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ABSTRACT. We introduce, and formally establish, a variant of the Hawkes-fed birth-death process
— the delayed Hawkes birth-death process — in which the conditional intensity does not increase
at arrivals but at departures from the system. In a scaling limit where sojourn times are stretched
out by a factor VT, after which time gets contracted by a factor T, the delayed Hawkes process
behaves markedly differently from its classical counterpart. We design a family of models admitting
a cluster representation and containing the Hawkes and delayed Hawkes processes as special cases.
The cluster representation allows for transform characterizations by a fixed-point equation and for
analysis of heavy-tailed asymptotics. We compare the delayed Hawkes process to the classical
Hawkes process using stochastic ordering, which enables us to describe stationary distributions and
heavy-traffic behavior. In the Markovian network case, a recursive procedure is presented to calculate
the dth-order moments analytically.
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1. INTRODUCTION

Since their introduction in 1971 [23| 24], Hawkes processes have gained significant attention in
the academic literature. One notable application is in finance [1, 2, |6, [7], where they have been
used to capture the clustering behavior of financial returns and transactions, such as stock trades
or order arrivals in electronic markets. Hawkes processes have also been applied in social network
analysis [22]], to represent the contagious nature of information diffusion or the spread of online
content in social media platforms. Additionally, in the field of seismology [39, 46, 277]] they are
used to model earthquake aftershock sequences. Other applications include the analysis of disease
outbreaks [[12]], the prediction of online user activity [45], crime modeling [42], and the assessment
of neuronal spike trains [44]]. The versatility of Hawkes processes makes them a valuable tool in
various domains, providing insights into the underlying mechanisms driving the observed events.
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The Hawkes process is a self-exciting cadlag point process (N(t));>0, which can be defined
through its conditional intensity process (A(?));>o [15]]. In the simplest linear, unmarked, univariate
case, the (left-continuous, predictable) conditional intensity process is given by

A(t) :/lo+2h(t—t,-) :/10+/ h(t - s) AN(s), (1)

ti<t (=oo,1)

where Ay > 0 is the baseline intensity, or immigration intensity, (t;);cn 1S an increasing sequence
of arrival times, h : [0,00) — [0, 00) is the excitation kernel, which is assumed to be integrable,
and N ((—o0,0)) is some initial condition, typically either a random initial condition resulting in a
stationary version of the process, or an empty history.

Besides being a suitable process to model real-world phenomena, the Hawkes process owes much
of its popularity to its high tractability. In particular, recursive procedures have been developed
to determine corresponding moments [[14, [18, 20, 135]; a procedure has been devised by which,
in the context of Hawkes-fed population processes, transforms can be approximated by iterates of
a certain operator [31]]; heavy-tailed and heavy-traffic asymptotics have been identified [31} 135];
techniques for nonparametric estimation of the model parameters, with provable performance
guarantees, have been set up [33]]; a broad range of scaling and large deviation limits have been
studied [5, 26} 29,130,132, 147]; existence, uniqueness and stability results have been established that
apply under great generality [[10, 136, 43]; and recently results on the distribution of the Hawkes
process’ underlying cluster duration have become available [[16]]. Evidently, this list is by no means
exhaustive, but it provides an illustration of the process’ amenability for analysis, focusing on
contributions of direct relevance to this paper.

Since its inception, various generalized versions of the basic variant of the Hawkes process have
been examined, all of them being point or population processes in which the occurrence of events
affect the conditional intensity process. For example, Massoulié [36] considers a highly flexible
family of models involving a (possibly) nonlinear intensity function A:

A(t):/l(/(_ )h(t—s,Bs) dN(s)|, )

which allows for the dependency on space-dependent random marks, ( By, )ien, taking values in some
general measurable space. Hawkes-driven birth-death population processes have been studied in
[19, 31, 35)]. Another variant is the ephemerally self-exciting point process, as introduced in
[17], in which the excitation caused by the i-th arrival vanishes after some stochastic time J;. By
considering this system as a birth-death process with lifetimes (J;);en, one could say that ‘a particle
excites as long as it is in the system’. Another variant of the classical Hawkes process is analyzed
in [43], in which the excitation is dependent on the time since the last arrival, a phenomenon
termed age-dependency. A process that describes behavior opposite to the Hawkes process, is
the self-correcting process [28,, 40, 41], in which any arrival decreases the conditional intensity,
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making more arrivals in the near future less likely[l| Recently, Hawkes processes allowing for both
self-excitation and self-inhibition were studied; see [l11] and the references therein.

In this paper, we introduce a variant of the Hawkes process new to the literature, to the best
of our knowledge. This variant is motivated as follows. Consider first a standard Hawkes-fed
birth-death population process, or ‘infinite-server queue with Hawkes input’, denoted by (Q(7));>0;
see e.g., [19,135]]. Then, particles arrive at rate A(¢), and at the i-th arrival at time ¢;, the conditional
intensity process A(z) jumps upwards by B;h(t — t;), where (B;);en are i.i.d. marks. The particle
stays in the system for a duration J;, where (J;);en are i.i.d. lifetimes, or ‘service times’ in queueing
terminology; after departure, the excitation effect is still present. By contrast, we define a process
in which the conditional intensity does not jump at arrivals, but at departures from the system.
More specifically, the intensity process A(¢) does not change at an arrival, but jumps upwards by
B;h(t —t}) at the i-th departure at time ¢/. In this situation, an arrival still increases the conditional
intensity A(z), but only after a delay equal to its lifetime (or service time, in queueing terms).
For this reason, one may call the corresponding process (Q(t));>0 a delayed Hawkes birth-death
process, or a delayed Hawkes infinite-server queue; or, more briefly, a DH/G/co queue, using
Kendall’s notation. We refer to the counting process (N (?));>o as a delayed Hawkes process or
briefly as delayed Hawkes[?|

A typical realization of the delayed Hawkes birth-death process can be found in Figure
Intuitively, one would expect this process to share some common features with the classical Hawkes
process, but with a ‘lower level of clustering’ of events: one has to wait some time (distributed as
the random variable J) for the excitation to start, so that arrivals induced by excitation are further
away from the initial arrival than under the classical Hawkes process.

By setting the lifetimes J equal to zero and by keeping track of N(-), we recover the classical
Hawkes process, entailing that the delayed Hawkes process constitutes a generalization of the
classical Hawkes process. In the following examples, the delayed Hawkes birth-death process may
provide a realistic and appealing probabilistic model.

e Word-of-mouth referrals: in a queueing context, customers who are satisfied about the
service may excite other potential customers. Therefore, the arrival process may behave
like a self-exciting process; however, a customer typically does not start exciting others
during the service, but only starts doing so upon leaving/finishing the system/service.

¢ In epidemiology, the spread of infectious diseases often exhibits delayed self-exciting be-
havior. Indeed, when an individual becomes infected, there is typically an incubation period

LA general observation, based on the cases dealt with in the literature, is that tractability tends to be preserved
for models that admit a cluster process representation. This is the case for multivariate linear marked Hawkes point
and birth-death processes (covering specific Hawkes-fed population processes), and for the ephemerally self-exciting
process. For these classes of processes one has succeeded in establishing analogs to results known for the classical
Hawkes process. On the other hand, for processes having nonlinear intensity functions, age-dependent processes,
Hawkes-fed single-server queues and self-correcting processes, there is no cluster representation, making such models

considerably harder to analyze than the classical Hawkes process.
2The terms ‘infinite-server queue’ and ‘birth-death population process’ can be used interchangeably. In fact, one

could argue that an infinite-server queue is not really a queue, since customers are always served directly, do not observe
each other, and never wait. Using population processes terminology, one could refer to delayed Hawkes infinite-server

queues as birth-death processes exhibiting posthumous excitation.
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Ficure 1. A realization of the Markovian DH/M/co queue, with 1o = 1, h(t) = e,

B ~ Beta(3.5,1.5) and J ~ Exp(1). We start at Q(0) = 2 = A(0). The vertical

dotted lines correspond to departures, causing intensity increases.

before the individual starts showing symptoms or becomes contagious. As more individuals
become infected, start exhibiting symptoms and become contagious, the transmission rate
increases, resulting in a (delayed) increase in the number of new cases.

¢ A financial order typically triggers more orders, but it may take time before an order is
executed and therefore before it starts exciting. Even when the execution time is (very)
small, as in liquid electronic markets, this delay changes the dynamics. Similar patterns
arise in neuroscience.

e On social media platforms, the spread of content can exhibit self-exciting behavior with
delay. When a popular post or topic emerges, it can trigger a cascade of user interactions.
As it takes time for users to engage with the content and for the effects to ripple through
their social networks, the propagation of these interactions can display a delayed response.

If we would like to model real-world phenomena, such as those described in the examples above,
using the delayed Hawkes process, we need the process to be tractable, in order to understand its
probabilistic structure. As it turns out, this novel process is remarkably tractable: its linear version
admits a cluster process representation, and many results that are known for the classical Hawkes
process have suitably modified counterparts for the delayed Hawkes process.

This work contributes to the literature in several ways. First, we introduce the delayed Hawkes
process. In fact, more generally, we introduce a family of multivariate sojourn-time dependent
point processes, containing the classical Hawkes, delayed Hawkes, and the ephemerally self-
exciting point process [[17] as special cases. This general family of models is formulated via a
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stochastic differential equation for the conditional intensity process, which we exploit to prove
existence, uniqueness and stability results, leveraging methodology from [10, 36].

Second, we contribute to a rich literature on scaling limits for Hawkes processes, see e.g.,
(S, 264 29/ 30]], by deriving a scaling limit that exhibits the effect of the delay for the delayed
Hawkes process. Specifically, we show that our family of models obeys the same functional central
limit theorem as the classical Hawkes process; however, in a scaling regime in which sojourn times
are stretched out by a factor VT, after which time gets contracted by a factor T, and 7' is sent to oo,
the delayed Hawkes process behaves markedly differently from its classical counterpart.

Third, for the linear version of our family of models, we provide a cluster process representation,
allowing us to derive fixed-point equations that enable transform characterizations. In addition,
we employ these fixed-point equations to establish heavy-tailed asymptotics. We use the cluster
representation of the Hawkes and delayed Hawkes processes to prove stochastic dominance results,
which are typically proved by comparing sample paths. In essence, we couple sample paths
only within generations, obtaining a complex genealogical coupling for both processes. From a
methodological standpoint, the ideas underlying this approach have the potential to be fruitful in
other contexts as well.

Finally, we generalize results of [35] for calculating moments of the Hawkes process in the
univariate, Markovian setting, to a higher-dimensional, delayed Hawkes setting, also allowing for
network effects. Interestingly, this analysis now involves a Clement-Kac-Sylvester matrix.

The remainder of this article is structured as follows. In Section [2] we introduce a general
family of multivariate point process models encompassing classical Hawkes, delayed Hawkes and
ephemeral Hawkes as special cases. In Section |3| existence, uniqueness and stability results are
established for this general family of models. Section [4] studies scaling limits; in particular, we
derive a scaling limit for delayed Hawkes highlighting the effect of the delay. In Section |5 we
use cluster-representation based methods to describe fixed points in the transform domain; and
exploit those fixed-point equations to derive heavy-tailed asymptotics. In Section [6] we compare
Hawkes to delayed Hawkes systems using stochastic ordering. In Section [/, we study Markovian
models, for which we describe recursive methods to calculate moments analytically. We provide
a discussion and concluding remarks in Section [§] Various (lengthy) proofs and some additional
results are relegated to the Appendix. In online Supplementary Material [4]], we provide the proof
of Theorem

2. MODEL DEFINITIONS

In this section, we introduce and provide definitions for a family of multivariate point process
models having sojourn-time dependent excitation, using both their conditional intensity processes
and, in the linear case, their cluster process representation. Furthermore, we define a network of
delayed Hawkes birth-death processes through conditional intensities.

We start by defining a family of models exhibiting sojourn-time dependent excitation, encom-
passing the classical Hawkes, the delayed Hawkes, and the ephemerally self-exciting [[17] process.
We first describe this family of models through a conditional intensity representation, allowing
for nonlinearity. We then restrict attention to the linear case for which we also provide a cluster
representation-based definition. The two definitions are equivalent for processes starting on an
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empty history, whenever the cluster representation exists (i.e., in the linear case). The conditional
intensity-based definition allows for nonlinear effects, but we only use this in Section [3] when
proving existence, uniqueness and stability results; in the rest of this article we focus on the linear
case.

We denote the d-dimensional joint point (or counting), birth-death and conditional intensity
process of the intended model (defined below) by the triple (N(z), Q(¢), A(t));>0, With Z(t) =
[Z1(2) -+ Zy(1)] T, for Z € {N,Q,A}. We write t; < t; < --- for the a.s. increasing sequence of
jump (or event) times of N(-), and we denote events by triples (., j,, J,), where J, ~ J; if j, = j.
We assume that an arrival in coordinate j at time 7, induces a random jump in the intensity in the
i-th coordinate of size h;; j (- — t,); the randomness in /;; ; is modeled by the w-dependence.

Definition 1 (Conditional intensity for d-dimensional point processes with sojourn-time dependent
excitation). Letd € N denote the dimension. For j € [d], let J; be the positive sojourn time random
variable of coordinate j. For eachi, j € [d], let w v h;; j; »» be a random J;-dependent piecewise
continuous function with support contained in [0, o), for almost all (J;, w). Furthermore, suppose
that for each i, j € [d], Bj,Eys;||hiji;wllLe < oo. Assume that the realizations of the random
functions are conditionally (on J) cross-sectionally and serially independent. Suppose that the
lifetimes are drawn at the time of arrival. Let H j be the (random, J-dependent) matrix consisting
of elements (Hy);j = h;;j, where the j-th column is dependent on the same realization of J;.
Define the d-dimensional cadlag point process N = (N;(t))ie[4],:er With sojourn-time dependent

excitation through

P(N;(t + At) — N;i(t) = 0| H;) =1 — A;j (1) At + o(At),
P(N;(t + At) — Ni(t) = 1| H;) = Ai(t) At + o(Ar),
P(Ni(1 + At) = Ni(t) > 2| H,) = o(Atr),

as At | 0, where (H;);er = 0 (N(s), (Hj(-))(s), J(s) : s < t)er is the natural filtration generated
by N along with random lifetimes J(s) and excitation kernels (Hj(-))(s) corresponding to an

arrival at time s. In the linear case, we set

A(f) = /lo+/t Hj(t - s5) dN(s), 3)

where Ay > 0, with at least one of the base rates being strictly positive, and the integral in (3))
is understood to exclude t. In the nonlinear case, we take measurable L;-Lipschitz functions
¢; : R = Ry, for each i € [d], and define the conditional intensity of the i-th coordinate via

d t
M=o Y [ a5 Ny |. @
ISR

From the point process, including the realizations of sojourn times, the birth-death process
(@ (1)):>0 can easily be constructed. The conditional intensity process A(+) is taken left-continuous
and is predictable; cf. [15, Example 7.2(b) and Ch. 14]. We interchangeably start the point process
on a history on (—o0, 0), which typically refers to the stationary version of the point process, or on
an empty history, in which case an integral /_ loo - dN (s) reduces to /Ol -dN(s).
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Definition |1| encompasses the multivariate marked classical Hawkes process, the multivariate
marked hybrid ephemerally self-exciting process (cf. [17]), and the multivariate marked delayed
Hawkes process, which are defined by setting

Bijwhij(-), (classical)
hijugo() = | Bijwhiy (VI < J}, (ephemeral) )
Bijwhij(- = H1{- > J}, (delayed)

respectively.

We highlight the richness of the family of processes introduced in Definition |1} Notably, this
family includes processes where the degree of self-excitation depends, positively or negatively,
upon the lifetimes of particles. For instance, one can define

hijg.w() = Bijywhij(-).
One might a priori expect that such general models would be intractable; however, e.g., Theorem ]
in Section E] demonstrates that calculations for these models can, in fact, be carried out effectively.
In Section |3} existence, uniqueness and stability for the nonlinear family of sojourn-time depen-

dent point processes with intensities (4)) is established. For the rest of this article, we focus on the
linear case (3). The linear case admits a cluster representation, as follows.

Definition 2 (Cluster representation for d-dimensional point processes with sojourn-time dependent
excitation). Let d € N denote the dimension. For j € [d], let J; be the positive sojourn time random
variable of coordinate j. For each i,j € [d], let hij ;. be a random Jj-dependent piecewise
continuous function with support contained in [0, ), for almost all (J;,w). Let K;jj, ., be an
inhomogeneous Poisson process of intensity h;j j, .. Furthermore, suppose that for eachi, j € [d],
E‘]jEw|Jj||hij"]j’w”L°0 < oo, Le., that h;j ;. is a.s. bounded.

Now let T € [0, ], and define a point process N(-) through a sequence of events generated
according to the following procedure:

(i) Forj € [d], let1;(-) be a homogeneous Poisson process of rate A o, generating immigration

events o
0 . ,0\& ®
(GOSN
and where J,(O) My ; and where R;O) (t) is the number of immigration events in component
j up to timet € [0,T].
(ii) For each immigration event (tﬁo), J ,J,(O)), in each target component m € [d], generate

first-generation events
(1)
(D m, gy

r=1
. iid
according to ij,],(()),w(t — t£0))’ where Jr(l) Ev .
(iii) Upon iterating the above rule, given an r-th event of the (n — 1)-st generation in source

component m € [d], for each target component | € [d], descendant (tf"_l),m,J,(n_l) )

generates n-th genemtion events

R(”) (t)
(1,08

B

,<"-1>,w(t - tﬁn_l)), and where Jr(”) id Jj.

according to K imJ
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Here, the Poisson processes are conditionally independent within and between each iteration, and

the excitation functions are drawn conditionally independently. Then,

(n) (n)
N =| ] ({(rﬁ’“, LI s d gy

n=0

is the resulting multivariate sojourn-time dependent Hawkes process.

In Definition [2} having drawn lifetimes and excitation functions, one can construct the corre-
sponding birth-death and conditional intensity processes, Q(-), A(-), in a straightforward manner.

The cluster representation from Definition [2| exhibits the following useful properties. First,
modulo the time shift corresponding to the arrival times, clusters generated by immigrants in the
same coordinate are i.i.d. Second, cluster processes are generated independently across source
components. Finally, within each source component, every event produces offspring using an
identical iterative procedure, as each child represents a cluster, thus demonstrating self-similarity.

For later use, these cluster properties can be operationalized using notation borrowed from [31].
For an arrival in coordinate j, denote the d-dimensional counting, birth-death and intensity cluster
process it generates by Sjv (), S]Q(-), S?(~), respectively. Those have i-th coordinate Sl.f_j(~) for
*x € {N,Q,A}. Here, Sfy_j(u) records the number of events in component i up to time u with

as oldest ancestor the arrival generating S ﬁv (), including the arrival itself when i = j. Similarly,

Sg_ y (u) records the number of nonexpired events in component i up to time u with as oldest
ancestor the arrival generating SJQ(-), including the ancestor itself if i = j and if the ancestor has

A

1]

caused by jumps with excitation functions A, s ., following arrivals in component m with sojourn

not yet left the system. Finally, S:> .(u) records aggregated change in the intensity of component i
time J within the cluster S j.\(-) generated by an arrival in component ;.

Next, we define a d-dimensional network (N(¢),Q(t), A(t));>0 of (linear) delayed Hawkes
birth-death processes.

Definition 3 (Network of delayed Hawkes birth-death processes). Let d € N, and let uj, u;j > 0
foralli, j € [d], such that for each j € [d], either y; > 0, or there is a sequence (i1, .. . ,i;) C [d]
such that (i, Wiy Miy_yix_» " - MisiyMiyj > 0. For eachi, j € [d], let ;9 > 0, let (B;;(s))ser be a
collection of cross-sectionally and serially independent distributed random marks, distributed as
the generic random variable B;;, which is assumed to be positive a.s., and let h;; € L™ be a.s.
positive excitation functions. Suppose that N(0) = Q(0) = 0 and A(0) = A := [A10---Aa0] "
A network of delayed Hawkes birth-death processes involves a d-dimensional point process N (-),
taking values in N4 whose components N;(-) satisfy, as At | 0,

P(N;(t + At) — Ni(t) = 0| H;) =1 — Ai(t) At + o(At),
P(N;(t + At) — N;(t) = 1| H;) = Ai(1) At + o(Ar),
P(N;(t + At) = Ni(t) > 2| H;) = o(Ar).
Suppose that the network of birth-death processes Q (+) satisfies the following dynamics. (We write

e; for the i-th standard unit vector in R4.)

e Arrivals, which are jumps upwards by e;, match jumps in N;(+);
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® Rerouting from coordinate j to i, that is, a jump by e; — e;, occurs with probability
HijQ (At + o(At) in (t,t + At);

e Departures, which are jumps downwards by e, occur with probability u;Q ;(t)At + o(At)
in (t,t+At).

Now let D(-) be the departure process, taking jumps upwards by e; precisely when there is
a departure in coordinate j, i.e., when Q(-) jumps downwards by e;. The intensity A;(-) of
component i is given by

d
M) = dig+ Y /( By (1 =) 4D ) ©)
IR

The H,-progressively measurable process A(-) is called the conditional intensity process. (In (0)),
we may integrate over (—oo, t) in order to study the process in stationarity.)

We note that the process from Deﬁnition is Markovian if and only if we have h;;(r) = e™" for
alli, j € [d], where the r;’s are called exponential rates. We also note that one can easily generalize
Definition [3|to nonexponential sojourn times.

A particle in coordinate j moves away at rate [, := u; + Zflzl H;j, after which it leaves the system
with probability u;/fi;, and is rerouted to coordinate i with probability u;;/i;. Note that we do
not assume that we have a feedforward network: we allow for the possibility of loops. Although
in natural applications one would typically set y;; = 0, we do not make that assumption either. A
particle creates excitation as soon as it leaves the system. Because of the possibility of rerouting,
this is not necessarily in the coordinate where the particle arrived. It is possible to study a model
where rerouting creates excitation as well: this yields similar results as those found in Section|[/.1

At a departure in coordinate j, there is a jump B;; in each coordinate #, so that we have mutual
excitation. We let Bj = [Bjj--- Bg;]" denote the vector of marks resulting from a departure in
coordinate j.

3. EXISTENCE, UNIQUENESS AND STABILITY

In this section, we prove that there exists a unique stationary distribution for the process N(-)
from Definition (1| having nonlinear sojourn-time dependent excitation, and we state conditions
under which a transient process satisfying the given dynamics is shown to converge to this stationary
distribution. In contrast to classical Hawkes, at each arrival a random excitation function is drawn,
whose distribution depends on the sojourn time realization. It suffices to consider a model with i.i.d.
random excitation functions /;; having a distribution only depending on (i, j); the J-dependent
randomness of the form w|J occurs as a special case of this general randomness.

Let (Ny, jr, hir, ..., ha)rez be the events of a random-function marked point process N(-),
where N, denotes the r-th event after time O for » > 1, and the —(r + 1) event before time O for
r < 0; where j, denotes the coordinate in which this event occurred; and where h;, ~ h;;, denotes
the excitation function for coordinate i associated to the r-th arrival. Let (€;;, #i;,Q;;) be the
probability space on which A;; is defined. Letting MY be the history of N(-) up to time #, we
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assume that the model is driven by an 7{IN -progressively measurable intensity with i-th coordinate

Ai(1) = ¢ Z/ -, a)lj)N (ds delj) (7

o0 t)lej

with the understanding that the random functions w;; = h;; (-, w;;) are drawn independently with
common distribution h;;, for all 7, j € [d]. We assume that ¢; : R — Ry and h;; : Ry — R,
for all i, j € [d]. In the linear case, which is the main focus of this paper, ¢;(x) = 1,0 + x and
hi; : Ry — R,. In the univariate case, reduces to

At)=¢ (/ h(t—s,w)N(ds X dw) |, ®)
(—00,1)XQ

where (Q, 7, Q) is the probability space on which the random functions w +— h(-, w) are defined.

We construct an adapted point process: N on R x Q with intensity A(#)Q(dw) in the univariate
case, and N on Hl.d:] (R X szl Q jl-) with intensity A;(7) ]—[;.l:l Qji(dwj;) in coordinate 7 in the
multivariate case. In Appendix A, we present a proof for existence, uniqueness and stability of the
univariate process having dynamics (8], leveraging the classical Picard proof for the existence of
solutions to a differential equation, following the approach of [15], §14.3 and [[10l], Theorem 1 and
using ideas from [36]]. From this, the multivariate results can be proved along the lines of [10],
Theorem 7, taking the randomness of the excitation functions into account in the same fashion as
we do in the univariate case.

The conditional intensity specification deals with i.i.d. random excitation functions, which
can be seen to exist by invoking the Kolmogorov extension theorem. However, for a single random
function, this construction only enables us to say something about the behavior of the function on a
countable subset of R, but in general this does not allow us to conclude anything about sample-path
properties, such as measurability. To tackle this problem, we make additional assumptions on the
generic random function A(-).

Definition 4. A random function h is called separable with respect to a class K of subsets of R if
there exists a countable subset C C R such that for each K € K and each open interval I C R it
holds that
ﬂ (h(t) e K} = ﬂ{h(r) ek}, as.
telnC tel

We typically assume that the random function /% is a.s. piecewise continuous. In that case, A is
separable with respect to the class of open subsets of R, taking C to be any countable dense subset
of R, e.g., the set of rational numbers. By [37], §II1.4, measurability of (w,?) — h,(t) can then
be ensured. The feasibility of such a construction essentially comes down to the separability of the
range space of the excitation functions.

In the following, we construct a univariate process having dynamics (8)) upon a basis consisting
of a bivariate Poisson process of unit rate marked by random functions (-, w), for which we use
Lemma (1| below. This is a well-known result underlying many simulation algorithms of point
processes driven by conditional intensities, see e.g., [38]. Compare [36], Lemma 1. To state this
lemma, we define the left-shift operator S;, t € R. For a univariate stochastic process X, we set
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S:X(A) = X(A+1), forall A € B(R), with B the o-algebra of Borel sets. Furthermore, we set
Xe={X(A): A€ B([0,))}, X_={X(A):A€B((—,0]}

With this notation, S;X. can be interpreted as the future/history at time ¢. For a multivariate
stochastic process, we assume that this shift is done with respect to the first variable, which is to be
interpreted as time. In particular, the history at time ¢ of a (d + 1)-dimensional process Y is given
by S,Y_ :={Y(A) : A € B((—00,t] x RY)}.

Lemma 1. Let M be a marked Poisson process on R X R X Q with intensity dt X ds X Q(dz), where
the marks are defined on (Q, F,Q). Let HM be a sigma-algebra containing the history of M at
time t, such that HM is independent of S;M, for s < t. For some HM -predictable process A(-),
define

N(A X B) = / l[O’A(,)](S)M(ledSXdZ), AXBeBR)®F. ©))
AXRXB
Then N admits A(t)Q(dz) as an HM -intensity.
The (lengthy) proof of the next result is postponed until Appendix

Theorem 1 (Existence, uniqueness and stability). Assume that ¢; : R — R, is L;-Lipschitz for all
i € [d]. Suppose that for all i, j € [d], h;j(-,w) is a random function defined on (;;, ¥, Q;;),
which is separable with respect to the class of open sets, such that h;;(t) € L' (Q; ) for almost all
t € R, and such that the d X d matrix ||H|| := (L;||E|h;;||[;1)i je[a) has spectral radius less than 1.
Then there exists a stationary distribution for a process N(-) satisfying the dynamics (7).

In addition, assume that ||E|h;j|||c < oo for alli,j € [d]. Then this stationary distribution is

unique. Let

io()= ) Ei,

i,jeld]

t
/ / |]’l,’j(S—T,a),'j)|Nj(dTXda)ij) dsl . (10)
t—c (—O0,0)XQU

Let M¢ be a multivariate version of the marked Poisson process from Lemmal |l| i.e., a marked
Poisson process on R x R% x ]_[f’;1 ]_[j.l:1 Qj; with intensity dt X Hle (dsi X ]—[;?:1 jS(da)ji)).
Suppose that N is defined w.r.t. M4. If (i) for all ¢ > 0, Sup,sqic(t) < 0o and im0 ic(1) = 0,
a.s., or (ii) for all ¢ > 0, sup,sqEaic(t) < oo and limy_, Eppaic(t) = 0, a.s., then for any N
satisfying (I0) with dynamics (7) on Ry, we have S;N, 2 N, ast — oo, i.e., we have stability in

distribution.

Remark 1. Both initial conditions (i) and (ii) say, in different ways, that the influence of the history
at time 0, i.e., the behavior on (—o0, 0], on the future at time t, i.e., the behavior on [t, o), vanishes,

ast — oo.

Remark 2. Whereas existence, uniqueness and stability for the three specific processes given in
Egn. () is, in principle, already implied by [36)], our Theorem|[l| above is more explicit. To apply
[36], consider, for example, the univariate delayed Hawkes process. We can define a point process
on R xR, X Ry, where the coordinates represent time, marks and sojourn times, respectively. Then
the conditional intensity can be written as

A(t, db, dw) = (S,N_)B(db)J (dw),
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where B denotes the mark distribution, J denotes the sojourn time distribution, and

W(S;N_) =¢ (/ bh(t —s—w)1[.00)(t = s)N(ds x db x dw) | .
(—00,t) xRy xR

Theorem |l may then be compared to [36, Theorems 2, 4]: it gives more concrete conditions on

h(-, w), and allows for a direct proof.

4. SCALING LIMIT WITH STRETCHED SOJOURN TIMES

Having formally introduced the general family of models having sojourn-time dependent excita-
tion, we ask ourselves to what extent members of this family differ, statistically and probabilistically,
from the classical Hawkes process. In fact, it turns out to be possible to distinguish between a
Hawkes and a delayed Hawkes process from observed sample paths using statistical techniques
from [3]], as we outline in Appendix

In this section, we approach the problem of distinguishing between a Hawkes process and a
delayed Hawkes process probabilistically, by analyzing asymptotic behavior through scaling limits.
That is, we look for convergence at process level of some scaled version of the process. This
convergence is weakly in D [0, 1], the space of cadlag functions on the unit interval, equipped with
the Skorokhod J;-topology. We consider the linear, univariate case. In a typical scaling regime,
one considers the compensated counting process (see [15], §7.2); one contracts time by a factor 7;
after which one divides by VT. This is the quantity studied in a functional central limit theorem
(FCLT).

For the unmarked Hawkes process, a scaling limit of this type can be found in [S]. For a univariate
model with immigration intensity Ay and excitation function /4, their results imply that

N(T-) — uT-
\NT
as T — oo, weakly on D [0, 1] equipped with the Skorokhod Ji-topology, where B is a standard

— oB(-), (11)

Brownian motion, and where

Pl bl
0 L (. (12)

UH=—————-,, « .
L= ||All (1= lAllL1)3

On the other hand, for a model having sojourn-time dependent excitation, we can apply an existing
FCLT for marked Hawkes random measures, as given in [26], Theorem 3.12. Since the scaling
limit considers the counting process instead of the population process, we can, as in Section
replace the sojourn-time dependency of the random excitation function by general randomness.
Letting U be a Lusin space modeling the randomness of the excitation functions, we use marks
w € U and excitation functions A(t, w). It follows from [26], Theorem 3.12, that any two processes
with random excitation functions having the same expected L'-norm admit the same scaling limit
of the FCLT type (i.e., take a compensated process; contract time by a factor 7'; divide by VT).

In particular, we can compare a Hawkes process to a delayed Hawkes process having the same
parameters, corresponding to bivariate marks & € R whose coordinates represent ‘actual’ mark
and sojourn time, respectively, and excitation functions

PHawkes (1, &) = £1h(1), and ¢delayed(ta &) =&1h(t - &)1t > &},



DELAYED HAWKES BIRTH-DEATH PROCESSES 13

to infer that they admit the same scaling limit, being the sum of a Gaussian white noise (contributed
by the marks) and a correlated Brownian motion, having the same parameters for both models.
Heuristically, if we contract time, deviations from the mean from the random excitation functions
cancel each other out. For the delayed Hawkes process, if sojourn times stay the same, but if we
contract time by a factor 7', the delays are of length J/T, hence vanish, as T — co.

A natural, subsequent question is whether the difference between two processes belonging to the
family of processes having sojourn-time dependent excitation can be made visible in some scaling
limit. To this end, we consider a univariate unmarked delayed Hawkes process with i.i.d. sojourn
times (J;); € N, which we compare to its nondelayed counterpart. The idea is to consider the
compensated process on an interval [0,7] with sojourn times stretched out from J; to 7%J;, for
some a € [0, 1), after which we contract time by a factor of 7', mapping [0, T] onto [0, 1]. After
rescaling our counting process by 7~!/2 and letting T — oo, we obtain a nondegenerate limit. By
taking a low degree of sojourn-time stretching, 0 < a < %, we obtain the same scaling limit as
given by —, while if we set @ = %, the effect of the delays becomes visible. The case o > %,
discussed in Remark [3|below, is less transparent.

To obtain insight into this scaling limit, we modify the arguments from [5]]. Let (NI (v))ye[o.1]
be equal to (N(Tv)),ef0,1], for N(-) the process having sojourn times (7*J;);en. Those sojourn
times correspond to the increasing sequence of arrival times (7;);en, Where it is assumed that J; is
drawn at time 7;. This process NI (-) has an arrival intensity AL(-) given by

AT(v) = (40 + D Ty =7 = T°I)HTV > 7+ T°J} | - T. (13)
<t
To derive our scaling limit, we impose the following three assumptions. For a < %,
Al < 1, (A1)
/owzﬁh(t) dr < oo, (A2)
E[J] < oo. (A3)

We assume (A1)—(A2) throughout this section, while we only need (A3) for a = %

In the following, we use the function BT(-), which can be seen as an average of & over the past,
weighed according to the stretched sojourn times:

T %
R (1) := / h(t —T%) d 7 (w). (14)
0
We also define
"= (), (15)
k>1

where *k denotes k-fold convolution. In the sequel, we suppress the a-dependence in the notations
AT and #7 to make our notation more compact; the value of a will be clear from the context. Note
that forany 7 > 0, @ € [0, 1),

0 T
1 = / /
0 0

7“[

h(t —T*w) d g (w) dt = /00 /°° h(t —T*w) dt d £ (w)
0 @y
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- [ [ noaazon = nl, (16)
and therefore, using that || (A7)**||;1 = ||AT||* 11> as can easily be proved by induction,
N Al
1 Wl = D NGl = D WA, = 3
k>1 k>1

For the next lemmas, we define a process N., which is ‘simply’ a delayed Hawkes process with
sojourn times stretched out by a factor 7¢. We emphasize that we do not contract time, yet. The
next three lemmas can be seen as suitable counterparts of [5], Lemmas 2, 4 and 5, respectively.

Lemma 2. Leta € [0,1), T,t > 0. For each a.s. finite stopping time S, we have

S
E[NL(S)] = E[S] +E / hT(S — t)NL(z) dt], (17)
0

E[NL(S)] < uE[S]. (18)

Proof. The proof is a modification of the proof of [S)], Lemma 2. Their first display would read

./0 ’ /0 - /0 o h(t = s = Tw) dNg (s) 4.7 (w) dt] :

after which it comes down to performing calculations similar to the ones performed in Eqn. (I6). O

E[NZ(S,)] = 2E[S,] +E

Now consider the martingale M. (t) = NL(t) — fol AL(s) ds, where AT denotes the arrival
intensity of ]\75. The next lemma can be derived from Lemma [2|in the same way as [5], Lemma 4
is derived from [5]], Lemma 2; we should replace their ¢ by our 4’ and their y by our Z7.

Lemma 3. Let o € [0,1), T,t > 0. Then it holds that

E[NI(1)] :/lot+/10/0t%T(t—s)sds, (19)
Ny (1) B[N ()] = M (1) + /O (- )M (s) ds. (20)

Define
REn

Lemmad. Let @ € [0, 1), let p € [0, 1] and assume that fooo tPh(t) dt < co. Let € € (0,1). Then:
o Ifp <1, then T(\=9)P (T_IE[NZ;(V)] - ,uv) — 0, as T — oo, uniformly inv € [0, 1].
o Ifp=1 thenT'™ (T_lE[Ng(v)] - ,uv) — =0, as T — oo, uniformly inv € g, 1].

Proof. First, we calculate

/me;‘lr(r) dt:/ooo/OtT_ah(t—T"w) A7 (w) dt:/()w/W:Y Ph(t - Tw) dt .7 (w)

:L /0' (I+Taw)17h(t) dr dj(w) < A /0 (tp +Ta'pwp)h(t) dr d](w)

< /Ootph(t) dt + TP (1 + E[J]D |2l 1, (22)
0
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where for p = 1 we find the equality

/mtﬁT(t) dr = /ooth(t) dt + T*E[J]||A]| .. (23)
0 0

Next, as in the proof of [S)], Lemma 5, we find that

00 “tPhT (1) dr
/ PHT (1) dr < /0—2 (24)
0 (1= 1lAllLr)
again with equality if p = 1.
Now, consider a fixed T > 0, and scale the process NI from Lemma to NI by contracting time

by a factor 7. Using (19)), it now follows that

/l (o) Tv
— 0, T_IE[NC{(V)] = Ayv T (s)ds+ A,T"! / s (s) ds. (25)
1 - ”hHLl Tv 0

We bound 7(!=®)? times the first term (ignoring 1¢) from by

yr(-@)p T (s)ds =vi-PToP (Tv)PHT (s) ds < vI7PT™OP / sPHT (s) ds, (26)

Tv Tv Tv

which converges to 0 as T — oo, by invoking the bounds found in (22)) and in (24). The convergence
isuniforminv € [0, 1] incase p < 1, while the convergence is uniform on [¢, 1] (forany € € (0, 1))
incase p = 1.

Next, we consider the second term from (25). Suppose first that p < 1. Since 7!'~®)? times the
second term can be bounded by

T
/loT_(l_(l_a)p)/ S%T(S) ds, @n
0

to prove convergence to 0, uniformly in v € [0, 1], it suffices to prove that converges to
0. This can be proved in the same way as in [5], Lemma 5, applying integration by parts to

G(t) = [ sU=0P %7 (s) ds.
Suppose now that p = 1. Using (23)) and (24), it follows that
E[J]llAll
(1= lAllg)*

as T — oo, uniformly inv € [¢, 1]. For the last limit, we really need @ < 1; otherwise the stretching

Tv
Ti-er-! / s (s5) ds — (28)
0

factors are of the same order as the limit of integration 7v. The result follows. O

We are now equipped to establish an FLLN for (N7 ('))T>0' We only state a version for L?(P)-
convergence, since that is all we require to prove our FCLT. After the FLLN, we present our FCLT

for a-stretched sojourn times.

Theorem 2 (FLLN). Let a € [0, 1). It holds that NI (t) € L*(P), for all T,t > 0, and we have
sup [T7'NI(v) — | — 0in L*(P) as T — . (29)

vel0,1]

Proof. The proof follows from similar arguments as the proof of [S]], Theorem 1, using Lemmas
and W4 established above instead of [5], Lemma 4 and [5], Lemma 5, respectively, and using an
analog of [S)], Lemma 6, which is easily seen to hold in our case as well. O
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Theorem 3 (FCLT). Let € € (0, 1), and let B be a standard Brownian motion. For a = %, we have

N1T/2(V) —uTv
\NT

) - (_5- o B(V))ve[e,l] > (30)
vele, 1]

as T — oo, weakly on D€, 1] equipped with the Skorokhod Ji-topology. On the other hand, for
a € [0, %), it holds that

(N§<v> —uTv

— (0 B(v))yeo.1] » (31
\NT )ve[o,u (011

as T — oo, weakly on D |0, 1] equipped with the Skorokhod J-topology.

Proof. The proof is analogous to the one of [5], Theorem 2, using an analog of [5], Lemma 7, using
Lemmaabove instead of [S)], Lemma 4, and using Lemmaabove with p = %(1 - a/)_1 instead
of [5], Lemma 5. O

For a = % Theorem [3| yields convergence on intervals of the form [e, 1], where € > 0 can be

taken arbitrarily small. This is in contrast to the case a € [0, %) and to [5]], Theorem 2, where we

1
» 2
u and the Brownian term are the same. A notable difference is that in Theorem [3| with @ = % there

obtain convergence on the whole unit interval. For each a € [0, 5], both the centralising constant
is a ‘correction term’ —¢ in the limit.

We can explain this result heuristically. In the limiting result (30)), we start observing the process
at time Te, for fixed e > 0. For large T, this means that the process approaches stationarity on
[0, T€). By Corollary [2]below — which covers the Markovian case — and the heuristic explanation
given thereafter, there is good reason to believe that Hawkes and delayed Hawkes processes have the
same stationary distributions. Therefore, we expect to find similar limits. However, in (30) delays

were also stretched out by a factor of T''/2, meaning that excitation takes more time to come into

T

full effect, which causes T to overestimate the mean of N} n

(+) on [0, €). This is compensated
for by the negative term —¢ appearing in the limit.

Remark 3. Under (Al), for any a € [0, 1), it is possible to find a FCLT as in Theorem 3| stating

that, as T — oo,
NF(v) —E[N](v)]
\/T ve[0,1]

weakly on D|0, 1] equipped with the Skorokhod J;-topology. When « € (%, 1), in contrast to the

— (0 B(v))yeq0.1] » (32)

case a € [0, %], we cannot use Lemmato replace E[NT (v)] in this expression.

For a = 1, if we take sojourn times having support on [ 1, ), the excitation would not be visible,
since in the scaling limit we observe the process on (a subset of) [0, 1]. In this case, the unscaled
process on [0, T] would just be a homogeneous Poisson process of rate Ay, for which an FCLT
holds; e.g., use (I1)—({12) with h = 0. When « > 1, we would see the same behavior. The situation
where a = 1 and where the sojourn time attains values in (0, 1) with positive probability is more

delicate.
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5. TRANSFORM ANALYSIS AND HEAVY-TAILED ASYMPTOTICS

In this section, we perform transform analysis for point processes having sojourn-time dependent
excitation. First, in Section we use cluster-representation based methods to describe fixed
points in the transform domain, after which, in Section those fixed-point equations are used to
derive heavy-tailed asymptotics. A supplement to this section can be found in Appendix [D] where
we study cluster size distributions for gamma-distributed marks.

5.1. Transform characterizations with sojourn-time dependent excitation. In [31]], multivari-
ate non-Markovian Hawkes-fed birth-death processes were studied using cluster-representation
based methods. In Definition |2} we gave a cluster representation for the d-dimensional birth-death
process with sojourn-time dependent excitation, analogous to the one for the multivariate Hawkes-
fed birth-death process. As it turns out, the cluster representation is the pivotal ingredient for the
results from [31], §3—4: Definition [2|enables us to obtain analogous results for our general family
of models having sojourn-time dependent excitation. The modifications needed in the respective
proofs are relatively straightforward, and mostly come down to suitably replacing randomness of
the form B;; ., h;; by sojourn-time dependent randomness of the form h;; ;. Therefore, to save
space, we provide the proof of the next result in online Supplementary Material [4].

Theorem 4. Consider the joint birth-death and intensity process (Q(t), A(t)) from Definition
Under the regularity conditions given there, the joint Z- and Laplace transform of (Q(t), A(t)) can
be expressed as

d

T [ Q '
E [ZQ([)e—s A([):| — exp (—/lj’o (t + Sj — / E [Zsj (M)e_s Sj\(u)] dl/l)) ) (33)
| | 0

J=1

where the cluster processes SJQ (), S?() are defined in Section

Combine the cluster processes for individual coordinates into a matrix 8*(-) with j-th column
S;‘(-), Jor % € {Q,A}. Then the joint vector-valued transform J go ¢a(-) of S2(-), SA(-), which

has as j-th component the joint transform

i E zs?<“>e—“5?<“>] , (34)

is the unique point of ¢, which maps the space J¢ of vector-valued d-dimensional joint Z- and
Laplace transforms J(-) to itself, and is defined by

Ji() o1(Jis - I [¢1(I)C)
JO=| i |m : = : =¢(J) (), (35)
Ja (") ¢a(Jn, ... I 19a(I()

where for j € [d]

¢;j(J)(u) = ¢;(J)(u,s,z) (36)

d d
=By, Z}{J>u} l_[ e~ Sihij. 1,0 ) 1_[ exp (—/ hmj"]’w(V) (1 =Fn(u—-v,s,2)) dv)] .
i=1 m=1

u
0
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Furthermore, for any J () € 19, the sequence (T”)(u))neNO of iterates of TV (-) under ¢,
defined inductively by I = o( JrDy (), converges pointwise on intervals [0, t] to the fixed
point Jgo ga(u). That is, as n — o, for any u € [0, 1],

I u) = T (u,5,2) > Tgo g1(u,5,2) = Tg0 g1 (u). (37)

Remark 4. It is possible to generalize Theorem H|to a feedforward network in which a particle
in coordinate j € [d] is sent to coordinate j + 1 after service. Here, it is understood that when
J = d, the particle leaves the system after service. Letting J;,...,J  be the sojourn times of the
components visited by the particle that arrived in component j, and assuming that the excitation
function hjj j ., is dependent on the total time J := szz y Ji spent in the system, we can obtain a
result analogous to Theoremd, The operator appearing in the fixed-point equation now reads

d u
oi(Nu,s,2)= B |c(u) l_[ exp (—/ hmjgw(V) (1 = Jn(u=v,s,z2)) d") ’
Jj ..... Jd,(t) m=1 0
where
d I=1 I d
1 Zm:~JmSM,Zm:‘Jm>u B

c(u) = 1_[ Zl{ ’ ' } 1—[ e Silijgw(),

=] i=1

An analysis treating multiple parallel tandem systems, as conducted for shot-noise processes in
[34], is hard in the non-Markovian (delayed) Hawkes case: in contrast to a network of shot-
noise processes, the sample paths of parallel (delayed) Hawkes networks influence each other.
In the Markovian case, however, we are able to characterize the transform of any irreducible

d-dimensional network; see Section[7.1]

5.2. Heavy-tailed asymptotics. In this subsection, we specify the non-Markovian model from
Section to the one-dimensional delayed Hawkes case, so that the randomness in the excitation
function is of the form Ay, (-) = B,h(-—J)1{- > J}. We show that if the marks B, are heavy-tailed
— in the sense of being regularly varying — the birth-death process will be so as well. Our proof
uses (33)) and the fixed-point equation for the transform, (36).

Definition 5. Let @ > 0. An a.s. positive random variable X is called regularly varying of index
P(X>x)=€0(x)x"% x>0, (38)

where € is a slowly varying function at infinity, meaning that £(yx) ~ €{(x) asx — oo, forall y > 1.
We write R(—a) for the class of regularly varying random variables of tail index «.

We also use the stronger notion of asymptotically power-law tails.

Definition 6. An a.s. positive random variable X is said to have an asymptotically power-law tail
(APT) if there exist C > 0 and y > 1 such that

P(X > x)x” - C, (39)
as x — oo. In this case we write X € APT(—vy) and we refer to 'y as the tail index.

The next result may be compared to [35], Theorem 6.2. Its (lengthy) proof is postponed until
Appendix
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Theorem S. Consider the univariate delayed Hawkes birth-death process with general sojourn
times. Assume the stability condition ||h||;1b) < 1, where by := E[B]. Suppose that B € R(—a)
with @ € (1,2). Then also Q(t) € R(—a).

Remark 5. Theorem[3 admits various extensions.

(i) We can take sojourn-time dependent marks, i.e., hj,(-) = By, h(- —J)1{- > J}. Suppose
that B|J is either light-tailed, or regularly varying of index —a for some a > 1, f-a.s., in
such a way that the infimum of the a for which B,, € R(—a), lies in (1,2), and is attained
with positive ¥ -probability. Expanding B,, := E[e™8|J =w] in (@) using the Tauberian
theorem for w such that B|J = w is regularly varying, and using a Taylor expansion for other
w, we obtain an equivalent of ((68), after which we proceed as in the proof of Theorem

(ii) Ifa € (k,k+1), k € {2,3,...}, the Tauberian theorem for a higher-order expansion yields
a more involved, but conceptually analogous, proof for Q(t) € R(-a).

(iii) Theorem[5|admits a multivariate generalization, by following the arguments from 31|, §5.
(iv) A proof analogous to the proof of Theorem|[5|shows that if we have regularly varying marks,
those marks propagate to the intensity A(t) as well.

The following corollary describes heavy-traffic behavior in the heavy-tailed setting; its proof is
in Appendix

Corollary 1. Assume that we are in the heavy-tailed setting of Theorem |5 with B € APT(—a)
for some a € (1,2). Let p = ||h||p1by < 1, and write (Q,A) for the stationary distribution
of (Q(+),A(:)). Then it holds that (1 — p)Q converges in distribution to some nondegenerate,
nondefective random variable X with E [X*] = co, as p T 1.

6. COMPARISONS USING STOCHASTIC ORDERING

In this section, we consider a multivariate Hawkes-fed birth-death process (N (), Q (1), A(t) )ser,
with intensity A;(-) in component i given by

d t
MO =20+ Y, [ By(6hsta -9 any (o) (40)
j=1 e

where, for each i,j € [d], (B;j(s))ser is a collection of cross-sectionally and serially in-
dependently distributed random variables distributed as the a.s. positive random variable B;;.
We compare this process to the corresponding multivariate delayed Hawkes birth-death process
(N(1),0(1), [\(t)),e& having the same parameters; its intensity A;(-) in coordinate i is given by

d t
A =20+ Y, [ By(s)hista - 4Dy (o), (41)
j=1om®

where D ;j(+) denotes the departure process of the j-th coordinate.
In the univariate case, both systems can be specified through conditional intensities of the form
A() = Qo+ )" Bih(t - 1), (42)
ti<t
the only difference being that in the former, classical case (f;);en denote arrival times for the
Hawkes-fed birth-death process, whereas in the latter, delayed case (#;);eny denote departure times
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for the delayed Hawkes birth-death process. To argue that the delayed Hawkes process is in a sense
‘dominated’ by the Hawkes process, we consider a comparison using stochastic ordering.

Definition 7. Let X,Y be random variables. We say that X is larger than Y in the stochastic order,
or, equivalently, that X dominates Y, if Fx(z) < Fy(z) forall z € R. We write X >4 Y.

Another way of representing both birth-death processes is by considering their respective cluster
process representations, as given via Definition 2] Then, by an obvious coupling, the baseline
intensity A generates the same stream of immigrants, and therefore the same multiplicity of clusters,
for both birth-death processes. Coupling those clusters as well, it is clear that N (f) > N(¢) for
all ¢+ > 0, since the clusters produce the same offspring for both processes, but k-th generation
children are counted k lifetimes later for N(¢) than for N(z). This observation immediately raises
the question whether we can compare Q(7) to @(¢) and A(z) to A(¢) in the stochastic order as well.
This question is answered affirmatively by the following theorem.

Theorem 6. Let (N(t),Q(t), A(t));ecr, be a multivariate Hawkes-fed birth-death process, with
conditional intensity given by @Q0). Furthermore, let (N (1), Q (1), 1~\(t))teR+ denote the correspond-
ing delayed Hawkes birth-death process having the same parameters, i.e., its conditional intensity
satisfies (41). Also assume both systems have the same sojourn time distributions J;, having CDF
J. For both systems, let the (B; (8))s>0 be i.i.d., independent of other random variables driving
the processes. In both cases, suppose that we start in an empty system with zero arrivals, and a

conditional intensity equal to the baseline intensity dg. Then we have for all j € [d] and for all
t20,Nj(1) 24 Nj(1), Q;(t) > Q;(t) and Aj(1) >4 Aj(0).

Proof. We first prove the result for univariate processes, after which we extend the arguments to
multivariate processes. The proof relies on the cluster representation as given in Definition [2| with
excitation functions specified in Eqn. [5]

Univariate case. Consider the conditional intensity processes A(-) and A(-). For Hawkes, set

Ao, if k =0,
ArG (1)) = Z Bih(t —t;), ifk eN.

t;<t of generation k—1

Define Ay similarly for delayed Hawkes. In the following, we consider the a priori arrival
intensity processes of k-th generation offspring, E[Axg|Ho] and E[Arg|Ho]. Note that Agg (1) =
Ao = Aog (1)

We say that a cluster starts when the excitation starts; for Hawkes this is at the birth of a particle, for
delayed Hawkes at expiration of a particle. This means that for the delayed Hawkes process, at time
t, starting clusters arrive at rate fot Aod 7 (s) = 207 (1) < Ap. Let (, F,Q) = (R2, F3®F;, Q® 7)
be the probability space on which the marks B and lifetimes J are defined jointly. For & > 0, define
the k-th cluster of a delayed Hawkes process N recursively w.r.t. i.i.d. Poisson random measures
(PRMS) (Mj)ken, on R x R, X Q with intensity dr x ds X (Q(dz) ® d 7 (w)) by

NG (A X B) =/

Lo Ac0)(8) Mi(df xds xd(z,w)), AXBeB[R)QF. (43)
AXR,XB
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Couple a fraction 7 () of Hawkes clusters to delayed Hawkes clusters starting at the same time:

Nog(A X B) = /A ) 14(u+w) Nog(du x d(z X w)) (Poi( (1)) stream)

+ / 1[0,(1—}(1))1\0(}(1)] (S) M(I)(dt X ds X d(Z, W))
AXR,.XB

=: Nog1+Nogp, AXBE€ BR)® F, 44)

where M ,’(, k € Ny are independent PRMs with the same distribution as M. Since the second term
of (#4) is nonnegative, the ‘above-baseline’ intensity caused by immigrant arrivals of the Hawkes
process stochastically dominates that of the delayed Hawkes process: Ajg(f) =g Aig(2).

We now consider the arrivals of subclusters: for the Hawkes process this happens at arrivals of
first-generation offspring, while for the delayed Hawkes process this happens when first-generation
offspring leaves the system. We note that the a priori expected arrival rate for first-generation
offspring increases over time, since for such an arrival we have to go through multiple stages:
immigrant arrival, sojourn time J (only for delayed Hawkes), and arrival triggered by excitation
caused by an immigrant arrival; here, we use that we start from an empty system.

The arrival intensity of starting second-generation clusters for the delayed Hawkes process
equals the arrival rate of first-generation offspring convoluted with . Since E[A;g(7)|Ho] is
increasing and since the convolution averages over the past, it follows that the expected arrival rate
of starting subclusters for the delayed Hawkes process is dominated by the expected arrival rate
of first-generation offspring (i.e., starting subclusters) for the Hawkes process resulting from the
immigrants Nog,1; denote the ratio between the two at time ¢ by 9#(¢) € [0, 1]. In (#4)), we coupled
a fraction of Hawkes clusters to delayed Hawkes clusters starting at the same time through Noyg 1.
Denote the increase in intensity for the Hawkes process resulting from the immigrants Nog,1 by
Aog.1- Refine the previous coupling by coupling a fraction of starting subclusters resulting from
the particles Nog,; for the Hawkes process to delayed Hawkes subclusters starting at the same time,
through

Nigo(AXB) = / 14(u+w) Nig(du x d(z X w)) (Poi(9(t)) stream)
AXB

+ / 1[0,(1—19(1‘))A|G,1(t)](s) M{ (dt X ds X d(Z, W))
AXRXB

=: Nig.1 + NiG 2, AXBeBR)®F. 45)

As Nig,1 1s coupled to the stream of starting second-generating clusters for delayed Hawkes, we
conclude that Axg (1) =g Axg(2).

The argument of the previous paragraph can be repeated inductively for any & € N, obtaining
AxG(1) =4 Arg(?) for all k € N. In any step, our coupling of k-th generation starting subclusters is
a refinement of the previous coupling, and uses the genealogical order. In the above construction,
we coupled clusters, subclusters, subsubclusters, etc., and by the independency structure inherent
in the cluster representation it follows that >\}_, Axc(f) >« 2;_ Awg(2) forall n > 0.
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D ~
Note that 7} _, Axg(t) = A(t) asn — oo, for all ¢ > 0, and similarly for A(¢). Hence, for every
continuity point x of Fy ),

lim Fyp | Avatn) (x) = Faqy(x),

and similarly for every continuity point x of F5,,

F oo MG (1) (x) = F]\(z) (x).

Since any distribution function has at most countably many discontinuities, and using the fact that
Fyn  Ao(o) (x) < FZLO A (1) (x) for all x € R and n > 0 by the stochastic ordering we established
above, it immediately follows that F(;)(x) < Fj,(x) for all but at most countably many x. By
right-continuity of distribution functions, if this inequality does not hold at z, it does not hold for
a continuum of values x € [z, z + €]. Hence, this inequality holds for all x € R, and we conclude
that A(7) >4 A(2).

From this, we can decompose the conditional intensity A(:) of a Hawkes process as the sum
of the intensity A(-) of a delayed Hawkes process with the same parameters, and the nonnegative
process (A — A)(-) consisting of the remaining intensity. By coupling arrivals and setting sojourn
times equal, it follows that Q () >y Q(¢) and N(z) > N(t), as claimed.

Multivariate case. Suppose that an immigrant in coordinate iy produces offspring in coordinate
i1, which in turn produces offspring in coordinate i», and so on, until there is a child in coordinate
in. Write igiy...i, for the path indicating this order of visited coordinates. By analogy to
the univariate case, let A;y;, ; and /N\,-Ol-ln.,-n be the a priori arrival intensities of n-th generation
offspring in coordinate i,, through the order ipi; ..., for the Hawkes and the delayed Hawkes
process, respectively. As in the univariate case, it can be argued that A,;, ; () >« ]\ioil...in (r) for
each such pathigi; . . . i,, where couplings can be chosen as refinements of the couplings for the path
ioi1 . . .iy—1. By using the conditional independency structure inherent in the cluster representation
and by summing over all possible paths igpi; . . .i,, n € Ny, iy € [d], it follows that for each j € [d],
Aj(t) 24 A (). By coupling arrivals and setting sojourn times equal, the other claims follow. O

We conclude this section by considering two univariate delayed Hawkes birth-death processes
having different parameters that dominate each other, and indicate when one process dominates the
other. Denote those delayed Hawkes birth-death processes by (NU)(-), QU (), AW (1)), j = 1,2,
in which we have arrivals generated by conditional intensities of the form

AV =2+ " B WD (1 - 1), (46)

1) <t

where (tl.(j)) denote departure times from system j, and where ij ) 19 (). For system j, we
have i.i.d. departures distributed as J/). If the baseline intensity, mark distribution or excitation
function of system 1 dominates that of system 2, or if the sojourn time of system 2 dominates that
of system 1, we would expect system 1 to stochastically dominate system 2. Those conjectures are
confirmed by the next theorem.

Theorem 7. Suppose that system 1 and system 2 satisfy the following conditions:
(i) Al > Al
(i) BV >4 B?);
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(i) KV (1) > K1) for almost all t;
(iv) T <4 J@.

Then N (1) >4 NP (1), 0V (1) 24 QP (1) and AV (1) >4 AP (1) forall t > 0.

Proof. 1t suffices to consider the case where just one of the conditions (i)-(iv) holds strictly. For
example, if (i) and (i) hold strictly, we select an intermediate process N with /l(()3) = /l(()z) and
B®) = BM and use our arguments to arrive at NV (1) >4 N3 (1) >4 NP (1).

For (i)—(iii), the proof is straightforward: it uses the cluster representation, and relies on an
easy coupling argument, by partly coupling the parameter of system 1 to the corresponding one
of system 2, with the remaining part generating a positive stream. For (iv), we argue as in the
univariate case of the proof of Theorem [ O

7. NETWORKS OF MARKOVIAN DELAYED HAWKES BIRTH-DEATH PROCESSES

Next, we specify to (networks of) the Markovian delayed Hawkes process, which allows us to
set up a more concrete characterization of the transform than the one found in Section [5 and to
formulate a recursive procedure for calculating the joint moments of (Q(¢), A(¢)); see Section
In the univariate case, this leads to a system of ODEs involving a Clement-Kac-Sylvester matrix,
which can be solved explicitly; see Section Furthermore, using the results of Section [6] we
are able to describe the steady-state behavior of univariate delayed Hawkes birth-death processes
in Section[7.3l

7.1. Networks of birth-death processes. Networks of birth-death processes with shot-noise
driven arrival rates have been studied in [34]. Although networks of Hawkes processes have
been introduced in [21], to the best of our knowledge, there is no account in the literature of the
exact transient behavior of such processes. In this subsection, we analyze transient behavior for
a network of Markovian delayed Hawkes birth-death processes. After obvious modifications, this
analysis can be adapted to networks of (classical) Hawkes-fed birth-death processes. Furthermore,
by setting u;; = O forall i, j € [d], see Deﬁnition our analysis applies to the multivariate delayed
Hawkes (point) process as well.

We first characterize the distribution of the Markovian network process from Definition |3| by
deriving a PDE for the joint Z- and Laplace transform of (Q(-), A(-)), given by

d
£(1,2,5) =B |20 80| =g |[ ]2/ emih0)| @7)
j=1
where z € [-1,1]%,s € R%. Forx € R, n ¢ Ng, write x" = j.lzlx;j. By analogy to the

univariate, nondelayed case, see [35]], we derive a PDE for ¢, to which we apply the method of
characteristics to reduce it to a system of ODEs. Furthermore, this PDE can be used to derive a
system of ODEs for the joint moments. The proofs of the following two results can be found in

Appendix [E|

Theorem 8. Foralli, j € [d], assume that h;j(t) = e™""', where r; > 0, and assume that B;; > 0 a.s.
Consider the (now Markovian) network of delayed Hawkes birth-death processes from Definition
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Then the multivariate joint Z- and Laplace transform { (t, z, §) satisfies the following PDE:

0 0 0
M Z(’”}SJ+Z]—1) é(tzs) Z“J(Zf 8, (s)) 26029 é(tzs)
j= Jj= %
d d
(9
+ZZMU( g((;; s)——§(tzs)2r, Aj 08, (48)

j=1 i=1 j=

where B(s) = E[e™*" B1] is the multivariate Laplace transform of B;.
Furthermore, given initial conditions Q(0) = 0 and A(0) = Ay, we have
d

[(t,z,8) = nexp (—/lj,o (sj(t) +rj/0 sj(u) du)) , (49)

J=1
where s;(-), j € [d], solve the system of ODEs

s (u) = —rjs;(u) = z;(u) + 1

N
<
N

d
2(u) = (B (s () = 2 () + > pyj(ziw) = 2;(w), 0 (50)
i=1

with boundary conditions s;(0) = s; and z;(0) = z;.

Theorem 9. For q,Q € Ny, let 07 := Q(Q — 1)(Q — g + 1) be the falling factorial, with Q° := 1
and Q7' := 0. Write bij = E[By;]. Next, for g, € Ng, write

()-116) 6

Furthermore, for ¢ € N4, Q € N4, write Q7 := ;?: | Q_;“ . Let o be the Hadamard product. Then

we have the following differential equation for the joint moments of Q(t), A(t):

d_ - _

Fr [0 (A3 (1)] +llg o r +q o pulhE[Q7 (1)AZ(1)] Z qE Q" () AS*I (1))
HigkbiyE [T (NAFe (1)

—+

iy (/B [0 (VA% ()] - 4B |@" ™ (nA* (1))

—

M= M-
DM M-

1l
—_

1

=
d d
= LB [0 OATIO] Dy 3 (g)E[Bf‘f]E[Q‘“%)A"(r) .62

j=1 j=1 0<l<g t
Ielli<liglli-2

Eqn. (52) allows us to devise a recursive procedure to find the joint moments of arbitrary order.
Indeed, the left-hand side of expresses a joint moment of order n = ||(q, g)||1 as a linear ODE
dependent on joint moments of equal order, whereas the right-hand side contains a forcing term,
consisting of lower-order moments only. In general, we can find the (n + 1)-th order moments by
solving a linear system of ODEs with forcing constant dependent on the moments of order up to n.
Since the system for the first-order moments does not contain unknown quantities, this provides us
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with a recursive procedure for expressing the moments of a network of delayed Hawkes birth-death
processes in the moments of the mark random variables, in the exponential decay rates r;, and in
the departure and rerouting rates p;, f;;.

Remark 6. 7o find the moments of order n, we need to solve a system of ODEs of dimension
("+2,f_1). The ODE:s are found by substituting all possible (q, g) into satisfying ||(q, )|l = n.

7.2. Transient behavior of the univariate delayed Hawkes birth-death process. We now specify

to the univariate case with h(r) = e

, since in this setting we can be more specific about the
moments of (Q(t), A(7)). Specifying (52) to the univariate case d = 1, we obtain the following
ODE:

SE[07(0A%0)] + (er + auB [01(0AS ()] — gB [0 (DA™ (1]

g-1
= 1{g > 1}grAoB [Q7(OAST (] +1{g > 1}u ) (i)E [BS| B[O (A ()] . (53)
Jj=0

We wish to derive a system of ODEs for the joint moments of order n € N, which we accomplish
by taking a combination of indices g = k, g =n—k, k € {0, 1,...,n}, for which reads

d_ = - _

FEIQ" A D] + (kr + (n = WE [Q" (DAY (1)] = (n = HE[Q" (A (1)]
— ukbiE [0 (A (1)]

=~
[\

= 1{k > 1}kraoE [Q" * () A* 1 ()] + 1{k > 2}p (l;)E [B¥]E [0 ()N (1], (54)
J

I
o

where b| = E[B]. Letting

Z(n+1)(t) = [E [Q_n(l‘)] E [Q_”_l(t)/\(t)] ... E [Q_I(Z‘)An_l(t)] E [A"(t)]]T )

-_a(()n) n 0 L. 0 0 r c(()n) (t) :
ubq —ain_l) n—-1 --- 0 0 cgn_l)(t)
-2) . (n=2)
0 0 0 o —alV 1 C,%)l (1)
0 o0 0 - nuby —d] e ()
where a,(c”_k) =kr+(n—k)u=nu+k(r—u)and

k=2
" (1) = 1k > 13kraoE [Q"F () A ()] + 1{k > 2} u (’]‘)E[ I E [0 A ()]

~.
1l
o

it follows that

d
aZ(fl+1)(t) — A(H+I)Z(n+l)(t) +C(n+l)(t) (55)

Note that A"V is a generalized Clement-Kac-Sylvester matrix. To solve this ODE, we need
C"*D (), which is a vector dependent on moments of order at most n — 1, meaning that we can
solve for the transient moments of the delayed Hawkes birth-death process recursively. The proofs
of the next two results are in Appendix
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Theorem 10. The solution to the ODE is

t
Z(n+1)(f) — eA(n+l)tZ(n+1)(0) +/ eA(n+l)(z_s)C(n+1)(S) ds, (56)
0

where Z(+D (0) = /lge,m, with €,41 the last standard unit vector in R™. The matrix exponential

A"t can be calculated explicitly by

n n A(n+1) _ /l(""'l)l
Ay A+ Jj n+l
¢ - Z ek l_[ (n+1) (n+l) (57)
k=0 =0 A =4
Jj#k

where 1,41 is the (n + 1) X (n+ 1) identity matrix and where

— 2k
A0+ = ”2 V=2 +4ub, k=0,1,....n, (58)

n
k —5(/,[+}")+

(n+1)'

are the eigenvalues of A This implies that we have a stable system — i.e., with Z"*V (¢)

converging, as t — oo — if and only if the stability condition b [r < 1 holds.
We are able to find the first-order moments in the stationary regime, by letting t — oo.
Theorem 11. Let b := E[B]. If the stability condition by /r < 1 holds, then, ast — oo,

E[Q(1)] 1/u
E[A(1)] 1

7‘/1()

b . (59)

7.3. Univariate delayed Hawkes birth-death processes in steady state. In the next corollary to
Theorem@ we describe the steady-state delayed Hawkes birth-death process (Q (o), A(0)) in the
Markovian setting; its proof is in Appendix

Corollary 2. In the Markovian setting with h(t) = e and J ~ Exp(u), in steady state we have
D = D =
Q(e0) = Q(e0) and A(e0) = A(e).

Remark 7. By combining Corollary 2| with [35]], Corollaries 3.8 and 3.9, we find Var(N()),
Cov(N (), A()), and E[A8(o0)] for any g € N.

In stationarity, the distribution of population sizes and intensities at a fixed time instant are the
same for Hawkes and delayed Hawkes. It should be borne in mind, however, that the dynamics
of the two processes are different in stationarity, since an arrival does not increase the intensity
instantaneously for delayed Hawkes.

Corollary[2has an appealing informal explanation. In stationarity, the stream of particles entering
and leaving a Hawkes-fed birth-death process are ‘in equilibrium’. Hence, starting in the stationary
distribution of the Hawkes-fed birth-death process, excitation caused by arriving particles (as we
have for Hawkes) equals excitation caused by departing particles (as we have for delayed Hawkes).
For the Hawkes process, under the stationary distribution, the inward stream in intensity (caused
by excitation) equals the outward stream (caused by exponential decay). Hence, if the delayed
Hawkes process starts in the stationary distribution of Hawkes, increase in intensity caused by
departures (equals increase in intensity that we would see for Hawkes) equals the decrease caused
by exponential decay. This indicates that this distribution is also stationary for delayed Hawkes.
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Corollary |2 allows us to describe heavy-traffic behavior for the delayed Hawkes birth-death
process, assuming marks having finite second moments; cf. Corollary [I] and see Appendix [E] for
the proof.

Corollary 3. Consider a Markovian delayed Hawkes birth-death process as in Corollary 2} Sup-
pose that by = E[B?] < co. Then we have, as p = by /r T 1,

2rdog 2r
by by

(1= p)A(e0) 3 r(

), (1-p)0(e) BT (2”0 2—“) .

by by

8. DISCUSSION AND CONCLUDING REMARKS

We have formally introduced the delayed Hawkes process, and a rich family of point processes
having sojourn-time dependent excitation, containing Hawkes, delayed Hawkes and the ephemerally
self-exciting process as special cases. The delayed Hawkes process arises naturally in applications
and has turned out to be remarkably tractable, admitting a cluster process representation in the linear
case enabling transform characterizations by a fixed-point equation and the analysis of heavy-tailed
asymptotics. The effect of delays has been made visible in a scaling limit that is markedly different
from its classical, non-delayed counterpart. Furthermore, using a method that one can describe
as genealogical coupling, we have demonstrated that the delayed Hawkes birth-death process is
stochastically dominated by a comparable Hawkes-fed birth-death process. In the Markovian case,
we have provided a recursive procedure to calculate the moments of a network of delayed Hawkes
birth-death processes explicitly.

In future research, several directions can be envisioned.

e In Theorem [3| we could only state our FCLTs on an interval bounded away from 0. One
may want to study the (complex) behavior on an interval [0, €] including 0 as well.

e As discussed in Remark (3} in the scaling limit for o € (%, 1), it would be interesting to
identify E[NZ(v)]. In the same remark, we saw that for @ € (%, 1), we still find a Brownian
limit, whereas for @ = 1 and sojourn times taking values in the unit interval, the situation
is more involved; in particular, one may ask whether it is reasonable to expect short-range
dependence. If there is non-Gaussian behavior for @ = 1, one may want to look for a scaling
limit in which one multiplies sojourn times by 7¢(7), before one contracts time by a factor
T;here, a(T) — 1 as T — oo. This setting bears some similarities with the one considered
in [29], although in our case quantities unscaled by 1 — a(7T') do not diverge, but instead
become smaller and, in some sense, ‘collapse’ to a Poisson process for @ > 1. A similar
regime that may be interesting is the one where @ = 1/2, but where we have sojourn times
Jr =T - J, for some positive random variable J, so that (A3) is not satisfied in the limit
T — oo,

¢ An interesting line of study concerns statistical inference for delayed Hawkes processes. A
considerable amount of literature exists on this topic for classical Hawkes processes, but it is
open to what extent these results extend to delayed Hawkes processes. In the Markovian case
our closed-form expressions for the moments can be used to identify moment estimators,
whereas the non-Markovian case is anticipated to be substantially more challenging. In this
direction, the goodness-of-fit results reported in Appendix [B|are promising.
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o It would be interesting to analyze the effect of delays on cluster durations for delayed
Hawkes, following the recent results by Daw [[16]. We have not succeeded in extending
Daw’s arguments to our setting.

e Our general family of models having sojourn-time dependent excitation encompasses the
Hawkes, the delayed Hawkes, and the ephemerally self-exciting processes as special cases.
It would be interesting to identify other relevant models belonging to this family.
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APPENDIX A: RELEGATED PROOFS OF SECTION [3]

Proof of Theorem (I, We prove the theorem in the univariate case. From there, the multivariate
result can be proved along the lines of [[10], Theorem 7, taking the randomness of the excitation
functions into account in the same fashion as we do in the univariate case. To avoid repetition, we
exclude the proof.

The proof uses the idea of the Picard proof method for the existence of differential equations, and
follows [5], Theorem 1. It is structured as follows. We can assume, w.l.0.g., that L = 1, by writing
¢(-) = ¢(L™'L -). First, we prove the ‘existence’ part. We take a bivariate Poisson process M
marked with random functions. With the aid of Lemma we use Picard iteration, starting from the
empty process, to construct a stationary process N with finite mean intensity satisfying the desired
dynamics. Second, we prove the ‘uniqueness’ part, by proving that any stationary process N with
finite mean intensity satisfying the desired dynamics also satisfies condition (ii) in the theorem.
This means that we have stability, from which we deduce N 2. Third, we prove stability under
condition (i). Next, under condition (ii), we can take expectations with respect to M in the proof of
the stability part below, after which the proof is analogous to the one under condition (i); therefore
it is omitted.

Existence. We construct the process N upon a basis being a product probability space (X', A, P)
of (i) the canonical space of bivariate point processes on R X R,, with a probability measure
Pys such that the identity mapping is a bivariate Poisson process of unit rate, and (ii) (Q, F) =
L'(R,) N L®(R,), with a probability measure Q denoting the distribution of the random functions
h. Such a random function exists by Kolmogorov’s extension theorem. We denote the resulting
marked Poisson process on R X Ry X Q by M. Write (A;);cr for the filtration induced by M,
ie., A, = c(S;M_). Write P(A,) := V., A for the corresponding predictable o--algebra. As
indicated in Section |3} we treat the first coordinate of M as time.

We say that a point process N is compatible w.r.t. the left-shift operator §; if forall € R, & € A,
S:N(®) = N(S;®), where S;@® means that time is shifted in the basis space, meaning that the first
coordinate of M is shifted.

We approximate the desired process (N(-), A(-)) using Picard iteration. More specifically, we
set Ag = 0, and for n € Ny,

N,(A X B) :/ Lio.A, (0] ()M (dT X ds x dw), AXBeBR)QTF,
AXRLXB
A1 (1) = ¢ (/ h(t —7,w)N,(dt X dw) |, teR. (60)
(—00,1)XQ

By induction, for every n € Ny, N, is adapted to (\A;),cr, While A, is adapted to (P (A;))ser-
Note that if ¢(0) = 0, the zero solution is stationary; we typically work with functions such that
#(0) > 0. By construction, the processes (N,), (A,) are S;-compatible and increasing in n. Since
the basis space on which the process is constructed is time-invariant, it follows that (N,), (A,) are
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stationary. Since ¢ is Lipschitz, for n > 1 it holds that
Bl (0) - MO <B [ Jh(-r.w)] (N, = Ny (dr X do),
(—00,0)xQ
where the first coordinate of N, — N,_; counts the number of points between r — A, () and
t— A,—1(1). By Lemma this process has A, — A,—1 as an 7—(tM -intensity. Hence,

E[Ans1(0) = An(0)] <E /( T (= N e

_ / (=7, )] B(Ny = Ny_1)(dr x d)
(—00,0)xQ

- /( o BT @ X AEIA©) = Ay )
— EIAl| ELAR(0) = Ant (O)],

where we use Fubini’s theorem, and where the second equality follows by stationarity of (A,). It

follows that
#(0)

2 Bl (0) = An(0)] € Tpr < oo,

nz0
hence (A,) converges in L' to some limit process A. Using the same bounds, Markov’s inequality
gives

P (Ane1(0) = As(0) > IBIHILY) < G(O) BRI,

and since ), ||E| A ||'L’/12 < oo, an application of Borel-Cantelli gives that (A,) converges a.s. as
well, to the same limit A.

Next, since N, — N, is a point process itself, for any bounded A € B(R) of Lebesgue measure
Leb(A) < o0, and B € F,

Z 2 (/ (Nys1 — Np) (d7 X dw) # 0) < ZE/ (Nps1 — Np)(d7 X dw)
AXB

n=0 n>0 AXB
= Leb(4)Q(B) 3 ElAus1(0) = Au(0)].
nz0
which is finite, using that Q is a probability measure. Hence, by Borel-Cantelli, N, is a.s. eventually
constant on any bounded A X B € B(R) X ¥, whence it converges to some process N. The left-shift
operator is continuous, whence

i.e., N inherits the S;-compatibleness of (N,),>0-

To finish the proof of the existence part, we verify that the limit processes N, A satisfy the stated
dynamics. First, by Fatou’s lemma, for all A € B(R), B € ¥ of bounded measure, it holds that

]E/ |IN(dt X dw) — M (dr X [0, A(7)] X dw)|
AXB

< liminf]E/ |M(dt X [0, A,(7)] X dw) — M(dt X [0, A(7)] X dw)|
AxXB

n—00

= Leb(A)Q(B) lim inf E|A,(0) = A0)] = 0,



32 JUSTIN BAARS, ROGER J. A. LAEVEN, AND MICHEL MANDIJES

where we use stationarity of the intensity processes as we did before. Note that the limits in the
previous display actually exists, so that we can replace the limit inferiors by limits. Hence, N is a
modification of a process with conditional intensity A(-). For the process A(-), note that

E|A(0) — ¢ (/ h(-71,w) N(dr X dw))'
(—00,0)xQ
<EAm»ﬂuﬂwn+E/' h(=1,) (N = Np)(dr X do)
(—00,0)XQ2

= E[A(0) = Auns1 (0)] + [[E[A]l| LLEIA(0) — An(0)],

where we apply Lemma |1}, the Lipschitz condition, the triangle inequality, and Fubini’s theorem.
Hence, by letting n — oo and by using stationarity, we see that A(-) is a modification of the process
satisfying dynamics ().

Uniqueness. To prove uniqueness of the stationary solution N with finite mean intensity A, we
show that such a process satisfies initial condition (ii) given in the theorem. From the stability part,
it then follows that S, N 2 N. By stationarity, S,N 2 N,so N 2 N.

Indeed, by a change of variables,

(o)

t
Epic(t) = /~\/ / |h(s — 7, w)| (dT X dw) ds < c1~\/ E|h(T, w)| dr;
t—c J (—00,0)xQ t—c

note that this upper bound tends to 0 as # — co by dominated convergence and Fubini, and that we
have Eyi. (1) < cA||E|A|||;1 for all £ € R. This verifies initial condition (ii).

Stability. Let N be a bivariate point process marked by random functions with dynamics (8)) on
R, satisfying initial condition (i). In particular, we do not assume that it also satisfies dynamics (8])
on R_. We prove that the finite-dimensional distributions of S;N converge to those of S;N. Then
[15], Theorem 11.1.VII gives stability: SN, g Ni,ast — oo,

We prove convergence of finite-dimensional distributions by proving that for every ¢ € (0, 1),

IP(N{T} # N{t} for some 7 € (t — c,t)|7{(§\7) -0

ast — oo. Here, we assume that N and N are constructed using the same marked bivariate Poisson
process M of unit rate. This is justified as follows. It can be proved that the " -intensity

A(r) = ¢(/(_ ) Qh(t—r,a)) N(deda))) (61)

of N is such that ¢ IE,[/~\(I)|7-{(§\7 ] is a.s. locally integrable; this is proved in the same way as in
[10], Theorem 1. For this we need the assumption ||E|A|||z~ < co. It follows that N is nonexplosive,
a.s. Then [36], Lemma 2, implies existence of some marked bivariate Poisson process M of unit
rate from which N can be constructed using Lemma

In order to prove convergence of finite-dimensional distributions, we consider

f@ =B[IA@) - A0 | HY | 11 > 0},

which is a.s. locally integrable because t +— E[f\(t)lﬂév ] is. Here, HIN is the sigma-algebra
generated by the history of N up to time . Also consider the integrated version of f:

F(t) := /t_:f(r) dTZE[/Zt d|N_]\7|(T)‘7_{é\7

—C
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> P(N{T} # N{t} for some 7 € (t — c,1) |(Hé\7) ,
where again ¢ € (0, 7). By the last inequality, it suffices to prove that F () — 0 as t — oo.
With A denoting the average intensity of A(7), it holds for ¢ > 0 that

f(t)é‘/ |h(t—T,w)|N(dTde)+A/ |h(t — 7, w)| (dT X dw)
(—00,0)xQ (—00,0)xQ

+/ |h(t — 7, w)|f(7) (dT X dw).
(0,r)xQ

Integrating from ¢ — ¢ to ¢ gives, after some more bounding,
t
F(t) < je(1) +/ E|h(7)|F(t — 7) dr,
0

where j.(t) = i.(t) + cA f[ i E|h(7)| dr. This is a Volterra integral inequality of the second kind.
Since ||E|A|||;1 < 1, Picard iteration gives

F(1) < /0 Jjelt =) (Z(Elhl)”*(T)) dr.

n=0
Note that },,5o(E|/#|)™ (1) can be bounded in L' by Young’s convolution inequality. Also, by our

assumption (i), it follows that j.(¢) is bounded a.s. and converges to 0 as t — oco. By dominated
convergence, F'(t) — 0 ast — oo, finishing the proof of the stability part. O

APPENDIX B: RELEGATED DETAILS OF SECTION [4]

We claim at the start of Sectiond]that it is possible to distinguish between a Hawkes and a delayed
Hawkes process using statistical techniques. In particular, suppose that one generates realizations
on [0,T] > ¢, with T = 50,000, of a univariate, linear, exponential delayed Hawkes pure-birth
process N(t) having conditional intensity

A(t) = Ao+ Z ae 1), (62)
1<t
where t; — J; are the event times of N(¢), with J; i Exp(u). In other words, (#;) correspond to the
death times of the birth-death process Q associated with N. We choose parameters (Ao, @, r, u) =
(1/6,3,3.6,1/6), where the first three parameters imply that the expected stationary arrival intensity
of N equals 1.

We fit N to a parametric null hypothesis consisting of univariate, linear, exponential Hawkes

processes. In particular, for the parameter space ® = (0, 10)3, we consider the parametric null

hypothesis
H]0EXp N4 N§Xp for some 6 € {(Ag,a,r) €O :a <r}, (63)
where NEXP = Npr is a univariate, linear, exponential Hawkes process having intensity
0,Q,1
E E —r(t—t;
A7P(1) = ATP (1) =0+ Z ae 1), (64)
1<t
Exp

where 7; denote the event times of N,
We apply the asymptotically correct goodness-of-fit test described in [3l], Algorithm 1, using
n = ceil(VT/4) and an Andersen-Darling test in step (v) of their algorithm; these choices are
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motivated in [3]. Out of 1,000 simulated sample paths, we reject 494, 768 and 949 times using
significance levels of 0.01, 0.05, and 0.20, respectively. Hence, we can clearly detect the deviation
of the delayed Hawkes process from the non-delayed null hypothesis empirically.

APPENDIX C: RELEGATED PROOFS OF SECTION

Proof of Theorem[3] In this proof, we first assume that B € APT(—), so that B is of class % (—«)
with €(x) a function converging to a positive constant. Under this assumption, we prove that also
Q(t) € #(—a). Then we argue that essentially the same proof holds to show that B € RZ(-a)
implies Q(7) € X (—a), and we indicate what needs to be changed in the proof.

By specifying (33) to the univariate case, and setting s = 0, we express the Z-transform of Q(t)
as

E [ZQ(t)] = exp (—/10 /Ot(l —-n(u,2)) du) , (65)

where 7(u, 7) = E[z5°(®)], the Z-transform of the birth-death cluster process S2. It satisfies
u u
o) = 7wz [ p ( [ s =wa=ntu-s.2) ds) a7 (). (66)

which follows by specifying to the univariate delayed Hawkes setting, and where _Z, 7 denote
the survival function and CDF, respectively, of the generic sojourn time random variable J. In the
remainder of the proof, we invoke a Tauberian theorem to relate the behavior of a regularly varying
function at infinity to the behavior of its Laplace-Stieltjes transform at 0. This relation for S is
substituted into (66)), after which we analyze expansions for 7(u, z) and E[z2(")]. By invoking the
Tauberian theorem in the reverse direction, we conclude that Q(¢) is also of class Z(—a).

As indicated, we first assume that P(B > x)x% — C for some C > 0. Then it follows from the
Tauberian theorem [8], Theorem 8.1.6, that B(s) — 1 + sb; ~ —CI'(1 — a)s* as s | 0. Hence, as
zT1,

ﬁ(/uh(s—w)(l —n(u—-s,2)) ds) —1+b1/uh(s—w)(l —n(u—s,7))ds
~—CI'(1 - a) (/uh(s—w)(l -n(u—-s,2)) ds)a. (67)
Substituting this into (66) yields, as z T 1,

1—77(u,z)~1—j(u)z—/u{l—blfuh(s—w)(l—n(u—s,z))ds
0 w
-CI'(l1 -a) (/uh(s—w)(l —n(u-—s,2)) ds)a}dj(w)
=j(u)(1—z)+/0u{b1/uh(s—w)(l—n(u—s,z)) ds

+CI'(1 - ) (/M h(s—w)(1—=n(u-s,z2)) ds)a} d 7 (w). (68)

Next, expand 1 — n(u,z) = E[S(u)](1 —z) +0o(1 —z),as z T 1. Write E[S(u)] = Ry (u) for the
leading term. Substituting this into (68) and comparing terms of order 1 — z, we see that R; satisfies

Riu) = 7 (u) + by /0 ' / " (s = w)R1 (i = 5) ds d.F (w)
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:j(u)+b1'/OuRl(u—s)/osh(s—w) d 7 (w) ds
= 7 (u) +bi(Ry * h)(u), (69)

where £ is defined by A(s) := fOS h(s —w) d_Z (w), and where * denotes the convolution operator.
This is a Volterra equation of the second kind, and by Picard iteration we obtain, for u > 0,

Ri(u) = > DA™ * £)(u). (70)

n=0

The next term in the expansion of 1 — 1(u, z) is of the form R, (u)(1 — z)*. When we substitute
1 -n(u,z) =E[S(u)](1 —2) + Ry (u)(1 — 2)® + o((1 — 2)?) into and compare terms of order
(1 —z)%, we obtain

Ro(u) = b1 (Ry * h)(u) + CT(1 — ) /OM (/u h(s —w)Ri(u —s) ds)a d 7 (w). (71)

This is again a Volterra equation of the second kind; by Picard iteration we obtain

Ry,(u) =CI'(1 — a) Z b (f_l"* * (/0 (/ h(s —=w)Ri(-—s) ds) df_(w))) (u). (72)

n=0

From (T6) with & = 0, we infer that ||i||;1 = ||A||;:1. Hence, by applying Young’s convolution
inequality n times with r = p = o0, g = 1 to each term of (70), and by recognizing a geometric
series, ||| 1b1 = ||h]|;1b1 < 1 implies that Ry is a bounded function of u. Since ||A]|;1 < oo, the
inner integral in is finite, whence R, is also a bounded function of u.

We now substitute the expansion 1 — n(u,z) = E[S(u)](1 — 2) + Ro(u)(1 = 2)* + o((1 — 2)%)
into (63), which gives, after expanding the exponential functions,

E [ZQO)] ~ exp (_AO/Ot (Ri(u)(1 = 2) + Ra(u)(1 = 2)%) du)

=1-219(1-2) /OtRl(u) du — 2p(1 —z)a‘/otRa(u) du+o((1-2)7). (73)

By using the Tauberian theorem [8], Theorem 8.1.6, the other way around, it then follows that
0(t) € R(—a), as claimed.

We now indicate what we have to change in the proof if we assume that B € Z(—a), so that
P(B > x) = £(x)x~* for some slowly varying function €. Note that the constant —CT' (1 — ) in
should in that case be replaced by €(1/1(u, z; w)), where I (u, z; w) = /wu h(s—w)(1-n(u-s,z))ds.

For small § € (0, @ — 1), we use Potter’s Theorem (i.e., [8], Theorem 1.5.6) to conclude that for

z sufficiently close to 1 and for some A > 1,

[(;)/[(L)<Amax ( -2 )6( L-z )_6 (74)
I(u,z;w) 1-z) I(u,z;w) | "\ I(u,z;w) ’

Our assumptions on 4 imply that given € > 0, there exists K > 0 such that

sup P(S2(v) > K) < e, (75)
ve[0,u]
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whence for0 < z < 1and 0 < v < u we have (v, z) = E[ZSQ(")] > (1 — €)zX. Hence, we have, as

zT1,
1 1 1

I zw) ~ (1-(1=e)zK) [ h(s) ds - € [ h(s)ds
Given some threshold D > 0 such that holds for €(x)/¢(y) for all x,y > D, cf. [8], Theorem
1.5.6, we choose € > 0 sufficiently small to assure that efou h(s)ds < 1/(2D), so that we can
find some z* € (0, 1) such that z > z* implies that 1//(u,z;w) > D for all s, w. We also have
(z-1)'>Dforz>1-1/D.
When we have B € % (—a) instead of B € APT(—a), we replace in the factor —CI'(1 — )
by £(1/1(u, z;w)). For z > max{z*,1 — %}, we apply the bound and a similar Potter bound

for
1 1
5(1—2)/5(1(%1;@); (70)

then we have an upper and a lower bound for the asymptotic expansion of 1 — n(u, z), to which

we conduct an analysis analogous to the case B € APT(—a), yielding Q(t) € #(—a) both when
we use the upper bound as if it were the true expansion, and when we use the lower bound. We
conclude that Q(7) € Z(—a). O

Proof of Corollary|l] Letting t — co in (73), we have

1-E [ZQ] ~ Ap(1-2) '/000R1(u) du + Ap(1 - 2)° /OooRa(u) du. (77)

By applying Young’s convolution inequality to each term of and by recognizing a geometric
series, we observe that /OOO Ri(u) du is of order (1 —p)~!, as p T 1. Similarly, we use to
conclude that fooo R, (1) du is of order (1 — p)~ 1.

Note that E[Q] = Ao [, Ri(u) du, so E[Q] = O ((1-p)7'), as p T 1,1ie., (1 - p)Q stays
bounded as p T 1. More specifically, using 1 —z! ™ = (1 = p)(1 —2) + O ((1- z)z), asz T 1, we
have, up to O ((1 - z)?) terms,

1-E [Z(l_p)Q] ~ Ao (l - Z(l_p)) / Ri(u) du + Ag (1 - z(l_p)) / Ry (u) du
0 0

=(1—P)(1—Z)/10/0 R1<u>du+<1—p>“(1—zwo/0 Ro(w) du.  (78)

From this expansion, it is clear that (1 — p)Ag /OOO Ri(u) du < o0 as p T 1. The second term in (78)
diverges, as p T 1, which implies that X := lim,7; (1 — p)Q satisfies E [X?] = co. O

ApPPENDIX D: SUPPLEMENT TO SECTION [3t

CLUSTER SIZE DISTRIBUTIONS FOR GAMMA-DISTRIBUTED MARKS

In this appendix, we study the distribution of the cluster size of the delayed Hawkes process, that
is, the total number of descendants of a single immigrant, including the immigrant itself. Note that
the offspring size is given by a Poisson random variable with parameter equal B fjoo h(t—J)dt = Bo,
where J is the sojourn time of the parent, and where we set o := || k||, 1. In particular, the offspring
distribution is the same as the one for a Hawkes process having the same parameters. This implies
that the total size of a cluster is the same for both processes, and is given by the total progeny size
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of a Galton-Watson branching process, which can be determined with the aid of the hitting time
theorem, see, e.g., [23]].

Lemma 5 (Hitting time theorem). The fotal progeny size Z of a Galton-Watson branching process
with offspring distribution X has a distribution with probability mass function

Zn:Xk:l’l—l
k=1

where (Xi)ren is an i.i.d. sequence of random variables having the same distribution as X.

P(Z =n) = %P , (79)

For unmarked Hawkes processes, it is a well-known result that Z ~ Borel(p), i.e.,

P(Z=n)= #Q!n)nl

Even without the probabilistic context, it can be proved that those Borel probabilities sum to unity
by setting x = —pe™@ € (—e~!,0) for o € (0, 1), and by considering the Taylor expansion around
0 of the principal branch of the Lambert W function.

We now consider a marked (delayed) Hawkes process under the stability condition E[B]o < 1.
In this case, the offspring size follows a mixed-Poisson type distribution. To make use of Lemma[3]
we want this distribution to be such that i.i.d. sums belong to a well-known parametric family. This
is the case for gamma-distributed marks. In fact, the assumption of gamma-distributed marks is
not too restrictive, for the set of mixtures of gamma distributions is dense in the set of continuous

probability distributions on [0, c0).

Proposition 1. Let @, c > 0 be such that ao/c < 1. Consider a (delayed) Hawkes process with
I'(a, ¢) distributed marks, i.e., the marks admit a density

waa—le—cx
f(x) = W
Then the total cluster size Z is finite a.s. and has probability mass function
1{(a+1)n-2 an n
P(z:n):—((“ n )( ¢ ) ( 9 ) , neN, (80)
n n—1 c+o c+o

where, for x,y € R, with x > y — 1, we use the generalized binomial coefficient

x\ '(x+1)
(y) T+ DIx—y+1)

(81)

Proof. Let X denote the offspring random variable. Since, in self-evident notation, X |B ~
Pois(Bp),
0 —ox n .a,a—1_-cx a N 00
P(X =n) =E[P(X = n|B)] = / ¢ Tlo ey, L L0 / em(eramyam=l gy
0 n! I'a) I'(a)n! Jy
_T(a+n) c%0" (a+n—l

- T(a)n! (c+p)e™ n

)p“(l -p)"
where p := ¢/(c + 0). Hence, X ~ NB («, p), i.e., X follows the generalized negative binomial
distribution; note that @ > 0 is not necessarily integer. It follows that if X, ..., X}, are i.i.d. copies

of X, then };_; Xx ~ NB (an, p). The result now follows by an application of Lemma O
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When a = 1, the gamma distribution reduces to an exponential distribution, and we obtain
P(Z =n) = Cotp"(1-p)"", (82)

where C,, = (Zn" )/(n + 1) is the nth Catalan number and p as defined in the proof of Proposition
Note that the ephemerally self-exciting process with intensity jump o and expiration rate ¢ has
the same progeny distribution, see [17], Proposition 3.3. This is no coincidence. Letting B be
the expiration time of the ephemeral excitation, X|B ~ Pois(Bp), where B ~ Exp(c), showing
that the offspring random variable X has the same probabilistic behavior under the ephemerally
self-exciting process and the (delayed) Hawkes process with exponentially distributed marks.

ApPPENDIX E: RELEGATED PROOFS OF SECTION [/]
ProofofTheorem Fork e N4 A e Rf, let

d4F (1, k, )

Pk, ) =FQ0) =k A() <A, [tk 4)=-7——"7,

£t k,s) = /Rd e (1, k, A) dA.

+

Note that, with this notation,

((z,8)= ) (k. s).

keNd

Let o be the Hadamard product, and let e; be the j-th standard unit vector in R¢. We consider
the Markovian dynamics between times 7 and t + Ar. Let k € Ng and A € RY. Write [0, 1] :=
[0,4;] X ---x [0,44]. Note that we may enter state k either due to an arrival in coordinate j,
leaving state k — e; due to a departure in coordinate j, leaving state k + e;; or due to rerouting
from coordinate j to i, leaving state k + e; — e;. Therefore, as At | 0,

d
F(t+At,k,A—ro(A-Ay)Ar) = Z / yiAtf(t,k —ej,y)dy
= Jia

d

+_Zl(kj + 1)/1]'Al‘/[0/l] P(BJ < /l—y)f(t,k +ej,y) dy
j ,

P-i_ﬂ&.

d
(kj + l)ﬂijAtF(t,k +e; — e;, )
=1

1

~.
1l
—_

d d

+F(t,k, )1 - i kj,UjAl‘ - Z Z kj,uijAl‘
j=1

j=1 i=1
d
- Z/ YViALf(t,k,y) dy + o(Ar).
j:] [07)']

Subtracting F (¢, k, A) from both sides, dividing by Ar and taking the limit as Az | O gives us

OF(t,k,A) [0F(t,k,d)  9F(1,k,A)
ot 0 ’ ’ 0y

] (ro (- 20))
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d
/M vk = ey dy+ Ok + Dy /[ L PB S ke dy

j=1

d d
Z(kj + Dy F(t,k+ej—e;,A) - Z kjuiF(t,k,A)
i=1 =

d d
> D ke [ k) dy.
= Joa

i=1

1

Mo T 5

~.
Il
—_

Next, we take the partial derivative with respect to the intensity A; of each coordinate; i.e., we apply
the differential operator % to both sides of the last equation. Here we apply Leibniz’ integral
rule and we use our assumption P(B;; < 0) =0 for all i, j € [d]. This yields

d

af(tk,A af(tk,A
% Z ,-(M (4 f(rk/l))+Z A,of(;T)
j= J
d 9'P(B; < 1—y)
; if(tk - e],/l)+Z(k + Dy /[0,11 341]--«9161)} f(t,k+ej,y)dy (83)
d d d d
+ZZ(k + Vi f(t.k +ej— e, A) — Z(k],u]+/l)f(tkA)—ZZk]u,jf(tk/l)
j=1 i=1 Jj= j=1 i=1

Our next step is transforming to £(t, k, s) by applying the integral operator fRd e"1. dA to both
sides of (83). We can do this term by term; the calculations rely on integration by parts, Tonelli’s
theorem, and swapping the order of differentiation and integration. We obtain

ag(tks)_'_i((]] ag(tlfs) (9§(t,k—ej,s)) d

+ er/lj,osjf(t,k,s)

= s ds; =
d
Z(k + DB ()E(t K +ej.5) — Zk,mf(r k.s)
j=1 Jj=1
d d d d
+ Z(kj+1),u,-j§(t,k+ej—e,~,s)—Zij,u,-jf(t,k,s). (84)
j=1 i=1 j=1i=1

Now multiplying by z¥ and summing over k € Ng gives (48).

The final part of the theorem follows by the method of characteristics, similarly as in [35],
Theorem 3.1, by parametrising s; and z; by u € [0, ], with s;(¢) = s; and z;(¢) = z;, after which
we change variables to u’ =t — u. O

Proof of Theorem[9, We rewrite (48) to the joint transform by substituting its definition

{(t,z,8) = [ Q1) s A(’)] 1_[ Qj(1) j=s;A; (0|

U

This gives us the PDE

d d
E 1_[ ZlQl(l‘)e,—sll\z(I)
=1

d d
- Z(rjsj +z; - 1E l—[ lel(t)Aj(t)e_s’Al(’)
J=1 =1
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d d
(-1 s, .
+Z,uj(2j - B;(s)E Qj(l)ZJQJ() e N0 rlle’(t)e st (1)

J=1 =
I#j

d d d
+ Z Z Hij(z; — z)E Qj(t)z?'f(t)_le_s-f’\f([) l_[ lel(t)e_slAl(’)

j=1 i=1 =1

l#]
d d
=- Z rjdjosiE

j=1

rl l(t) —SlAl([)] (85)

=1

We differentiate g € Ng times with respect s, meaning that we differentiate g; times with
respect to s, foreach j € [d]. After this, we sets = 0. Similarly, we differentiate g € Ng times with
respect to z, after which we set z = 1. This yields the following ODE for E [Hle Q_lq’ (t)A‘f’ (t)] :

U

ﬂ (A (1)

=1

d
+Z(gjrj+Qjﬂj)E

j=1

d_ |14 -
—E|[ [2fmAf @)
I=1

d d
- > B0V AT o [ ] 0F (0Ad ()
J=1 =
I#]

- Z y Z gkbiE |01 (DAL (1) ]_[ o7 (1) ]_[ A (1)

k=1
l:ﬁj l#k

ﬁ YDA (1)

=1

d d
+ZZMU q;E

j=1i=1

d d
—qE |01 (00 (i [ | o (i [ [ Af'(r)
= =1

[#i,]

d
= > 8miAi0B |07 (AT () 1_[ 01! () AS (1)

/= li]

: 4 81 ¢ 1
. 81—t ‘IJ"' qk Ck

NIV ( &)E BB |07 (A7 ) ]_[ 0L (DAL (1], (86)

=1 0<t<g =1

lelhi<liglli-2 ki]
We can write more compactly as (52)). mi

Proof of Theorem First, (56) is immediate from (55)). In order to calculate AT

exploit the structure of A"*1): the superdiagonal is of the form ¢ [n : 1], the subdiagonal of the

, we need to

form c;[1 : n], and the diagonal of the form ¢3[0 : n] + c4[n : 0] = c4n + (c3 — c4)[0 : n]. Here,
we write [k : m] :={k,k+ 1,k +2,...,mF 1,m} for the set of integers between k,m € Z.
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In fact, A”*D is a generalization of the Clement-Kac-Sylvester matrix. Using [13], §3, its
characteristic polynomial p,,;(w) = det (A("“) — wl,41) is given by

n

Pust(w) = H (—w —np+ n(#z_ AN _22k \/(/l —r)?+ 4/1191) :
k=0

hence the eigenvalues of A"*D are given by (58). Finally, formula follows from Lagrange-
Sylvester interpolation; see [9]], Theorem 8.1.

For stability, take some n € N, and note that we have convergence of the moments Z (”“)(t) if
and only if eA""""" — 0 as t — oo, which holds if and only if

/11(1?;(” = /lénﬂ) = —g (,u +r—+f(u—r)? +4b1) = —g (,u +7r— \/(/vt+r)2 —4u(r — bl)) <0,

which in turn holds if and only if 4u(r — by) > 0 so if and only if by /r < 1. O

Proof of Theorem This can be proved by solving the system of ODEs for n = 1 by Theorem|[I0]
using

—u 1
,ub1 —r

A2 —

rao 0

Cc?(s) = [ g

70(0) = m , 87)

and letting t — oco. Alternatively, use (53), set the derivative equal to 0, and solve for Z(?(c0). O

ProofofCorollary We know from Theorem@that 0(1) 2 O(r) and A(r) =4 A(r) forall t > 0.
Furthermore, from Theorem |1 1|and [35], Corollary 3.9, we know that
B[Q()] = B[Q(e0)] = —— and E[A(e0)] = E[A(e0)] =~
u(r —by) r—b
Hence, to prove the claim, it suffices to prove that if X (-), Y (+) are stochastic processes on [0, )
such that for all # > 0, X (1) >4 Y (¢), while

xn3x, vin32v,

as t — oo, with E[X] = E[Y], then X 2 Y.

Indeed, let Fx(; be the CDF of X(¢) and Fy(,) be the CDF of Y(z). Then, forallt > 0,z € R,
Fx(1)(z) < Fy(;)(z) since X(¢) >4 Y (). Furthermore, for each continuity point z of Fx, Fx(;(z) —
Fx(z); similarly, for each continuity point z of Fy, Fy(;(z) — Fy(z). Hence, for all but at most
countably many points z,

Fx(2) = lim Fy()(z) < lim Fy)(2) = Fy (2).

If this inequality does not hold for some z, then by right-continuity it does not hold for a continuum
of values [z, z + €]|. By contradiction, Fx(z) < Fy(z) forall z € R. Since X,Y > 0, it follows that

0= E[X] — E[Y] =/O°°<1—Fx(z>> dz—/om(l—Fy(Z)) dz=/0°°<Fy<z)—Fx<z>) .

Since the integrand is nonnegative for all z > 0, it follows that Fx(z) = Fy(z) for almost all z > 0.
Inequality at a point would again imply inequality on an interval of positive measure. Hence,
Fx = Fy,ie, X 2. O

Proof of Corollary[3] The result follows from Corollary 2] in combination with [35]], Theorems 6.4
and 6.6. O
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