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Abstract

Consider an observed path from a multivariate temporal point process N with law
P on the time interval [0,7]. To test the null hypothesis that P belongs to a given
parametric family, we construct a compensated empirical process to which we apply
a suitable innovation martingale transformation. We prove that the resulting test
process converges weakly to a standard Wiener process. Consequently, taking a testing
functional of this process yields an asymptotically distribution-free goodness-of-fit test
for parametric point processes. Furthermore, for standard test statistics based on the
increments of this test process, we establish consistency under alternative hypotheses.
We assess the performance of the proposed testing procedure through a Monte Carlo
simulation study and illustrate its practical utility with two real-data examples.

Keywords: Counting process; goodness-of-fit testing; distribution-free testing; functional
central limit theorem; martingale transformation; Hawkes process.



1 Introduction

Parametric point processes are widely used to represent the occurrence and evolution of real-
world events over time in fields such as seismology, epidemiology, neuroscience, finance, social
network analysis, and criminology. Consider a d-variate point process N = (N W .. N (d))
indexed by time ¢t € R. Suppose that the law P of N is modeled through a set of probability
laws Zg := {Py : 6 € O}, where © C R™ is a finite-dimensional parameter space. If P € Zg,
it holds that N ~ Py, for some 6y € ©. In practice, 6y is typically unknown, and has to
be estimated using a time-ordered observation wy of the point process, i.e., an observed
path from N on the time interval [0, 7], leading to an estimated parameter vector Or. If,
for example, maximum likelihood estimation is employed, the statistical properties of O
are well-established (Ogata 1978, Puri & Tuan 1986, Rathbun 1996).

This paper is concerned with goodness-of-fit testing for temporal point processes. Given
an observation wr, we aim to test the parametric null hypothesis Hy : N ~ Py for some
6 € O against the alternative Hy : N ¢ Py for all § € ©. For temporal point processes, a
common approach is to apply to each coordinate k € [d] := {1,...,d} a time transformation
t > AP (t), where A®)(t) = [T \#)(s) ds is the time-integrated conditional intensity of N,
i.e., the compensator. According to the random time change theorem (Daley & Vere-Jones
2003, Theorem 7.4.VI), under Py, it holds that through the simultaneous random time
transformations ¢ +—» Agg) (t), the d-variate point process N is transformed into a d-variate
Poisson process of unit rate. Since 6y is unknown, the goodness-of-fit of a candidate
model is then typically assessed by testing whether the transformed interarrival times
k)) — AW (tz(ﬁ)l) are standard exponential, where 07 is an estimator of 6, following the
seminal work of Ogata (1988). In such tests, the estimation error |07 — 6|, which causes a
discrepancy between A; and Ay, is often ignored; see Ogata (1988), Section 3.3, and the

references in Section 4.2.



Ignoring estimation uncertainty can have important adverse consequences. The asymp-
totic distribution of test statistics under the null hypothesis typically depends on the specific
parametric family .#g that is tested for and on the true parameter 6,. That is, the test
statistics are not asymptotically distribution-free, and there is generally no justification for
ignoring uncertainty induced by the estimation error |éT — 6. In fact, even if the data is
generated under the law Py, , the estimator O will empirically often fit the observed data
better than the true parameter 6, (surely, when using MLE). Hence, for a test statistic
S(wr, 0) depending on both the observation wy and the parameter vector 6, it is natural
to expect that under Py, the value of S(wr, éT) will appear “less unlikely” than S(wr, o).
Neglecting estimation uncertainty then leads to undersized tests with reduced power.*

In the past decades, several other as well as related statistical procedures for residual
analysis of (spatio-)temporal point processes have been proposed, including most noticeably
random thinning (Ogata 1981, Schoenberg 2003), random superposition (Brémaud 1981),
super-thinning (Clements et al. 2013), and random-time-change-based methods (Schoenberg
1999, Vere-Jones & Schoenberg 2004), each with their own advantages. These foundational
methods, like the approach described above, are based on results that hold under the true
distribution Pp,. A common difficulty of the resulting testing procedures is their dependence
on %g and the true but unknown parameter 6,. Consequently, to account for estimation
uncertainty, specialized resampling methods (e.g., bootstrap procedures) are required to
approximate the asymptotic distribution of the test statistics under the null hypothesis, for
each parametric model.

In recent years, substantial efforts have been made to address this problem. For example,

'In applied work, it is common to estimate a parametric model from the data and then use a goodness-
of-fit test attempting to demonstrate that the model fits well by showing that the test fails to reject the
null hypothesis. Ignoring estimation uncertainty in this context then leads to overly conservative tests (i.e.,

with too low power), potentially giving a false sense of confidence in an unfit model.



asymptotically correct goodness-of-fit tests have been developed for the specific cases of
self-exciting temporal point processes (El-Aroui 2025) and exponential Hawkes processes
(Bonnet et al. 2024). Additionally, sparsity tests for the connectivity matrices of multivariate
Hawkes processes have been introduced (Lotz 2024). Important progress has also been made
by Reynaud-Bouret et al. (2014), who mitigate the bias caused by using the plugged-in
estimated parameter in scenarios with a large number of (sub)sample paths. Furthermore,
Fontanesi Kling & Vetter (2026) have proposed a bootstrap-based goodness-of-fit testing
procedure for self-exciting point processes; their procedure is empirically applicable to a
broad class of self-exciting models, while asymptotic consistency in an infill-asymptotic
setting is established in the special case of inhomogeneous Poisson processes. Moreover,
asymptotically correct goodness-of-fit tests have been proposed for cases where the temporal
dynamics are partially known a priori (Clinet et al. 2021, Richards et al. 2022). Nevertheless,
none of these works provides an asymptotically distribution-free goodness-of-fit testing
procedure for a single observed path from a general temporal point process.

In this paper, we develop an asymptotically distribution-free goodness-of-fit testing
procedure for a general class of multivariate temporal point processes. Specifically, based
on the observation wy, we construct a test process on an interval [0, 7| that, as we establish,
converges weakly to a standard Wiener process, as T' — oo. Consequently, the limiting
process has a distribution that is independent of both the null hypothesis under scrutiny and
the true parameter ¢y. Appropriate functionals of this test process can then be employed as
test statistics. Since the weak limit of the test process is a standard Wiener process, the
asymptotic distributions of these functionals will also be independent of the parametric
model class Z¢g that is tested for and 6y. This means that their critical values only need to
be tabulated once, making them applicable across a wide range of testing problems — an
important advantage. We also establish consistency under general alternative hypotheses,

for standard test statistics.



To derive the asymptotically distribution-free test process, we first establish a functional
central limit theorem (FCLT) for the point process N ~ Py, compensated by A; . The
resulting limit is the sum of a Wiener process and a linear drift term with a random
coefficient, which depends on .%g and . We show that the specific structure of this limit
enables the application of a suitable innovation martingale transformation J,, originally
introduced by Khmaladze (1981, 1988, 1993), which transforms the limit into a standard
Wiener process. Applying the empirical counterpart 7 = of this transformation yields an
empirical process that, as we formally demonstrate, converges to a standard Wiener process
as T' — o0.

This paper contributes to the literature by introducing a novel, general framework
for goodness-of-fit testing of multivariate temporal point processes belonging to a finite-
dimensional parametric family. The constructed test process is asymptotically distribution-
free. At the core of the theoretical development is an FCLT for the transformed compensated
empirical process, i.e., the test process, obtained by combining martingale arguments with
a careful analysis of the difference between population and empirical compensators, an
application of a suitable innovation martingale transformation along with a thorough
dissection of its empirical counterpart. In developing this framework, we also establish a
Cramér-Wold device for stochastic processes and derive an FCLT for multivariate martingales
— results that are of potential independent interest. The proposed tests are based on
standard functionals of the test process, are formally shown to remain consistent under
general alternatives, and account for estimation uncertainty. Compared to existing methods,
this leads to substantially improved reliability and greater power.

We demonstrate these advantages through Monte Carlo simulation studies and two
applications to real data. Our simulation results show that our testing procedure has good
size and power properties in a variety of realistic settings. They also confirm that tests that

ignore estimation uncertainty tend to be undersized and to have substantially lower power.



In a data analysis, we demonstrate that our approach, when applied to real earthquake
data, reveals that the classical temporal ETAS model is less fit for the data than would
be concluded on the basis of existing standard tests that ignore estimation uncertainty.
We also show, using Rocky Mountain Spotted Fever data from Florida, that a family of
recursive point processes for epidemic data is rejected when using our testing procedure but
not when using existing, less powerful tests ignoring estimation uncertainty.

The remainder of this paper is organized as follows. Section 2 introduces the setup and
assumptions. Section 3 derives the functional central limit theorem for the compensated
empirical process after applying an observable innovation martingale transformation. Sec-
tion 4 focuses on goodness-of-fit testing, proposing asymptotically distribution-free test
statistics and discussing biases in random-time-change-based methods. Section 5 establishes
consistency under general alternatives. Section 6 presents simulation results comparing
our method to existing approaches. Section 7 illustrates the method’s performance in two
real-data applications. Section 8 outlines possible extensions. In supplementary material,

we provide technical details, proofs, additional simulation and empirical results.?

2 Problem setup and assumptions

Let N = (NW, ... N@) be a d-variate temporal point process on R, i.e., a random
discrete [d]-marked subset of R. A realization of N consists of event times and coordinates,
and is denoted by w = {...,(t_1,k_1), (to, ko), (t1,k1),...} C R x [d], where t; < t;41,
i € Z, and ty < 0 < t1. The realization on [0, 7] is denoted by wr = w N ([0,7] x [d]) =
{(t1, k1), (Enerys knery) > where N(T) = X¢_, N®(T) represents the number of events
in the time interval [0, 7. We assume that w has no limit point and denote the law of N

by P.

2Reproducibility files (code, data, and report) are available from the authors upon request.
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Given an observation wr of N, our ultimate aim is to test, for a parametric family

Fo = {Py : 0 € O}, the parametric null hypothesis
Hy: N ~ Py for some 6 € O, (1)

where © C R™ is assumed to be open, convex and bounded. In this and the next section,
we will suppose that the null hypothesis holds, i.e., N ~ [Py, for some 6, € ©.
We start by imposing some assumptions on the parametric family of point processes

Fo, required throughout.
Assumptions A.

(i) Under each Py € Fo, N is a stationary and ergodic point process, absolutely continuous

w.r.t. the unit Poisson process on [0,T], for each T € (0, 00).

(ii) Under each Py € Fo, N is an orderly point process, i.e., Po(N(0) = 2) = 0(d), as

510

By Assumptions A, it follows that each Py € Fg can be characterized by a conditional
intensity function \g : Ry — R% : ¢ — A\g(t) of N ~ Pp; see Daley & Vere-Jones (2003,
Proposition 7.3.1V). We denote the components of \g by )\ék) for k € [d]. Given some history

Ho_ of N before time 0, let
Hi— :==0(N(s):s€[0,t) @Ho_.
Then Ay can be taken to be any (H;);cr-predictable function such that

1

The proofs of our main results rely on the following regularity assumptions for the
parametric family of conditional intensities Ly := {\g : 0 € ©}. We postpone further
discussion of these assumptions to Section 3 and Appendix B. By stationarity, i.e., Assump-

tion A(i), Assumptions B can be stated without reference to t. Here, C'(©) denotes the set
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of continuously differentiable functions on O, and LP(Q) denotes the set of (equivalence

classes of) measurable functions f such that |f|P is Q-integrable.
Assumptions B.

(i) For each 6 € ©, Ay is (H¢)ier-predictable.

(ii) The model F¢ is identifiable: Xg, (0) = A, (0) a.s. if and only if 61 = 0.

(iii) Xo(0) € CH(O) a.s., with for any 6 € O, 3)\‘(919)(0)/3& € L*(Py) for all k € [d] and

i € [ml.
(iv) For each 6 € ©, X\g(0) > 0 Py-a.s.

(v) For each 0 € O, there exists Ay € L*(Py) and a neighborhood U = U(0) C © of 6 such

that for all 0 € U, maxyeq) |)\gf)(0)] < Ao, Py-a.s.

(vi) Let DXg(t) = (8)\ék)(t)/@@i)ke[d],ie[m] € R&>™ be the total derivative of 8 — Ng(t).
Assume that

= lim —/ DX, (1) (3)

T—>oo

exists Py, -a.s.

Remark 1. Assumption B(vi) is satisfied if the following condition holds: there exists
Ay € L'(Pg,) and a neighborhood U = U(6y) C O of 6 such that for all 8" € U, || DAy/(0)] <
Ay, Py,-a.s. This follows by ergodicity (Assumption A(i)) together with the dominated

convergence theorem. In this case, using stationarity of \g, it follows that cg = Ee[DAg(0)].

Next, suppose that we have some estimator O € O for 6 based on the observation wy of
N. Our main results will assume that this estimator satisfies a central limit theorem, as

follows.



Assumption C. There exists an m-variate random vector Z such that for the estimator

éT € O, under Py, we have
VT (0 —07) > Z, as T — . (4)

Assumption C is satisfied with Z ~ N(0,1(6p)~") (where I(6) is defined in Assump-
tion C.1(ii)) when 07 is the maximum likelihood estimator and if next to Assumptions A-B
one grants Assumptions C.1; see Appendix A. This follows from a multivariate generalization
of Ogata (1978, Theorem 5); see, e.g., Puri & Tuan (1986, Theorem 4).

Assumptions A, B, and C.1 are satisfied by many families of point processes such as
Poisson, Hawkes, Wold, and delayed renewal processes; see, e.g., Ogata (1978) in the context
of maximum likelihood estimation. Furthermore, our setup and assumptions allow for point
processes dependent on covariates, such as marked Hawkes processes.

In Sections 3 and 5, we establish limit results for a certain transformation of the
stochastic process N. Therefore, we need an appropriate framework for stochastic process
convergence. The transformation of the next sections maps the time interval [0, 7] to [0, 1],
hence it suffices to work on the latter interval. On the space D([0, 1], R?) of right-continuous
functions f : [0,1] — R%, we consider multiple topologies. We consider the strong SU
and the weak WU uniform topologies and the strong SJ; and weak W.J; Skorokhod .J;
topologies. The strong topologies are defined by treating R? as the range space, whereas
the weak topologies use the fact that D([0,1],R?) = D([0, 1], R)¢ in the sense of bijection,
and consider a product topology on this space. As the name suggests, in general the strong
topology is stronger than the weak topology. However, as we will prove later, the strong
and product uniform topologies coincide in our setting, i.e., SU = WU. We refer to Whitt

(2002) for more details on the respective spaces and topologies.



3 Asymptotically distribution-free test process

In this section, we construct an asymptotically distribution-free test process from a suitable
transformation of the process N under Py . The limit is in particular independent of the
parametric family .%¢ as well as the true parameter 6. As indicated in the Introduction, this
enables us to overcome an important limitation of goodness-of-fit tests for point processes
known from the literature.

We start by considering the d-dimensional compensated empirical process

PEATR ;T (N(UT) -/ () ds) , (5)

for u € [0, 1], which we decompose into

\/1? (N(uT) _ /0“T Moy () ds) + \/17 (/OUT Aoy (5) ds — /OUT Mg (5) ds) . (6)

Our development then comprises four steps.

(1.) The first step consists of developing a martingale functional central limit theorem

(FCLT) for the first term of (6), in order to establish that a Gaussian limit arises.

(2.) We next prove that the second term of (6) converges weakly to a deterministic function

of u multiplied by some random variable (which is, in particular, independent of u).

(3.) Steps 1 and 2 yield a weak limit 7y, of (6) that depends on the true parameter 6, and
the family .#g. We show that the particular shape of the limit allows us to apply an
innovation martingale transformation J,, first discussed by Khmaladze (1981, 1988,
1993). We demonstrate that, after a suitable transformation, 7, (ny,) is a standard

Wiener process. This transformation 7, still depends on the true parameter 6.

(4.) Finally, we establish that the difference between Jp,(ny,) and its empirical counterpart
5. (AM) becomes ‘small” for large T', and hence that .7 (7)) converges weakly to

a standard Wiener process.
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As we will see, due to the orthogonal structure of the martingales underlying a multi-
variate point process, with some work, the analysis in the multivariate case can be reduced

to that of the univariate case. All the proofs for this section can be found in Appendix B.

3.1 FCLT for the compensated point process
The next result establishes Step 1.

Theorem 1. Grant Assumptions A. Let Ny, be the conditional intensity of the point process

N ~ Py, € Fo. Then it holds that

(;T (mm [T ) d)) Ly (Wi ()i ™)

u€[0,1]
as T — oo, weakly on D([0,1],R?) equipped with the strong Skorokhod J, topology, where

W, is a zero-mean d-variate Wiener process with covariance
u- dlag (EOO [N(l)(l)]a s 7E90 [N(d)(1>]) :

The proof of Theorem 1 relies on a Cramér-Wold device for stochastic processes —
instead of, as usual, for multi-dimensional random vectors — that we establish, given as
Lemma Al in Appendix B, and an FCLT for multivariate martingales, given as Lemma A2

in Appendix B. Both results are of potential independent interest.

3.2 Limit theorem for the compensators
For Step 2 of our procedure, we analyze the asymptotic behavior of the second term of (6).

Theorem 2. Grant Assumptions A-C. Let ag, € R™*™ be as in Assumption B(vi) and let

Z be as in Assumption C. Then, under the law Py, € Fo,

<\/17 /OuT ()\90(8) — )\(;T(s)) ds> LN (uewgy Z)uepp 1] (8)

u€0,1]

as T — oo, weakly on D([0,1],R?) equipped with the strong Skorokhod Jy topology.
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Remark 2. Since the limit u — uog,Z is continuous, it follows that (8) even holds on

D([0,1],RY) equipped with the uniform topology.

Combining Theorem 1 with Theorem 2, we obtain the following limit result for the

empirical process HT) defined in (5).

Corollary 1. Grant Assumptions A-C. Let Wy, be a zero-mean d-variate Wiener process

with covariance

u - diag (g, [NV (1)],... By [N (1)]) .

Then, under the law Py, € Fo,
1 ul d
(N - / Mg, (5) ds Ly (Wey (1) + ucvgy Z)ucio
vT 0 u€el0,1] (9)

= (7700 (U))ue[o,l] )

as T — oo, weakly on D([0,1],R?) equipped with the strong Skorokhod J; topology.

3.3 Transforming 7y, into a standard Wiener process

The limiting result (9) derived in Step 2 still depends on the true but unknown parameter
6y, through the covariance of Wj, and the linear stochastic drift term uog,Z. Due to
this dependency on the true parameter, we cannot directly use this limit to construct an
asymptotically distribution-free testing procedure for all § € ©, causing the theory to
become ‘fragmented’” — requiring a separate treatment for each null model. To address
this issue, we apply a suitable innovation martingale transform to the limit process 7y,,
which results in a new limit process that is independent of the true parameter 6, and of the
specific family .#g we are testing for.

Variants of innovation martingale transformations have been applied to various statistical
problems in the literature over the last couple of decades; see McKeague et al. (1995), Stute

et al. (1998), Koenker & Xiao (2002, 2006), Khmaladze & Koul (2004, 2009), Delgado et al.
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(2005), Dette & Hetzler (2009), Can et al. (2015). An innovation martingale transformation
has also been applied to point processes involving populations of size n over fixed time
horizons [0, T], where an asymptotically distribution-free test process has been derived in
the limit as n — oo (Andersen et al. 1993, Sun et al. 2001). However, that large-n setup
differs fundamentally from the large-T" setup considered in this work. In the large-n regime,
one considers a system consisting of many interacting particles over a fixed time horizon.
The limiting behavior as n — oo is typically governed by an LLN or CLT, where randomness
is averaged out due to aggregation across the population. The resulting asymptotics are
then driven by scaling properties of the population-level process. By contrast, the large-T
regime concerns a single realization of a process evolving over an increasingly long time
horizon. Here, the asymptotics are dictated by the temporal structure of the process rather
than by population averaging. Growth in 7" does not inherently reduce stochasticity but
instead reveals long-term dependencies and fluctuation behavior that are absent in the
large-n setting. As a result, techniques that rely on concentration due to population size
become futile, and intrinsically different probabilistic approaches are required to understand
the limiting behavior.

We now state our transformation result.

Theorem 3. Grant Assumptions A-C. Let ug;) = Eg[N®(1)]. For 6 € ©, let F :

D([0,1],RY) — D([0,1],R?) be the transformation

To(n)(B) = {1 (77““(3) - /B 77<k>(1i - ZWU) d“)} , BeB1], (10)

\/W keld]

Ho
with B[0,1] denoting the set of Borel subsets of [0,1]. Then, under the law Py, € Fo,

Too(Ma,) is a standard d-dimensional Wiener process, where ng, is defined in (9).

Remark 3. The transformation in (10) induces a dimension-wise annihilation of ucg,Z

in (9) as well as a standardization by \/uék) resulting in a standard d-dimensional Wiener
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process. The standard nature of this limiting process will facilitate asymptotically distribution-

free testing.

3.4 Replacing 60, by O

Although the limit process from Theorem 3 does not depend on the true parameter 6y, the
transformation 5, and the process 7, still do. Hence, in practical applications Z,(7s,)
cannot be used. Instead, one can replace F,(ng,) by F (7'")), where #7) is the empirical
process defined in (5). As the final Step 4, we show that the difference between (7))
and 7, (ns,) vanishes in the limit, as T — oo. Since Jp,(ny,) is a standard d-dimensional
Wiener process, this provides us with an asymptotically distribution-free limit process. Also,
the process %T (ﬁ(T)) can be constructed explicitly without knowledge of 6.

We now state our convergence result for 7 (HD).

Theorem 4. Grant Assumptions A-C. Select some 7 € (0,1). Then, under the law
Py, € Fo, as T — 00, T (M) converges weakly on D(]0, 7], R?) equipped with the strong

Skorokhod Jy topology to a standard Wiener process.

Remark 4. Theorem 4 may be compared to Corollary 1. Both results establish the asymptotic
behavior of an empirical process constructed from wp. Whereas 77 has a weak limit

depending on Fg and 0y, %T (7)) is asymptotically distribution-free.

4 Goodness-of-fit testing procedures

Recall that, given a sample wy of a point process N, we aim to test the parametric null
hypothesis (1). In practical situations, the sample wy is used to compute an estimator O for
0, after which one attempts to decide whether g = {Py : § € O} is a suitable parametric

family of distributions for the data. In Section 4.1, we show how to employ Theorem 4
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to construct asymptotically distribution-free goodness-of-fit tests for testing (1). We also
briefly discuss a related, “naive” testing procedure that ignores estimation uncertainty.
In Section 4.2, we discuss conventional random-time-change-based testing. The testing
procedures of this section will be implemented, evaluated and applied in Sections 6-7. In

Section 5, we theoretically analyze consistency under alternative hypotheses.

4.1 Asymptotically distribution-free and naive goodness-of-fit

testing

In Theorem 4 we have established that, for any 7 € (0,1), the process 7 _ (7)) converges
weakly on D([0, 7], R?) to a standard Wiener process W under H,. Now suppose that % is
a test statistic (i.e., functional) that depends continuously on R%-valued stochastic processes
on [0,7]. Then J& (%T(ﬁm)) will converge in distribution to £ (W). The limit process W
from Theorem 4 is a standard Wiener process on [0, 7]. In particular, for any n € N, the
random vectors

Z; = (W(it/n) =W ((i—1)1/n)), 1€ [n], (11)

n
T

compose an i.i.d. sample of size n from the d-dimensional standard normal distribution.

Suppose that one replaces Z; by Z;T) based on W) := T (7). That is, one considers

2 = \J2 (WD (ir/n) = Wi — D)7 /n)) . i € [n]. (12)

T

It will now be convenient to allow n to depend on 7', so we will henceforth use the notation
n(T). By the preceding arguments, it follows that (ZZ(T))ie[n(T)] behaves asymptotically as a

sample of d-dimensional standard normal random vectors, as 7' — oo and n(7") — oo, in

such a way that T'/n(T) — oo. Hence, replacing the parametric null (1) by

H (Zl(T), ce 2(2)) is an i.i.d. sample from the N(0, I,)-distribution, (13)

n

where I; denotes the d x d identity matrix, leads to asymptotically correct tests, i.e., tests

15



having the correct rejection rates under Hy, asymptotically as 7" — oo. The hypothesis (13)
can be evaluated using standard normality tests; well-known examples include (multivariate
versions of) the Kolmogorov-Smirnov, Cramér-von Mises and Anderson-Darling tests.

In order to obtain high power against alternatives, we want to consider a large sample
size n = n(T'). However, for fixed T, a lower value of the hyperparameter n amounts to
more data being used to calculate ZZ-(T), hence better approximations to standard normals,
yielding a more robust testing procedure. In other words, there is a trade-off between small
and large n. One way to find a middle ground is by taking n = ceil(cy/T) for some ¢ > 0,
where ceil(+) denotes the ceiling function. A smaller choice of ¢ prioritizes the robustness of
the testing procedure, whereas a larger c¢ prioritizes power. Given a sample wy of a point
process N on [0, 7], one may then test (1) using Algorithm 1 below.

In the present situation, one could also compose a “naive” testing procedure ignoring

estimation uncertainty, by simply treating the (standardized) empirical process

-1
- ) / / N
W .= diag ( ué?, R uéo)> 77(T) (14)

as a standard Wiener process, hence by testing the random vectors

20 = [ (WO i) = WO = 1)r/m) i€ o), (15)

for normality. This amounts to leaving out step (i) of Algorithm 1. In Section 6, we
will compare this naive testing procedure to our asymptotically correct testing procedure
using Monte Carlo simulations, and we show that it is generally a bad idea to ignore the

estimation uncertainty induced by the estimation error ]éT — b].
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Algorithm 1 Asymptotically distribution-free goodness-of-fit testing based on the trans-

formed empirical process

Input: A realization wr of a multivariate point process N on [0, T] and hyperparameters
7€ (0,1) and n = n(T), where we use n = ceil(¢y/T) for some ¢ > 0

Output: Outcome of a goodness-of-fit test

Algorithmic Steps

(i) Estimate 6 using an estimator O7: e.g., use maximum likelihood estimation

(7i) Compute the compensated empirical process A
D)y L N(uT) — UT)\ d 0,1
) U / 5 (s)ds |, u € |0,
n \/T ( ( ) 0 GT( ) ) [ ]

(iii) For ,ug;) = E[N gi)(l)] ~ N®(T)/T, compute the transformed process W) =

T, (7)) by taking, for u € [0, 7],

u (H(T) (k) — (HONE) ()
e S R e e

M(ﬁ) 1—w
Or keld)

(iv) For i € [n], compute:

20 = 2 (WD iz fn) = WO((i — 1)r/n))

T

A

(v) Perform an (asymptotically) exact normality test on the sample (ZZ»(T))ie[n]; e.g., use

the Kolmogorov-Smirnov, Cramér-von Mises or Anderson-Darling test

Remark 5. We know from Corollary 1 that W) converges to a Wiener process plus a
random linear drift term. The magnitude of the bias of Zi(T) caused by this drift is then of
order 1/v/n. Since typical test statistics based on a functional of the empirical process —
such as the Kolmogorov-Smirnov, Cramér-von Mises and Anderson-Darling tests — converge
at rate \/m = /T, the bias of the naive testing procedure cannot be mitigated through a

suitable choice of the hyperparameter n.
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Remark 6. Taken together, steps (iii) and (iv) of Algorithm 1 require numerical integration
of the compensator over the interval (0,u), where uw = iT/n for i € [n]. Performing
this integration requires evaluating the compensator on a grid contained in (0,u). For
computational efficiency, we recommend choosing a design where each such grid is a subset
of a fixzed grid on (0,7). The compensator can then be evaluated once on this global grid
and stored in advance, after which the required numerical integrations can be carried out

efficiently by restriction to the relevant subintervals.

4.2 Random-time-change-based goodness-of-fit testing

Frequently, when goodness-of-fit tests are conducted in the context of univariate point
processes, one considers transformed event times Ay (t;), where Ag(t) = 3 Xo(t) dt is the
compensator of the point process, i.e., the time-integrated conditional intensity. By the
random time change theorem (Daley & Vere-Jones 2003, Theorem 7.4.1), it holds that,
under Py, the times Ay, (¢;) are distributed according to a unit Poisson process.?

Hence, following Ogata (1988), a goodness-of-fit test is often performed by testing
whether the increments Ay (t;) — Ay (ti—1) are standard exponential.* The estimation error
]éT — 6y, leading to a difference between A; and Ay, is then typically ignored. Let us

now consider the effect of estimation uncertainty in some more detail. By Theorem 2 with

u=t;/T = O(1/T), holding for fixed t;, it follows that under Py,, as T"— oo,

Ng, (i) = Ng, (tim1) = Moy (t1) — Mgy (tio1) — \;T(ti —ti1)ag,Z + op, (1/VT).  (16)

By the random time change theorem, this implies that the transformed interarrival times

3By a multivariate version of the random time change theorem (Daley & Vere-Jones 2003, Theorem

14.6.1V), this approach also allows for a multivariate generalization.
4See e.g., Embrechts et al. (2011), Chavez-Demoulin & McGill (2012), Toke & Pomponio (2012),

Lallouache & Challet (2016), Chen & Tan (2018), Albrecher et al. (2019), Unwin et al. (2021), Luo et al.

(2022), Kwan et al. (2023).
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Ay, (ti) — Ay (ti—1) approximately equal standard exponential random variables plus some
bias term proportional to the interarrival times ¢; — t;_;. This bias term entails that
the goodness-of-fit testing procedure of assessing whether the times (A4 (t;)) compose a
realization of a unit Poisson process is incorrect. Indeed, when one uses a test statistic that
is a functional of the empirical process — such as the Kolmogorov-Smirnov, Cramér-von
Mises and Anderson-Darling tests — to analyze the transformed interarrival times, the
convergence of the test statistics occurs at rate \/ﬁ = /T. Therefore, the deviations
ﬁ(ti —ti-1)ag,Z + op,, (1/VT) = Op,, (1/v/T) in (16) from standard exponentials are in
general not negligible.

If a consistent estimator of ay,Z could be constructed from the data, one could modify
(16) to develop an asymptotically distribution-free goodness-of-fit test based on the random
time change theorem. However, this is not at all a straightforward task, and outside the
scope of the present work. Although tests based on the random time change theorem as
discussed in this subsection rely on different ideas than the goodness-of-fit testing procedure

outlined in Algorithm 1, it is, of course, possible to compare the outcomes of both procedures

numerically; see Section 6 and Appendix C.

5 Consistency under H;

In this section, we analyze the consistency under H; of the goodness-of-fit testing procedure
outlined in Algorithm 1. In step (i) of Algorithm 1, we fit N to the parametric hypothesis
Hy by calculating the maximum likelihood estimator 6. For the normality test in step (v)
of Algorithm 1, we consider a test that is consistent under alternatives at rate \/n(7T), such
as a Kolmogorov-Smirnov, Cramér-von Mises or Anderson-Darling test.

Before stating the main result of this section, we state a lemma describing the asymptotic

behavior of W) = 5, (A™)). The proofs for this section can be found in Appendix B.
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Lemma 1. Grant Assumptions A-B and C.1. Consider a realization of a stationary and
ergodic point process N having law P and conditional intensity X ¢ Lo := {X\g : 0 € O},
i.e., N does not satisfy the null (1). Let 0* € © be the “least-false estimator”, or “oracle”,
mazimizing the expected likelihood E[Ly(0)] over 6 € ©. Assume that [5° ||E[A(s) — Ag=(s) —
E[A(0) — Xg«(0)]|Hol||2 ds < oo and Var(A(0) — Ag«(0)) < oo. Select T € [0,1). Let
ge(s) == AP (s) — /\gi)(s), k € [d). Then the transformed empirical process W(T) = %T(ﬁ(n)

converges to Wy + Wy + Vi, weakly on D([0, 7], R?) equipped with the strong Skorokhod J,

topology, where W1 is a standard Wiener process, Wy is a Wiener process with covariance
i(0) —E|g;(0)] g;(t) — E|g,(0
5:(0) — Elg:(0)] 95(t) ~ Bl ( )J] dt) | an
(1) ()
o i,j€ld]

r—>-2/OO]E .

and V3(u) =[5 Ws(s) ds, with W LW,

Remark 7. The condition [;° ||E[A(s) — Ag=(s) — E[A(0) — Ag=(0)]|Ho]||2 ds < oo ensures
intuitively that the influence of the past (before time 0) on the future (after time t) diminishes

rapidly enough (ast — 00), i.e., that the process does not have a(n excessively) long memory.

Theorem 5. Grant the conditions of Lemma 1. Suppose that \ does not satisfy
AL g+ for some 6 € © and some c € R, (18)

and test the null (1) using Algorithm 1, employing a normality test that is consistent under
alternatives at rate \/n(T) in step (v). Then this goodness-of-fit test has non-trivial power,

asymptotically. Furthermore, for W1 and W5 as in Lemma 1, suppose that
there exist s < t,s,t € [0,7]:  Wi(t) + Wa(t) — Wi(s) — Wa(s) £ N(0,t —s).  (19)
Then P (Algorithm 1 rejects Hy) — 1, as n(T) — oc.

Remark 8. Condition (19) (slightly) constrains the covariance structure between Wy and

Wy. Since Wy is a standard Wiener process and Wy is a non-zero Wiener process, this
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condition is rather mild.”

A natural follow-up question is whether the conclusions of Theorem 5 continue to hold
under a (more challenging) root-n(T') alternative hypothesis. Since we use n(T) =< /T, this
is the same as a “T/* alternative”. Specifically, consider a family of alternative models Ny

on [0, 7] with conditional intensity functions of the form
Ar = g+ ATV, (20)

where 6§ € © and )\ is the conditional intensity of some other point process on [0, T7].
Under such alternatives, the perturbation introduced by Vj is of order 1/n(T") and is
therefore asymptotically undetectable. Consequently, the focus should be on the contribution
of W5. As in Theorem 5, suppose that condition (19) holds. In that case, W5 induces a
perturbation of order 1/ \/@ , which as we establish below leads to non-trivial power in
the goodness-of-fit test. As may be expected, such root-n(T") alternatives do not guarantee

that the test’s power converges to one.

Corollary 2. Consider the setup of Theorem 5, but with root-n(T') alternatives of the form
(20). Test the null (1) using Algorithm 1, employing a normality test that is consistent under

alternatives at rate \/n(T') in step (v). Then this test has non-trivial power, asymptotically.

The proof of Theorem 5 implies that if the test from Section 4.1 is not consistent under
an ergodic alternative with intensity A, then it holds for some ¢ € R? that A\(t) — \g- (t) — ¢,
as t — oo. Under a stationary alternative, this is only possible if A 4 Ao« + ¢ to begin

with. By choosing a model “closed under adding constant intensities” (or: a model with a

5In general, for Wiener processes W, and Wy, with W, standard Wiener, that are dependent in a
pathological way, it is possible that W7 + W5 reduces to a standard Wiener process. For example, if W is a
standard Wiener process independent of W7, and Wy = 2p (\/1 - p2W — le), p € (0,1), then Wy 4+ Ws

reduces to a standard Wiener process.
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parametric intensity specification including a linear parametric term), i.e., a model such
that

No+c:0€0,ceR Ng(s)+c>0forall s>0as}C Lo,

we obtain consistency under any stationary deviation from Hy. Note that this implies that
it is a good idea to add a linear parametric term to the conditional intensity, if one wishes
to ensure consistency under H;. If our model is not closed under adding constant intensities,
then the only stationary deviations from the null that our test might fail to detect are point

processes having an intensity that is a member of
DNg+c:0€0,ce RN\ {0}, \g(s) +c=0foralls>0as.}.

On the other hand, even for a null model that is closed under adding constant intensities,
it is still possible that our test fails to detect an ergodic, but nonstationary deviation N
from the null, but where A\ — )y a.s., for some 6§ € ©. However, one might argue that any
such model is in fact “close” to the null, since it converges to a null model as it converges

to stationarity.

6 Monte Carlo simulations

In this section, we investigate the finite-sample performance of the goodness-of-fit procedures
described in Section 4. We analyze both their size and power properties. We compare our
asymptotically exact testing procedure outlined in Algorithm 1 to the two testing procedures
in Section 4 that ignore estimation uncertainty — naive and random-time-change-based —,
and show that our testing procedure has substantial advantages over those tests.

We consider parametric null hypotheses consisting of self-exciting Hawkes processes, the
parameters of which we estimate from simulated sample paths of a variety of temporal point

processes. The Hawkes process was introduced in 1971, see Hawkes (1971), Hawkes & Oakes
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Table 1: Conditional intensities of the simulated temporal point processes

Name Point process Form of the conditional intensity
Exponential Hawkes N ~ PHaw:E . — PlffgleQ Aﬁ"‘oéwﬁE(t) =+ Z e Pl=t)
t; <t
Power-law Hawkes N ~ pHaw:P . — Plf/gwlpz )\E)Z"f:ﬁp(t) =+ Z a(l+t—t)7"
t; <t
. S —B(t—t;
Shot-noise N~ PN =PY0 10, AN a(t) = Z e Al—t)
t;<t Poi(n) times
Inhomogeneous Poisson | N ~ PPeriodic .— Pgﬁiff?li(/:ao Aperiodie(t) := p + asin(B(t — 7))
Self-correcting N ~ P5¢ .= P?g/Z,log@) A3, 5 () == pePtalN =)

(1974), and see, e.g., Bacry et al. (2013), Ait-Sahalia et al. (2014, 2015), Hawkes (2022),
Ikefuji et al. (2022) and the references therein for more recent advances. More specifically,

for the parameter space © = (0,10)3, we consider the parametric null hypotheses

HIE - N~ PFE for some 6 € {(p,a, B) € © : a < S}, (21)

HY™E o N~ PP for some 6 € {(u,a, B) € © : a < S}, (22)

where Py F = PJaVE (resp. Py = PI2%F) is the law of a linear exponential (resp.
power-law) Hawkes process with conditional intensity process given in Table 1.

For both hypotheses, we simulate realizations on [0, T] for T = 5,000 and 7' = 50,000.
We set n = ceil(v/T'/c) for both our asymptotically correct, transformation-based testing
procedure and the naive testing procedure based on the untransformed empirical process (14).
The choice of the hyperparameter n is motivated in Section 4.1. Tt turns out that ¢ = 1/4

yields accurate rejection rates for various specifications of PH*V: The hyperparameter 7

wyeuf
from Algorithm 1 is set to 0.9.

Using the transformation-based and naive testing procedures, we perform goodness-of-fit
tests for 500 simulated realizations of the various processes listed in Table 1. We first

consider simulations under HJ™¥F. We present the results for the “small” time horizon

T = 5,000 in Table 2, panel (a), and for the “large” time horizon 7" = 50,000 in Table 2,
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Table 2: Using the parametric null hypothesis Hy¥E T = {5,000;50,000} and n = ceil(v/T/4), we
conduct 500 simulations for one model contained in Hy and four models not contained in Hy. We report
the number of rejections, Rg.o1; Ro.05; Ro.20, out of 500 tests, at significance levels 0.01;0.05;0.20, using the
transformation-based testing procedure outlined in Algorithm 1, employing Kolmogorov-Smirnov (KS),
Cramér-von Mises (CvM) and Anderson-Darling (AD) tests in step (v) thereof, and the naive testing

procedure that leaves out step (7). Panel (a) considers T' = 5,000 and panel (b) T' = 50,000.

Transformation-based testing procedure “Naive” testing procedure
Test KS CvM AD KS CvM AD
pHaw:E 8; 39; 108 9; 34; 116 8; 32; 123 0;1;6 0;0; 7 0; 1; 12
[pHaw:P 7; 35; 109 5; 32; 97 9; 35; 113 0;0; 7 0;0; 3 0;1; 14
(a) PSN 7; 44; 237 0; 33; 256 0; 27; 262 0; 5; 96 0; 7; 154 0; 10; 170
PpPeriodic | 43: 242: 480 16 322; 497 12; 341; 499 | 3; 170; 454 7; 274; 493 2; 298; 499
PS¢ 500; 500; 500  500; 500; 500  500; 500; 500 | 500; 500; 500  500; 500; 500  500; 500; 500
pHaw:E 6; 25; 110 5; 20; 107 4; 25; 108 0;0; 9 0;0; 5 0; 0; 6
[pHaw:P 9; 31; 101 8; 30; 113 9; 37; 144 0; 0; 11 0; 0; 9 0; 2; 28
(b) PSN 83; 258; 464  68; 337; 488  143; 418; 499 | 24; 166; 441  43; 278; 478  104; 396; 494
[PPeriodic | 495. 500; 500  499; 500; 500  500; 500; 500 | 494; 500; 500  500; 500; 500  500; 500; 500
PS¢ 500; 500; 500  500; 500; 500  500; 500; 500 | 500; 500; 500  500; 500; 500  500; 500; 500

panel (b), employing Kolmogorov-Smirnov, Cramér-von Mises and Anderson-Darling test
statistics.

First, we find that for model PH*VE (helonging to H™"E) the rejection rates when using
our transformation-based testing procedure align well with the nominal significance levels.
This confirms the asymptotic correctness of the transformation-based procedure, as stated in
Section 4.1. By contrast, the naive testing procedure, based on the untransformed empirical
process and ignoring estimation uncertainty, produces undersized tests: for PHW:E  the
numbers of rejections at significance levels of 0.01, 0.05, and 0.20 are far below the expected

counts of 5, 25, and 100, respectively, both when 7" = 5,000 and when 7" = 50,000. This
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demonstrates that ignoring estimation uncertainty leads to unreliable tests. Furthermore,
the power of the transformation-based procedure against alternative hypotheses appears
to be considerably higher, in all instances, than that of the naive procedure. We also find
that, whereas our procedure has high power against the alternatives PSN, PPeriodic and PSC
that further increases with the sample period, the alternative PH*":¥ — which is itself a
self-exciting Hawkes process just like the null model PH*":E  with parameter values that
have deliberately been selected to mimic to null model — is more challenging to distinguish
from the null; we analyze this case in further detail in Appendix C.°

Next, we consider in more detail the results of step (v) of the testing procedure described
in Algorithm 1. Suppose we apply the Kolmogorov-Smirnov normality test in this step.”
We can then compare the simulated Kolmogorov-Smirnov test statistics for PHaw:E ¢ fyfiaw:E
with their theoretical null distribution given by the Kolmogorov distribution, using a Q-Q
plot. Under the null, the Q-Q plot should be centered around the line y = x. We investigate
this for H™* using both T' = 5,000 and T' = 50,000, contrasting the transformation-based
and naive testing procedures; see Figure 1. As expected from Sections 3 and 4.1, the
Q-Q plots for the transformation-based procedure align closely with the line y = x; see
Figures 1(a) and (c). Moreover, the deviation from y = z is smaller when 7' = 50,000
compared to when 7" = 5,000, which conforms with the asymptotic nature of our testing
procedure (as T — oo). By contrast, the naive testing procedure yields different results.
Since the standardized empirical process in (14) corresponds to a Brownian motion with a
linear drift and a random coefficient, the random variables Z,L-(T) defined in (15) are normally
distributed, but not standard normal. This is reflected in the Q-Q plots for the naive

procedure, where the points form an approximately straight line but deviate from y = x;

5A second-order Taylor series expansion of the power-law Hawkes kernel is, under the current parameter
values, nearly identical to that of the exponential Hawkes kernel. Their difference can therefore only be

statistically detected in extensive samples.

"Results for the other test statistics are similar.
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see Figures 1(b) and (d).
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(a) Transformation-based testing procedure and T = 5,000

Quantiles of KS test statistic
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(C) Transformation-based testing procedure and 7' = 50,000

Quantiles of KS test statistic

Quantiles of KS test statistic

0.5

QQ Plot for naive testing procedure and 7' = 5000
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(b) “Naive” testing procedure and T' = 5,000

QQ Plot for naive testing procedure and 7' = 50000

0 0.5 1 1.5 2

Quantiles of Kolmogorov distribution

(d) “Naive” testing procedure and T' = 50,000

Figure 1: We consider 500 simulations of N ~ PHa%:E "hoth for T' = 5,000 and T = 50,000, and both for our

transformation-based and the “naive” testing procedures outlined in Section 4.1. We test for standard normal

increments using the Kolmogorov-Smirnov test. The figure displays Q-Q plots for the empirical distribution of

the test statistics vs. the theoretical limit distribution, i.e., the Kolmogorov distribution. The dashed red line is a

straight line fitted to the scatter plot, whereas the line y = x is drawn in solid blue.

In Appendix C, we provide additional Monte Carlo simulation results, including the

rejection rates obtained when considering the power-law Hawkes null hypothesis (22) and

the rejection rates resulting from the random-time change-based test outlined in Section 4.2,
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for each of the five models listed in Table 1; we also provide further analysis explaining the
differences in difficulty of detecting various deviations from the null. The results are similar
to the ones found in Table 2, and confirm the substantially increased reliability and power
of our asymptotically exact testing procedure compared to methods ignoring estimation

uncertainty.

7 Data analyses

In this section, we illustrate the testing procedures of Section 4 using two real-world data
sets previously analyzed in part by Ogata (1988) and Schoenberg et al. (2019). In both
cases, our asymptotically exact testing procedure signals lower confidence in the model’s
goodness-of-fit than the naive and random-time-change-based tests. This demonstrates the
practical importance of properly accounting for estimation uncertainty, as neglecting it can
lead to misleading conclusions — consistent with the simulation results in Section 6 and
Appendix C. The main text highlights the key findings; various additional details of the

real data analyses are provided in Appendix D.

7.1 Temporal ETAS model

We first revisit the earthquake data analyzed in Ogata (1988), comprising 483 earthquakes.
In Ogata (1988), these earthquake occurrences are modeled via a temporal marked Hawkes
process — or Epidemic Type Aftershock Sequence (ETAS) model — with conditional

intensity given by

K

Mo(t) = Apscep(t) =+ eﬁ(mi_M)m’

ti<t

(23)

where m; is observable, M = 6.0, and 0 = (u, K, ¢, 3) is estimated via maximum likelihood,

vielding (41, K, ¢,3) = (.00536,.017284,.01959, 1.61385); see Ogata (1988, Table 3). To
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] Path of compensated transformed earthquake data
T T T

05- Lo A -

-0.5

Transformed empirical process

2 I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Time

Figure 2: This figure displays the transformed empirical process under the null hypothesis that the
conditional intensity satisfies (23), using the earthquake data from Ogata (1988). The path should resemble
a Brownian motion if the model is well-specified. The presence of jumps indicates deviation from Brownian

behavior, reflecting potential model misspecification.

evaluate the goodness-of-fit, Ogata (1988) applies the random-time-change-based goodness-
of-fit test outlined in Section 4.2. A Kolmogorov-Smirnov test for standard exponentiality
of the interarrival times Ay(t;41) — Ay(t;) yields a p-value of .6380, suggesting a good fit.

While this classical approach neglects estimation uncertainty, our transformation-based
methodology detailed in Algorithm 1 explicitly accounts for the variability introduced by
using estimated parameters, yielding an empirical process that approximates a standard
Brownian motion under the null. Figure 2 displays the path of our empirical process.
Although broadly consistent with the path of a Brownian motion, the presence of abrupt
jumps signals deviation from the continuous trajectory of a Brownian motion.

Applying our testing procedure with n = ceil(v/483/4) = 6 and using the Kolmogorov-
Smirnov (KS) test statistic, we obtain a p-value of .1076; with Anderson-Darling, the p-value
is .0568. This is notably lower than the p-value of 0.6380 (KS) from the random-time-change-
based test and than the p-value of 0.7684 (KS) that would be obtained from the naive

testing procedure of Section 4.1, both of which do not correct for estimation error. Although
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the null is not rejected at a typical significance level of 0.05, both the near-significance and
the qualitative behavior of the path in Figure 2 raise concerns about the adequacy of the
temporal ETAS model. These findings support the broader claim that ignoring estimation
uncertainty can lead to misleading conclusions about model fit, underscoring the value of

our transformation-based approach.

7.2 A recursive point process model

Schoenberg et al. (2019) introduces a novel recursive point process model for epidemic data
in which the expected number of offspring from an event decreases with the conditional
intensity at the event time, modeling saturation effects. The model captures the phenomenon
that the degree of transmission is higher when a disease is rare within a population, such as
during the early stages of an outbreak; at this stage, infected individuals are more likely
to spread the disease to susceptible individuals. By contrast, as the disease becomes more
prevalent, the transmission rate declines due to the increasing number of individuals who
have acquired immunity or prior exposure and the adoption of preventive measures. The
conditional intensity of the model takes the parametric form
M(t) = Apurpay(t) = p+ D 1/ (A(t:) e P,
ti<t

We first repeat the analysis of Schoenberg et al. (2019) using Rocky Mountain Spotted
Fever (RMSF) data from California (67 events), also studied in Schoenberg et al. (2019),
and next estimate the same recursive point process model to RMSF data from Florida (191
events), which were not considered in their original study. To assess the goodness-of-fit, we
then apply the testing procedures outlined in Section 4.

Table 3 reports p-values for the three testing approaches: our proposed asymptotically
exact procedure, the naive testing procedure, and the classical test based on the random

time change theorem. For the data from California, we reach the same conclusions as
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Table 3: p-values from three goodness-of-fit testing procedures (see Section 4) using the
Kolmogorov-Smirnov (KS), Cramér-von Mises (CvM), and Anderson-Darling (AD) test statistics.

An asterisk denotes rejection at the oo = 0.05 level.

California data Florida data

Test KS CvM  AD KS CvM AD

Asymptotically exact testing procedure | .5371 .4599 .5193 | .0479* .0116* .0185*
Naive testing procedure .8435 .8218 .8833 | .0965 .1649 .1979

Random-time-change-based test 3104 .3319 1895 | .4836 2770 .0759

Schoenberg et al. (2019): none of the nine tests displayed in the left panel of Table 3 rejects
the model.

For the (substantially larger) Florida data set (not considered in Schoenberg et al.
2019), however, only our testing procedure given in Algorithm 1 rejects the recursive model
at the a = 0.05 level, using any of the three normality tests. Both the naive and the
random-time-change-based approaches fail to detect the apparent misfit, irrespective of the
choice of the normality test.

We have seen in Section 6 that tests that ignore estimation uncertainty are typically
undersized and have limited power against alternatives. The recursive model appears to fit
the California data well. The seemingly adequate fit suggested by the naive and random-
time-change-based-tests for the Florida data set, containing a considerably larger number of
events, is, however, refuted by our asymptotically exact procedure. The contrasting outcomes
for the Florida data set underscores once more the importance of properly accounting for

estimation uncertainty in goodness-of-fit testing.
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8 Concluding remarks

In this work, we have constructed a novel test process for goodness-of-fit testing of parametric
temporal point processes and have established its limiting behavior. The test process can be
used to generate asymptotically distribution-free goodness-of-fit tests. The resulting tests
are readily implemented and address the limitations of existing tests that ignore estimation
uncertainty, which are often undersized and lack power.

Several extensions and follow-up questions can be considered. First, although our focus
has primarily been on d-dimensional point processes for d € N, it is worth noting that our
results extend naturally to spatiotemporal point processes defined on an infinite spatial
domain 2", without introducing significant challenges. In this case, one would work with a
conditional intensity function Ay(s,¢) and analyze space-integrated quantities, assuming the
regularity conditions required for the central limit theorem v/T'(6y — éT) % 7 are satisfied;
see Rathbun (1996). Additionally, if cjg := limp_, o % fOT [a m"ai(;’t) ds dt exists a.s. for 0 = 6,
one can derive a version of Corollary 1. This results in a Wiener process with variance
Eg,[N([0,1], Z7)] and drift ag,Z, which is in a form suitable for applying an innovation
martingale transformation analogous to the one considered in this paper. Therefore, one
can proceed as in Section 3.3 and beyond. This framework then allows for the construction
of asymptotically distribution-free goodness-of-fit tests for spatiotemporal point processes.

Second, in this work, we employ the increments of the test process constructed in step
(iii) of Algorithm 1. The central theoretical justification for Algorithm 1 lies in the weak
convergence of the test process to a standard Wiener process, as T' — oo. This convergence
permits a broad class of asymptotically valid test procedures: step (iv) may be reformulated
as the application of an arbitrary continuous functional to the process in step (7ii), while step
(v) entails evaluating the distribution of this functional under the null via its counterpart

applied to a standard Wiener process. Our framework thus facilitates the construction of a
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myriad of asymptotically distribution-free goodness-of-fit tests.

Third, we have assumed that the null hypothesis corresponds to a family .%g of stationary
point processes. In practice, one may wish to include nonstationary models, such as Hawkes
processes with time-varying baseline intensities. This extension is challenging and beyond
our scope. Adapting our methodology would require a FCLT for nonstationary, non-ergodic
martingales, that is, a nonstationary analogue of Lemma A2. Moreover, the approach
requires the availability of a central limit theorem for a suitable estimator; see Chen & Hall
(2013), Lavancier et al. (2021) for progress in this direction.

Finally, as noted in Section 4.2, if a consistent estimator of ay,Z could be constructed
from the data, it would be possible to modify (16) to develop an asymptotically distribution-
free random-time-change-based goodness-of-fit test. However, solving this problem is
far from straightforward due to the dependence of ap,Z on the unobservable quantity
Ag,(ti) — Agy(ti—1) in (16). Despite this challenge, this remains an intriguing direction for

future research.
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SUPPLEMENTARY MATERIAL

Supplementary materials for this article include the following appendices: Appendix A
(technical assumptions for Section 2); Appendix B (proofs); Appendix C (additional details
for Section 6); Appendix D (additional details for Section 7). (.pdf)

The computer code used in Sections 6 and 7, together with the data and a reproducibility

report, are available from the authors upon request.
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