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Abstract

This text serves as supplementary material to the paper “Asymptotically
Distribution-Free Goodness-of-Fit Testing for Point Processes”. For context, notation
and definitions, see the paper. In Appendix A, we provide technical assumptions
relegated from Section 2. In Appendix B, we present our proofs. In Appendices C
and D, we provide additional details for the Monte Carlo simulation study and for
the real data analyses.
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Appendix A: Technical assumptions relegated from Sec-

tion 2

In this appendix, we first provide some assumptions required for maximum likelihood

estimation.

Assumptions C.1.

(i) The log-likelihood function LT (θ) at time T , defined by

LT (θ) :=
d∑

k=1

(∫ T

0
log λ

(k)
θ (t) dN (k)(t) −

∫ T

0
λ

(k)
θ (t) dt

)
, (A1)

has a unique maximum a.s.

(ii) For each θ ∈ Θ and for all i, j ∈ [m], k ∈ [d], 1
λ

(k)
θ

∂λ
(k)
θ

∂θi

∂λ
(k)
θ

∂θj
∈ L2(Pθ). Moreover, for

each θ ∈ Θ, the Fisher information matrix I(θ) ∈ Rm×m with elements

Iij(θ) :=
d∑

k=1
Eθ

 1
λ

(k)
θ

∂λ
(k)
θ

∂θi

∂λ
(k)
θ

∂θj

 (A2)

is nonsingular.

(iii) λθ ∈ C3(Θ) with ∂2λ
(k)
θ

∂θi∂θj

∈ L2(Pθ) for all k ∈ [d], i, j ∈ [m].

(iv) Validity of stochastic approximations as detailed below.

Next, this appendix contains some technical assumptions needed for the stochastic

approximations of conditional intensities depending on the complete history by those

depending only on the history on (0, t). For the following set of assumptions, let H0,t− :=

σ(N(s) : s ∈ [0, t)), and let λ∗
θ be any (Ht)t∈R-predictable function such that

λ∗
θ(t) = lim

∆t↓0

1
∆t

Pθ (N [t, t + ∆t) > 0|H0,t−) .

Assumptions C.1(iv).
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(a) E[supδ∈(0,1] δ−1(N [0, δ])2] < ∞.

(b) For each θ ∈ Θ, there exists a neighborhood U = U(θ) ⊂ Θ of θ such that if

H(t) := max
i,j,k∈[m]

ℓ∈[d]

sup
θ′∈U

∣∣∣∣∣∣ ∂3λ
(ℓ)
θ′ (t)

∂θi∂θj∂θk

∣∣∣∣∣∣ , G(t) := max
i,j,k∈[m]

ℓ∈[d]

sup
θ′∈U

∣∣∣∣∣∣∂
3 log λ

(ℓ)
θ′ (t)

∂θi∂θj∂θk

∣∣∣∣∣∣ ,
then Eθ[H(0)] < ∞ and Eθ[∥λθ(0)∥2G(0)2] < ∞.

(c) Under each Pθ ∈ FΘ, and for all i, j ∈ [m], ℓ ∈ [d], the following tend to zero in

probability as t → ∞:

λ
(ℓ)
θ − (λ∗

θ)(ℓ),
∂λ

(ℓ)
θ

∂θi

− ∂(λ∗
θ)(ℓ)

∂θi

and ∂2λ
(ℓ)
θ

∂θiθj

− ∂2(λ∗
θ)(ℓ)

∂θiθj

.

(d) For each θ ∈ Θ, there is some α > 0 such that the following have finite, uniformly

(w.r.t. t) bounded (2 + α)th Pθ-moments:

λ
(ℓ)
θ

(λ∗
θ)(ℓ) ,

1
(λ∗

θ)(ℓ)
∂(λ∗

θ)(ℓ)

∂θi

∂(λ∗
θ)(ℓ)

∂θj

and ∂2(λ∗
θ)(ℓ)

∂θi∂θj

, i, j ∈ [m], ℓ ∈ [d].

(e) For each θ ∈ Θ, i ∈ [m], ℓ ∈ [d], as T → ∞,

Eθ

 1√
T

∫ T

0

∣∣∣∣∣∣∂λ
(ℓ)
θ

∂θi

− ∂(λ∗
θ)(ℓ)

∂θi

∣∣∣∣∣∣ dt

 → 0;

Eθ

[
1√
T

∫ T

0

∣∣∣λ(ℓ)
θ − (λ∗

θ)(ℓ)
∣∣∣ ∣∣∣∣∣ 1

(λ∗
θ)(ℓ)

∂(λ∗
θ)(ℓ)

∂θi

∣∣∣∣∣ dt

]
→ 0.

(f) For each θ ∈ Θ, there exists a neighborhood U = U(θ) ⊂ Θ of θ such that

max
i,j,k∈[m]

ℓ∈[d]

sup
θ′∈U

∣∣∣∣∣∣ ∂3λ
(ℓ)
θ′ (t)

∂θi∂θj∂θk

− ∂3(λ∗
θ′)(ℓ)(t)

∂θi∂θj∂θk

∣∣∣∣∣∣ Pθ→ 0 as t → ∞.

(g) For each θ ∈ Θ, there exists a neighborhood U = U(θ) ⊂ Θ of θ and some α > 0 such

that

max
i,j,k∈[m]

ℓ∈[d]

sup
θ′∈U

∂3(λ∗
θ′)(ℓ)

∂θi∂θj∂θk

and max
i,j,k∈[m]

ℓ∈[d]

sup
θ′∈U

∂3 log(λ∗
θ′)(ℓ)

∂θi∂θj∂θk

have finite, uniformly (w.r.t. t) bounded (2 + α)th Pθ-moments.
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Appendix B: Proofs

In this appendix, we provide the proofs of our results contained in Sections 3 and 5.

Proofs of Section 3

Step 1: FCLT for the compensated point process

To prove Theorem 1, we need a multivariate analog of Billingsley (1999, Theorem 18.3). In

order to prove this, we invoke the following lemma, establishing a Cramér-Wold device for

stochastic processes.

Lemma A1 (Cramér-Wold device for stochastic processes). Let (Wn)n∈N ⊂ D([0, 1],Rd) be

a sequence of d-dimensional stochastic processes such that

for all c ∈ Rd : c⊤Wn
d−→ c⊤W, (A3)

on D([0, 1],R) equipped with the Skorokhod J1 topology, and where W is a Wiener process

on Rd. Then it holds that Wn
d−→ W on D([0, 1],Rd) equipped with the strong Skorokhod

J1 topology.

Proof. First, by the standard Cramér-Wold device, the condition (A3) implies that the

finite-dimensional distributions of Wn converge to those of W .

Next, condition (A3) implies that the one-dimensional marginals converge to a continuous

limit, meaning that we have weak convergence in D([0, 1],R) equipped with the uniform

topology. Because of this weak convergence, we have tightness (w.r.t. the uniform topology)

of the one-dimensional marginals. In turn, by Whitt (2002, Theorem 11.6.7), this implies

tightness of the processes Wn themselves; this tightness is w.r.t. the product topology

on D([0, 1],R)d obtained out of uniform topologies on D([0, 1],R). Note that here the

∥ · ∥∞-norm on Rd is used.
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Using Prohorov’s theorem, those two conditions imply that Wn
d−→ W on D([0, 1],R)d

equipped with the product of uniform topologies, WU . We now prove that this is equal to

the strong uniform topology on D([0, 1],Rd), SU .

Indeed, the product topology WU is generated by the subbase consisting of the sets

π−1
i {xi ∈ D([0, 1],R) : ∥xi − yi∥∞ < ϵ} , yi ∈ D([0, 1],R), ϵ > 0, i ∈ [d],

where πi is the projection operator onto the ith coordinate. Since

π−1
i {xi ∈ D([0, 1],R) : ∥xi − yi∥∞ < ϵ} =

⋃
z∈D([0,1],Rd)

zi=yi

{
x ∈ D([0, 1],Rd) : ∥x − z∥∞ < ϵ

}

lies in the uniform topology on D([0, 1],Rd), it follows that WU ⊂ SU . Next, note that SU

on D([0, 1],Rd) is generated by the sets

{
x ∈ D([0, 1],Rd) : ∥x − y∥∞ < ϵ

}
, y ∈ D([0, 1],Rd), ϵ > 0.

Hence, the inclusion WU ⊃ SU follows by the equality

{
x ∈ D([0, 1],Rd) : ∥x − y∥∞ < ϵ

}
=
⋂

i∈[d]
π−1

i {xi ∈ D([0, 1],R) : ∥xi − yi∥∞ < ϵ} .

To conclude, we have Wn
d−→ W on D([0, 1],R)d equipped with the strong uniform

topology SU . This implies convergence in the SJ1 topology.

Remark A1. As is evident from the proof, Lemma A1 allows for generalizations to stochastic

processes for which all the finite-dimensional distributions are Borel probability measures.

The following result, establishing an FCLT for multivariate martingales, is a multivariate

extension of Billingsley (1999, Theorem 18.3).

Lemma A2 (FCLT for multivariate martingales). Consider a stationary and ergodic

two-sided d-variate martingale difference sequence (ξn)n∈Z, where ξn takes values in Rd

and satisfies E[ξn|Fn−1] = 0, with Fn := σ(ξk : k ⩽ n). Write Ξ := (Ξij)i,j∈[d] :=
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(E[ξ(i)ξ(j)])i,j∈[d] ∈ Rd×d, where ξ(i) denotes the ith coordinate of the d-dimensional generic

random vector ξ. The stochastic process t 7→ Xn
t := ∑

k⩽nt ξk/
√

n converges weakly on

D([0, 1],Rd) equipped with the strong Skorokhod J1 topology to a d-variate Wiener process

W with covariance matrix uΞ.

Proof. By Lemma A1, it suffices to show that for arbitrary c ∈ Rd it holds that c⊤Xn d−→

c⊤W on D[0, 1] equipped with the Skorokhod J1 topology.

To this end, note that (c⊤ξn)n∈Z is a univariate martingale difference sequence w.r.t.

(Fn)n∈Z, with second moment

E
[(

c⊤ξk

)2
]

=
n∑

i=1

n∑
j=1

cicjE
[
ξ(i)

n ξ(j)
n

]
=

n∑
i=1

n∑
j=1

cicjΞij = c⊤Ξc ⩾ 0.

The convergence c⊤Xn d−→ c⊤W in the case E
[(

c⊤ξk

)2
]

= 0 is trivial, hence we may

assume from now on that E
[(

c⊤ξk

)2
]

> 0. Then, by Billingsley (1999, Theorem 18.3),

it follows that c⊤Xn converges weakly on D([0, 1],R) equipped with the Skorokhod J1

topology to a Wiener process with covariance uc⊤Ξc, i.e., to a limit c⊤W , where W is a

d-variate Wiener process with covariance uΞ.

We are now ready to provide the proof of Theorem 1.

Proof of Theorem 1. The result follows by an application of Lemma A2 to ξn =

N [n, n + 1) −
∫ n+1

n λθ0(s) ds, combined with an estimate of continuous-time quantities by

discrete-time quantities analogous to Zhu (2013, eqn. (2.19)). We use the calculation

Eθ0

[(
N (i)[0, 1] −

∫ 1

0
λ

(i)
θ0 (s) ds

)(
N (j)[0, 1] −

∫ 1

0
λ

(j)
θ0 (s) ds

)]
=


Eθ0

[
N (i)[0, 1]

]
if i = j,

0 if i ̸= j,

which follows from Daley & Vere-Jones (2003, Proposition 14.1.VIII). □
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Step 2: Limit theorem for the compensators

Proof of Theorem 2. Our proof is structured as follows. Assumptions C grant the CLT
√

T (θ0 − θ̂T ) d→ Z. This allows us to perform a Taylor expansion on the integrand of the

prelimit from (8): λθ0(s) − λθ̂T
(s) = Dλθ0(s)(θ0 − θ̂T ) + oPθ0

(|θ0 − θ̂T |). We use this to

rewrite the prelimit from (8) to

1√
T

∫ uT

0

(
λθ0(s) − λθ̂T

(s)
)

ds = u
1

uT

∫ uT

0
Dλθ0(s) ds

√
T (θ0 − θ̂T ) + oPθ0

(1). (A4)

We prove the result by showing that the ith coordinate of the right-hand side of (A4)

converges uniformly in probability to the ith coordinate of the right-hand side of (8). From

this, convergence in the Skorokhod topology follows.

Denote the kth row of αθ0 by α
(k)
θ0 , i.e.,

α
(k)
θ0 := lim

T →∞

1
T

∫ T

0

∂λ
(k)
θ (s)
∂θ

ds

∣∣∣∣∣
θ=θ0

∈ Rm.

We need to show that, for each k ∈ [d],

u
1

uT

∫ uT

0

∂λ
(k)
θ (s)
∂θ

ds

∣∣∣∣∣
θ=θ0

√
T (θ0 − θ̂T ) → uα

(k)
θ0 Z, (A5)

uniformly in probability. The second factor
√

T (θ0 − θ̂T ) is not dependent on u and converges

to Z, by Assumptions C, hence uniform convergence in probability
√

T (θ0 − θ̂T ) → Z is

immediate. Indeed, by the Skorokhod representation theorem, there exists a version of
√

T (θ0 − θ̂T ) which converges in probability to a random variable with distribution Z.

For the first factor,

u
1

uT

∫ uT

0

∂λ
(k)
θ (s)
∂θ

∣∣∣∣∣
θ=θ0

ds,

note that by Assumption B(iii), ∥∂λ
(k)
θ (0)/∂θ|θ=θ0∥ has finite expectation, hence by station-

arity (Assumption A(i)), the same holds for ∥∂λ
(k)
θ (s)/∂θ|θ=θ0∥, s ⩾ 0. In fact, it follows

that Eθ0∥∂λ
(k)
θ (s)/∂θ|θ=θ0∥ is independent of time s. By Fubini’s theorem, we infer that

Eθ0

 1
T

∫ uT

0

∥∥∥∥∥∥∂λ
(k)
θ (s)
∂θ

∣∣∣∣∣
θ=θ0

∥∥∥∥∥∥ ds

 = 1
T

∫ uT

0
Eθ0

∥∥∥∥∥∥∂λ
(k)
θ (s)
∂θ

∣∣∣∣∣
θ=θ0

∥∥∥∥∥∥ ds = uEθ0

∥∥∥∥∥∥∂λ
(k)
θ (0)
∂θ

∣∣∣∣∣
θ=θ0

∥∥∥∥∥∥ .

7



Fix δ, ϵ > 0. For u ∈ [0, 1], T > 0, an application of Markov’s inequality yields that with

probability of at least 1 − δ/2 it holds for all u′ ∈ [0, u] that

1
T

∫ u′T

0

∥∥∥∥∥∥∂λ
(k)
θ (s)
∂θ

∣∣∣∣∣
θ=θ0

∥∥∥∥∥∥ ds ⩽
2
δ

uEθ0

∥∥∥∥∥∥∂λ
(k)
θ (0)
∂θ

∣∣∣∣∣
θ=θ0

∥∥∥∥∥∥ .

Note that this bound is independent of T > 0. Hence, selecting

u(k) = ϵ

4

δ

Eθ0

∥∥∥∥∥∥∂λ
(k)
θ (0)
∂θ

∣∣∣∣∣
θ=θ0

∥∥∥∥∥∥
−1

∧ 1
∥α

(k)
θ0 ∥


shows that with probability of at least 1 − δ/2

sup
u∈[0,u(k)]

∥∥∥∥∥∥ 1
T

∫ uT

0

∂λ
(k)
θ (s)
∂θ

∣∣∣∣∣
θ=θ0

ds − uα
(k)
θ0

∥∥∥∥∥∥ ⩽ ϵ.

Given u(k), we use Assumption B(vi) to select T (k) such that for T ⩾ T (k) and u ∈ [u(k), 1]

it holds with probability of at least 1 − δ/2 that∥∥∥∥∥∥u
 1

uT

∫ uT

0

∂λ
(k)
θ (s)
∂θ

∣∣∣∣∣
θ=θ0

ds − α
(k)
θ0

∥∥∥∥∥∥ ⩽ ϵ.

We have shown that on an event of probability at least 1 − δ, for T ⩾ T (k) it holds that

sup
u∈[0,1]

∥∥∥∥∥∥ 1
T

∫ uT

0

∂λ
(k)
θ (s)
∂θ

∣∣∣∣∣
θ=θ0

ds − uα
(k)
θ0

∥∥∥∥∥∥ ⩽ ϵ.

In other words, 1
T

∫ uT
0

∂λ
(k)
θ

(s)
∂θ

∣∣∣
θ=θ0

ds converges uniformly in probability to uα
(k)
θ0 .

Next, by a simple union bound similar to the one used in the proof of van der Vaart

(1998, Theorem 2.7(vi)), it follows that 1
T

∫ uT

0

∂λ
(k)
θ (s)
∂θ

∣∣∣∣∣
θ=θ0

ds,
√

T (θ0 − θ̂T )
 →

(
uα

(k)
θ0 , Z

)
,

uniformly in probability. By an application of the continuous mapping theorem (to the

function g(x, y) = x · y) it follows that (A5) holds, uniformly over u ∈ [0, 1], in probability.

We extend to (8) by selecting u∗ = mink∈[d] u(k) and T ∗ = maxk∈[d] T (k).

Note that uniform convergence in probability amounts to uniform convergence on a set

of probability 1 − δ/2. Therefore, conditional on a high probability set, convergence in
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the Skorokhod J1 topology holds, hence the tightness conditions for the J1 topology hold.

Conditional on a set of probability 1 − δ/2, the probabilities appearing in the tightness

conditions can be bounded by δ/2. Therefore, they can even be bounded by δ. Hence,

uniform convergence in probability implies convergence in the Skorokhod J1 topology. □

Step 3: Transforming ηθ0 into a standard Wiener process

Proof of Theorem 3. Each coordinate of the limit ηθ0 found in Corollary 1 is of the general

form treated in Can et al. (2015, Section 3). Fix a coordinate k ∈ [d]. We can specify Can

et al. (2015, Theorem 3.1) to univariate time frames by taking functions independent of

the second coordinate. We identify the objects appearing in that theorem. We take the

scanning family Av = [0, v) on [0, 1]. We have R(u) = µ
(k)
θ0 u and

Q(B) =
∫

B
dQ(u) =

∫
B

du = Leb(B) =
∫

B
q(u) dR(u) = µ

(k)
θ0

∫
B

q(u) du,

hence q(u) = 1/µ
(k)
θ0 . Next, we have

I(Ac
v) =

∫
Ac

v

q(u)2 dR(u) =
∫ 1

v

1
(µ(k)

θ0 )2
µθ0 du = 1 − v

µ
(k)
θ0

.

Note that Q(B ∩ Adv) = Q(B ∩ {dv}) = 1{v ∈ B} dv. Then Can et al. (2015, Theorem

3.1), Theorem 3.1, gives that

η
(k)
θ0 (B) −

∫
B

η
(k)
θ0 (1) − η

(k)
θ0 (v)

1 − v
dv (A6)

is a Wiener process with variance µ
(k)
θ0 u, implying that Tθ0(ηθ0) is a standard d-dimensional

Wiener process.

Indeed, Tθ0(ηθ0) is a d-dimensional Gaussian process with zero mean, hence

its probabilistic behavior is characterized by its covariance structure Cij(u) :=

Cov (Tθ0(ηθ0))i(u), (Tθ0(ηθ0))j(u)), i, j ∈ [d], u ∈ [0, 1]. Using linearity of T (i)
θ0 and T (j)

θ0 in
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η together with the definition on ηθ0 given in (9), we expand

Cij(u) = Cov
(
T (i)

θ0 (W (i)
θ0 (u)), T (j)

θ0 (W (j)
θ0 (u))

)
+ Cov

(
T (i)

θ0 (W (i)
θ0 (u)), T (j)

θ0 (uα
(j)
θ0 Z)

)
+ Cov

(
T (i)

θ0 (uα
(i)
θ0 Z), T (j)

θ0 (W (j)
θ0 (u))

)
+ Cov

(
T (i)

θ0 (uα
(i)
θ0 Z), T (j)

θ0 (uα
(j)
θ0 Z))

)
.

For i ≠ j, the first term vanishes because of independence between W
(i)
θ0 and W

(j)
θ0 , while

the remaining three terms vanish because T (i)
θ0 (uα

(k)
θ0 Z) ≡ 0 for each k ∈ [d]. Therefore,

Cij(u) ≡ 0. □

Step 4: Replacing θ0 by θ̂T

Proof of Theorem 4. The proof consists of two parts. First, we show that µθ̂T
→ µθ0 as

T → ∞. Second, we show that

T̃ := diag
(√

µ
(1)
θ0 , . . . ,

√
µ

(d)
θ0

)
Tθ

satisfies T̃ (η̂(T )) → T̃ (ηθ0) uniformly on [0, τ ] ∋ u in probability as T → ∞; note that T̃

could also be defined through the formula

T̃ (η)(B) :=
{

η(k)(B) −
∫

B

η(k)(1) − η(k)(v)
1 − v

dv

}
k∈[d]

, B ∈ B[0, 1].

For the first part, by stationarity (Assumption A(i)), we have that µ
(k)
θ0 = Eθ0 [λ

(k)
θ0 (0)].

Furthermore, by Assumption C, it holds that θ̂T → θ0 in probability, as T → ∞. By passing

to a subsequence, this convergence can be taken a.s. Hence, by Assumption B(iii) and the

continuous mapping theorem, we obtain λ
(k)
θ̂T

(0) → λ
(k)
θ0 (0) a.s., as T → ∞. By Assumption

B(v) and dominated convergence, it then follows that µ
(k)
θ̂T

→ µ
(k)
θ0 , as T → ∞.

Next, by Assumption B(iii), it holds that µ
(k)
θ0 > 0, hence to prove the theorem it remains

to prove the second part. To this end, we apply the Skorokhod representation theorem to

the result of Corollary 1 to obtain a probability space supporting probabilistic equivalent

versions of η̂(T ) and ηθ0 satisfying

sup
u∈[0,τ ]

∥∥∥η̂(T )(u) − ηθ0(u)
∥∥∥

∞
→ 0 a.s. (A7)

10



We will work on this probability space.

To prove that T̃ (η̂(T )) → T̃ (ηθ0) uniformly on [0, τ ] ∋ u in probability, it suffices to

prove for k ∈ [d] that

sup
u∈[0,τ ]

∣∣∣∣∣∣
∫ u

0

∆(T )
k (1) − ∆(T )

k (v)
1 − v

dv

∣∣∣∣∣∣ → 0 (A8)

in probability, as T → ∞, i.e., to prove ucp convergence. Here, ∆(T ) := η̂(T ) − ηθ0 denotes

the difference between the empirical process from Step 2 and its limit. Since 1
1−v

is bounded

on [0, τ ], we simply infer the convergence in (A8) from (A7). □

Proofs of Section 5

Proof of Lemma 1. The maximum likelihood estimator θ̂T is consistent in probability for

the “least-false estimator”, or “oracle”, θ∗ ∈ Θ; see Hjort (1986, Section 2.2). In particular,

a CLT
√

T (θ∗ − θ̂T ) d→ Z, as T → ∞, still holds; cf. Assumptions C.1.

Select τ ∈ (0, 1) as in Theorem 4 and work on [0, τ ] ∋ u. Recall that Ŵ (T ) := Tθ̂T
(η̂(T )),

where

η̂(T )(u) = 1√
T

(
N(uT ) −

∫ uT

0
λ(s) ds

)
+ 1√

T

(∫ uT

0
λ(s) ds −

∫ uT

0
λθ∗(s) ds

)

+ 1√
T

(∫ uT

0
λθ∗(s) ds −

∫ uT

0
λθ̂T

(s) ds

)
. (A9)

By the CLT
√

T (θ∗ − θ̂T ) d→ Z and an argument analogous to the proof of Theorem 2, the

third term on the right-hand side of (A9) converges to a shift term linear in u, with random

coefficient, which is annihilated by the innovation martingale transformation Tθ̂T
. Next,

the transformation (through Tθ̂T
) of the first term on the right-hand side of (A9) converges

weakly on D([0, τ ],Rd) to a standard Wiener process W1, as T → ∞.

In order to be able to describe the deviation from the null λ /∈ LΘ = {λθ : θ ∈ Θ},

we consider the contribution of the second term of (A9) after transformation through Tθ̂T
.
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Note that

Tθ̂T

(
u 7→ 1√

T

(∫ uT

0
λ(s) ds −

∫ uT

0
λθ∗(s) ds

))
(A10)

has, after a change of variables for the second integral, kth component equal to

1
√

T
√

µ
(k)
θ̂T

(∫ uT

0
gk(s) ds −

∫ uT

0

1
T − v

∫ T

v
gk(s) ds dv

)

= 1
√

T
√

µ
(k)
θ̂T

∫ uT

0

(
gk(s) − ḡT

k (s)
)

ds, (A11)

where gk(s) := λ(k)(s) − λ
(k)
θ∗ (s) and ḡT

k (s) := (T − s)−1 ∫ T
s gk(t) dt. Decompose (A11) into

1
√

T
√

µ
(k)
θ̂T

∫ uT

0
(gk(s) − E[gk(0)]) ds + 1

√
T
√

µ
(k)
θ̂T

∫ uT

0

(
E[gk(0)] − ḡT

k (s)
)

ds. (A12)

Using Jacod & Shiryaev (2003, Theorem VIII.3.79) with p = q = 2 applied to arbitrary

linear combinations of the components, in combination with the Cramér–Wold device,

Lemma A1, it follows that

1
√

T
√

µ
(k)
θ̂T

∫ uT

0
(g(s) − E[g(0)]) ds

d−→ W2(u),

as T → ∞, weakly on D([0, τ ],Rd), where W2 is a d-variate Wiener process with covariance

given by (17).

Next, by the same result it follows that

(1 − u)
√

T√
µ

(k)
θ̂T

(
E[gk(0)] − ḡT

k (uT )
)

d−→ W
(k)
3 (1 − u),

as T → ∞, weakly on D([0, 1],Rd), for another Wiener process W
(k)
3 of variance (17). Apply

the change of variables s′ = Ts to the second term of (A12). By the continuous mapping

theorem (van der Vaart 1998, Theorem 18.11) applied to h : D([0, τ ],Rd) → D([0, τ ],Rd)

given by (h(f))(k)(u) = 1
1−u

∫ u
0 f (k)(s) ds it follows that the second term of (A12) converges

weakly on D([0, τ ],Rd) equipped with the strong Skorokhod J1 topology to V3. □

12



Proof of Theorem 5. Lemma 1 proves the convergence of Ŵ (T ) := Tθ̂T
(η̂(T )) to W1 +

W2 +V3. Note that both W2 and V3 are non-zero stochastic processes if there is some k ∈ [d]

such that Var(gk(0)) ̸= 0, hence if λ is not equal (in L1(P)) to λθ + c for some θ ∈ Θ and

some c ∈ Rd.

Now consider the goodness-of-fit testing procedure outlined in Algorithm 1, selecting

n(T ) such that T/n(T ) → ∞ and n(T ) → ∞ as T → ∞, where we base the test on

the transformed process Ŵ (T ) := Tθ̂T
(η̂(T )) under misspecification λ /∈ LΘ = {λθ : θ ∈

Θ}. Consider step (iv) of that testing procedure. The sample (Ẑ(T )
i )i∈[n(T )] converges

in distribution to a sample of standard normal random vectors coming from W1; plus a

normally distributed perturbation coming from W2; plus a contribution coming from V3. In

order to detect the deviation from the null hypothesis, the contribution of W2 + V3 should

be visible in the sample (Ẑ(T )
i )i∈[n(T )], asymptotically, as the sample size n(T ) diverges, as

T → ∞.

First, consider the contribution of V3 which is defined as the integral of a Wiener process

W3, i.e., V3(t) =
∫ t

0 W3(1 − s) ds. Note that, with n = n(T ),

(√
n

τ
(V3(iτ/n) − V3((i − 1)τ/n))

)
i∈[n]

=
(

1√
nτ

W3((n − i)τ/n) + OP(1/n)
)

i∈[n]

composes a sample of size n(T ), with magnitude of order 1/
√

n(T ), having a positive

autocorrelation converging to 1 at rate n(T ). Typical normality tests based on functionals

of the test process, like the Kolmogorov-Smirnov, Cramér-von Mises and Anderson-Darling

tests, are consistent at rate
√

n(T ). Hence, the term coming from V3, which is of magnitude

1/
√

n(T ), contributes non-trivially to the power of the test. However, the perturbation

coming from V3 does not guarantee the power of the test to converge to 1.

Second, we consider the contribution of W2. Note that W1 is a standard Wiener process,

while W2 is a non-zero Wiener process. When condition (19) holds, W1 + W2 does not

reduce to a process having variance u 7→ uId. Hence, for any normality test in step (v)

13



of Algorithm 1 that is consistent under alternatives (such as the Kolmogorov-Smirnov,

Cramér-von Mises and Anderson-Darling tests), the deviation of W1 + W2 from a standard

Wiener process under the alternative N is detected with probability 1, asymptotically, as

T → ∞. □
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Appendix C: Details relegated from Section 6

In this appendix, we first provide some intuitive explanation for the varying degree of

difficulty in detecting different deviations from the exponential Hawkes null hypothesis

HHaw:E
0 considered in Section 6. Next, we provide rejection rates under the power-law

Hawkes null hypothesis HHaw:P
0 , and for the testing procedure described in Section 4.2.

We have seen in Section 6 that detecting deviations from the null HHaw:E
0 varies in

difficulty. As it turns out, the law PHaw:P is challenging to distinguish from the null PHaw:E,

whereas detecting PSN is more feasible, and detecting PPeriodic and PSC is relatively easy.

These differences can be explained as follows. First, PHaw:P is the law a self-exciting Hawkes

process similar to the law under HHaw:E
0 , but only with a power-law decay for the excitation

kernel instead of an exponential decay. Detecting such a difference in kernel shape is

inherently difficult — in particular under the current values of the parameters that have

deliberately been selected to make the two processes, PHaw:E and PHaw:P, similar — unless

a (very) large sample is available (see below). Second, whereas the shot-noise law PSN

exhibits clustering behavior like the Hawkes process, it lacks self-excitation. When its shot

intensity µ is relatively high compared to β, clusters frequently overlap, making it harder

to distinguish between exogenous and endogenous, self-exciting clustering. By contrast,

when PSN has a relatively low shot intensity, more clearly separated clusters result, and the

distinction between self-excitation and short noise becomes more feasible. Next, consider

the easier alternatives. The periodic Poisson process PPeriodic produces peaks in intensity,

leading to concentrated event groups that resemble clusters. For small T , detecting this may

be challenging due to the limited number of observed “clusters”. However, the regularity of

these clusters will reveal that the process is not an overdispersed one. Finally, since the

self-correcting process PSC exhibits behavior opposite to that of a Hawkes process, with

each arrival decreasing the conditional intensity instead of increasing it, rejecting the null
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under this alternative is relatively easy.

Although Theorem 5 ensures that the power of the Kolmogorov-Smirnov, Cramér-

von Mises and Anderson-Darling tests converges to 1 as T → ∞ under any alternative,

the previous paragraph suggests that, in practice (i.e., in finite samples), detecting the

deviation from the null induced by PHaw:P requires a sample ωT over a large time frame

[0, T ]. To investigate this, we run 100 computationally intensive simulations for HHaw:E
0

versus N ∼ PHaw:P for a large value of T . The rejection rates for N ∼ PHaw:P are well above

the nominal significance levels at T = 5 · 105. These rejection rates are summarized in

Table A1.

Next, we repeat our experiments for HHaw:P
0 consisting of univariate power-law Hawkes

processes. We report our findings for T = 5,000 and T = 50,000 in Table A2 and Table A3,

respectively. The observed rejection rates are comparable to the ones in Table 2 for HHaw:E
0 .

This confirms the results of Sections 3–5 once more. Furthermore, it is possible to draw

Q-Q plots analogous to Figure 1, yielding comparable results.

Remark A2. Our results also hold for null hypotheses other than the self-exciting ones

considered here. For example, for a null hypothesis consisting of the laws consisting of

periodic Poisson processes PPeriodic
µ,α,β,γ , we have run 500 simulations under N ∼ PPeriodic, with

T = 5,000 and using the Anderson-Darling normality test. Using significance levels 0.01, 0.05

and 0.20, this yields 10, 32 and 104 rejections when using the transformation-based testing

procedure, and 0, 0 and 5 rejections when using the naive testing procedure, respectively.

Note that the Kolmogorov-Smirnov, Cramér-von Mises and Anderson-Darling tests all

yield goodness-of-fit tests of the right size when applied in step (v) of the transformation-

based testing procedure outlined in Algorithm 1. Since in our simulations the power against

alternatives is usually the highest for Anderson-Darling and the lowest for Kolmogorov-

Smirnov, we advise to use the former in applications.
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We conclude by examining the random-time-change-based test discussed in Section 4.2,

which, like the naive testing procedure in this section, ignores estimation uncertainty. We

fit the same five processes as before to both HHaw:E
0 and HHaw:P

0 , using the time frame [0, T ]

with T = 5,000, and then perform the goodness-of-fit test outlined in Section 4.2. The

results are summarized in Table A4. We observe that the random-time-change-based test,

similar to the naive procedure, appears undersized. Additionally, the power under any

alternative is lower than that of our asymptotically exact test described in Section 4.1. Thus,

the random-time-change-based test shares the shortcomings of the naive testing procedure.

Table A1: We report the percentage of rejections, out of 100 tests, at significance levels

0.01; 0.05; 0.20, in an experiment analogous to the one conducted for Table 2, using the parametric

null hypothesis HHaw:E
0 and the alternative model PHaw:P for a large time frame with T = 5 · 105.

Transformation-based testing procedure Naive testing procedure

Test KS CvM AD KS CvM AD

PHaw:P 3%; 10%; 35% 2%; 16%; 40% 3%; 20%; 41% 0%; 3%; 11% 0%; 1%; 13% 0%; 5%; 19%

Table A2: We report the number of rejections, R0.01; R0.05; R0.20, out of 500 tests, at significance

levels 0.01; 0.05; 0.20, in an experiment analogous to the one conducted for Table 2, but now with

parametric null hypothesis HHaw:P
0 and T = 5,000.

Transformation-based testing procedure Naive testing procedure

Test KS CvM AD KS CvM AD

PHaw:P 3; 23; 100 4; 20; 97 6; 20; 100 0; 0; 9 0; 0; 3 0; 0; 10

PHaw:E 7; 22; 92 6; 18; 90 4; 14; 86 0; 0; 4 0; 0; 2 0; 0; 3

PSN 8; 47; 243 4; 43; 298 1; 41; 304 0; 5; 140 0; 11; 204 0; 14; 245

PPeriodic 15; 131; 417 10; 169; 460 3; 173; 475 0; 46; 350 1; 98; 431 0; 111; 451

PSC 500; 500; 500 500; 500; 500 500; 500; 500 500; 500; 500 500; 500; 500 500; 500; 500
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Table A3: We report the number of rejections, R0.01; R0.05; R0.20, out of 500 tests, at significance

levels 0.01; 0.05; 0.20, in an experiment analogous to the one conducted for Table 2, but now with

parametric null hypothesis HHaw:P
0 and T = 50,000.

Transformation-based testing procedure Naive testing procedure

Test KS CvM AD KS CvM AD

PHaw:P 4; 24; 99 2; 19; 101 2; 18; 100 0; 0; 4 0; 0; 3 0; 0; 6

PHaw:E 3; 28; 115 4; 24; 110 2; 21; 110 0; 0; 10 0; 0; 9 0; 0; 9

PSN 104; 334; 489 123; 412; 498 244; 469; 500 43; 269; 481 87; 378; 496 204; 468; 498

PPeriodic 431; 498; 500 487; 500; 500 499; 500; 500 409; 499; 500 493; 500; 500 499; 500; 500

PSC 500; 500; 500 500; 500; 500 500; 500; 500 500; 500; 500 500; 500; 500 500; 500; 500

Table A4: We report the number of rejections, R0.01; R0.05; R0.20, out of 500 tests, at significance

levels 0.01; 0.05; 0.20, in an experiment similar to the one conducted for Table 2, but now using

the random-time-change-based testing procedure described in Section 4.2, with T = 5,000.

HHaw:E
0 HHaw:P

0

Test KS CvM AD KS CvM AD

PHaw:E 0; 0; 3 0; 0; 0 0; 0; 1 0; 5; 91 0; 1; 78 0; 9; 121

PHaw:P 0; 4; 49 0; 0; 36 0; 3; 59 0; 0; 1 0; 0; 1 0; 0; 2

PSN 3; 66; 239 0; 13; 212 5; 51; 271 0; 0; 7 0; 0; 2 0; 1; 9

PPeriodic 44; 165; 349 26; 163; 391 43; 193; 406 500; 500; 500 500; 500; 500 500; 500; 500

PSC 500; 500; 500 500; 500; 500 500; 500; 500 500; 500; 500 500; 500; 500 500; 500; 500
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Appendix D: Details relegated from Section 7

In Section 7, we gave an overview of the analysis of two real-world data sets to which we

applied our novel testing procedure. In this appendix, we provide the remaining details.

Appendix D.1 Temporal ETAS model

First, we apply the testing procedure from Algorithm 1 to earthquake data analyzed already

in Ogata (1988) — the seminal paper that has established a framework for applying Omori’s

law and the Gutenberg-Richter law to earthquake data.1

We consider the earthquake data set used in Ogata (1988, Table 1), consisting of shallow

earthquakes of less than 100 kilometers depth, of magnitude at least 6.0 on the Richter

scale, in the Off Tohoku district east of Japan. This is the polygonal region with vertices at

(42°N,142°E), (39°N, 142°E), (38°N, 141°E), (35°N, 140.5°E), (35°N, 144°E), (39°N, 146°E),

and (42°N, 146°E); see Ogata (1988, Fig. 1) for a map. This region is one of the most

seismically active areas in Japan. The data set spans the period between 1885 and 1980,

and consists of 483 earthquakes satisfying the depth and magnitude conditions.

The earthquake dynamics are modeled by marked point processes, with time stamps ti

corresponding to the time of the earthquake occurrences measured in days after January

1st, 1885, and marks mi corresponding to earthquake magnitudes measured on the Richter

scale, assumed to be independent of ti. Since the data are recorded with a daily temporal

resolution, the onset time for each earthquake was randomly assigned from a uniform

distribution within the corresponding day. More specifically, Ogata (1988) considers marked

1Building on this temporal ETAS (Epidemic Type Aftershock Sequence) model, subsequent years have

seen the development of the more advanced spatiotemporal ETAS model, which has become a cornerstone

in earthquake modeling. For further developments and applications, we refer, e.g., to Ogata (1998), Veen &

Schoenberg (2008), Adelfio & Chiodi (2015), Reinhart (2018).

19



Hawkes processes with conditional intensity functions

λ(t) = µ +
∑
ti<t

c(mi)g(t − ti). (A13)

Based on the Akaike information criterion, the model with g(t) = K/(t + c) and c(m) =

eβ(m−M) is selected. Here, M = 6.0 is the cut-off magnitude. The decay kernel g(t) and the

mark function c(m) are theoretically motivated by Omori’s law and the Gutenberg-Richter

law, respectively. This yields the conditional intensity function

λθ(t) = λµ,K,c,β(t) = µ +
∑
ti<t

eβ(mi−M) K

t − ti + c
. (A14)

From Ogata (1988, Table 3), the maximum likelihood estimators for the parameters are

θ̂ = (µ̂, K̂, ĉ, β̂) = (.00536, .017284, .01959, 1.61385).

Having selected this “best” model, it is noted that it is still possible that there exists a

more suitable model. To assess the suitability of the model (A14), Ogata (1988) considers

the transformed event times (τi)i∈[483], where τi = Λθ̂(ti), and where Λθ(t) =
∫ t

0 λθ(s) ds

is the compensator of the point process. By the random time change theorem (Daley &

Vere-Jones 2003, Theorem 7.4.I), it follows that the transformed times (Λθ0(ti))i∈[483], using

the true parameter θ0, form a realization of a stationary Poisson process of unit intensity.

Therefore, it is noted in Ogata (1988) that if λθ̂ is a good approximation of λθ0 , then

(τi)i∈[483] is expected to behave like a stationary Poisson process of unit intensity. However,

from Section 4.2 we know that even if λθ̂ is a good approximation of λθ0 , the difference

between (Λθ̂(ti))i∈[483] and (Λθ0(ti))i∈[483] is not in general negligible: ignoring estimation

uncertainty can lead to inaccurate tests.

In Ogata (1988), the null hypothesis that (τi)i∈[483] is a realization of a Poisson process of

unit intensity is tested with the aid of a Kolmogorov-Smirnov test; see Ogata (1988), Figure

9. One can use the transformed times (τi)i∈[483] to construct the interarrival times (xi)i∈[482],

where xi := τi+1 − τi are standard exponentially distributed under the null. Following Ogata
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(1988), we perform a Kolmogorov-Smirnov test for the null hypothesis stating that (xi)i∈[482]

is a sample from a standard exponential distribution. This yields a p-value of .6380. Hence,

for any reasonable significance level, the null is not rejected, indicating a seemingly good fit

of the model to the data.

We examine the situation in greater detail, accounting for the estimation uncertainty in θ̂

by performing our asymptotically exact transformation-based test described in Algorithm 1.

Specifically, the transformed empirical process is calculated using (10) as outlined in step (iii)

of the procedure, and its path is shown in Figure 2. Under the null hypothesis that the true

intensity satisfies (A14), this figure should resemble a standard Brownian motion. Performing

the transformation-based testing procedure involves selecting a hyperparameter n and a

normality test for step (v) of the procedure. Unlike the setup in Section 4.1, where there is

approximately one event per time unit (days), here the choice n = ceil
(√

N [0, T ]/4
)

= 6

instead of n = ceil(
√

T/4) is more appropriate. Using the Kolmogorov-Smirnov normality

test, we obtain a p-value of 0.1076 (and 0.7684 for the naive testing procedure). The

Anderson-Darling normality test yields a p-value of .0568.

The relatively low p-value and the unexpected jumps in Figure 2 raise concerns about

the adequacy of the model’s fit. While the p-value does not lead to rejection at a typical

significance level such as α = 0.05, it suggests that the model may not fully capture the

underlying dynamics of the data. This is consistent with the fact that the temporal ETAS

model may overlook certain features better accounted for in the spatiotemporal version.

As we have seen, a test based on random time change, ignoring estimation uncertainty,

yields a much higher p-value, indicating a seemingly good fit. These discrepancies highlight

that ignoring estimation uncertainty can lead to inaccurate procedures with unwarranted

confidence in an unfit model.
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Appendix D.2 A recursive point process model

More recently, a variant of the Hawkes process was introduced in Schoenberg et al. (2019),

having the property that the expected offspring size corresponding to an event is inversely

related to the conditional intensity at the time that the event occurred. This “recursive

point process model” is based on the idea that when a disease occurs infrequently within a

population, as seen in the initial phases of an outbreak, individuals with the disease are

likely to transmit it at a higher rate. By contrast, as the disease becomes more widespread,

the transmission rate diminishes due to the growing proportion of individuals with prior

exposure and the implementation of preventive measures. The model is described as

recursive because the conditional intensity at any given moment in time depends on the

productivity of earlier points, which is itself influenced by the conditional intensity at those

same points.

The recursive point process model is specified through its conditional intensity

λ(t) = µ +
∑
ti<t

H(λ(ti))g(t − ti), (A15)

where µ > 0, H : (0, ∞) → [0, ∞) is a non-increasing function and g : [0, ∞) → [0, ∞)

is a density function. Note that this model is self-exciting, and can be seen as a variant

of the classical Hawkes process. A parametric specification is chosen where H satisfies

a power law and where g is an exponential density. More specifically, H(x) = κ/xα and

g(u) = β exp(−βu), yielding a parametric model depending on θ = (µ, κ, β, α), where all

parameters are assumed to be positive.

In Schoenberg et al. (2019, Section 7), this model is fitted to data consisting of 67

recorded cases of Rocky Mountain Spotted Fever (RMSF) in California from 1960 to 2011.

The data consist of time stamps marking the beginning of each week during which at

least one infection occurred. Time is recorded in days since January 1st, 1960. The freely

accessible data are obtained from Project Tycho (www.tycho.pitt.edu); see Panhuis et al.
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(2018).

We replicate the model estimation from Schoenberg et al. (2019, Section 7). As in

Schoenberg et al. (2019), since the data are recorded with a weekly temporal resolution,

we randomly assign the onset time for each individual case from a uniform distribution

within the corresponding 7-day interval. We obtain the following parameter estimates for

the California data set:2

(µ̂CA, κ̂CA, β̂CA, α̂CA) = (0.000415, 0.0775, 0.00562, 0.473). (A16)

Additionally, we collect data for the state of Florida over the same time span, from

1960 to 2011, consisting of 191 recorded disease cases, not considered in Schoenberg et al.

(2019). Estimating the model from Schoenberg et al. (2019) to the Florida data set yields

the following parameter estimates:

(µ̂F L, κ̂F L, β̂F L, α̂F L) = (0.000777, 0.833, 0.0110, 0.0408). (A17)

In Schoenberg et al. (2019, Section 7), the model fit to the California data is assessed

using super-thinned residuals. This approach is based on principles closely related to

those underlying the random-time-change-based test described in Section 4.2. Notably,

both methods rely on plugged-in estimates for the model parameters and do not account

for estimation uncertainty, which can compromise the validity of the resulting inference.

Instead of using super-thinned residuals, we apply a classical goodness-of-fit test based on

the random time change, as outlined in Section 4.2. After fitting the model, we transform

the interarrival times ti+1 − ti using the estimated compensator, yielding the transformed

2A close inspection of the data set obtained from Project Tycho, in comparison with the histogram

presented in Schoenberg et al. (2019, Figure 2), reveals a minor discrepancy between the two data sets,

which cannot be attributed to a different realization of the uniform distribution within the corresponding

7-day interval. It is likely due to a correction in the data, and may account for the difference between our

parameter estimates and those reported by Schoenberg.
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values Λθ̂(ti+1) − Λθ̂(ti). We then test whether these transformed interarrival times follow

a standard exponential distribution. The corresponding QQ-plots, shown in Figure A1,

include the reference line y = x, around which the transformed interarrival times should

be centered under the null hypothesis. For the California data set, a Kolmogorov-Smirnov

test yields a p-value of 0.3184, which aligns with the findings in Schoenberg et al. (2019,

Figure 3). While there is a slight deviation from the reference line y = x in Figure A1(A), it

remains within the Kolmogorov-Smirnov confidence bounds, and we therefore do not reject

the null hypothesis at the 0.05 significance level. For the Florida data set, the deviation

from the reference line appears more pronounced than for the California data; nonetheless,

the Kolmogorov-Smirnov test still does not reject the null hypothesis, with a p-value of

0.4836.

(a) California data set (b) Florida data set

Figure A1: For both the California (a) and the Florida (b) data sets we estimate the model

to the data, after which we transform arrival times and test for standard exponentiality of the

interarrival times. There appear to be slight deviations from y = x, especially for the tail of the

Florida data set.

Next, we account for the estimation uncertainty in θ̂ by applying our asymptotically

exact transformation-based test described in Algorithm 1. We set the hyperparameter
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n = max
{
ceil

(√
N [0, T ]/4

)
, 6
}

= 6 for both the California data (N [0, T ] = 67) and the

Florida data (N [0, T ] = 191). We perform an Anderson-Darling test for normality in step

(v), as suggested in Section 6.

For the California sample, this test yields a p-value of 0.5193 (compared to 0.8833 for the

naive testing procedure). These results are consistent with the conclusions from applying

the random-time-change-based tests above, at the α = 0.05 level. By contrast, for the

Florida sample, the p-value is 0.0185 (compared to 0.1979 for the naive testing procedure),

leading us to reject the null hypothesis when accounting for estimation uncertainty. In

fact, those conclusions remain to hold if instead of an Anderson-Darling test we apply

Kolmogorov-Smirnov or Cramér-von Mises tests. See Table 3.

Hence, whereas for the California data the asymptotically exact testing procedure

in Algorithm 1 leads to the same conclusion as the procedures that ignore estimation

uncertainty, the outcome is notably different for the Florida data: Algorithm 1 leads to a

rejection of the null hypothesis, whereas the naive and random-time-change-based procedures

do not. As discussed in Section 6, tests that ignore estimation uncertainty are typically

undersized and have limited power against alternatives. While the model appears to fit

the California data reasonably well — even though the sample size N [0, T ] = 67 is quite

modest — the seemingly adequate fit suggested by the naive and random-time-change-based

tests for the Florida data is refuted by our asymptotically exact procedure. In typical

settings where a new model is being evaluated, neglecting estimation uncertainty can result

in misleading conclusions and overconfidence in an unfit model. The contrasting outcomes

for the Florida data set highlight the importance of accounting for estimation uncertainty

to avoid erroneous inference.
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