate even further. As a
result, the effect on retirement consumption of a current labor income shock will be

larger under loss-averse reference-dependent preferences than under conventional
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preferences.  Figure 4(b) demonstrates that this result is robust across different
parameter combinations. We conclude that the current optimal savings rate is

excessively sensitive, i.e., it over-responds, to a permanent labor income shock.

=——— Optimal Increase after Negative Stock Return Shock
—-—- Optimal Decrease after Negative Labor Income Shock

g | [ Effect under Conventional Preferences
[ Extra Effect due to Loss Aversion and Endogenous Reference Level
.

Absolute Change in Median Savings Rate (in %-point)

Absolute Change in Median Savings Rate (in %-points)

L L L L L L L g L L L L L L
25 30 35 40 45 50 55 60 (0.2,0.1) (0.3,02) (0.4,0.3) (0.20.1) (0.3,02) (0.4,0.3)
Age ()

(a) Absolute Change in Savings Rate (b) Decomposition of Optimal Response

Figure 4. Impact of Declines on Optimal Savings Rate The left panel of this figure shows how
the median optimal savings rate responds following a 30% drop in the stock price at age 40 and following
a 20% permanent drop in labor income at age 40. The right panel decomposes, for various values of a, 3
and 7, the optimal response of the current optimal savings rate to a 20% permanent drop in labor income
at age 40. The first part of this decomposition is already present under conventional CRRA preferences
(dark gray area), while the second part is an extra effect and is due to loss aversion and an endogenous
reference level (light gray area). The remaining parameter values are given in Section 4.1.

Figure 5 shows the post-shock savings rates for a wide range of income shocks. We
assume that the ratio of consumption to the reference level and the ratio of financial
to human wealth equal 2 and 0.5, respectively. Also, the original, pre-shock, savings
rate equals 22%. We find that, for a wide range of shocks, i.e., scenarios in which income
declines exceed 40%, the individual does not save at all for a period and instead withdraws
financial wealth prior to retirement, as shown by the gray area in Figure 5. This result
is even stronger for lower original, pre-shock, savings rates. As shown by Figure 4(b),
the preference for dissaving is substantially larger under loss-averse reference-dependent
utility than under conventional utility. Hence, an institutional setting that restricts access

to financial wealth before retirement, such as a 401(k) plan or Individual Retirement
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Account (IRA), can induce substantial welfare losses; see also Section 4.5.

New Savings Rate (in %)

20 F i
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Labor Income Shock (in %)

Figure 5. Post-shock Savings Rate for a Wide Range of Labor Income Shocks The figure
shows the new (post-shock) optimal savings rate for a wide range of labor income shocks. We assume
that the original, pre-shock, optimal savings rate is equal to 22%. Furthermore, the ratio of consumption
to the reference level and the ratio of financial wealth to human wealth are assumed to be equal to 2 and
0.5, respectively. The gray area indicates the scenarios in which the optimal savings is negative, i.e., the
individual withdraws financial wealth prior to retirement. The parameter values are given in Section 4.1.

4.2.2 Heterogeneity in Optimal Response of Savings Rate

The optimal response of the current savings rate varies (substantially) with both the
ratio of consumption to the reference level and the ratio of financial wealth to human
wealth.  Figure 6 illustrates the optimal response as a function of the ratio of
consumption to the reference level. Each dot in this figure corresponds to a different
ratio of financial wealth to human wealth. We find that when current consumption is
close to the reference level, the optimal savings rate typically falls sharply following a
permanent drop in labor income; see Figure 6. Intuitively, as consumption approaches

the reference level, the individual strongly prefers to protect current consumption.

24



Accordingly, after a permanent labor income shock, she reduces the optimal savings
rate substantially. Finally, under conventional preferences, the response of the optimal
savings rate is independent of the gap between the individual’s consumption level and

reference level, as this gap does not enter a conventional preference specification.
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Figure 6. Heterogeneity in Optimal Savings Rate The figure shows the optimal response of the
current savings rate to a 5% permanent drop in labor income at age 30 as a function of the ratio of
consumption to the reference level. Each dot in this figure corresponds to a different ratio of financial
wealth to human wealth. The initial reference level is chosen to be equal to 80% of initial labor income
and a = 15%, to illustrate the strong preference for dissaving at low ratios of consumption to the
reference level. The remaining parameter values are given in Section 4.1.

Furthermore, we find that when financial wealth is large relative to human wealth, the
individual adjusts the optimal savings rate considerably. Intuitively, if a worker’s financial
wealth dominates her human wealth, a permanent drop in current labor income affects
total wealth only marginally, so there is little need to adjust consumption heavily. Since
total wealth finances consumption, a worker with substantial financial wealth relative to

human wealth absorbs the labor income shock primarily by reducing her optimal savings

rate.
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4.3 Optimal Portfolio Choice

Next, we explore the individual’s optimal portfolio choice.

4.3.1 Excess Sensitivity of the Current Optimal Portfolio Share

This subsection analyzes the implications of both a stock return shock and a permanent
labor income shock for the optimal share of financial wealth invested in the risky stock,
i.e., the portfolio share. In case of risky labor income and loss-averse reference-dependent
preferences, the impact of a stock return shock and a labor income shock on the optimal
portfolio share is ambiguous. It is clear that a negative stock return shock leads to lower
financial wealth. However, human wealth also decreases following a drop in the stock
price, as the shadow price of labor income risk goes up; see Figure 1(a). Because both
financial and human wealth decrease, it is not immediately obvious how the individual
should adjust her optimal share of financial wealth invested in the stock.

Our results show that the impact of a stock return shock on financial wealth is
typically much larger than on human wealth, which is economically intuitive. Hence,
under conventional CRRA preferences, she increases the optimal share of financial
wealth invested in the stock following a decline in the stock price, to maintain the same
exposure of total wealth to stock return risk as before the shock; see the dashed line in
Figure 7(a). Under loss-averse reference-dependent preferences, however, a negative
stock return shock typically leads to an increase in the individual’s relative risk
aversion. In this case, a relatively large share of total wealth must be allocated to the
riskless asset, to ensure that future consumption levels exceed future reference levels
with high probability. As a result, the increase of the optimal risky portfolio share
following a stock price decline is somewhat less pronounced under loss-averse
reference-dependent preferences than under conventional preferences; see Figure 7(a).

As discussed in Section 4.2.1, a negative permanent labor income shock has two
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counteracting effects on human wealth. The net effect is a decrease in human wealth
following a permanent decline in labor income. As a result, under conventional CRRA
preferences, the individual reduces her optimal share of financial wealth invested in the
stock following a negative labor income shock, in order to maintain the same exposure
of total wealth to stock return risk as before the shock; see the dashed line in
Figure 7(b). Under loss-averse reference-dependent preferences, relative risk aversion
typically increases following a negative permanent labor income shock. Indeed, the
individual’s current consumption moves closer to her reference level, assuming current
consumption exceeds the current reference level. This provides an additional reason, not
present under conventional preferences, for the individual to immediately reduce her
optimal risky portfolio share; see Figure 7(b).

Figure 8 illustrates this additional downward adjustment of the optimal portfolio share
(in percentage points) relative to the optimal response under conventional preferences for
different parameter values, highlighting the robustness of our finding. We conclude that
both the optimal savings rate and the optimal portfolio share are excessively sensitive,

i.e., they over-respond, to labor income shocks.

4.3.2 Heterogeneity in Optimal Response of Portfolio Share

Not only does the optimal savings rate respond to the ratio of consumption to the
reference level, but the optimal portfolio share does as well (see Figure 9). A key
difference between Figure 6 — which illustrates heterogeneity in the optimal savings rate
— and Figure 9 is that the optimal portfolio share is almost never negative in absolute
terms, whereas this is not the case for the optimal savings rate.

The shape of Figure 9 shows how the optimal response of the portfolio share varies
with the ratio of consumption to the reference level. We find that when this ratio is high

(low), the optimal portfolio share is relatively insensitive (sensitive) to a permanent drop
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Figure 7. Impact of Shocks on Optimal Portfolio Share The figure shows how the optimal
share of financial wealth invested in the risky stock changes as a result of a shock at age 40. The left
panel shows the optimal response to a 5% decline in the stock price while the right panel illustrates the
optimal response to a 20% permanent decline in labor income. The solid lines illustrate an individual
with loss-averse reference-dependent preferences with parameter values given in Section 4.1 (benchmark
setting). The dashed lines illustrate the case in which the individual has conventional CRRA preferences
and faces labor income risk. The parameter values are given in Section 4.1.
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Figure 8. Impact of Income Decline on Optimal Portfolio Share The figure illustrates the
additional downward adjustment of the optimal portfolio share (in percentage points) following a 20%
permanent decline in labor income, relative to the optimal response under conventional preferences,
across different parameter values. The remaining parameter values are given in Section 4.1.
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in labor income. Intuitively, when the individual’s consumption is high relative to the
reference level, a permanent labor income shock affects her relative risk aversion only
slightly, reducing the need to de-risk. Under CRRA utility, this behavior does not occur,

as relative risk aversion remains constant in all circumstances.
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Figure 9. Heterogeneity in Optimal Portfolio Share The figure shows the optimal response of
the current portfolio share to a 20% permanent drop in labor income at age 60 as a function of the ratio
of consumption to the reference level. The initial reference level is chosen to be equal to 80% of initial
labor income and « = 15%, to illustrate the strong preference for de-risking at low ratios of consumption
to the reference level. The remaining parameter values are given in Section 4.1.

We also find that the optimal response of the portfolio share varies with the ratio of
human wealth to financial wealth. In particular, when human wealth is small relative
to financial wealth, the individual adjusts her optimal portfolio share only minimally.
Intuitively, if a worker’s human wealth is small compared to her financial wealth, a drop
in current labor income affects total wealth only slightly, so there is little reason to

substantially adjust her portfolio share.
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4.3.3 More Conservative at Old Ages and Less Conservative at Young Ages

In a setting with labor income risk and loss-averse reference-dependent preferences, the
individual still follows a life-cycle portfolio strategy. That is, the optimal share of
financial wealth invested in the stock generally decreases with age. This is consistent
with conventional wisdom (see, e.g., Bodie et al. (1992)). However, for our parameter
values, the optimal portfolio strategy is typically more conservative at older ages and
less conservative at younger ages compared to the case with riskless labor income and
conventional CRRA preferences; see Figure 10. This pattern holds even in the absence
of correlation between stock return shocks and labor income shocks.?’

Both risky labor income and loss-averse reference-dependent preferences affect the
optimal portfolio strategy. Figure 11(a) illustrates the impact of risky labor income
on the optimal portfolio strategy. We find that risky labor income causes the optimal
portfolio share to decrease, especially at younger ages. Indeed, due to a positive shadow
price of labor income risk, human wealth, which is equal to the discounted value of future
labor income, becomes smaller. The individual thus holds less human wealth, compared
to the case with no labor income risk. As a result, the individual should invest less in
risky stocks to achieve the optimal exposure of total wealth to stock return risk. We
find that in our setting, the median portfolio strategy at age 40 decreases by 25 percent
compared to the case with conventional CRRA preferences — with relative risk aversion
equal to 5 — and no labor income risk.

Reference-dependence introduces two additional counteracting effects on the optimal
portfolio choice, as illustrated in Figure 11(b). The first effect arises from the reference

level itself. Under a “strict” reference level, this effect implies that the individual must

25The impact of the correlation coefficient on the optimal portfolio strategy is twofold. First, a higher
psy means that human wealth carries more stock return risk, so that the individual’s willingness to
invest in the risky stock decreases. Second, a higher pgy leads, in our setting, to a higher shadow price
of labor income risk, which causes human wealth to decrease. This, in turn, leads to a reduction of the
optimal portfolio share.
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Figure 10. Optimal Portfolio Share The figure shows the median optimal share of financial wealth
invested in the risky stock as a function of age. The solid line illustrates an individual with loss-
averse reference-dependent preferences. The dashed line illustrates the case in which the individual
has conventional CRRA preferences (with unit relative risk aversion) and does not face labor income
risk. The initial reference level is equal to 80% of initial labor income and o = 15%, to strengthen the
impact of the reference level on the optimal portfolio share. The remaining parameter values are given
in Section 4.1

reserve part of her financial wealth to guarantee that future consumption levels exceed
future reference levels with certainty. As a result, the optimal portfolio share decreases.
This first effect is illustrated by the solid line in Figure 11(b), which shows the decrease in
the median portfolio strategy compared to standard CRRA preferences with relative risk
aversion equal to one. The second effect stems from the endogeneity of the reference level
and loss aversion. With an endogenous reference level, the individual will gradually adjust
consumption to shocks, thereby limiting the impact of a shock on current consumption.
This allows the individual to take more investment risk. Additionally, loss aversion
permits greater investment risk, since consumption no longer needs to exceed the strict

reference level with certainty. The second effect is illustrated by the dash-dotted line

31



in Figure 11(b), which shows the increase in the median portfolio strategy compared to
preferences with a guarantee, i.e., with a strict reference level, assuming the guarantee
equals 80% of initial labor income. We observe that, for our parameter setting, the first
effect dominates the second effect at older ages and the second effect dominates the first

effect at younger ages; see the dashed line in Figure 11(b).
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Figure 11. Impact of Risky Labor Income and Loss-Averse Reference-Dependent
Preferences The left panel shows the impact of risky labor income on the optimal portfolio share,
while the right panel illustrates the impact of loss-averse reference-dependent preferences on the optimal
share. The solid line in the right panel shows the decrease in the median portfolio strategy compared
to conventional CRRA preferences (with relative risk aversion equal to one), while the dash-dotted line
in the right panel shows the increase in the median portfolio strategy compared to preferences with a
guarantee (assuming the guarantee equals 80% of initial labor income). The initial reference level is
chosen to be equal to 80% of initial labor income and « = 15%, to strengthen the impact of the reference
level on the optimal portfolio share. The remaining parameter values are given in Section 4.1.

4.4 Robustness Checks for Type of Labor Income Shock

So far, we have assumed that labor income shocks are permanent, i.e., kK = 0. We now
conduct robustness checks to examine how our results vary with different types of labor
income shocks, including permanent (x = 0) and non-permanent shocks (k > 0). These

checks help verify the consistency of our findings regarding optimal consumption, savings,
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Figure 12. Impact of Different Types of Labor Income Declines on Future Median
Consumption The figure shows the impact of a 20% drop in labor income at age 40 on future median
income for various values of k. The remaining parameter values are given in Section 4.1.

and portfolio choices.?® More specifically, we consider the case where k = 0.25. Figure 12
shows how median income behaves following a 20% decline in labor income at age 40 for
different types of labor income shocks. In case k = 0.25, we observe that at age 60, the

individual’s labor income is roughly equal to labor income before the shock.

4.4.1 Optimal Consumption Choice

Figure 13(a) illustrates the relative change in median consumption as a result of a 20%
decline in labor income at age 40. If we compare the case x = 0.25 with the case
k = 0 (permanent labor income shock), we observe, as expected, that the relative change
in median consumption is smaller for the less permanent shock. Indeed, when labor
income shocks are less persistent, their impact on the individual’s total wealth is smaller.

Furthermore, in both cases, the individual gradually absorbs the labor income shock:

26We can easily extend our numerical method to the case x > 0. While the value of x affects how
labor income evolves over time, it essentially does not affect the numerical determination of the optimal
policies and the shadow price of labor income risk. Indeed, the optimal strategy is a function of the
current state variables, (dual) labor income and the (dual) stochastic discount factor.
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with an endogenous reference level, it is optimal to postpone reductions in consumption.

T
K =0.25

=025

Change in Median Consumption (in %)

Change in Median Optimal Savings Rate (in %-points)

(a) Optimal Consumption (b) Optimal Savings Rate
Figure 13. Impact of Declines on Optimal Consumption and Savings Rate The left panel
of this figure shows the impact of a 20% drop in labor income at age 40 on future median optimal
consumption, while the right panel shows how the median optimal savings rate responds following a 20%

drop in labor income at age 40. We consider x = 0.25 and x = 0 (permanent labor income shock). The
remaining parameter values are given in Section 4.1.

Next, we analyze how the optimal savings rate responds to labor income shocks.
Figure 13(b) illustrates the optimal response of the median savings rate following a 20%
drop in labor income at age 40. After the labor income shock, the individual immediately
decreases her optimal savings rate, to protect current consumption. She also seeks to
transfer part of the labor income shock to the retirement phase. We also observe this
behavior when k = 0 (permanent labor income shock). What is new is that the optimal
savings rate now rapidly converges back to the original, pre-shock, savings rate. After
some time, the individual even saves more. This pattern arises because the shock is
gradually absorbed and temporary: income eventually returns to its previous level while
optimal consumption remains relatively low. We conclude that income shocks (permanent

or non-permanent) have a substantial impact on the current optimal savings rate.
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4.4.2 Optimal Portfolio Choice

This subsection explores the impact of permanent and non-permanent labor income
shocks on the optimal portfolio share. Figure 14 illustrates the optimal response of the
median portfolio share following a 20% drop in labor income at age 40. Comparing the
case where k = 0.25 to that with x = 0 (permanent labor income shock), we first
observe that the instantaneous drop in the optimal portfolio share is smaller in the case
where k£ = 0.25. Indeed, when labor income shocks are less permanent, their effect on
total wealth is smaller, reducing the individual’s preference to de-risk. Furthermore, in
the median scenario for both cases, the optimal portfolio share eventually increases
after several years, and this rebound is substantially stronger when x = 0.25. As income
returns to its original, pre-shock level while optimal consumption remains relatively low,
the individual can afford to take on more investment risk.

30 T

k=0.25
——r =0

20 - i

.30 1 1 1 1 1 1

Relavtive Change in Median Portfolio Choice (in %)

Figure 14. Impact of Labor Income Decline on Optimal Portfolio Share The figure shows
how the optimal share of financial wealth invested in the risky stock changes as a result of a 20% decline
in labor income at age 40. We consider x = 0.25 and x = 0 (permanent labor income shock). The
remaining parameter values are given in Section 4.1.
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4.5 Welfare Implications of Suboptimal Strategies

This subsection evaluates the welfare costs arising from incorrectly assuming conventional
CRRA preferences. Our setup is as follows. An individual with loss-averse reference-
dependent preferences facing labor income risk delegates her consumption and portfolio
decisions to an asset manager. However, this asset manager does not implement the
individual’s true optimal strategies and instead assumes she has CRRA preferences.

The individual is free to choose the value of the relative risk aversion coefficient at the
beginning of her life-cycle, which determines the shape of the CRRA utility function. We
assume that the individual is smart and selects the coefficient to minimize the difference
between her true optimal utility — associated with the actual optimal policies — and the
sub-optimal utility — associated with the conventional CRRA-based policies.

Table 1 reports our results. We measure welfare losses in terms of the relative decline
in certainty equivalent consumption. As shown in Table 1, strategies in which the savings
rate responds limitedly to a labor income shock — as occurs under conventional CRRA
preferences — entail substantial welfare costs for our loss-averse individual. For our
benchmark setting (i.e., a(t) = a« = 0.2, § = 0.1 and n = 2), we find a minimum lifetime
welfare loss of 26.86%. Thus, while normatively relevant, CRRA policies are detrimental
to the welfare of our individual. Importantly, the welfare losses remain substantial across
alternative parameter values.

We also compute welfare losses associated with a common, state-independent
consumption and portfolio strategy. Specifically, in each period the loss-averse
individual withdraws 1/7" of her total wealth, where T denotes remaining lifetime and
invests “100 minus her age” percent of her financial wealth in risky assets. The results
are reported in Table 2 for different values of a(t) = «, f and 7. We find that welfare
losses are substantially larger than those reported in Table 1, which presents the welfare

losses associated with the implementation of the Merton strategy. This indicates that
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Table 1. Welfare Costs The table reports the minimum lifetime welfare losses associated with
inadequately assuming CRRA preferences in which the savings rate does not respond excessively sensitive
to a labor income shock. We compute the minimum lifetime welfare loss for different values of a(t) = a,
B and n. We measure welfare losses in terms of the relative decline in certainty equivalent consumption.
The remaining parameter values are given in Section 4.1.

true parameters «, § and 7

a JE] 7 minimum welfare loss (in %)
0.2 0.1 2 26.86
0.3 0.2 2 47.03
0.4 0.3 2 69.59
0.2 0.1 3 29.55
0.3 0.2 3 47.73
0.4 0.3 3 69.87

the use of naive, state-independent strategies can lead to considerably larger welfare

losses.

Table 2. Welfare Costs The table reports the lifetime welfare losses associated with a common,
state-independent consumption and portfolio strategy. We compute the lifetime welfare loss for different
optimal values of «a(t) = «, 8 and . We measure welfare losses in terms of the relative decline in
certainty equivalent consumption. The remaining parameter values are given in Section 4.1.

true parameters «, 8 and 7

o B 7 welfare loss (in %)
0.2 0.1 2 62.21
0.3 0.2 2 66.54
0.4 0.3 2 80.28
0.2 0.1 3 67.09
0.3 0.2 3 71.39
0.4 0.3 3 82.00

4.6 Testable Implications

We can compare the main implications of our model featuring loss-averse
reference-dependent preferences and risky labor income with data on savings behavior
and portfolio holdings, to provide support for our main implications. In this subsection,

we briefly describe how the main implications can be tested.
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Our first main implication is that both optimal savings and portfolio choices are more
sensitive to labor income shocks than what is predicted by standard models with CRRA
preferences. This excess sensitivity leads to excessively smooth consumption patterns —
meaning that individuals adjust their consumption less in response to income changes
than traditional theory would suggest; see Figure 3. In essence, consumption tends to
under-respond to income shocks. This prediction can be tested empirically by examining
how changes in income relate to changes in consumption over time. If consumption
responses are consistently smaller than what CRRA-based models predict, this provides
support for the model’s implication. A similar approach can be applied to portfolio
choices: by studying how portfolio shares respond to income fluctuations, one can assess
whether the observed sensitivity exceeds that predicted by standard models with CRRA
preferences. Several empirical studies have found clear evidence of excess smoothness in
aggregate consumption, notably Flavin (1985), Deaton (1987), and Campbell and Deaton
(1989).

A particularly distinctive implication of our model is that responses to labor income
shocks differ in direction from responses to shocks in stock returns. Specifically, the
model predicts that a negative labor income shock causes households to heavily reduce
both savings and risk exposure, whereas a negative stock return shock prompts an increase
in both savings and risk exposure. Empirically, one can test for opposite responses by
relating observed changes in consumption and portfolio allocations to labor income shocks
and stock return shocks.

Our second main implication is that the sensitivity of savings rates and portfolio
shares to income shocks depends significantly on the ratio of current consumption to
the individual’s reference level. Specifically, when consumption is close to the reference
level, individuals are predicted to adjust their savings and investment behavior more

strongly in response to an income shock. By contrast, when consumption is far from
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the reference level, these adjustments tend to be more moderate. This prediction can be
explored empirically using panel data on savings decisions, portfolio allocations, income,
and consumption levels. Since direct data on reference levels are generally unavailable,
income can serve as a proxy for the ratio of consumption to the reference level. Indeed,
higher income levels are typically associated with a greater gap between consumption
and the reference level, while lower incomes suggest that consumption is closer to the
reference level. Existing empirical studies support our second main implication; see, e.g.,
Dynan, Skinner, and Zeldes (2004), Johnson, Parker, and Souleles (2006) and Havrének
and Sokolova (2020). Specifically, our results align with the literature documenting that
the responsiveness of consumption to income changes depends on the current level of
income.

Our third main implication is that an individual with loss-averse reference-dependent
preferences who faces labor income risk adopts a more conservative investment strategy at
older ages and a less conservative strategy at younger ages. This pattern arises from the
interplay between risky labor income, the presence of a reference level, and the individual’s
flexibility in adjusting that reference level. We can test this hypothesis using data on
portfolio holdings and compare the empirical findings with the predictions of standard
theory (Bodie et al. (1992)). In addition, a number of studies document limited stock
market participation; see, e.g., Mankiw and Zeldes (1991), Vissing-Jorgensen (2002) and
Vestman (2019). In our model, the individual’s willingness to invest in the stock market
declines markedly when labor income uncertainty and loss aversion are high and the

reference level is sticky.
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5 Conclusion

We have derived and explored the optimal savings and portfolio decisions of an
individual with loss-averse reference-dependent preferences who faces risky labor
income. We show that both the current optimal savings rate and the current optimal
portfolio share are excessively sensitive to labor income shocks under loss-averse
reference-dependent preferences, compared to conventional preferences. In the face of
severe adverse labor income shocks, a loss-averse individual does not save at all to
protect consumption, engages in excessive de-risking, and even withdraws financial
wealth prior to retirement.

The response of the savings rate and portfolio share to a permanent labor income shock
is strongly influenced by the ratio of consumption to the reference level: if consumption
is close to the reference level, the individual drastically reduces her optimal savings rate
and risky portfolio share; if consumption is far from the reference level, the response is
less pronounced.

Furthermore, the optimal investment strategy is generally conservative at older ages
and more aggressive at younger ages compared to conventional preferences. We find that
the presence of risky labor income and a reference level typically induces a downward
adjustment of the risky asset holding, whereas the flexibility to update the reference level
leads to an upward adjustment.

Finally, the loss-averse reference-dependent individual suffers substantial welfare
losses when following conventional savings and investment strategies, thus highlighting
the importance of suitably designed and sufficiently flexible life-cycle savings and
portfolio plans. Indeed, our results have clear practical implications for understanding
how investors respond differently to job-related income shocks versus market losses, as
well as for the design of age-related investment funds. Institutional constraints can be

structured to better align with behavioral responses. In addition, the standard life-cycle
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recommendation of reducing risk exposure with age is reinforced and, in most cases,
should be implemented more aggressively. Importantly, we have evaluated our findings

across a range of parameter settings and confirm that the qualitative patterns of

behavior and welfare effects remain robust.
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A  Dual Formulation

In this appendix, we assume a rich specification of the reference level. More specifically,

the reference level depends not only on own consumption (as in the main text) but also

on individual labor income Y (¢) and consumption of the individual’s neighbor C'(¢) which

is exogenously given. We assume that the reference level can be decomposed as follows:

h(t) = h(t) + ha(t) + hy (t).

Here, h.(t), ha(t) and hy (t) satisfy the dynamics

dhc(t) = (ﬁcc(t) - ac<t>hc<t>> dt»
dho(t) = (BoC(2) — ac(Bhe(®) dt,

The results in the main text arise as a special case when we assume h(t) =

and a(t) = a.(t).

By It6’s Lemma, we find that the reference level h(t) satisfies

Ah(t) = (Beclt) + BeC(t) + By Y (1) — alt)h(t)) dt.

where

hy (t)
h(t)

) e

+ ay (t)

models the rate at which the individual’s reference level h(t) depreciates.

(A1)

hc(t)7 ﬁ - Bc

(A5)

(A6)

In line with the permanent income hypothesis (see Hall (1978)), we assume that

changes in consumption of the individual’s neighbor are unpredictable. More specifically,
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we assume that C(t) is given by

C(t) = C(0) exp { /0 t peds + o /0 t dZC(s)} . (A7)

Here, piz € R models the expected growth of C(t), o > 0 represents volatility, and Zg(t)
is a standard Brownian motion.

We can, by virtue of the martingale approach (Pliska (1986), Karatzas et al. (1987),
and Cox and Huang (1989, 1991)), transform the individual’s dynamic maximization
problem into the following equivalent problem:

max B [ /0 " St (e(t) — h(t)) dt]

c(t)
st. [ /0 o) (elt) — Y (0) dt} < F(0),

dh(t) = (Beelt) + BoCl(t) + ByY () — a()h(t)) dt

h(t) < c(t) + L(t), for all ¢t € [0, T,

with a(t), C(t), Y (t) and m(t) defined in (A6), (A7), (2.1) and (2.9).

Inspired by Schroder and Skiadas (2002) and Van Bilsen et al. (2020b), we apply
the following transformation. Let us denote by ¢(t) = ¢(t) — h(t) the individual’s dual
consumption choice at adult age t. By substituting c(t) = h(t) + ¢(¢) into (A8), we find
that (A8) is equivalent to:

max Ey [ /0 " i @) dt]

e(t)

st B | [ o) 00+ 20 - Y0) ] < FO), (A9)

dh(t) = (Be(t) + BeC(t) + By Y (t) — (alt) — B)h(t)) dt

—¢(t) < L(t), for all t € [0,T].
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By repeated substitution, we are able to derive the analytical form of the reference level.

More specifically, we find

t
+h/eﬁ%wwmwmwwmﬁ%dﬂ%@
0
t
+/Bc/ lﬁc/ e f ac du f (ac(u /Bc dud'U+ e f ag ’LL)d :| é (Alo)
0
t
N |:ﬁc/ o I ay(u)duff:(ac (u)—Be) duds +e fo ay u)du:| (0)
0

¢
+5Y/ {@:/ e 1 v (Wdu= [ (ac(w) —Be)duqy 4 o= [ O‘Y(“)d“} Y (s)ds.
0 s

Substitution of (A10) into the static budget constraint in (A9) results in the following

new static budget constraint:

F(0) > Eo ’ {1ec(0)he(0) + fa(0)he(0) + fr(0)hy (0) + m(t) (1 + Befe(t)) €(t)
" (A11)
+Befe®)CE)m(t) =Y (E)m(t) (1 = By fy(t))} dt|.
Here,
fc(t) = E, |:/tTD :((‘z) —fts(ac(u)—ﬁc)dud8:| ’ (A12)
() = 2 mfs) T o I e (wdu—f? (ee(w—Bo)du gy,
ety =k | [0 d -
seSracton 4],
_ 2 mfs) T I ay (Wdu— [ (e (w)—fo)du
fy(t) =E, e et v dv
©) Ut m(t) { /t (A14)

pem vt gg).

We denote by i(t), Y (t) and F(t) the dual counterparts of the pricing kernel, individual
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labor income and financial wealth, respectively. These variables are defined as follows:

m(t) = m(t) (1 + Fefe(t)), (A15)
i}(t) = Y(t> (1 - Bifi(ﬁtz}czt)ﬁ(jf@(t)c(t), (A16)
Py == fc(t)hc(t)l—Jrfﬁcc(;c)Z?(t) — fr(®hy () (A17)
We can now write the new static budget constraint (A11) in familiar form as:
(A18)

o) — ?(t)) dt} < F(0).

=
o
C\
~
S
DD
S|=
—~

(t)

(A19)

max Eo { /0 " st @) dt]
st Ey {

Problem (A19) is typically easier to solve than the original individual’s dynamic

maximization problem (2.8). We note that the dual pricing kernel

(t) = m(t) (1 + B.fe(t)) satisties the following dynamics:

WO o+ 0y az) (420)

with
3(t) = (1), (A21)
r—ac(t)Bef(t) (A22)

M= 0t g R
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B Derivation of Optimal Policies

B.1 Derivation of Optimal Consumption Choice

Let us first assume that the financial market is complete (i.e., aggregate consumption risk
and individual labor income risk are tradable), so that ¢(t) is uniquely determined. We
now determine the individual’s optimal consumption choice given this assumption. The

Lagrangian L is given by

L =E, [ /0 ” e~ (A(t)) dt] +y (ﬁ(m —E, [ /0 "

Here, y > 0 denotes the Lagrange multiplier associated with the static budget constraint.

)

)

(((?) (et - ¥(0) dtD (A1)

For every t, the individual aims to maximize e %wu (¢(t)) — ym(t)e(t)/m(0) subject to
—c(t) < L(t). Denote by ug the part of the utility function above the reference level, and
by wuy, the part of the utility function below the reference level. Let ¢7 () and ¢; (t) be
the optimal solutions of the functions ug and wup, respectively.

We first consider the case where the individual is risk averse in the loss domain. Due
to the concavity of ug and uy, the optimal dual consumption choices ¢ (t) and ¢, (¢)

satisfy the following optimality conditions (for j = G, L):*"

e~ (e (1)) = ym(t) /M(0) — (1), (A2)
—c; () < L(1), (A3)
(1) (" (1) + L(t)) =0, (A4)
z(t) > 0. (A5)

Here, z(t) (j = G, L) denotes the Lagrange multiplier associated with the constraint on

dual consumption. After solving the optimality conditions, we obtain the following two

2TWe denote the derivative of a function f at a point a by f'(a).

46



local maxima:
N yedtm(t) =
Ca (t) =\ —= ) (AG)

¢ (t) = — min { (M) , L(t)} . (A7)

myrm(0)
To determine the global maximum ¢ *(¢), we introduce the following function:

m(t)

(€6 0) = ymr e (6 = (e () -~ yche (1)

N

The global maximum ¢ *(¢) is equal to ¢d (¢) if f (m(t ) 0; and equals ¢;' (t) otherwise.
It follows that hm::(é)) f (%) = —00, hmm((f)é—mf (%) = oo and [’ (%) <0
for all = ((0)) Hence, f ( m(t) ) is strictly decreasing. As a result, f ( 0 ) has one zero in
the interval (0,00). We define £(t) such that f (£(¢)) = 0. The global maximum ¢ *(t) is
equal to cg () if % < (t); and equals ¢/ (t) otherwise.

We now consider the case where the individual is risk loving in the loss domain. Due

to the concavity of u, the optimal dual consumption choice ¢/ (t) satisfies the following
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optimality conditions:

e (el (1)) = ym(t) /m(0) — 2o () (A9)
—cd (1) < L), (A10)
ra(t) (cd (6) + L(1)) = 0, (A11)

(A12)

After solving the optimality conditions, we obtain the following local maximum:
5t 7T
L ye’tm(t)\ e
ey = (L) e
Yem(0)

Due to the convexity of u;, the optimal dual consumption choice ¢, (¢) lies at a corner

point of the feasible region. Hence, the only two possible candidates for ¢;"(¢) are —L(t)

and 0.

To determine the global maximum ¢ *(t), we introduce the following function:

w = e %y (e — fﬁ(t) ) — (e % (e, — m(t) e/
(29 = eouled )~y e 0 - («*u (e () - vidhes <t>) (a13)
The global maximum ¢ () is equal to ¢ (¢) if g (m( )

We distinguish between the following two cases:

D)
0)

2

) is given by

/3\)

e ¢, (t) = 0. Straightforward computations show that g (

3)

. We conclude

S)
2

—<> <~ 0 for all

Since 0 < 7, < 1 and y > 0, it follows that g ( ©)

that ¢, (t) = 0 is never optimal.
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(t)

e ¢, (t) = —L(t). Straightforward computations show that g (m) is given by

m edtm % m
p <#) — e (1 =) (—y (t)> +e ML) — y%L(t)- (A15)

It follows that 9<M> > 0 for all % < ge*‘stL(t)VL*l. Also,

)

m(0)
. m)\ _ m(t) m(t) m)\ -
hmggﬁmg (W) = —oo and ¢ (m_o)> < 0 for all TR Hence, g <W) 1s
strictly decreasing. As a result, g(%) has one zero in the interval
<ﬂe’5tL(t)'YL’1,oo>. We define C() such that g (C(t)) = 0. It follows that the

global maximum ¢ *(t) is equal to ¢ (¢) if % < ((t); and equals ¢;" () otherwise.

We observe from the analysis above that, in both cases, the global maximum ¢ () is a
function of m(t)/m(0), i.e., cT(t) = h <%> for some function h.

Let us now assume that the market is incomplete (i.e., aggregate consumption risk and
individual labor income risk are not tradable), so that ¢(t) is not uniquely determined.
In line with, e.g., He and Pearson (1991), we determine the vector of factor loadings such
that changes in dual total wealth match changes in the value of future dual consumption;
see Appendix B.2 and the online appendix for more details. We denote the vector of
factor loadings that satisfies this condition by ¢*(t) = QAS*(t) The pricing kernel implied
by ¢*(t) is denoted by m*(t). It now follows that

&) = h (Z((?)) (A16)

not only maximizes the individual’s static maximization problem (A19) but also can be
replicated in our financial market as defined in Section 2.1.

The optimal (primal) consumption choice is given by

() = h*(t) + E*(¢), (A17)
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with the optimal reference level h*(t) defined as follows

t
h ( ) =€ fo Oéc(u)_ﬁc)duhc(O) —+ ﬂc/ e fs (ac(u)—ﬁc)du/c\*( )dS

t
|:ﬁc/ e—f;a@(u)du—f;(acu —Be dud8+6 fD ac(u :| (O)
d“] C(s)ds (A18)
)

0
t t
+ Be / {ﬂc / e el —Belduqy 4 o= [i e
0 s

t
+ {ﬁ / = Ji oy (w)du—f(ec(w)=Be)dugg 4 o= [ o (u du] hy (0
0

Jdu— [ (ce(u)

t
+6Y/ |:BC/ —f ay (u)du— f(ap(u —Be dudU—l-@ oy :|Y(S)d8

B.2 Derivation of Optimal Portfolio Choice and Optimal Vector

of Factor Loadings

We determine the dual portfolio strategy w(t) and the vector of dual factor loadings
—p~'A(t) such that changes in dual total wealth d/W(t) match changes in the

o(t) =

~ 5y
value of future optimal dual consumption dv(t) where the value of future optimal dual

consumption is defined as follows
() = E, [ /t v ’2((;) h (ZESD ds} (LT (), A1), (A19)

We note that the individual’s dual total wealth W(t) is the sum of the individual’s dual
~ iy

<

financial wealth F'(t) and the individual’s dual human wealth H(t), where H (t) is defined

as follows:
(A20)
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Hence, to derive the dynamics of /I/I?(t), we first need to derive the dynamics of F (t) and

H(t). By Itd’s Lemma, we find

B OH (1) a?(t)m _ OH(t)~ )
dH(t) = (...)dt + <a?<t) 9c(1) aC(t) + 8m(t)¢0(t) (t)) dZa(t)
OH () 0¥ (1) OH() = A21
+ (a?(t) 40 yY (1) + 50 by (1) (t)) dZy (t) (A21)
+ ggg; Qgs(t)dzs(t)
Here,
os(t) = —Xs — prirc(t) — psiiv (), (A22)
oe(t) = —piids — Aa(t) — pyidv (1), (A23)
oy (1) = —piihs — prida(t) — Ay (2), (A24)

with p; | the (i, j)th element of p~'. Note that As = Ag = (s —1)/0s.

The individual’s dual financial wealth F(t) evolves as follows:
dF(t) = (...)dt + B(t)os F(t)dZs(t), (A25)

where W(t) represents the share of dual financial wealth invested in the risky stock.
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(A26)

$y(t)m(t)> dZy (t) (A27)

Solving dXA/(t) = d/W(t), we find that the optimal dual portfolio strategy and the optimal

dual factor loadings should satisfy

5 (tosF(D) = S B0l (A28)
. (em@ ovw) (eV) oH®)\  oeC(t)
ocll) = (aC(t) - aC(t)) (am(t) - am(t)> O (A29)
o felw) eV (oV) oH®)\  oyY(t)
ov(t) = (6Y(t) - ay@) (am(t) - am@) PO (A30)

The online appendix describes how to numerically determine &*(t), X*é(t) and /)\\*Y (t).

Note that F(t) = fo(t)he(t) + fo(0)ha () + fyr (D)hy () + F(t) (14 Befo(t)). Hence, by
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It6’s Lemma,
AF(t) = (...)dt + (1 + Bofelt) B(t)osF(H)d Zs(t). (A31)
Comparing (A31) with the dynamic budget constraint
dF(t) = (...)dt + w(t)osF(t)dZs(t), (A32)

we find that the optimal portfolio strategy w*(t) is given by

il

t)

() = B0 (1 Bfult)

(A33)

ﬁ
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Internet Appendix

Introduction

The dual portfolio strategy and the dual factor loadings are determined such that the
changes in the value of future dual consumption match the changes in dual total wealth.
This internet appendix illustrates how we implement this numerically. We need to
determine the dual portfolio strategy &(t), the dual market price of aggregate
consumption risk X@(t) and the dual market price of labor income risk Xy(t). Note that
the dual market price of stock return risk XS is exogenously given (i.e.,
As = Ag = (s — 1) /o).

Let us denote by Tx the number of working periods (e.g., Tr = 40) and by T the
total number of periods (e.g., Tp = 60). We assume that the individual receives dual
labor income at the beginning of a period. Dual consumption also takes places at the

beginning of a period.

Algorithm
We now describe the backward induction algorithm to compute W*(t), X*é(t) and X;(t)
for every t € {1,...,Tp — 1}. First, using forward simulation, we construct a grid of

Yi(t) = V() (1= By fy (1)) /(14 Befelt), Ya(t) = —Befet)C(£)/(1+ B.f.(t)) and Fi(t).”
Although m(t) is determined endogenously, we can still construct a grid of m(t).?? We
denote by Y;(t), YJ(t) and ¥ (t) the ith grid point of lA/l(t), the jth grid point of EA/Q(t)
and the kth grid point of m(t), respectively. The corresponding optimal dual portfolio

strategy and optimal dual market prices of risk are denoted by @*“/*(¢), Xg]k(t) and

28Note that Y (t) = Y1 (t) + Ya(t).
29We should define the smallest and largest grid point such that most realizations of m(t) lie between
these lower and upper bounds.
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:\\;”k(t) In the remainder, we use bold face to indicate that a value of a variable is not

known given current information {Y;(¢), Y3 (t), m*(¢)}.

Last Period of the Retirement Phase

During retirement, in the numerical examples, labor income is zero. Hence, }A/l(t) =0
forall t € {Tp+1,...,Tp — 1}. In the retirement phase, current information is thus
represented by {%j(t), mk(t) }

For every combination {?Qj(TD — 1), mk(Tp — 1)}, we determine @**(Tp — 1),
/):gj’k(TD —1) and X;‘,j’k(TD —1). To do so, we need to derive the change in dual human
wealth, the change in the value of future dual consumption and the change in dual
financial wealth. We start by deriving the change in dual human wealth.

A~

We find that H¥*(Tp — 1) = Y5 (Tp — 1) + Epy_, [MYQ(TD)} and H(Tp) =

mk(Tp—1)

Y>(Tp). Hence,

m(Tp)  Ya(Tp)
m*(Tp — 1) Y§(Tp — 1) (IA1)

P — 1)+ R (T — 1) T TR )

HM(Tp — 1) = Y§(Tp — 1) + V3 (Tp — 1)Ex,,,

?

with yig, (t) = pe + dlog fa(t)/dt — dlog (1 + B.fe(t)) /dt. Furthermore, we find that
H(Tp) = 13 (Tp — et ToDseeeelTo) (142

Here, e5(Tp) is the unexpected aggregate consumption shock between the beginning of

period Tp — 1 and the beginning of period Tp. Hence, dual human wealth changes as
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follows:

AH(Tp) = H(Tp) — H*(Tp — 1)

(T~ 1) [T o
(IA3)

_ o T Tp=V)tpg, (To=1)+ 02 ~oeXg" (Tp=1) _ 1}
~ V3 (Tp — D{F(Tp = 1) + 0N (Tp = 1) + o0ec(Tp) — 1}

1

Here, we have used the approximations e? &~ 1+z and €27 79¢ & 1+0e with € ~ N(0,1).

We now derive the change in the value of future dual consumption. We find

Va(Tp) = EG(TD)IL[W»%(TS)SE(TD)], (IA4)
Vé’k(TD — 1) = /C\C’;(TD — 1>1[M<E(TD_1)]
m(1) —
—~ (IA5)
1R _m(Tp) - (Tp)Lm
Tt k(T — 1) OV PV [ B <en)] |
and
Vi.(Tp) = EL(TD)H[T’?L%’{S)>E(TD)], (IA6)
VLj’k(TD — 1) = /C\I’/C(TD — 1>1[M>§(TD—1)]
m(1)
—~ (IA7)
B 0 () PR S
ot k(T — 1) 2 P TR e |-
In what follows we assume 0 < 7, < 1 and L(t) = oo for every t. Under these
assumptions,
P (T — 1)\ =70
~k _ | s(rp—2), M UD — e
ca(Ip—1)=le yf> : IA8
s -1 = i (143)
~k =T
~k _ srp—2), M (Tp — 1)) L
C TD—l——(e Yy——" . TA9
i ) nyrm(1) (159)
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Define I'(t) = QASTj’k(t)p&S\j’k(t). We find:

~ 5 .
Vo(Tp) = Eg(TD — 1)67W+ﬁ(T(TDle%F(TDil)) X ﬂ[m(Tm

() Sg(TD)] (TA10)
X e 171~/G (ggk(TD71)€S(TD)+$jé’k(TDfl)ﬁé(TD)+q§{}k(TDfl)EY(TD))
and
Sk L .
VI (Tp —1)=¢cs(Tp — 1) (ﬂ[mgﬁ)l)<£(TD—1)]+
1
-7 m(Tp) \ T
XEr 1—, R S A 1ra
Tp—1 [6 G (mk(TD — 1)) [ ,%(Tl?)sg(TD)]
=6(Tp — 1){e—l—%—%(ﬂ%—lwéwm—n) (A1)

le

« o (F5) Ty [d, (£(Tp))] }

~k o -
(T = Dl mapon ¢y, )

with N denoting the cumulative distribution function of a standard normal random

variable and

1 mE(Tp — 1 N
di(z) = T log(z) — log ) +7(Tp—1)—=I'(Tp — 1)
FJET ) (IA12)
o —
Similarly,
Vully) = ~of(T = e Fr E )
Ny N . Y (IA13)
% efl,lm (%" (Tp—1)es(Tp)+85" (Tn—1)ec (Tp)+¢3" (Tp—1)ey (Ti))

Y

62



and

. )
DT~ 1) = £~ 1) (Lmspr,

1
s m(Tp) \ T
XEr,_1 [e L (—ﬁlk(TD — 1)) ﬂ[m%(Tf)’BE(TD)]

_ /C\Lk(TD . 1) {6_16%_1’% (?(TD—l)-i-%F(TD—l)) (IA14)

]—i-

with
1 mF(Tp — 1 N 1
do(z) = T [log(z) —log ( <Al<)1) >> +7Tp—-1)—=T'(Tp — 1)]
P (IA15)
I(Tp — 1)
1=,
The change in the value of future dual consumption is thus given by
AV (Tp) = Va(Tp) — VE¥(Tp — 1) + Vi(Tp) — VIH(Tp — 1). (TA16)
We finally derive the change in dual financial wealth. We find
F(Tp) = Y{(Tp — 1) —¢*(Tp — 1)
(IA17)
+ F\j’k(TD _ 1)6?(TD*1)+@j’k(TDfl)ASUS*%@j’k(TD*1)20%+@j’k(TDfl)USGS(TD)’
with
Fi¥(Tp —1) =¢"(Tp — 1) = Vi (Tp — 1). (IA18)
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Hence,

AF(Tp) = F(Tp) — FF*(Tp — 1)
~ }/}j(TD — 1) _/C\k(TD - 1)
2 (TA19)
+ FPMTp — 1) (A(Tp — 1) + &M(Tp — 1) Asos

+@j’k(TD — 1)0‘565(TD)) .

Using AV (Tp) = AH(Tp) + AF(Tp), we numerically determine &**(Tp — 1) and
Agj’k(TD — 1). Since labor income is zero during retirement, we have A*Yj’k(T p—1)=0.

Note that for all ¢,

G5 (1) = —As — praNEE(t) — praN (), (1A20)

/Xék(t) = —p2,1€gf§k(t) - 3%’“(0 — P2,3${}k(t)a (TA21)

N (1) = —psnd (1) — py 202 (1) — G3(1). (1A22)
Hence,

s + Pia (gjék(TD —1)+ P2,3${}k(TD - 1))
1- 01_,5,02,1 — L3P
Pfé ((g{}k(TD - 1)+ P3,2<$jék(TD — 1))
1- Pf,épu - ;01_,:13P3,1 .

05" (Tp — 1) =
(1A23)

_|_
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Remaining Periods of the Retirement Phase

We now determine &**(t), X*Cﬁk(t) and X;ﬁk(t) for all t € {Tg,...,Tp — 2}. We start by

deriving the change in dual human wealth. We find

Tp—t—1

—~ mt+1+1) s

H(t+1)=E, ; m}g(t +1+10)|, (1A24)

H?*(t) = Yi(t) + E, Di_ W%Jrk—(lt;rl)l?z(t +1+1)
_ D m(t+1) Tt I+ 1) o I1A25
= Y5 (t) ]Et{ R D) Eir IZ; mYz(t—i—l—Fl) } ( )
=Yi(t) + E {mﬁgtkz;>l)ﬂ(t + 1)}

In the previous step, we have determined H (t + 1). Using OLS regression, we now

determine the coefficients nf (t + 1), nff (¢t + 1) and ni’ (¢ + 1) such that
log (—ﬁ(t + 1)) ~ e (t+1)+nt! (t+1) log (—f@(t + 1)) 4+t (t4+1) logm(t+1). (IA26)

Hence,

~ . ~ . H(t+1)
Hi*(t) = Yi(t) - o (1) (_ij(t))" (mk(t»nf(tﬂ)
% E Yo(t+ 1) ey (m\(t + 1))’7‘5('%1)+1 (1A27)
I\ Y ik (t)
We find that
o ~ H(t+1)

AH(t + 1) ~ _ené{(t+1) (_Y’QJ (t)>m (mk@))nf(tﬂ)

) { o (0 + Do+l (E+ DEEW)) eclt+1) (TA28)

ol (¢ + DO Best+ 1)} - T (8).
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We now derive the change in the value of future dual consumption. We find

Tp—t—1 ~—

mt+1+1

Volt+1) =Eia | ) ﬁ ct+1+01 [m(ﬁ+3+l)§§(t+1+l)]]
P m(0)
Tp—t—1
o mt+1+10)
VM (1) = T8t n0n ) + B > — G(t+1+10)
=0

]1[m(t+1+l) <£(t+1+l ]:|

Tp—t—1 ~

Z t+1+l)

=

R m(t+1)
= Cg(t)ﬂ[ﬁz(t) Sf(t)] + IE:t {(—EtJrl

/C\G(t + 1+ 1)1[m(ﬁ+(1+”§§(t+1+l)]] }

= 5§(t)1[§§§3§ <ew)] T {mn(zt—zr))v(;(t i l)}
and
Vi(t+1)=E. T[:Zt_l mfrg\i(ﬁ IF)Z)EL@ e Z)H[W>f(t“+”]] ’
Wﬂw—ﬁwﬁﬁpwﬁﬂtééﬁj%%%ﬁ s+ 140
]l[ﬁg%j”>g(t+1+l)]}
i m(t+1) T m+140)
=c; (t)ﬂ[g((é)) 10) E, { k(1) Eitq o m
c(t+1+ 1)]1[m<t+3>+l> >5(t+1+1)]] }
= 55(75)1[2((33 >¢(t)] By {mﬁ(zt’fz;)l)VL(t 1)] ’

66

(1A29)

(IA30)

(IA31)

(IA32)



with

Sk t) _ﬁ
k() = ( 5(t—1) mA( ) ’ 1A33
CG( ) € y/me(l) ( )
~ L f;) _1717L
ek = — (eé(t_l)y%) ) IA34

In the previous step, we have determined VG(H— 1) and V; (t+1). Using OLS regressions,
we now determine the coefficients ny o (t +1), n/q(t+1), ny o(t+1), ny (t+1), ny,(t+1)

and 73, (t + 1) such that

log ‘A/G(t +1) ~ 77(‘)/,G(t +1)+ UKG(t +1)log (—IA/Q(t + 1)>

+ 3t + 1) logm(t + 1),

_ (1A35)
log (~V(t+ 1)) =l (t+ 1) + 0¥ (¢ + 1) log (~Fan(t+1))
+ . (t+1) logm(t + 1).
Hence,
VIR(E) = Vg (0) + Vi (1)
— 2R (t) + 1) (_}/;éj(t)>77¥,c(t+l) (ﬁlk(t))ngc(tﬂ)
[ /< Vo)
< T Ya(t+1)\ ¢ (m(t i 1))77¥,G(t+1)+1
BANREI0 k(1) (1A36)
] ~ Vo (t+1)
enKL(t+1) _ 2] (t)>77 - (mk(t))n;/,L(H-l)
(a4 )\ g 1) et
X ]Et I e <T>
5 (1) m*(t)
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We now find that

. g (t+1) v
1,G (mk (t))nQ’G(t+1)

AV (+1) = el (=53 (1))
x ot (Wt + oo + ¥t + DD ) et +1)
+ et + DEE (es(t +1) )
P AGRY (_}/}QJ(tDnh(Hl) (,r’ﬁk(t))n;/,L(t‘Fl)
x { o (ML oo +nY L+ D)) eclt +1)

ol (t+ D (es(t + 1)} -0,

We finally derive the change in dual financial wealth. We find

AF(t+1) = Yi(t) = S5(t) + FI*(t) (7(t) + G () Asos + G () oses(t + 1)) .

Here,

~. o~ nY ~(t+1) v
F]’k(t) = @77(‘)/,G(t+1) (_}/23 (t)) LG (mk(t))nz,c(t'f'l)
~ Y, (t+1) v
oMt (_)/2] (t)) LL (fﬁk(t))%'L(t—H)

H
4 el (t+1) <_}/}2j(t)>771 (t+1) (m’“(t))%H(Hl) .

Using the condition AV (¢t 4+ 1) = Af{\(t + 1)+ AF(t + 1), we arrive at

~wjk\ oV 5k ék(t) 1% .k ng(t)
) =elt+ DO s o+ 00
H ~ik HF(E)
_ 1
ny (t+ )(bS()USFJk() i i

(1) = i Valt + DVES () + 0¥ Lt + 1)Yf’k(t) — i (t + 1){1j’k(t)

¢ Cnlf (¢ + 1) H(t) et + DVEE() — ny (t+ VIR ()

Vi =0,
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with

-~ P H(t41)

(1) = — et +D) (—Y;(t))nl (mk(t))nf(tﬂ) ’ (TA43)
~ . ~ Vo (t+1) 1%

Vak() = ebelt (<) (k) et (1A44)
~ . ~ Vo(t+1) v

VLj’k(t) = _ oLt (_YZJ(t)yLL (mk(t>)"72,L(t+1) . (IA45)

Last Period of the Working Phase

Now we determine for every combination {}Aff(TR— 1), Y{ (T — 1), k(T — 1)},
OHIR (TR — 1), Xg’j’k(TR — 1) and /):;i’j’k(TR — 1). As before, we need to derive the

change in dual human wealth, the change in the value of future dual consumption and
the change in dual financial wealth. We start by deriving the change in dual human
wealth.

We find that H9*(Tp — 1) = Yi(Tg — 1) + Epp [%ffl(m] and H,(Tp) =

A~

Y1 (Tg). Hence,

(Te) _Yi(Tw) ]
mkF(Tr — 1) YVi(Tg — 1) (IA46)

= Vi(Tg — 1) + Vi(Tp — 1) " Tn D05, TVt o3 -ov A (Tr=)

HYPM(Tp — 1) = Y](Tg — 1) + Vi (Tr — D)Er,—

Y

with pgp (t) = py +dlog (1 — By fy(t)) /dt — dlog (1 + B.fe(t)) /dt. Furthermore, we find

that
f_I\l (Tp) = }/}li(TR — 1)en (Tr=1)+oyey(Tr) (IA47)

Here, ey (Tg) is the unexpected non-tradable labor income shock between the beginning

of period Tg — 1 and the beginning of period Tg. The first part of dual human wealth
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changes as follows:

AH\(Tg) = H\(Tg) — H""(Tr — 1)

_ Alz‘(TR . 1) {6”?1 (Tr—1)+oyey (Tr)
(TA48)

_ o TTr=D+ng, (Tr—1)+303 —oy A (Tr-1) 1 }

Q

ViTr = D{F(Tr = 1) + oy WM (T = 1) + over(Tn) — 1},

Here, we have used the approximations e ~ 1+x and e~27°19¢ 14 0€ with € ~ N(0,1).

We now derive the second part of dual human wealth. We find

Tp—TR —~

— m(TR+l) S
Hy(Tr) =E —Y5(Tr + 1), TA49
2(Tr) = Ery ; () (T +1) (1A49)
Tp—Tr —~
ik > m(Tr +1) &
Hy?" (Tp — 1) = Y5 (Tg — 1) + Eqp s IX_; WE(TRJrl)
. m(T,
M (Tr—1) TA50
TR (TR + 1) (1450)
E — V(T
7| D o (Th) 2(Tr +1)
=0
- m(t+1) —
=Y (Tr - 1) + Erp {fl\lk(TR _ 1)H2(TR)}

In the previous step, we have determined ﬁQ(TR) - H (Tr). Using OLS regression, we

now determine the coefficients 12 (Tg), ni'2(Tx) and ni2(Tx) such that

log <_f_I\2(TR)) ~ 12 (Tr) + ni(Tr) log (—%(TR)> + 152 (Tg) logm(Tr). (IA51)
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nHQ(T ) A] 771H2(TR) ~k 712H2(TR)
— T (V) (Ty ~ 1)) (RF (T — 1)) 1A52)
~ Ao H
. Q(TR) m " (Tr) ﬁ’L\(TR) 0y 2(TR)+1
X rp—1 Siom N PE(TH — 1)
5 (Tr—1) m*(Tr — 1)
We find that
- Hy i ' (Tr) 1y 2(TR)
AB(Ty) ~ ~e 0 (53 (1 - 1)) (@41 - 1)
x + (92 (Tr)oe + ni2(TR) 32" (T — 1)) ea (T,
A (P (Tr)oe +mp° (TR)0G (Tr — 1) ) €c(Tr) (1A53)
g (TR) 3 (T = ey (Tw) + 8" (Tn) 65 (T — Ves(Tr) }
— Y (Tr — 1).
We now derive the change in the value of future dual consumption. We find
Tp—Tr —~
~ m(Tg + l)
VG(TR) - ETR lz:; TR) (TR + l) [m(TR+l) <¢(Tr )] (IA54)
Tp—Tr —~
k m(Tg +1)
VJ (Tg — 1) = ¢5(Tg — 1)]1[m(TR D ety )] + Erp1 52(; m
CG(TR + Z)R[WSS(TR+Z)]:|
ok m(Tg)
=ch(Tr — D)1 @y Er, 18 —/————
4T~ o) B { s o (1A55)

TD TR/\

m (T +1)
2o Tmtry o s

Er

R

_k _

m(Tr) o } 7

+Er,1 [WVG(TR)
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and

— TDzirR m(TR +l LT+ D1 iz MRM]] , (TA56)
=0
VI (T —1) = ¢f(Tr — 1)]1[*"&3};0) Dserp-n] T B TEZZOTR %
c(Tr+1)1 [’"(TR“ >£(TR+I)]]
= (Th — D20 gy 1y] + B {% (IA57)
Tp—TR —~
Er, L::ZOR /<TT\LT(—RT:)Z) L(Tr+ 1)1 [W>£(TR+Z)]]
=1 (Tr — DA [2pn gr,,1)
+ Ery1 {%VL(TBD] ,
with
H(Tr—1) = (e‘s(TR—?)y%> o (1458)
N e Y

In the previous step, we have determined V, (T%) and ‘A/'G(TR). Using OLS regressions,
we now determine the coefficients 1y ¢(Tr), 0 ¢(Tr), 15a(Tr), 7. (Tr), 0 (Tr) and

1y 1 (Tr) such that

log VG(TR) ~ nKG(TR) + nKG(TR) log <_}/>2(TR)> + UXG(TR) logm(TR), (TA60)
log <_‘7L(TR)) ~ 10, (Tr) +m 1, (Tr) log (_E,L(TRD

(IAG61)
+ HXL(TR) logm (TRr).
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Hence,

~. . —~. nY o(Tr) R v
V(T = 1) = (T — 1) + e ™) (=3 (T = 1)) (@ (T - 1)) ™

B Y3 (Tx) m,c(Tr) < m(Tr) )ﬂ{G(TRHl
TI\Y(Tr - 1) mk(Tg — 1)

v
_ o..(Tr) <_i/\'2j(TR _ 1)>n1*L(TR) (fﬁk(TR . 1))77XL(TR)

B Y>(TR) e m(TR) a1 (TR)+1
2 4R ) R

We now find that

~ v ~ Va(Tr) v
AV (Tp) = e (<9§(Te = 1) (@ (Tp - 1) "™
% { - (771 c(Tr)oc + M2, G(TR)QW k(TR - 1>> ec(Tr)
+ WY (TR) (T = Dev (Tw) + 0¥ (T)6F™ (Ti = Ves(Th) }
~ 1 (TR)

— e ) (95 (1 1))” U (T — 1)) (1A62)
x{ o (W Tr)oe + 0¥ (TR)dF*(Tr = 1)) ec(Tr)

+ 13 L (TR)OY " (Tr = Ve (Tr) + ny 1 (Tr) 0§ (T — 1)€S(TR)}

—¢h(Tr —1).
We finally derive the change in optimal dual financial wealth. We find

AF(Tg) = Yi(Tg — 1) + Y{ (Tg — 1) —¢*(Tr — 1)
+ F99%(Ty — 1) (F(Tg — 1) + &% (T — 1)Asos (IA63)

+(Di’j’k(TR — 1)0’565(TR)) .
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Here,

TIV(T ) |
1R (’fﬁk(TR B 1))772 (Tr)

Hy
+ ¢l (Th) <—}7§(TR B 1)>m (Tr)

FYM (T = 1) = e (=53 (T — 1))

(*(Tp — 1)>n52(TR) (IA64)
~Y{(Tr - 1).

Using the condition A‘A/(TR) = Aﬁl(TR) + AﬁQ(TR) + Aﬁ(TR), we arrive at

Ve (T~ 1)

Osﬁi’j’k(TR — 1)
Vi (T = 1)

DTy = 1) = 1y 6(Tr) 0™ (Tr — 1)

+ Y (T “iyg,k Tn —1 L_ TAGS
1o,.(Tr)0g"" (Tr )USFi’j’k(TR — 1) ( )
.y Hy"* (T — 1)
H> 1,7,k 2 R
2 (Tr)9s™ (Tr )USFWC(TR Y
Sk (T — 1) = g,UKG(TR)VGZ’”k(TR — D+ TV (Tr — 1)
c R— 1) =°0¢C i,5,k _
S, D8I = 1, 1) (TAGG)
- UR 2<TR)H2’]’ (Tp — 1)
¢ Diik(Tp —1,Tg)
~id Yi(Tr — 1)
*ZJJC T _ 1 — O-Y 1 R IA67
Y ( R ) Di,j,k‘(TR _ LTR)’ ( )
with
D (T — 1, T) = i (Tr) HyM (T = 1) — 0 o(Ta) V" (T — 1)
- (IA68)
—ny L (TR)V P (T — 1),
. , . ny'?(Tr) 2
H;’]’k(TR —1) = _enéq (TR) (_Y; (T — 1)) Lo (fﬁk(TR — 1))”2 (Tr) , (IA69)
o . . a(Tr) , v
V(T = 1) = o™ (55 (1 = 1) (@ (T - 1)) A7)
. o~ VL(Tr)
Vit (T = 1) = e (—§5(T - 1) (@ (1 - 1) AT
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Remaining Periods of the Working Phase

We now determine @*43%(¢), X*Cf]k(t) and A\J7F(t) for all t € {1,...,Tr — 2}. We start

by deriving the change in the first and second part of dual human wealth. We find

Hi(t+1) =Ep Tﬂi_l %fq(t +1410)], (IA72)
=0
Hi* () = Yi(t) + E, TRi_l m(yk—(lt;rl)ﬁ(t +141)
=0
= Vi(t) +E, {mﬁtk?;)l)m TRZH A%Jﬁ)l) Yi(t+1+1) } (TA73)
=0
= Yi(t) +E, [mﬁgtkz;)l)ﬁl(t + 1)] ,
and
Hy(t+1) =Eupy TEi 1 Aﬁ(;gi ;l)Yg(t +1+10)], (IAT4)
=0
HYk () = Vi (t) + E, TDthl m<tﬁ;(lt)+ 1)Y2(t +141)
=0
=0
— Vi) +E, [ﬁ%tk?;)l)ﬁg(t n 1)]

In the previous step, we have determined H 1(t+1) and f—I\Q(t+ 1). Using OLS regression,

we now determine the coefficients ng'* (t4-1), i (t + 1), i (¢ + 1), ni>(t41), i (t + 1),
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ne2(t + 1), ni (t + 1) and ns2(t + 1) such that

log (ﬁl(t + 1)) g (1) +my (t+ 1) log (‘E(t * 1>) (IA76)

+ 775{1(25 +1)logm(t + 1) + nfl(t +1) logf’l(t +1),

log <—ﬁ2(t - 1)) Aot + 1)+ (E+ 1) log (‘g(t " 1)) (IA77)

+ 7752(15 +1)logm(t+ 1)+ 77?2(25 +1) log?l(t +1).
Hence,

Hq Hy
o~ ~. ~. 7y L (t+1) Hy ~. na L (t+1)
Hi’]’k(t) _ Yf(t) + enéﬁ (t+1) <_Y2] (t)) ! (mk(t))ﬂz (t+1) <Yf(t)> 3

~ Hy t+1 H R Hy 11

< E Ya(t+ 1) m )(m<t+1))n21(t+1)+1 Vit +1) g ()]

t I ra— _ s
Y3(t) mk(t) Yi(t)

>nf2 (t+1) . )7752 (t+1)

~ ~ ~ . H
A7 (1) = T3 (1) = e 00 (=93 (1) (mr)"™ " (T

H H

. T2441) Hy ~ 2(t+1)

e | (Yt tD ! (m(t+1))"2 O (1))
I\ W ik (t) vi()
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We find that

Hy Hy
_ (t+1) 1) g\ T D
AH(t+ 1)~ e O (<55 0)" T @) Y (Vi) "

A~

x o (1 + Dog +nf (¢ 4+ DEFHD) ) eclt +1) (IA78)

+(n§h(t+1)ay+772 (t+ D)oy (t )EY

(4 DI Bes(t+ 1)} — Ti(8),

2 (t4+1) ~ )773 52 (t+1)

(ko)™ (Vi
X { ot (nff2(t + 1)oe +ni(t + 1)5%’“@)) ec(t+1)
+ (0t + Doy + 0 (t 4+ DEH)) ev(t+1)

g+ 1P (Best+ 1)} - T (1)

AHL(t+1) & —e "D (=71 (1))

(IAT79)

We now derive the change in the value of future dual consumption. We find

TD —t—1 ~
mt+1+1) ..
Z W (t + ]. + l) [ t+1+l) <§(t+1+l)] (IASO)

Tp—t—1 ~

> % c(t+1+1)

]]_[m(t+1+l)<§(t+1+l ]}

Tp—t—1 ~

Z t—l—l—l—l) (IA81)
m(t+1)

. m(t+1)
= céj(t)ﬂ[m(t) <¢)] + E, {—Et—l—l

=

= ’c\g(t)]l[m(t) <) + E; [%Vg(t + 1)}
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and

Tp—t—1 ~
m(t+1+1
Vit +1) = B % L+ 1+ D) t+1+l)>£(t+1+l)]] (1A82)
=0
Tp—t—1 ~
_ mt+1+1)
VIR =EF )1 A E <— t+1+1
L () CL() [ﬁ<0)>§( )]+ t ; mk(t) ( + 1+ )

H[L’T”” SE(t+1+1 ]}

Tp—t—1 ~
Dz: Zf—i—l—i—l (IA83)
Tmt+1)

N m(t+1)
= ch(t)ﬂ[m(t) S0 + E; {ﬂ(’L—Et+1

=

Cult+i+ 1>1[L%+<S>”) >5(t+1+l)]} }

= /C\Lk(t)ﬂ[gg% >§(t)] + E; [%VL(t + 1):| ,
with
~k — 71
skipy — [ S0, (t) \ e
a(t) ( Ve )) : (IA84)
|, ()
cr(t) = ( yTWLﬁ”L(l)) : (IA85)

In the previous step, we have determined Vi;(t+1) and V,(t41). Using OLS regressions,
we now determine the coefficients g o (t+1), n/ o (t+1), 9y g (t+1), N3 o(t+1), ny (t+1),
n ) (t+ 1), n3,(t + 1) and 7y, (t + 1) such that

log Vot + 1) = it + 1)+ nl g (t + 1) log (~Fa(t + 1))
F Yt + 1) logm(t +1) + nyg(t + 1) log Yi(t + 1),

(IAS6)
log (~Vi(t+ 1))~y (t+ 1) + 0 (t+ 1)log (<ot +1))

+nXL(t+ Dlogm(t+1)+ 771‘3/,L(t+ 1)log171(t+ 1).
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Y ¢ (t+1) 1y ¢ (t+1)

Dok (f) = ¥ (1) + e+ (_3?21‘@)) (mk(t))nzv,c(url) (f/li(t)>

v Vo) ~ v o(t+1
«E YQ(t + 1) n ,G( ) (m(t + 1))77;/,G(t+1)+1 m(t + 1) ns,c( )
t —_— _— Ak

V) 220 T

v v
_ enKL(lH’l) (_5//\’2]'<t>>n1’L(t+1) (mk(t))ng,L(tﬁLl) (ﬁi(t))%’f“(t—i_l)

S Yo+ ~ Y, (t+1)
e | (Rl D) o (m<t+1))”¥ﬂt+”“ Vit +1)) "
t — 7~ =
3 (t) mk(t) Yi(t)

We now find that

n}fg(tﬂ) v —~. ) g/ (t+1)

A‘/}(t + 1) ~ eﬁé{g(t-&—l) <_A2j(t)> (mk(t)>772,c(t+1) <lez(t)

A
A

/\

Mt + Doc +n¥alt+ DEFHE)) eclt +1)

/'\

ot + 1oy + Yt + 1)A§}j’k(t)) ey (t+1)
et + DO (Des(t +1) |
) ( () )%L(t*” (¥ (1)) e <ﬁi(t)>n¥¢<t+l>
o+

“{-

) (WL Doy + 0¥, (¢ + VAW et +1)

(IA87)

(W2t + V)oe +nEL(t+ DIFHWD) ) ect +1)

T+l (t+ DEFH Best + 1)} -4,

We finally derive the change in dual financial wealth. We find

AF(t+1) = Y(t)+ Y5 (t) — ¥ (2)
- 5 (TA88)
+ PRt (7(t) + @"F () Asos + B F (H)oges(t + 1)) .
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Here,

Fw’k(t) _ e77(‘)”G(t-&-1) <—Y2j(t)> LG (mk(t»% Y o (t+1) <Yf(t)> 3,G

o~ ny p (t+1) v . ny p(t+1)
_ 677(‘)/,,;(75-1—1) <_ 2] (t)) LL (mk(t))nzL(H‘l) (}/lz(t)> 3L

g R vy (1A89)
et () ( 3 (t) ) (m(t))™ (Y’ )

N ni(t41) H ~. ny L (t+1)
—6770 L(t+1) < 2] ) (mk(t))ﬁg 1(t+1)< 1z(t)> 3 .

Using the condition A‘A/(t +1) = Aﬁl(t + 1)+ Af—I\Q(t +1)+ Aﬁ(t + 1), we arrive at

Yk T7i.d.k
N t t
GIE(E) = gt + 1) ”’“(ﬂVGf,<> bl Do~
O'SFl,J,k( ) O-SFz,j,k(t) (IAQO)
Hik t ik "
AL i e Ve e S
UsFlJJf( ) USFva(t)
sak(g) = g el DVE (1) + i (t+ DV (@)
¢ DRkt t + 1) oy
P DEY) g (o D) H ()
C D’ij(t,t—i_ 1) 9
Bak(t) — o o0t DV () +nf (8 + DV (1)
Durk(t t+1) (1A92)

. ny (E+ 1) HPE () + i (¢ + 1) Hy ™ (¢)
Y Diik(t t 4+ 1)

Y
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with

DAt ¢4 1) = g (¢ DHP () + g (6 + D) Hy™ (8)

(1A93)
- UXG(t + 1)‘7é]k(t) - UXL(t + 1)‘7Li’j’k(t)7

Fiik () = oMo L (1) <_f/2j(t)>"f1 (t+1) (ﬁzk(t))nfl (t+1) <f/1i(t)>nfl o : (TA94)

By¥(t) = —en D (-3 (t))’“HQ(t“) (@ (1)) (ﬁi(t))n?(tﬂ) . (1A95)

V(o) = et (<530) ™ @) (Bim) L aoe

Vi (t) = —eu (<570) " @) (i) s

We note that in applications 1} o (t + 1), 0y (¢ + 1), n5(t+ 1), " (¢ + 1) and 93" (t + 1)

are approximately equal to zero. Under these conditions, we thus find that

) W+ DI
~i7 "k Ni: ‘7k !
Myt + VG () +ny, (E+ DV ()

SR (t) = o (IA98)

A*i7j7k

which reduces to =AY (¢) if ps1 = p32 = 0.
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