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Abstract. We study large deviations asymptotics for a class of unbounded additive functionals, interpreted as normalized accumulated
areas, of one-dimensional Langevin diffusions with sub-linear gradient drifts. Our results provide parametric insights on the speed and
the rate functions in terms of the growth rate of the drift and the growth rate of the additive functional. We find a critical value in
terms of these growth parameters that dictates regions of sub-linear speed for our large deviations asymptotics. Our approach is based
upon various constructions of independent interest, including a decomposition of the diffusion process in terms of alternating renewal
cycles and a detailed analysis of the paths during a cycle using suitable time and spatial scales. The key to the sub-linear behavior
is a heavy-tailed large deviations phenomenon arising from the principle of a single big jump coupled with the result that at each
regeneration cycle the upper-tail asymptotic behavior of the accumulated area of the diffusion process is proven to be semi-exponential
(i.e., of heavy-tailed Weibull type).
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1. Introduction

A rich body of theory, pioneered by Donsker and Varadhan in classical work [11-13], provides powerful tools designed
to study large deviations for additive functionals of geometrically ergodic Markov processes. Additive functionals can be
interpreted as the “area” under the curve of the function drawn by the Markov process evaluated at the function in question.
We are interested in large deviations for the empirical long-term average of functionals that satisfy a polynomial growth
condition.

Although a lot of progress has been made in this area, the prevailing assumptions in the literature are often not ap-
plicable to natural functionals that are unbounded. In particular, most existing general results related to large deviations
for additive functionals of diffusion and related processes assume the functional of interest to be bounded in a suitable
weighted norm; see, for example, [6-8, 10, 20, 23, 26, 32-34] and the references therein. A much smaller literature (ref-
erenced below) has examined the large deviations asymptotic behavior of additive functionals over large time scales in
cases where the additive functional is unbounded, typically restricting to specific Markov processes.

In this paper, we develop tail asymptotics for polynomial-growth additive functionals of one-dimensional Langevin
diffusions with log-concave densities. We study how these tail asymptotics depend on the polynomial exponent p of the
unbounded additive functional and the growth x € (0, 1] of the diffusion’s drift vector field (i.e., the derivative of the
log-density).

Specifically, we assume the drift of the Langevin diffusion X is of the form z — —sgn(z)|z|®, k € (0,1], and we
impose a growth condition on the additive functional fot f(X(s))ds givenby f(z) = |z|P, p > 2x. The empirical average

Alt)y=1 f(f f(X(s))ds, which represents the normalized area under the paths of { f(X (s))}s>0, converges in probability
to E(] X (c0)|P), as t — oo, with X (00) a random variable distributed as the stationary law of the diffusion process X.
Our main goal is to examine the behavior of the upper tail P(A(¢t) > ¢), with ¢ > E(| X (c0)|P), as t — oo. We show that
as long as p > 2k, this probability decreases to zero exponentially with sub-linear speed of order ¢(*+1)/(P+1=) This is
markedly different from the case p < 2k, in which the speed is linear [6, 35].
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Let us explain, on an intuitive level, how we obtain our results. Suppose that we decompose the path of the Langevin
diffusion into “cycles” corresponding to returns to a neighborhood of the origin. We will show that the area under each
cycle is heavy-tailed, and that standard intuition from heavy tails applies, i.e., a single big value of the area under a cycle
dominates the value of A(t). To show that the area for a particular cycle is heavy-tailed, we consider the probability that
the area under the curve within a cycle is of order ¢, and examine the diffusion within a cycle on time scales of order
O(t?) and spatial scales of order O(t*/?) with 32 (1 — k)/(p+1— &) and @ 2 p/(p + 1 — k). The resulting process,
Xy (u) = tal/p X (ut?), u > 0, is a diffusion process with variance parameter of order O(t~7) with v £ (1+£)/(p+1—k).
Since v > 0, the noise of this scaled diffusion process is small. In terms of this scaled small-noise diffusion, the area under
the curve within the cycle in question must be of order O(1), which is shown to be governed by a large deviations rate
with speed O(¢7). Under the assumption p > 2k, y is smaller than 1. Hence, we conclude that a typical cycle exhibits
semi-exponential tails with shape parameter ~y (i.e., tails of the form exp{—t"}) and therefore is heavy-tailed. This stands
in contrast to the (more conventional) linear speed typically found in large deviations analysis.

Since the number of cycles in ¢ units of time is approximately linear and obeys a large deviations principle with a
speed that is linear in ¢ (i.e., light tails), the overall large deviations asymptotics of the unbounded additive functional
of interest displays similar behavior to that of O(t) i.i.d. increments with semi-exponential tails with shape parameter ~.
This explains both the rate and the qualitative behavior of how large deviations occur in our setting, consistent with the
mechanism in which heavy-tailed large deviations occur. That is, the most likely way in which large deviations occur in
our current setting involves a single cycle lasting O(t?) units of time, and exhibiting fluctuations of order O (/7). This
is sufficient to accumulate a contribution of order O(t), which is enough to generate a large deviations event of order
O(1) away from the typical behavior in the empirical average of the additive functional.

The mathematical details of our analysis are intricate. A first major obstacle that complicates our analysis is the
implementation of the Freidlin-Wentzell sample-path large deviations principle (LDP), which is applicable only for small-
noise diffusions with drift functions that are Lipschitz continuous. In our case, these conditions are not satisfied and
their violation requires a delicate analysis. Deploying the temporal and spatial scales described above, we study the tail
asymptotics of A(¢), as ¢ — oo, through a resulting small-noise diffusion. To use the Freidlin-Wentzell LDP, we next
construct suitable auxiliary diffusions satisfying the Freidlin-Wentzell framework, and use the areas of these auxiliary
diffusions as upper and lower bounds to the area of the small-noise diffusion. This approach enables us to eventually
establish upper and lower large deviations bounds, which we prove to coincide.

While we overcome the issues originating from the violation of the Freidlin-Wentzell LDP assumptions, a second

major obstacle in developing tail asymptotics per regeneration cycle remains in that the area functional fOT(g) |€(s)|Pds,
T (&) =inf{t > 0: £(t) = 0}, with £ an absolutely continuous function with square integrable derivative, is not continuous
in the uniform topology. Although the area functional is discontinuous in general, it is continuous over time horizons that
are deterministic (as opposed to first passage times) and, hence, we approximate the area over the respective regeneration
cycle, which has a random endpoint, by the area over a sufficiently large time horizon. Then, the large deviations upper
bound is obtained as the optimal value of a variational problem, which we show to converge to a certain value as the time
horizon tends to infinity. For the lower bound, we confine the area under the curve of the process under consideration by
intersecting it with events that track the trajectory of the most probable path. This leads to a variational problem for which
the optimal value is shown to converge to the optimal value of the variational problem associated with the upper bound.

Although they occur naturally, large deviations for unbounded additive functionals of Markov processes have been
analyzed in only a limited number of papers, in two strands of the literature. First, in the probability theory literature, for
the specific case of Markov random walks with light-tailed increments, we refer to [2, 4, 15, 16, 19], whereas [5, 18, 24]
establish results for the areas under the workload process and under the queuing process in a single server queue over
a regeneration cycle. Second, in the physics literature, [27-29] recently analyzed the asymptotic behavior of additive
functionals of the Gaussian Ornstein-Uhlenbeck process and obtained large deviations estimates with sub-linear speed
for functionals of polynomial growth faster than quadratic. Extensions of the results in [27] to the case of stationary
Gaussian processes are in [25]. The results in these papers, all focused on Gaussian settings, provide physical insights
largely based on physical arguments. In this work, we unravel the probabilistic mechanisms that generate the heavy-tailed
behavior of the additive functionals under consideration. Our approach enables us to rigorously prove upper-tail large
deviations asymptotics for additive functionals of diffusions with sub-linear drift functions, explicitly compute the speed
and rate function of the large deviations asymptotics, and present a methodology of independent interest to deal with
more general settings and cases.

The remainder of the paper is organized as follows: In Sections 2.1 and 2.2, we present the model and our main
result (Theorem 2.1), namely, the upper large deviations asymptotics for the empirical average of the unbounded additive
functionals under consideration. In Section 2.3, we present our methodology including the cycle decomposition and
scaling techniques mentioned above, which provides a heuristic proof of our main result and a road map of the proof
techniques that we use to make the analysis rigorous. In Section 2.4, we present a key lemma (Lemma 2.1) for the proof
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of the main result and, based on this, conclude its proof. In Section 3, we present and prove some useful continuity
properties of the variational problems associated with Lemma 2.1. Section 4 is devoted to the proof of Lemma 2.1, and
Section 5 contains the proof of auxiliary Lemma 2.2. Finally, the paper contains two appendices covering existing large
deviations results tailored to our setting and results on upper bounds for densities of first passage times of diffusion
processes.

2. Model Description and Main Result
2.1. Model

We consider a time-homogeneous diffusion process X which is induced by the ensuing stochastic differential equation:
(1) dX(t) =D(X(t))dt +27Y%0dB(t), t>0.

Here, B(t) denotes a standard Brownian motion and o, the diffusion coefficient, is a positive constant. We assume that
X (0) =0 and we impose a sub-linear growth condition on the drift, as follows:

D(z) = —sgn(x)|z|", k€ (0,1].

The stochastic differential equation in (1) is properly defined: since the drift coefficient is a locally bounded measurable
function and the diffusion coefficient is a constant, in view of Theorem 10.1.3 in [31], Eqn. (1) has a unique weak solution;
see also Proposition 5.3.6 of [21].

The purpose of this paper is to prove upper large deviations asymptotics for the normalized accumulated area A(t), as
t tends to oo, where

1 t
AW 25 [ X E)ds, @) =l
0
and p > 0 is such that p > 2x. Throughout this paper, we frequently use the following notation:
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Note that « = 1 — 3 € (0, 1]. In addition, v € (0,1) since p > 2k.
2.2. Main Result

In this subsection, we present our main result. We start with a few definitions that are used in the statement of our main
result. Let C[0,T], T > 0, be the space of continuous functions over the domain [0, 7] and let 5#[0, T'] be the subspace
of C[0, T that contains absolutely continuous functions with square integrable derivative. Furthermore, for a continuous
function g : R — R and x¢ € R, let

3) 1T

0,9 ’

2 {fOT [E@=9EO g5 ¢ e #00,T] & £(0) = 7

0, otherwise

using the dot notation for (time) derivatives, and define for m > 0,

T
4) A(zo,T,m) = {g € Cl0,T]: /0 |€(5)[Pds > m, £(0) = xg} :

and the variational problem

5 V(zo,T,g,m)2  inf IT .
®) (z0,T,g9,m) ceal 20,9(&)

We say that £ is a feasible path for the variational problem V(zo, T, g,m) if £ € A(xo,T,m). Finally, let X (c0) be a
random variable distributed as the stationary law of the diffusion process X, the existence of which is ensured due to e.g.,
[30]. Now we are equipped to state our main result.
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Theorem 2.1. For every fixed p > 2k and b > E(| X (c0)|P),
1 .
(©) Jim —logP (A(t) 2 b) = — (b~ B(IX (0)|))" - V(0,00,D, 1).

We note that the above theorem fully characterizes the most likely scenario leading to large deviations through
the associated variational problem. The typical path of A can be estimated by the Law of Large Numbers. For Har-

ris recurrent Markov processes, it is known that the empirical average + fo ))ds converges in probability to
E(f(X(c0))), as t = oco. For f(z) = |z|P, E(]X(c0)|P) can be computed by the statlonary distribution 7 of X:
E(|X(c0)[?) = [ Is[Pm(ds). Consequently, the Law of Large Numbers dictates that the typical value of A(t) is
E(| X (00)|P). The rate function associated with the large deviations asymptotics indicates that the most likely large
deviations behavior away from the typical path occurs due to a single large cycle.

Remark 2.1. For the lower tail, large deviations asymptotics hold more conventionally (i.e., with linear speed). To
substantiate this: Fix € > 0, and choose M large enough so that E(min{M,|X (c0)|P}) > E(|X(c0)|P) — e. Note

that such M exists in view of the monotone convergence theorem. Then, P <f0t | X (s)[Pds < (E(| X (00)|P) — e)t) <

P (fot min{ M, | X (s)[P}ds < (E(] X (c0)?) — e)t). Finally, since min{M,|X (-)|P} is uniformly bounded, the Donsker-
Varadhan theory ([11]) implies a large deviations upper bound with linear speed.

2.3. Methodology

Our proof strategy relies on a suitable decomposition of X into cycles using regenerative analysis of diffusions. The
definition of cycles involves the introduction of a small boundary layer which is used to define “entry” points to the origin:
we introduce a decomposition which is used to account for the contribution of paths on excursion that “exit” and re-enter
through the boundary layer within a single cycle. Towards this purpose, we define the regeneration cycles by considering
the following hitting times for X( ): By =0, A{ =inf{t > 0: |X(t)| =6}, B =inf{t > A : |X(t)| =0},..., 4%, =

inf{t > BS :|X(t)| = 6}, and B, = inf{t > A, : | X(t)| = 0}, where § > 0. The diffusion X is regeneratrve with
respect to the sequence {B;?}j>0 which induces a renewal process N°(-); N%(t) £ max {k >0: B,‘z < t}. This enables

us to decompose the process A(t) as follows:

B? NO(t)—1 By, t
A(t)zi[/o Xpas+ 3 </B |X(s)|pds> +/st |X(s)|Pds].
N——— J= J_’_/

N (t)
A
209 NP
! CJ+1

We introduce some notation employed later in the analysis of .A. Define Tj = B;j g B‘-ll as the inter-arrival times of

the renewal process N° and, for each j = 1,..., N°(t), denote by C"S f B s)|Pds the area under the trajectory

of X during [B;S 1 B;-;}. A pivotal step towards der1V1ng our main result (Theorem 2. 1) consists of establishing that each
cycle CJ‘S exhibits heavy-tailed behavior—in particular, semi-exponential behavior—in the asymptotic regime. Here, we
briefly describe the main argument leading to the semi- exponential property of the C;-S’s.

First, note that X satisfies the integral equation X (w) = [;* —sgn(X(s))|X (s)[*ds + 2-126B(w), X(0) = 0. Next,
we use the space scaling t*/? and the time scaling tﬁ . Then, we have that

B 1 Uts 2_1/20 8
X (uth) = ta/P/ —|X(s)|"sgn(X (s))ds + “aTp B(ut”)

Xi(u) £ ra/p

u tﬁ 2—1/2
= —/ —|X(st6)|“sgn(X(stﬁ))ds+ UB(utﬁ)
0

te/p ta/p
D vl X(st?) |® X (st?) 9-1/24
- 7/0 tar—p)L | " <ta/p—5 ds+ - pp B

27124
) — [ X s () ds + 2557 B,
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where we have used (2) several times in the last equation to simplify (a/p — 8)/k = «/p and «/p — 3/2 = /2. To
employ tools from the arsenal of large deviations theory, we work with the small-noise diffusion process X;(u), which
satisfies the following SDE:

®) dX,(s) = —sgn(Xy(s))| X, (s)|"ds + ﬂ%2’1/20d3(5).

The tail asymptotics of C? are derived by relating the distribution of %C’f to that of an image of X, obtained by

applying the area functional F(¢) £ fOT(f) |€(s)|Pds, T(§) =inf{t > 0:£(t) = 0}, toit; see Lemma 4.1, item ¢). Drawing
intuition from classical large deviations theory, large deviations rates are expected to hold with speed of order t7, where
v < 1 when p > 2k. However, the Freidlin-Wentzell LDP does not apply straightforwardly to the small-noise diffusion
X, since its drift coefficient is not a Lipschitz continuous function and the area functional F is not suitably continuous.
Whereas this does not lead to a different LDP than one would expect from Freidlin-Wentzell theory, these obstacles make
our proof for the tail asymptotics of C{ substantially more involved. For more information regarding our approach, we
refer to Lemma 2.1 and its accompanying discussion.

Following the strategy above, we establish the semi-exponential property of the area under the curve drawn by the
diffusion process within a single cycle (Lemma 2.1), and we can proceed to deal with the random number of terms in
the decomposition of A using the typical value of N? (see Lemma 2.2). Next, the principle of one big jump for sums
of Weibull-tailed random variables applies (see [17]), and hence, we establish both the rate and the qualitative behavior
of how large deviations occur in this setting; that is, the most likely way large deviations occur is through a single large
cycle. In Figure 1, we graphically illustrate the connections between the various lemmas and results leading to the proof
of our main result (Theorem 2.1).

Result B.1

» Theorem 2.1

Result A.2

Result A.1

FIG 1. The figure displays a diagram of our proof. The main result is colored green and the key intermediate result used in its proof is colored blue.

We believe that our methodology is powerful enough so that it can be applied to more general diffusion processes. To
illustrate the broader applicability of our methodology, consider the case where the drift function is super-linear (x > 1),
and recall our decomposition of the path of the Langevin diffusion into cycles. Next, employing time scales of order
O(t?) and spatial scales of order O(t*/P), we obtain a small-noise diffusion with diffusion coefficient of order O(t~7/2).
Then, at each cycle, we consider the probability that the area swept under the curve of the additive functional of the
small-noise diffusion is of order O(1). Following a similar approach as in the case of x < 1, the large deviations rates
would be of order O(t"). Under the assumption p > 2k, -y is smaller than 1, thus the Weibull-like behavior of each cycle
is obtained. Now, however, we have 3 < 0, inducing short cycles, due to the drift’s strong pull towards the origin. Hence,
for the case x > 1, the overall large deviations asymptotics of the additive functional of interest is similar to that of
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O(t) i.i.d. increments with semi-exponential tails (i.e., Weibull-type heavy tails) with shape parameter . Consequently,
the principle of one big jump is also expected to apply, and large deviations occur due to a single large cycle. We note
furthermore that very similar splitting and scaling arguments can be applied for regularly varying drift functions satisfying
x +— —sgn(z)|z|” - I(z), where [(+) is a non-negative slowly varying function. (The same type of generalization can be
allowed similarly for the function f(-).) This change would introduce a slowly varying component in the asymptotic result
at the expense of making the development significantly more involved without adding much more conceptual insight; thus,
we have decided to simplify the exposition under our current assumptions. We leave the details of such generalizations,
each requiring subtle and elaborate individual treatment, for future work.

2.4. A Key Lemma and the Proof of the Main Result

In this subsection, we state a key result—Lemma 2.1—used subsequently in the proof of our main result—Theorem 2.1.
We start with a detailed road map of the proof of the tail asymptotics for C’f established in Lemma 2.1; its full proof is
contained in Sections 3 and 4.

2.4.1. Tail asymptotics for C
The tail asymptotics for the area C¢ are provided by the following lemma, which plays a central role in the paper. Recall

5
that A = inf{t > 0: X ()| = 6}, B} = inf{t > A : [ X ()| =0} and Cf = [;"" | X (s)|Pds.
Lemma 2.1. For every fixed p > 2k, b > 0 and § > 0,

1 s o~
9) tlinolo = log P (Cl > bt) =-b7-V(0,00,D,1).

We prove this result for b = 1, the more general case trivially follows by replacing ¢ with bt. The proof of Lemma 2.1 in
principle aims to invoke the LDP Result A.1 in the Appendix, combined with sample-path based comparison arguments.
Using the space scaling t*/? and the time scaling t”, we obtain the small-noise diffusion X ()= X(- %) /t"/ P over
large time-scales (see Lemma 4.1). Then, %C’f can be viewed as the image of the scaled diffusion process X; to which

we apply the area functional F (&) = fOT(E) |£(s)|Pds, T(&) =inf{t >0:£(t) =0}.

However, the sample-path LDP in Result A.1 holds with respect to the uniform topology, and one of the main issues
that complicates our analysis is the discontinuity of F under the uniform metric. Consequently, the proof for the tail
asymptotics of %Cf gets significantly more intricate than e.g., simply applying the contraction principle. We deal with
this issue by a direct approach, which involves the derivation of large deviations upper and lower bounds and proving that
they coincide. This is largely the contents of Section 4.

For the upper bound, we note that Result A.1 does not apply to diffusion processes with non-Lipschitz continuous
drift. To overcome this issue, we construct a diffusion process X; . with a modified, Lipschitz continuous drift u. such
that u. > D. Hence, in view of stochastic dominance results for diffusion processes (see [36]), X . serves as a stochastic
upper bound for X}, and the area swept by X, . upper-bounds the area swept by X (see Lemma 4.2). We note that the area
under the trajectories of X; . can be written as a functional of X; . through the map F. To deal with the discontinuity
of the functional F, it is tempting to directly truncate the first passage time to 0 with a sufficiently large value of 7.
However, this approach, when applied directly, fails. This can already be seen in the case x = 1, the reason being that the
drift vanishes as the process approaches zero, making the time to hit zero relatively large. Nevertheless, the contribution
to the area swept by the process near zero is also small. Hence, we introduce a boundary layer around the origin to account
for the area swept by the process near zero by means of a reflected diffusion. This construction is studied in Lemma 4.3,
which ultimately shows that the contribution of the area swept by the process around the origin is negligible if the scaled
process starts within O(t’a/ P) units from the origin—this initial condition turns out to be important in the analysis. Once
this contribution is removed, we can focus on the area accumulated only outside the boundary layer. In this case, the key
quantity involves the first passage time to a strictly positive level (uniformly bounded away from the origin). The drift
remains bounded away from zero, and the truncation strategy for a sufficiently large value of a time horizon T now pays
off (see Lemma 4.4). This overall construction enables us to express the area of the modified diffusion X; . as a functional
over the finite time horizon [0, 7). This functional is known to be continuous with respect to the uniform metric. For T
large enough, we show that the absolute area of the scaled diffusion process X; . over the time horizon [0, 7] serves as
an asymptotic upper bound for %Cf . Finally, by Result A.1 and the contraction principle, we obtain the large deviations
upper bound (Lemmas 4.5 and 4.6).

For the lower bound, we construct a diffusion process Xte with a modified drift .. Similar as for the upper bound,
we construct )N(t6 in such a way that its drift is Lipschitzian and the area swept by )N(LE now lower-bounds the area
swept by X;. Then, we confine the area swept under the modified diffusion process over a suitable fixed time horizon
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(Lemma 4.7). Subsequently, we derive a variational problem associated with the lower bound. Finally, we prove that the
variational problem related to the lower bound has the same optimal value as the variational problem associated with the
large deviations upper bound (Lemma 4.8), see also Figure 1 for a graphical overview of the proof structure.

2.4.2. Tail asymptotics for N°

Before we give the proof of our main result, we provide a final preparatory lemma, which implies that large deviations
of the renewal process associated with the number of visits to 0, N 3 (t) = max {k >0: B,‘z < t}, occur at linear speed. A
necessary component of our analysis is the moment generating function (m.g.f.) of 70 = B?, which we prove to be finite
in a neighborhood around 0.

N°(H) 1
t E(79)

Lemma 2.2. It holds that sup {9 ‘B (eon) < oo} > 0. Consequently, P (‘

somefN(x)>0,x>0, as t— oo.

> x) = O(e_tiN(m)) for

The second part of the lemma trivially follows from the first part by Cramér’s Theorem. We show the existence of
E(eeTf ) by invoking upper bounds for first passage time densities of diffusion processes; see Result B.1. Since Result B.1
is not directly applicable to our case, that is, the conditions of the result are not satisfied by 7, we first construct suitable
auxiliary first passage times which serve as stochastic upper bounds for 7{ and we prove that their m.g.f’s are finite; see
Section 5.

2.4.3. Proof of the main result
We conclude this section with the proof of our main result (Theorem 2.1).

Proof of Theorem 2.1. Recall that, by Lemma 2.1, the C?’s exhibit an asymptotic semi-exponential behavior. This en-
tails that LDP Result A.2 is applicable in our case. Moreover, applying standard results for regenerative processes (see,
for example, Theorem 1.2 in [1]), we obtain

1 Y
(10) E-([X(W)") =E(|X(0)|") = By)Fo </0 IX(S)IpdS> ;

where Y is any nonlattice cycle length r.v. with finite mean, and recall that 7 is the steady state distribution of X .
Let € > 0 be fixed. Then,

N3 (t)+1 [“E@f)“ﬂ 1
PAM)>b) <P | Y Cl>bt|<P oozt +P<N5(t)+12t(E( 5)+e>).
T
i=1 i=1 1
2(1)
We can apply this inequality to obtain
) ) [#(s25+)|
limsup — log P (A(t) > b) <limsup — logP Co > bt
msup o= log P (A(t) > b) < limsup .= log ; >
E(CY "\’
< —V(0,00,D, 1) (b— ( ;) - E(Of)e)
E(r})

= —V(0,00,D,1) (b= B( X (c0)l") ~E(C)e) ),

where in the first inequality we use the principle of the largest term and the fact that (¢) has light-tailed asymptotics by
Lemma 2.2, in the second inequality we use Lemma 2.1 as well as Result A.2, and in the last equality we invoke (10).
The desired upper bound is obtained by letting € |. 0. For the lower bound,

NO(#) NO(#) )
PAt)=b)>P | Y C)>bt| =P Zcf>bt,N5(t)zt< —e)

i=1 =1




Using Lemma 2.1 and Result A.2,

()] :
lim inf — log P > Ci>bt|=-V(0,00,D,1) (b—E(IX(c0)[) + E(C))e) .

i=1

Due to Lemma 2.2, (i¢) has light-tailed asymptotics. Therefore,
1
liminf —log P (A(t) > bt) > —V(0,00,D, 1) (b—E(|X(0)P) +E(C)e) .

We obtain the desired lower bound by letting e tend to 0, which completes the proof. O

3. Variational Properties of V (-)

In this section, we prove some important properties for the variational problems that are associated with the large de-
viations upper and lower bounds. Recall that C[0,77] is the space of continuous functions over the domain [0,77],

that 22’[0,T7] is its subspace of absolutely continuous functions with square integrable derivative, and that I 4(&)

is the rate function in (3). We say that a function ¢ : R — R is symmetric around 0 if g(z) = —g(—x). Recall that
D(z) = —sgn(z)|x|", x € (0,1], and note, in the light of the following lemma, that D is symmetric around 0. Further-
more, for € > 0, consider the following functions:

(11) u (.73) A {Sgn(l'ﬂx’{, for |117| Z €, B (x) a {IH, for = Z €,

— %, for |z| <e, —€",  forzx<e.

Now define, for zg € R and T, m > 0,
T
(12) Ay (20, T,m) & {5 eClo, 1] / €(s)Pds = m, €0, £(0) =xo} ,
0

and let Vi (20, T, g,m) £ infeca, (2o,1,m) 1L ().
Lemma 3.1. Let g € R and T',m > 0.

1) For any continuous function g : R — R symmetric around 0, it holds that
V(IOaT797m) = V+(|I0‘7T7gam)'
11) We have that

lim Vi (|zo|, T, ue,m) = Vi(|xo|,00,ue,m), and
T—o00

lim V(xg,T,ue,m)=V(xg,00,ue,m).
T—o0

iii) For any fixed € € (0,1), it holds that
1
[V (e,00,ue,1) = Vi (0,00,ue,1)| < 462H§
iv) The following limit holds:

lii(r)l\/'+(0,oo,u5, 1)=V4(0,00,D,1).
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Proof. Let zp € R and T',m > 0. We start with the proof of ). The statement is a consequence of the following claim:

for any path £ € A(xo, T, m), there exists a path € such that £ € A (|zo|,T,m) and I (&) = 1660'79(5). To verify this,

consider £(s) =£&(s) - I(&(s) > 0) — £(s) - I(€(s) < 0) and observe that £ € A (|zo|,T,m). Then, one easily sees that
Ilgolvg () =1I, ,(€). Since this holds for any & € A(zo, T, m), the proof of our statement follows.

Proof of ii). First, observe that V (|zo|, T, ue,m) > Vi (|xol|,00,u,m) for every T > 0: every £ € A(xo,T,m)
can be extended to £ € A(xp, 00, m) by leaving the value of the variational problem unchanged beyond T'; for s > T,
set &1(s) = efﬁ(sz)f(T), E(s) = (E(T) " — (s — T)ﬁ) V 0. Now, construct the following path in the case of

< 1:€(s) = &(s)I(s € [0,T]) + IH{E(T) < e} N{s = T})&i(s) + TH{E(T) > €} N {s > T})&2(s), and take £(s) =
E(s)I(s € [0, 7)) +I({s > T})e~*=T)(T) in the case of £ = 1. Then, IZ, (£) =I5, (€). This argument also shows
that V. (|zol, T, ue, m) is nonincreasing in 7.

We next show that for every & > 0, there exists a T such that Vy (|xo|, T, ue, m) < Vi (|2o], 00, ue, m) + du,(19)? /o
for T' > T, which together with the inequality V (|zol, T, ue,m) > Vi (o], 00, ue, m) implies the desired convergence.

For this, fix 6 > 0 and pick a path £ € A(xg, 00, m) such that I, (§) < Vi (|xo|,00,uc,m) + J. Furthermore, let T be
such that fOTé |€(s)|P ds > m — 6|z |P. Next, define the path £5(s) = zoI({s < }) 4+ (s — 6)I({s > §). The area of this

path up to time T5 =T + ¢ is at least m, and V¢ (|zo|, Ts, ue,m) < Igs; (€) < Vi (Jzol, 00, ue,m) + & + duc(xo)? /o2,
The desired convergence now follows by recalling that Vi (|a¢|, T, u.,m) is nonincreasing in 7T'.

Proof of iii). We prove V. (0,00,uc, 1) — V. (€,00,uc, 1) < 4¢2*L;; the reverse inequality follows by a similar
argument. Fix ¢ > 0, and pick & € A (e,00,1) such that I3, (&) < Vi (€,00,uc,1) + 4. Set &o(s) =€ -s-I(s €

[0,1]) +&c(s—1)-I(s > 1) and observe that &, belongs to A (0, 00, 1). Furthermore, observe that IS, (&) —I55,. (&) =
L [1(e + €7s5)%ds < 4€2* L. Therefore, V.4 (0,00, u,,1) < I55,. (&0) < IS5, (&) +4e* %5 <V (e,00,uc,1) + 6 +

46“%. By letting § tend to 0, we obtain the desired inequality.
Proof of iv). Since ue > D on A4 (0,00, 1), we have that 155, (§) < I§H(€) forany § € A4 (0,00,1) and € > 0. There-

fore, limsup, o V4 (0,00, ue, 1) < V4 (0,00,D,1). £(s) — uc(£(s)) is increasing in € and converging to &(s) — D(£(s)),
as € tends to 0, point-wise in s. Applying the monotone convergence theorem, we obtain, for any £ € A, (0, 00, 1),

.o R Y e 1 [ .
i 155, (6 =lim 5 [ 16(s) w66 Pds = = [ 16(s) ~ DIE(s)Pds 2 V2 (0.5,D, 1)
el0 el0 O 0 g 0
Consequently, liminf. o V4 (0,00, u.,1) > V4 (0,00,D,1). O

In the same spirit as in Lemma 3.1, we next prove some important properties related to variational problems associated
with the various large deviations lower bounds. To this end, define, for every subset I € [0, 00),

T
(13) Ar(z,T,m) = {56 Cl0,T] :/O &(s)Pds>m, &(t) € 1,1 €[0,T], £(0) :x}.

Lemma 3.2. i) Let T,m, M > 0. For both u = u. and u = u., the following holds for every x > ¢, x >y > O:

22"

inf Ir, M+ M T +2"T) < inf ITp(6).
€EAY M (@ Tym) © o2 ( ) €A (0,7,m) P (&)
it) Let x,m > 0. The following limit holds:
lim lim inf IQCTD(&) =V(z,00,D,m).

T—o00 M—00 (€A, M) (z,T,m)

Proof. For i), given § > 0, let £ € Al a7 (0,T,m) be such that infec o 1 (0,7m) I§p (&) + 0> I 5 (€). Now, let =
& + x. Then, it is obvious that é € Ay, v+a) (2, T,m). Since é = ¢+ x, x is bigger than €, and £ is nonnegative, we obtain
€ > € and thus, u(f~ )= €. This allows us to establish the following:

@@= [ (0 -adéen) as— % [ (0 -pen) as

o2 o2
1 T

L[ o) a5 [ (@0 o) as

02 0



S;/OT(5(8)+5(3)“+96 s——/ S”“)st
§12/0T2x” (é(s)+§(s) )ds<2—(M+M“T+x”T)

where in the first inequality we used the subadditivity of the function z — z", k € (0,1]. Hence, we obtain

infee a0 0(0.7m) I§p () +6> I p(8) > I ;. (§) — 22° (M + M*T + 2*T) which, in turn, is bigger than or equal to
infeca, vy (@ Tim) IIT@ () 72%; (M + M*T + 2"T). Finally, since ¢ is arbitrary we can let it decrease to 0, hence,
our proof is concluded. The proof for u. is similar to the proof for 4. and is therefore omitted.

Proof of ii). For given § > 0, let £s be absolutely continuous such that IZ:D(S(S) < Vi(z,T,D,m) + 4. Since &
is absolutely continuous, its total variation on [0, 7] is bounded by some M;s < co. Since Ao p7 (2, T, m) forms an
increasing sequence w.r.t. M, we see that infec ay, (2, 7,m) I;D(f) <V,i(z,T,D,m)+ ¢ for M > Mjs, establishing
the limit w.r.t. M. The limit when 7" — oo follows by the same argument as in the proof of Lemma 3.1, item 41). O

4. Proof of Lemma 2.1

In this section, we prove the asymptotic semi-exponential property of the single, full cycle C’f . Specifically, in Section 4.1
we develop the large deviations upper bound for C?; in Section 4.2, we establish the large deviations lower bound for C?;
and in Section 4.3, we conclude the proof of Lemma 2.1.

4.1. Upper Bound for the Full Cycle CY

In this subsection, we prove the large deviations upper bound for the full cycle C¢. Our approach consists of using sample-
path analysis in combination with LDP Result A.1. However, since X has non-Lipschitz drift, and the diffusion term of X
does not decrease to 0, X does not satisfy the framework of Result A.1. To overcome this, we use an appropriate scaling,
yielding X, such that the diffusion term tends to 0 (see Lemma 4.1); and we introduce a modified diffusion process X; .
with a Lipschitz drift whose area serves as a stochastic upper bound to C9 (see Lemma 4.2).

4.1.1. Useful distributional equalities and an upper bound
In the following lemma we state a useful distributional equality between X and X, (defined in (7)) and provide a first
upper bound for C{. For notational convenience, define the conditional probability P JYe)=PY ¢ -|Y (0)=1y).

Lemma 4.1. For everyﬁxedp>2n 6 >0, let To( ’ta/z’) :inf{SEO: | X:(s)| =
7:(0) —1nf{52T0( ) | X+ (s) O} Then:

1) It holds that
B‘f 7¢(0)
Py / | X (s)|Pds >t | =Py / | X:(s)|Pds>1 ).
0 0

it) For every fixed € > 0 and sufficiently large t,

To Talp 2Kk—p
Py / ( e ) | X¢(s)|Pds > € <O<exp <_t6602 ))
0

Proof. The proof of i) follows directly by applying the deﬁnitions and a change of variables argument.
Proof of u) From Ty (¢ ’ta/p> = inf{s>0:]X,(s)| = } and X;(0) = 0, it follows that over the interval

[O To (t, 722%) } the stochastic process X, is bounded by

o /p } and define the hitting time

’ta/p

t(!/p

W /p Consequently,

7o (42 P 5 5 c
Py /0 | X:(s)|Pds > €| <Py <taT0 <t, ta/?’> > e) <P <Xt(s)| < v for s € [0, (Spta:|> .



Large deviations for additive functionals of diffusion processes 11

To deal with the event in the last inequality, we derive an upper bound using a Brownian motion with drift. To this
end, recall that X, satisfies the following integral equation: X, (u) = — [, sgn (X(s)) | X(s)|" ds +t=7/227/26 B(u),

u > 0. In view of Theorem 1.1 in [36], if | X;(s)] is less than tofs/p over s € [0, 55t*], we obtain that

P, (|Xt(s)\ <o/telP s e {07 6%#!}) <P, (It7/221/20B(s) _ (5/ta/p)”5| < ta% for s € [0, ;pto‘D

<P ( sup {|2_1/20'B(S) - (5“8\} < 5) <exp (—t6**Pe/o” + 26T [o?)

s<3pt

where in the second inequality we have used the self-similarity of Brownian motion and the relationships between «, 3,7,
and in the last inequality we have used a standard change of measure argument with respect to a zero drift Brownian
motion. This yields the statement of the lemma. O

4.1.2. An upper bound using the modified diffusion process X, .

In this subsection, we construct a diffusion process X . such that it has a Lipschitz continuous drift function, and we use
its area as a stochastic upper bound for Cf . We first introduce some necessary notation. Let X; . be the solution of the
following SDE:

(14) dXpe(s) =ue (X e(s))ds + t_7/22_1/20d3(s), €>0,5>0,

where the drift u. has been defined in (11). For the diffusion process X, ., denote with 7 ((§) = inf{s > 0 :
Xi.e(s) =0} ie., its first hitting time to 6. Let Ny (p,.) denote a geometric random variable with success probability
P /5 (7¢,c(€) > 71,c(0)). Finally, let Cj ;,j > 1, be i.i.d. copies of

T¢,e(€/2)
(15) C,= / (X1.c(s))"ds subject to X (0) =e.
0

Lemma 4.2. Letb >0, § > 0 and € > 0 be fixed. Then, for every fixed ey > 0 and sufficiently large t (t > (§/€)P/®),

7+ (0) 7¢(0) N
P s </ (Xt(s))pd52b> <P s </ (Xt(s))pl (X:(s) SE)dSZQ)) +P.
0 0

g (Pt,e)
to/p to/p
=1

Z Cj,t Zb—€0
j=

27(1) A7(1T)

Proof. We first observe that the following inequality holds:

7:(0) 7t,e(0)
(16) P% </0 (Xt(s))p-I(Xt(s)Ze)d52b> <P_s_ (/0 (Xt,e(s))p.I(Xt}e(s)26)d32b> .

o ta/p

To see this, observe that the drift function . is bigger than or equal to D in the relevant region. Thus, using Theorem 1.1
in [36], X, . is stochastically bigger than X,. Consequently, the first hitting time to zero, 7, (0), is stochastically bigger
than 74(0) and, hence, (16) follows.

Once we have proven that, for sufficiently large ¢ (¢ > (5/€)?/%),

Ny (pt,e)

7¢,(0)
(17 P_s (/ (Xt76(s))p-I(Xt,€(S)ZG)dSZb) <P, Z Cjﬂga R
0 j=1

ta/P

the proof of the lemma follows by combining (16) and (17), upon replacing b by b — €.
In the remainder of this proof, we show that (17) holds. First, choose t large enough so that tf/p
5

is smaller than e,

and consider the diffusion process X; . initialized at €. Since every trajectory of X  initialized at ;% can be vertically
transposed to form a trajectory of X . initialized at ¢, we can deduce the following distributional inequality:

Tt,e(0) T¢,¢(0)
P_s (/ (Xpe(8)? - T(Xp,e(s) >€)ds > b) <P, (/ (X1,e(8)  T( Xt e(s) >€)ds> b) .
0 0

to/p
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Now, we provide an upper bound for the RHS of the above inequality. Towards this, let us introduce the following stopping
times: Ay £0, By 2inf{s > Ay : X; (5) = ¢/2}, Ag 2inf{s > By : X; (s) =€}, Bo = inf{s > Ay : X, (s) = €/2},
A; 2 inf{s>DB;_;: Xi.c(s) =€}, B; 2inf{s > A;: Xt.c(s) =¢€/2}. Based on the stopping times {A;};>1, {B;}i>1,
we obtain the following decomposition: foTt’E(O) (X1.c()” - T(Xyo(s) > €)ds < S NP Ju (Xte(s))" ds where
N(p) is the number of cycles, or intervals of the form [A;, B;], generated during the time horizon [0, 7 .(0)]. That

is, N(p;) =inf{i > 1: A; > 7..(0)}. Due to the strong Markov property of X,., P (fA; (Xi.e(s)Pdse I‘) =

P.(Ci4€T), and N(p;) is stochastically dominated by the geometric random variable Ny (p; ), which has success
probability equal to P /5 (7¢,c(€) > 74,¢(0)). Combining these observations proves (17). O

4.1.3. The large deviations upper bound for the area swept under X, .

Due to Lemma 4.2, we can now derive a convenient upper bound for C‘f. Towards this purpose, we obtain the log-
asymptotics for each of the terms 7'(I) and T'(11) appearing in Lemma 4.2. The following lemma provides an asymptotic
upper bound for the area of the diffusion process X; when considering its trajectories that are below e.

Lemma 4.3. For every fixed p > 2k, § > 0 and €1 > 0, it holds that

Tt(O)
limlimsupt~7"logP s (/ (X:(5))” - T(Xy(s) <e€)ds > 61> = —o0.
0

el0 t—oo to/p

Proof. Define ¢ =2k/(1+ (1 — &)/p). Then 0 < (/p =~ +a — 1< 1 and we can write

P_s (/OTt(O) (Xt(s))p I(Xi(s) <e)ds > 61> <P_s_ (/OTt(O) (Xt(s))gds > 6154p>

tﬂ/P toe/p
BY ¢
=P;s / (X(s))"ds > tee$7P .
0
We can upper-bound the final expression further by
min{B‘f,t'Ye(Cfp)m}
(18) P; (/ (X (s))°ds > mléﬁ) +Ps(B > 176/,
0

Due to the finiteness of the m.g.f. of Bf (see Lemma 2.2), and since ¢ — p < 0, we have that

(19) lim lim ¢~ log Ps(BS > t7el¢P)/2) = —oc.

el0 t—o0

: 5
Set T' = t7¢(¢=P)/2. We proceed by noting that fomm{Bl T}
[0, 00). Therefore,

1 min{Bf,T} ¢
Ps T/ (X(s)) ds > eelcP)/2
0

Jove) min{B‘f,T}
< / P,, (;/ (X (5))°ds > ele@p)/?) dP*(X(0) < 20 | X(0) > 0)
5 0

(X (s))Cds, as a function of X (0), is non-decreasing on

_p (1 / " x(@)as > acnr2 x(0) > 6) /P*(X(0) > )
T Jo

20 <p+ (2L ! X(s))°d €=p)/2) /P*(X(0) > 6
Qo) <P (5 [ (X)) s> a2 ) /P > ),

with P* the measure under which X is a stationary diffusion. In what follows we distinguish between x =1 and x < 1.
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The case k = 1. Our SDE reduces to a stationary OU process, and since ¢ = 2, this falls within the framework of large
deviations of quadratic functionals of Gaussian processes which are investigated in [6]. In particular, Theorem 1 in [6]
and the OU example below it, imply that - fo (X( ) ds satisfies an LDP with rate function (o/z — 1/(0v/x))?/8,
see also Result A.3 below. Consequently, if x = 1, for every fixed € > 0,

T
(1) %logP* (71,/ (\X(s)\)cds > ele(c_p)m) — —%(a\/ele(C*P)/Q —1/(ov/ e1elc=p)/2))2
0

as T'— oo, and the expression on the RHS converges to —oc as € | 0, since ¢ < p.

The case x < 1. In this case, we rely on the more recent work in [35], where light-tailed large deviations for un-
bounded additive functionals are derived using ®-Sobolev inequalities. Specifically, our diffusion for £ < 1 falls within
the framework of Theorem 2.1 (see also Result A.4 below), and in particular Example 3.2 in [35], where it is shown
that our diffusion satisfies (2.7) of [35] (displayed as condition (34) below). Since X (co0) has a density proportional to
exp{—c|z[*™'} and { < k + 1, we have that E (exp{\|X (c0)|}) < oo for all A > 0, and from (3.1) in [35], it follows
that (2.8) of [35] (displayed as condition (35) below) is satisfied. Because we work under the stationary measure P*, we
can now apply Theorem 2.1 of [35] (see also Result A.4) to conclude that there exists a good rate function J such that

T
(22) limsup%logP* (71,/ (|X(s)\)cdszele“*p)/ ) < J((qe P2 (\X(OO)‘C))+)
0

T—o0

Since J has compact level sets (Theorem 2.1, item ¢), of [35]), the RHS converges to —oo as € |, 0.
Putting everything together, we can conclude the assertion. O

Now, we turn our focus to the tail asymptotics of C; defined in (15), cf. T'(1I) in Lemma 4.2. As a preparation, the
next lemma provides an asymptotic estimate for the tail probability of 7; . /2(e/2).

Lemma 4.4. Assume that X . /2(0) = €. Then, for any fixed H > 0 and € > 0 such that H > 4€' =", it holds that

1 2K
limsupt™" log P, (Tt 5/2(6/2) > H) <-——= <€ CH— 61—&-»«,) .
t—o00 ’ g 4

Proof. Recall that the modified diffusion process X . /2(~) satisfies (14). The modified diffusion satisfies the con-
ditions of the LDP in Result A.1; the LDP holds in the space of continuous functions C[0,7] equipped with the
supremum norm, with speed t7, and rate function IET weja” For the estimation of the hitting time asymptotics, we
note that {7y c/2(€/2) > H} = {X; /2(s) > €/2,s € [0, H]} This enables us to use the large deviations framework.
To do so, we define the set Sy = {¢ € C[0,H] : £(0) = ¢, &(s) > ¢/2 forevery s € [0, H]}, and observe that
P, (X;e/2(s) > €/2 for s € [0, H]) is bounded by P (X, /2 € Sir) . Therefore, due to the large deviations principle
for Xy /2,
limsupt ™" log P (Xtep2€Su) < — Anf 15, ,©).
— 00

It remains to derive a lower bound for infeeg,, 1, fue ) (€). To this end, for any path £ € Sy such that EHu o (&) < o0, we
have that u,/5(£(s)) = —|£(s)|", s > 0. That is,

€, Ue /2

b [P g€ P ES) + g€
€)= /0 ds= /0

< 0 0 0
i " 1 & 2K " H 9
> (/ mm{(dz)z(l_ﬁyf <s>}ds+2 | éousteenias+ [~ ds>



> 1 </0H6Td5+e“<s<H)s<0>>> > % (Fom-an).

Since the lower bound holds for every £ € Sy, the assertion follows. O

Lemma 4.5. For every fixed p > 2k and b > 0, it holds that

1 Te,e/2(€/2)
lim lim =t logP. / | Xt,c/2(8)[Pds >b | =—b7-V(0,00,D,1).
0

el0 t—o0

Proof. We focus on the case b = 1. The case b # 1 can be reduced to the case b = 1 by considering the rescaled pro-

Y
cess th/fi/(pb) over [0, 7 ./2(€/2)]. To obtain an upper bound, we distinguish between the events 7, . /2(¢/2) < H and

Ty.e/2(€/2) > H, and obtain

Tt,e/2(€/2) H
(23) P. </ |Xt,5/2(s)‘pd5 > 1) <P. (/ ‘Xt,e/2(5)|pd5 > 1) +P. (Tt,e/Q(e/Z) > H) .
0 0

£(id)

2(1)
Next, we obtain large deviations estimates for terms (¢) and (i4). For (i3), due to Lemma 4.4,

1 2K
24) limsupt™ " log P, (Tt’é/2(6/2) > H) <—-—— (6 -H— 61+”) )

t—o0 0'2 4

In view of the sample-path LDP for X; ./» (Result A.1), we can apply the contraction principle to the continuous func-

tional fOH |€(s)[Pds, and we obtain

H
(25) limsupt " log P, / [ Xiepo(s)[Pds>1| <—  inf Ifue/z(g),
t—o00 0 §EA(5,H,1)

recalling (4). Combining (23), (24), (25), and the principle of the largest term, we obtain

Te,e/2(€/2)
limsupt™ " log P, / | X¢,e/2(s)|Pds > 1
0

t—o00

1 2K
<max ¢ — lim inf Ifue/2(§), — lim — (6 : H—el+“)
H=eocca(e,m)

=— i inf IH =— lim V(e, H 1) = —=V(0,00,D, 1
A 0 e (© = i V(o 1) = =V0,,D.0)

as € | 0, invoking all the properties of Lemma 3.1.
For the lower bound, let Ly /2 = {infoc(o,m{Xi,c/2(s)} > €/2}, and define Upr,e = {sup,cpo g {Xs,c/2(8)} <M +
€}. Then,

H

Tt,s/2(5/2)
liminf¢~ " log P, </ | Xt ,e/2(5)[Pds > 1> >liminf¢t ™" log P, (/ | X¢,e/2(5)[Pds > 1, LH)e/Q,UH76>
t—o00 0 ’ t—o00 0

2e”
> - inf (& >— inf IHS(6) — = (M + M"H +¢"H),
cca i (em) €A an(0,H,1) P o2

recalling definition (13), and applying i) of Lemma 3.2; we set y = €/2, 2 = € in the last step. The assertion now follows
by, respectively, letting € | 0, M — oo, and H — o0, and invoking i) of Lemma 3.2. O
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The next lemma constitutes the last main component for the log-asymptotics related to the upper bound for the full
cycle C¢. Let now, for j > 1, Cj’s be i.i.d. copies of C; = fOTt"’/Q(E/m | X¢,e/2(5)|Pds, subject to X, ./5(0) = ¢, and
recall that Ny(p; /) is a geometric random variable with success probability p; .o = P 2(7¢,c/2(€) > 74, /2(0)). The

following lemma establishes tail asymptotics for the sum ZN 9(Pres2) Ci+

Lemma 4.6. For every fixed p > 2k and b > 0, it holds that

Ng(pt,e/2)
lim lim ¢t~ 7 log P Z Cjt>b | =-b"-V(0,00,D,1).

el0 t—o0

Note that this lemma does not follow from standard large deviations results for sums of semi-exponential random
variables: the C; ;’s depend on € through the modified diffusion process X .

Proof. In Lemma 4.5, we have verified the semi-exponential property for each of the C ;’s. For the proof of our state-
ment, we combine this lemma with a truncation argument for N (p; . /2). Let € > 0 be fixed and let M = [ - +2] To
obtain an upper bound, fix b > 0. Then,

N.q(Pt,e/z) Ny (pe, 5/2)
p Z Cje=2b) <P Z Cjt > b, Ny(pt,ey2) <M | +P(Ny(ps,es2) > M)

M M

<P ZCj,th +P(Ny(pep2) > M) <P ZCJt>b +Z (1= pres2) preso
Jj=1 Jj=1 k=M
M

<P 2;0“>b g;ax Cit <b(l—er) +P<1g}zix ij>b(161)> +(1*pt,e/2)M
j

L1
=105 (1)
We start with the log-asymptotics of (1 — p; . /2)M Recall that X; .5 is the solution of the following stochastic

differential equation: d.X; ¢ /o (u) = ue/a (X e/2(u)) du+ tv/Q"dB( u), u > 0. Hence, in view of Theorem 6.17 in [22],
we can write for some normalizing constant c,

fO% exp [QtV N Wdy} du
1_pt,e/2:P%(Tt,e/2(€) <Tt,e/2(0)): /2 “ € “ .
Jo! “exp [Zt’Y /. Wdy} du + fe/Q exp [2t7 [ yrdy] du

We can bound the second integral in the denominator using y* > v/ (¢/2)* =" for y < . Simplifying the resulting formula
we obtain after a straightforward computation,

€ u? .
dut [opexp [2“ <<> - <2>2<;>11~>] du

(26) <

€/2 o {_ 3t761+"] 1
2 _ otv3ez |’
fe/gueXP [2757 (()”” - (5)2()11—~>] du 1 —exp [ 4(6/2)1"}

where in the inequality, we have bounded the integrand in the numerator by 1, removed the left integral in the denominator,
and lower-bounded the second integral by adding a factor u < 1 to the integrand.
Due to (26),

3M
(27) hmsup — log(l — Py 6/2) < -t

t—o0 N 2k



We continue with term (7). To this end, fix a grid (yo,...,¥n(e,)) Of [0,6(1 — €1)] such that yo = 0 and yn () =
b(l—€1)and 0 < y;11 —y; <€ foranyi=1,...,N(eg). Based on this grid, we derive the following upper bound:

M
P Zl Cj,t Z b, 1;1’1j8é)§w Cj,t S b(l - 61)
=
M
:/ / I{ul+...+uMZb}HP(OthGde)
ups €[0,b(1—€1)] u1 €[0,b(1—¢€1)] =1
N(Eg)fl N(Eo)*l M
oo Y Myt A v 20 [[P (4, Chi <wigta)
11=0 ip=0 Jj=1
N(eo)—=1  N(eo)—
(28) < Y Y I{ynﬂ + o Yigt >b}HP Cit>yi,)-
11=0 ia=0 j=1
Thanks to Lemma 4.5, for any €3 > 0 there exists ., such that for every ¢ > ¢,
v Yy
(29) P(Cj>uyi,) < ()t (V{000.D)=€2) for each 0 < i; < N(ep), and j =1,..., M.
In view of (29), we obtain the following upper bound for (28):
N(Eg) 1
( 0o,
Z Z I{y11+1 +...4 sz-‘rl > b} H e yz t V(O D 1) )
11 =0 1ar=0
N(Eo)fl N(Co)fl M 5
. 2l
Z Z I{yit1+ ..+ Yiy41 2 b} H ¢~ (Ui +1=€0) "7 (V(0,00.D.1)—c2)
11=0 i =0 j=1

b(l—e1) b(l—e1) M 5 Ny
S/O /0 I{ZﬁluiZb}He(*(ui) +(e0)7)t (V(O,oo,D,l)*@)dul._.duM.
=1

M
< pM . . (= (i) T+ (e0) )7 (V(0,00,D,1) —e2) L
o= (e 1T

Furthermore, observe that this optimization problem is equivalent to
M

31 . Y
o ‘ [o,b(ﬂlgn,zi w>b§:uz

Vi,u; € 2bi=

Due to the sub-additivity of the function = +— z7, the optimal solution of (31) is of the form (b(1 — €1), be1, 0,...,0), and
the optimal value is equal to (b(1 — €1))7 + (be1)” (see (4.5) of [3]). Hence, (30) is bounded by

b™M . exp [— ((b(l —€1))7 + (ber)” — M(eo)'y)t”(V(O,oo,D, 1) —e2)].

Therefore, limsup,_, .t~ 7 log(I) < —[(b(1 —€1))” + (be1)? — M (€g)?] (V(0,00,D,1) — €3). Since €2 and € are ar-
bitrary, we can let €5 and €q tend to 0. That is,

(32) limsupt™"log(I) < —[(b(1 —€1))” + (ber)?] - V(0,00,D, 1).

t—o00

For term (I), the union bound and the upper tail bound for C ; imply that

(33) limsupt™7log(II) <limsupt~7log [MP (Cy; >b(1 —¢1))] < —(b(1—€1))” - V(0,00,D,1).

t—o0 t—o0



Large deviations for additive functionals of diffusion processes 17

Recall that M = L

k1+2 ] . Invoking (27), (32), (33) and the principle of the largest term, we obtain

Ng(pt,e/2)
limsupt~ 7 logP Z Ci+>b

t—o00

< lim limmax {— [(b(1 — €1))” + (be1)"] - V(0,00,D, 1), —(b(1 — €1))” - V(0,00,D, 1)}

€110 €l0
1 3 14k
([l er)
=—b7-V(0,00,D,1).

For the lower bound, due to Lemma 4.5,

N, (Pt 5/2
1
lim lim —log P Z Cji>b >hmhm—logP(Clt>b)> —b7-V(0,00,D, 1).

el0 t—oo t el0 t—oo t

4.2. Lower Bound for the Full Cycle CY

In this subsection, we derive the large deviations lower bound for the full cycle C’f. To this end,~we follow a similar
strategy as for the large deviations upper bound. First, we construct a modified diffusion process X; . with a Lipschitz
drift and of which the area during its regeneration cycle now lower-bounds C¢. We impose extra conditions, and we
derive a lower bound for the area of X. +,« (Lemma 4.7). Next, we prove that the variational problem associated with the
lower bound has the same optimal value as the variational problem associated with the upper bound (Lemma 4.8).
Recall that the scaled diffusion process X; does not satisfy the framework of Result A.1. Therefore, we introduce the
modified diffusion process X, ., as follows. Let X . be the solution of the following SDE: d X (s) = @, (Xt,e(s))ds +
ot/ 2dB(s), s > 0. Since the drift term u. (defined in (11)) is a Lipschitz continuous function, the diffusion process Xm
satisfies the assumptions of Result A.1, and hence, it satisfies the sample-path LDP in the space of continuous functions—
over the time domain [0, T]—with rate function Igo 4. (€). Furthermore, let 7; ((0) = inf{s > 0: X; .(s) = 0} be the first

hitting time to 0 of the modified diffusion process X te-
Lemma 4.7. Let 6 >0,¢>0, 2> 0, H>0and M > 0 be given. Then, for every fixed p > 2x and t > 0,

By
Py </0 | X (s)[Pds > t>

H
>P (f(tﬁe(s) > s over (0, z)) P. / |Xic(s)Pds > 1, inf {X;.(s)}>2/2, sup {Xic(s)}<M+z].
ta/p 0 s€[0,H] s€[0,H]

Proof. First, note that

B B} - (0)
P, </ X (s)[Pds > t) > P, (/ X (s)[Pds > t) S (/ X, (s)|Pds > 1) ,
0 A9 t/P 0

1

which in view of stochastic dominance is bigger than

Tt,e(0)
P s / | X¢.e(s)|Pds > 1
to/p 0 ’

H+z B B
>P s (/ | Xt e(s)Pds>1, inf {X;.(s)} >0, X;(s)> sover [O,z})
0 s€[0,H+2]

f,O‘/P

H
>P s (Xt,e(s)>sover (0,2)) P, / 1 Xpe(s)Pds > 1, inf {X,(s)}>2/2, sup {Xpe(s)t<M+z],
To/p 0 s€[0,H] s€[0,H]
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where in the second inequality we have used the strong Markov property at time z, and the fact that the value of the
integral is monotone w.r.t. its initial condition. O

Lemma 4.8. For every fixed p > 2k and 6 > 0, it holds that

i) lim.jo liminf, o t’”logPL/ (Xt,e(s) >sforall s € (0,6)) =0.
i) In addition, '

H—oo M—o0 €l0 t—oo

H
lim lim limliminf¢™ " logP. (/ (Xt.e(5))Pds > 1, Xp.o(s) € [e/2, M + ¢],s € [0,H]> > —V(0,00,D,1).
0

Proof. We start with i). Notice that Xt’é s.t. )N(t,e(O) = tf/p is exponentially equivalent to Xt’e initialized at 0. That is,
Pta% (Xue(s) > sforall s € (0, e)) satisfies the same logarithmic asymptotics as Py (Xt}e(s) > sforall s € (0, e))
as ¢ tends to infinity. Now, let B = {£ € C[0, 2] : £(0) =0, £(s) > s over (0,¢€)}, and set {o = 2s. In view of the sample-
path LDP of X, ., liminf; .t~ log Py ()N(t75(s) > s over (0, e)) > —infeep 1§ 4, () > — 1§ 4. (So)- Since I§ ; (&) is
bounded by % fOE (24 2¢")%ds = -5 (2 + 2¢")?, the desired inequality is obtained by letting € tend to 0.

Proof of ii). Recall that fOH &(s)Pds is a continuous functional w.r.t. the supremum norm topology, and the diffusion
process X . satisfies the conditions of Result A.1. Hence, over fixed boundaries, the area swept under the trajectory of
X, . satisfies the sample-path LDP in C[0, H]. Thanks to the contraction principle, we obtain

H
liminft =7 log P, / X, o(s)Pds > 1, X, c(s)€[e/2, M +¢|,s€[0,H] | >— inf I ().
i in g ( | | Xt,e(5)] te(s) € [e/ J,s €] }> cennn ™ o le (&)

In view of Lemma 3.2—part i), we set y = ¢/2, © = ¢, and we obtain

2e”
inf I7 (&) — = (M +M"H +¢"H) < inf IH5(6).
E€A /2, M4 (6, H,1) 7 F(f) o? ( ) €A, (0,H,1) O7D(£)

Hence, —limcyoinfeea, p (e H1) Ifﬂ‘ & >-— infee a0y (0,1,1) I(fD(f). Finally, we let M and H tend to oo, there-
fore, in view of ii) of Lemma 3.2,

HE}nOOA[IE}nOO§€A[OiV?](O_’H71) O,D(g) \/Y(O,OO7 R )

4.3. Proof of Lemma 2.1

In this subsection, we conclude the proof of Lemma 2.1.

Proof. It suffices to consider b = 1. Parts i) and ii) of Lemma 4.1 imply that, for every fixed ¢y > 0 and sufficiently large
t»

7¢(0) 7¢(0) 525—1)
Py (Cf > t) =Py / |Xt(8)|pd8 >1]< PL/ / |Xt(8)|pd8 >1—¢ | +0O (exp (—tE() P >) .
0 L 0

Combining this with Lemma 4.2, we have

t”/P

P, (C)>t) <0 (exp (—teo(i;z))) +2P s (/Oﬁ(o)(xt(s))p T(Xe(s) <e)ds>eo(l— 60)>

2(1) 2(11)

Ng(Pt,e/2)

+2P | Y > (1-e)?
j=1

2(111)
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Invoking Lemma 4.3, Lemma 4.6, and applying the principle of the largest term, we obtain

log (I log(I1 log(I11
hmsup—logPo (Cl > t) < hmmax{ lim og ), lim 8 )a limsupog()}
t—oo 7Y €l t—oo {7 t—o0 Y t— 00 v
log(I111
= limsup log(IT1) < —(1—=1¢9)*"-V(0,00,D,1).
t—o00 tY

Since lime, 0(1 — €0)?? - V(0,00,D,1) = V(0, 00, D, 1), we conclude the proof of the upper bound.
For the lower bound, in view of Lemma 4.7, recall that d X, . (s) = @, (X't,e( ))ds + 2 = /QUdB( s), s > 0. Hence,

B}
P, (C) >t) =Py </ | X (s)|Pds > t)
0

H
>P (Xt76(s) >3, s€ (0,6)) P. (/0 Xie(s)ds>1, ei[%fH}{Xt7€(s)} >€/2, s[léf)H]{Xt7E(s)} <M + e) .
s ’ s€|(0,

Next, by applying Lemma 4.8, we obtain
iminf i g >
htrglorgft logP (Cf >t) > —V(0,00,D,1).

Since the upper and lower bounds coincide, the tail asymptotics of C? are established. O

5. Proof of Lemma 2.2

Recall that 70 = B and B} = inf{t > AJ : | X (t)| = 0}. In view of the strong Markov property, inf{t > A : | X (t)| =
0} = A5 + inf{s > 0: |X(s)| = 0|X(0) = 6}, hence, it suffices to prove that the exponential moments of Af and
B?|X(0) = § are finite in a neighborhood around 0. Towards this, we invoke an upper bound for densities of first passage
times of diffusion processes (Result B.1). However, X does not satisfy the conditions of Result B.1 since we cannot
ensure the existence of a strong solution. To deal with this, we construct the hitting times 7.(J) and 7.(0) that serve as
stochastic upper bounds for A and B{|X (0) = &. Then, we verify that Result B.1 applies to 7.(5) and 7.(0), and we
prove that the moment generating functions of 7.(d) and 7.(0) are finite in a neighborhood around 0. This implies the
existence of the moment generating function of B?.

We start with the moment generating function of A¢. We construct a hitting time 7, () based on a diffusion process X,
that is stochastically smaller than X, and which has an absolutely continuous drift and admits a unique strong solution.
Given € > 6/, let X(-) be the solution of the following SDE:

dX(s) =1 (Xc(s))ds+ 271/24dB(s), such that X, (0) = 0.

With regard to the diffusion process X, let 7.(6) = inf{s > 0: X.(s) = §}, i.e., the first time the diffusion X, reaches
0. Since the drift @, is smaller than D, by Theorem 1.1 in [36], the diffusion process X, is stochastically smaller than
the diffusion process X. As a result, A¢ is stochastically smaller than 7,(8) in the usual stochastic order. Consequently,
E (1) <E (/7).

Now, we prove that E (e?7<(®)) is finite for some 6 > 0. To apply Result B.1, we have to work with a unit diffusion
coefficient. Consider the function F'(y) £ . Due to It&’s formula, Y, (t) & F(X.(t)) satisfies dY,(t) = I(Y.(t))dt +

dB(t), Y.(0) =0, where

2— 1/2

l(x): 7(27T10_)17~IK, forx>€/(271/20')
—e*/(27 %), forz<e/(27'20)

Then,
75(6):inf{SZO:XE(s):5}:inf{520:F(Xe(s)):F((;)}:inf{sZO:K() 5/(2 —1/2 o)}

In view of Result B.1, the first passage time 7(J) has a density p._(s) satisfying the following inequality:

1 —-1/2 t
Pr.o)(t) < 2 (6/(2 “126) 4 6t)q(t,0,8/ (27 20))eC 0/ T PN -GO-EM©) g >,
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where ¢(¢,y, z) denotes the transition density of the Brownian motion, G(y fo z)dz, and finally, we also have,

M(t) = essinf e 5/2-1/20)) {I'(y) + 1*(y)}. Since ¢ (t,0, 52 ) = mexp{ 5%}* G(0) =0 and M(t) <
2¢2% /o we deduce the following upper bound:

1/ 6 1 52
E (/7 </ ot <+5t> [+G6 271/25)) —t . €2 2] dt
(e )— - 2177, ot OP | oy T OO/ Re)) et o

<o G o) (- 5) e
ex -— - exp | ——
T AVELL b o2 N

By the above upper bound, E (e (9)) is finite for all § < €* /202, thus, E(e(’A(ls) is finite for all § < €2~ /202,
We apply a similar argument to the m.g.f. of B}|X (0) = 4. To obtain a convenient framework, let X(-) be the solution

of the following SDE: d X, (s) = U, (Xg(s)) ds + odB(s), such that X(0) = 8, where the drift term Uy is equal to

G(&/(z—l/%))} dt.

", forxz > ¢

=, for0<xz<e
UE(:E) =< k+1 :

—sgn(z)|z|"t!, for —1<z<0

—sgn(x)|z|", forz < —1

Furthermore, let 7.(0) = inf{s > 0 : X (s ) = 0}. The drift U, is bigger than D, therefore and similar to above, by
Theorem 1.1 in [36], the diffusion process X, is stochastically larger than the diffusion process X . Consequently, B |

X (0) = § is stochastically smaller than 7,(0) in the usual stochastic order and E ( 65] | X(0)= 6) <E (e!).

It remains to show that E (6975(0)) is finite for some 6 > 0. To apply Result B.1, we again have to work with a unit

diffusion coefficient. Thus, we consider the function F'(y) = By Itd’s formula, Y, (t) £ F(X(t)) satisfies

dY(t) = v(Ye(t))dt +dB(1), Y.(0)=3/(27"0),

where v(y) = ﬁUe(Q_l/Qay). Therefore, 7¢(0) = inf{s > 0: Y(s) = 0} and its density p,_() satisfies

Pr.(0)(t) < 1/2 17504 (t 5/(271%0), ) eCO-GO/@T P-4 M (1) >

T2

where ¢(t,y, z) is the transition density of the Brownian motion, G(y fo z)dz, and for every t > 0, M*(t) =
2

[ _ _1
a2—1/2030) = \/TGXP[ 2% |

M*(t) :eSSiIlsze/(quzg){ﬁagﬁ-f-WCL‘I_H}/\eSSirlfze[o_ye/@fuzg)]\{611N 2= QN} 9* and G( ) =
0. It can be verified that 67 is strictly positive. Consequently,

1 1 5?2
E (ef7©) </ 05— [——G(S 27125)) —t - 6 2} dt
() < " T b P | — G/ o)) 02

</ 12— }/2 dexp[(0 —07/2)- }\/;Hexp {_0('5275 a G(6/<2_1/20))] 4

essinfyc(o,00) {v y) +v3(y } With regard to each one of the terms above, q(t

Hence, due to the upper bound derived above, E(e?™ (")) is finite for § < 6% /2. Consequently, E(e?Z i | X (0) = 0) is finite

for all 6 < 67 /2. This, along with E(eeA(ls) being finite for § smaller than €2* /202, implies that E(eeTf ) is finite for all
0 < 2 min(e?* /o2, 67).

Appendix A: Useful LDPs

In this subsection, we first present a useful sample-path large deviations principle for diffusion processes. Recall that
C[0,T] is the space of continuous functions—over the domain [0, 7]—and that 7Z°[0, T is the subspace of absolutely
continuous functions with square integrable derivative. Let Y, € > 0, satisfy the following stochastic differential equation:

dY.(t) = —b(Y.)dt + e-a-dB(t), te[0,T], Y.(0)= .
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Here, B denotes a standard Brownian motion and a is a positive constant. The following result is a consequence of
Theorem 5.6.7 and Exercise 5.6.24 in [9]:

Result A.1. [9] Suppose that b is a Lipschitz continuous function, then the stochastic process Y, satisfies the large
deviations principle in C[0, T'] with speed 1/¢? and with good rate function ;FO b:C[0,T] — Ry, where

Zo,

) ble(a 2
oo JIEEBEEI g5, for £ € [0, T) & £(0) = o .
0, otherwise

Next, we present a useful large deviations result for certain weighted random sums.

Result A.2. [17] Let {X;};>1 be a sequence of i.i.d. random variables on a probability space (€2, F,P), and let m =
E(X1). Suppose that there exist a constant r € (0, 1), slowly varying functions b, ¢1, ¢ : (0,00) — (0,00) and a constant
t* > 0 such that for ¢ > t*,

c1(t) exp(=b(t)t") <P (X7 >1t) < cao(t)exp(—b(¢)t").
Moreover, for every n € N, let {a;(n) };en be a sequence of non-negative numbers that satisfy the following assumptions:
i) There exists a real number s; # 0 such that the sequence {R(1,n)},en of real numbers defined by >, a;(n) =

s1R(1,n), for all n € N, satisfies R(1,n) — 1 as n — oo.
ii) There exists a real number s such that, for @,,4.(n) = maxi<;<n @;(n), imy s oo NAmaz(n) = 5.

Consider the weighted random walk S, = >".-_ | a;(n)X;. Then,

1 _ r
lim 7logP(Sn2x):—<£—S—1m) , Vx> sim.
n—oo b(n)n" S s
Remark A.1. In the case of g\_nBj = %ZZLZ?J Xi, B >0, we obtain an LDP by simply resetting nB = n. This re-
setting results in a weighted random walk with weights a;(n) = B/n. Consequently, sy = s = B, P(S|,p| > 1) =
P (S, > z/B), and hence,

. 1 = r
nILH;OWIOgP(SLHBJ 2x) =—(x—mB)", Vx> Bm.

We finally present two results required in the proof of Lemma 4.3. The first result is a special case of Theorem 1 in [6]
and is instrumental for the case x = 1.
Result A.3. Consider the stationary OU process dY (t) = —aY (¢) dt + \/adB(t), with B a standard Brownian motion
and a a positive constant. Define S = fOT Y2 dt. Then TSt satisfies an LDP with speed T and rate function I(z) =
(a/4)(Vz —1/Vx)?.

For the case x < 1, we apply the following result, which is a special case of Theorem 2.1 in [35]. We introduce
some concepts first, specialized to the real line. A Young function is a left-continuous convex even function ® such that
®(0) =0, (r) — oo as r — oo, and P(r) < oo for (at least) some > 0. Given a probability measure p, the Orlicz

space Lg(p) is the space of all real-valued measurable functions « such that ®(a|u(+)]) is u-integrable for some a > 0.
Define the Orlicz norm

fllo2  sup / Faldp,

g: ¥ (lg]) dp<
with U the Legendre transformation of ®.

Result A.4. Let X be a stationary real-valued Markov process with generator £ and invariant distribution p. Assume
there exists a Young function ® and real-valued constants C; and C such that the functional inequality

(34) ||f2||¢>S01/—(£f(x))f($) du(af)+02/f($)2du(x)

holds for all twice-differentiable functions f € L (x). In addition, assume that F is a real-valued function such that
(35) [ ENF@D () <. A€ (0.9

Then fOT F(X(t))dt/T satisfies an LDP with speed T" and rate function with compact level sets.
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Appendix B: A Bound on First Passage Time Densities

Let X satisfy the following SDE: dX (¢) = v(X (¢))dt + o(X (¢))dB(t), X(0) =z, where B is a standard Brownian
motion and o (y) is differentiable and non-zero inside the diffusion interval. By defining the Lamperti transform F'(y) =

yyo = (12) dz for some vy from the diffusion interval of X (¢), and next considering Y (¢) £ F(X (t)), one can transform the
process into one with unit diffusion coefficient. Due to Itd’s formula, the resulting process with unit diffusion coefficient

will have a drift coefficient x(y) given by the composition

p(y) = ( - 20') o F~l(y).

The following result provides upper bounds for the first passage time densities of 7 =inf{t > 0: X (¢) > ¢(¢)} and
p=inf{t >0: X(t) < g(t)} with X a unit diffusion process. For a unit diffusion process with diffusion interval the
whole real line and drift p(-),

1) let q(t,y, z) denote the transition density of the Brownian motion,
2) let g(t) = maxp<s<s 9(s), and g(t) = minp<s<¢ g(s),

3) define G(y) = [} pu(z)dz,

4) define M*(t) = essinfye(y(4),00) (#'(y) + 1 (y)). and, finally,

5) define M (t) = essinfye(—oo g(oy) (1 (4) +1°(y)).

Result B.1 (Theorem 4.1 and Corollary 4.6 in [14]). Let X (¢) be a diffusion process satisfying dX (t) = u(X (¢))dt +
dB(t), X(0) = x, where p is absolutely continuous and such that the SDE has a unique strong solution. Let g(¢) be such
that g(0) < z and, for some K >0 and T > 0,

gt+h)—g(t)<Kh, 0<t<t+h<T.

Then, the first passage time 7 of the process X for the boundary ¢(t), ¢t € (0,7"), has a density p,, satisfying
po(t) < B*(g,1),
where B*(g,t) is given by
B*(9,8) = (& — g(t) + Kt)al, 7, (1)) S0 =020 ),

In addition, if g(t) is such that g(0) > z and, for some K >0 and 7' > 0,

—Kh<g(t+h)—g(t), 0<t<t+h<T,
then the first passage time 7 of the process X for the boundary g(t), t € (0,T), has a density p,, satisfying

p-(t) < B°(g,1),

where B°(g,t) is given by

1 Nt
B°(g,) = 5 (g(t) + Kt — 2)q(t,, g(1)) eSO 0@ -4,
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