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Abstract

This text serves as an Online Supplement to the paper “Saddlepoint Approxi-
mations for Hawkes Jump-Diffusion Processes with an Application to Risk Manage-
ment.” For context, definitions and other details see the paper. In the first section
we introduce some notation, recall and expand our model specifications and discuss
operator methods. In the second section we provide closed-form expressions for the
corresponding moments and cumulant generating functions. In the third and fourth
sections we provide detailed technical derivations of our saddlepoint approximations
and Monte Carlo simulation results. The fifth section provides some preliminaries for
eigenvector centrality in spectral graph theory.



A Notation, Model Specifications and Operator Meth-

ods

A.1 Notation and Preliminaries

Recall that
P[Nitta — Nip =0|F] =1 =X ;A +o(A)

P[Nitia — Nip = 1|F] = MitA 4+ 0o(A) (A1)
]P) [Ni,t+A — Ni,t > 1‘./_';5] = O(A),

with A; ¢ given in . We assume that the constant parameters \; o, in are non-negative
for all i =1,...,m, and that the real-valued functions g; ;(u) and ¢; ;(z) are non-negative
for all w > 0, all |2] > 0, and for all 7,5 = 1,...,m. The requirement that \; , gi ;, @i,
are non-negative for all 2,5 = 1,...,m guarantees that the intensity processes are non-
negative with probability one. We denote by A, the m x 1 vector with components \; o
and by T := fooo G, du the m x m matrix, where G,, is the matrix with elements g; ;(u).
Furthermore, we denote by \; := E [); ;] the unconditional expected jump intensity, and by
A the m x 1 vector with components \;. Because from , E[dN; ] = A\ ds, we obtain
that

i = ZOO+Z)\j/ ¢z]( jS)]gw(t_S) ds = zoo+z)‘/ CYi; t—S)d
j=1 e

0o+ Czj; (/OO gij (u du) Aj, (A.2)

where we assume E [¢;;(Z;;)] = (, 4,7 = 1,...,m, which may be normalized to unity,
¢ = 1, since there is a multiplication with the bank-pair-specific g; ;. Thus, in vector form,
A = A+ (TA. Hence, A = (I — (T)"" Ay, with I the identity matrix. By assuming that
all the elements of A are positive and finite we ensure stationarity of the model.

We focus specifically on the case with exponential decay (2)), such that

e = i (Mo — Aig) dE+ D Bijoiy (Zjs) ANy (A.3)



Indeed,
iy = Zqﬁm ) 9i5 (0 dN]H—Z / i (Z;) ﬂ(t—s) dN;,, dt
= Zﬁm‘@,j (Zjs) ANj; — Oéiz / $i; (Z;.) Bije 9 AN, dt
P )
zm: Bii®i (Zj) ANz — i (i — i) dt. (A.4)

Under exponential decay, the matrix I' is given by

B . Bim
aq aq
r=| : -~ : | (A.5)
Bma . Bmm
(o779 am

In an extension of the model specification in , we allow for stochastic volatility with

an instantaneous variance process V;, of the Heston type:

dYi, = p;dt + /V; AW, + Z; AN, 4 (A.6)
d‘/;,t:/{i(gi_ it dt+nz\/ ztd ztv (A7)

where k;, 0;, n; are constant parameters satisfying 2x;6; > n?. In principle, we can allow
for any other stochastic volatility model, provided the moments and other quantities we
compute are suitably adapted. But our main focus in this paper is on the mutual excitation
phenomenon in jumps that occurs in crisis times and the implications this phenomenon has
for risk management calculations. In the extended model —, we allow not only
for correlations among the Brownian motions appearing in equation and among those
appearing in , but also for correlations between the Brownian motions appearing in
equations and . The latter correlations can capture a leverage effectEHﬂ

LOur model does not include time variation in the correlations between the Brownian motions. However,
the total realized correlation structure of asset returns in our model is highly time-varying due to the
presence of mutually exciting jumps: in effect, correlations measured over a period that includes one or
more mutually exciting episodes will be substantially higher, in fact often close to one as is the case in
the data, owing to the fact that the jumps that result from mutual excitation are primarily (but not
exclusively) of the same sign. In periods where jumps occur, even though there are few of them, jumps
tend to dominate all the realized statistics of asset returns; see |Ait-Sahalia et al.| (2017). Indeed, in the
presence of systematic jumps, the Brownian correlations do not play a main role, even if they ramp up in
crises times: jumps swamp all other components if and when they occur.

2Self- and cross-excitation induce a feedback feature through which the intensity of jumps rises in
response to jumps themselves, making future jumps more probable. This feedback feature can be thought



A.2 The Univariate Model

We first consider the univariate case m = 1. We provide explicit expressions of the uncondi-
tional moments, as basic risk measures, and cumulant generating function up to the second
order in the time interval A. The univariate jump-diffusion with Heston-type stochastic

volatility and self-exciting jumps reads as follows:

dY; = pdt +/V; dW)Y + Z, dN;
dV; = k(0 — V;) dt + n/V, dWY (A.8)

Here, E [thY dVVtV] =: pV dt and

Ao

A=K\ = o FE[GZ]

In the univariate case, the model can only generate self-excitation in the time-series dimen-
sion, i.e., there is no cross-excitation in the (absent) cross-sectional dimension. The model
(A.8)) reduces to the familiar model with compound Poisson process jumps when g = 0 and
Ao = Ao, in which case \; = Ao = A at all t.

The jump amplification function ¢ is a function selected jointly with the distribution
of Z; to maintain the positivity and stationarity of ;. In earlier applications of Hawkes
processes, the jump intensities respond only to jumps, not to their sizes or signs. This
was to preserve the autonomous nature of the couple (N, \) facilitating the analysis of the
model. As we show, it is possible, however, to introduce a level effect and an asymmetry
effect by having the term S¢(Z;) dN; instead of just a term S dN; in the third equation of
(A.8). This term can for instance capture a larger increase in jump intensity following a
large negative jump in the profit and loss account.

We will leave the specific form of the jump amplification function ¢ and the jump magni-
tude distribution F; unrestricted at this stage, provided the respective moments are finite.
We provide closed-form expressions depending on the moments of ¢(Z;) and Z;. Through-
out this and the next sections, the generic moments of the jump magnitude Z; are denoted
by M[Z, k] == E [Ztk], and similarly for ¢(Z;) and its products with Z;. Theorem

provides the univariate moments explicitly. Furthermore, we provide in Theorem an

of as playing the same role for jumps as ARCH models do for volatility. In an ARCH model, large returns
induce large volatilities increasing the likelihood of observing large future returns. If no further large
returns occur volatility mean reverts. Similarly, under mutual excitation, jumps induce larger intensities
of jumps, increasing the likelihood of observing further jumps. If no further jumps happen to occur, the
intensity mean reverts. GARCH models add past volatility into the feedback relation.



explicit expression of the autocovariance function of the squared process and provide in

Theorem an explicit expression of the cumulant generating function (cgf) defined as
K(A,u) =logE [e“(YHA’m] , u € R, (A.9)

up to order A2, assuming state-independent volatility as in the main text. Moreover,
Theorem m provides the cgf explicitly up to order A? for the extended model ([A.g]).

A.3 The Bivariate Model

Next, we proceed to the bivariate case. We assume state-independent volatilities. That is,

we assume model with m = 2, which entails for the jump intensities:

A = a1 (Moo — A1) At + Br1011 (Z14) N1y + Brodre (Zog) dNoy;
dAoy = g (Ag00 — A2yp) At + Bo1021 (Z14) N1y + Poopas (Z2r) dNay.

In this case, the jump amplification function ¢; ;, which is specified jointly with the distri-
bution of Z;, such that it maintains positivity and stationarity of the bivariate vector A,
features two indexes: j for the sector initially affected and 7 for the sector that is excited,
i,j=1,2.

We again leave the specific forms of the jump amplification functions and the distribu-
tions of the jump magnitudes essentially unrestricted at this stage, and provide expressions
as functions of the moments of Z;; and ¢; ;(Z;), for which we write M[Z;, k] :== E [Z]m
and similarly for ¢, ;(Z;,) and its products with Z;;. Theorems [S.6] and|[S.7] provide the
moment functions and the auto- and cross-covariance functions of the regular and squared
processes explicitly.

We also provide in Theorem[S.§ an explicit expression of the marginal cgf in the bivariate

model, given by
K(A u;) =logE [e“l (YL”A*YLO} ) u; € R, (A.10)

up to order A2,
Finally, we provide in Theorem an explicit expression of the bivariate cgf in the

bivariate model, given by
F(A, ur,up) = logE [6“1 (Y1644 —Y1,¢) +u2 (YQ,t+A_Y2,t):| ’ u = (uy,uy) € R27 (A.11)

up to order A2,



A.4 Jump Amplification Function

Whereas we leave the jump amplification function and jump magnitude distribution un-
restricted at this stage, they need to be specified when we derive expressions for the sad-
dlepoint approximations. Then, we will assume @—. Under specification , the jump
magnitude moments take the following form:

El'p, k' (1—p;
k Dj + ( p])

k k )
V- i+

E[Z!] = (-1) k=1,2,.... (A.12)

Hence, assuming ¢; to be doubly exponential as in @,

E[¢;(Z;)] = pjcj-(1 — Efexp(—&;-(=Z;-)]) + (1 — pj)cj+ (1 — E [exp(—&;,+ Zj+)])

Vi~ Y+
= p;cj— 1——)—1—(1—19')047 (1——).
7 ( Vi + & - Sl Vit T &ir

By equating E [¢;(Z;)] to 1, normalizing Z—J_r =: X;, and solving for ¢; _ (depending on the

new parameter Xj) we obtain:

1
C»7_ — . J . (Alg)
j pj(l_’mjjTj’_)“‘(l_pj)Xj(l_%ij’zﬁ)

Furthermore, one easily verifies that

k! Vi k!
E[Z%6.(Z)] = pici_ | (=1)F—— 4+ (=1)F+ —12
[ ]‘bﬂ( J)] P;cj, (( ) ’ij’, +( ) Vi +§j,_ (Vj,— +§j,_)k>

+ (1 —=pj)ej+ (

k‘ fYJ + k'
’Y]’ﬁ Vi + & (v +&0F )

which reduces to the above expression for E [¢;(Z;)] when k = 0 (realizing that 0! = 1),
and that

E [6;(2;)°] = picj - (1 o M= - )

Vit &~ v+ 25—

Yi+ Vi +
+(1—py) (1 —9 + ) .
! Vit T &+ Vi T 285+

A.5 Operator Methods

The computation of the moments and cumulants of the P& model proceeds using operator
methods (e.g., |Alt-Sahalia et al.2010). In |Alt-Sahalia et al.| (2015)) these methods were



employed on a simpler model, without the jump amplification function, for a simpler set of
moments, and without consideration of the cumulant generating function. We first compute
the one-step ahead conditional moments using the full Markovian state vector. Next, we
take expected values, integrating out the latent state variables (volatilities if stochastic, and
jump intensities). Doing so, we obtain expressions that depend only upon observable state
variables. These expressions, however, contain all the parameters of the model, including
those related to the latent state variables.

The dynamics of our P&L model depend upon additional latent variables ¢; = (Vy, Ay),
where V; is the P&L’s stochastic variance and A; is the stochastic jump intensity. The
computation of the corresponding moments and cumulants requires the evaluation of ex-
pectations of functions of the form ¥ (A, y1,¥yo,$1,S0), where the subscripts 1 and 0 refer to
two dates separated by a time interval A. Recall from the main text that Y;, denotes bank
1’s market value of the trading book at time ¢. Ultimately, we need to evaluate expressions
of the form E [¢/(A, Y1, Yo,<1,50)], for specific choices of 1. To compute any conditional
moment or cumulant, we use the explicit expression of the infinitesimal Markov generator

A of our P&L model and expand it as a series in the time interval A as follows:

Ev, c [¢(A7Y17Y0,§1,§0)|Y07C0} = exp (AA) - (0, Yo, Yo, S0, S0)

- Z (0 Y07Y07 C07§0) + O (AJ+1) 5 (A14>

where subscripts in Ey, ¢, indicate the random variables that the expected value operates
on, and A’ -1 is defined recursively by A7 -1y = A-(A771-9) for all j > 1. Remarkably, the
iterates A’ - 9, hence the terms in , can be evaluated in closed form for the moment
functions of interest.

Hence, we can obtain the conditional expectation of w1, using the full state vector
including its unobservable components, Ey, ¢, [¥(A, Y1, Y0,61,60)|Yo,50]. We then need
to condition down by integrating out the unobservable state variables. All the expectations
are taken with respect to the law of the process at the true parameter values. From the

law of iterated expectations,

E W(A,YlaYO, S1, Co)] = ]EYl,Yo,cl,co [EYl,cl W(AaYhYo,Cl, Co)!Yo,COH

Z IEYo,co 1/1) (0, Y0, Yy, so, Co)} +0 (AJH) , (A.15)
— j!

such that the last step in the necessary calculations involves computing unconditional



expectations with respect to the stationary law of the state variables. In what follows, we

provide the expressions for these moments and cumulants.



B Explicit Expressions for the Moments and Cumu-

lant Generating Functions

Throughout this section, we use the shorthand notation AY;; :==Y;;yan — Y4, ¢ = 1,2, and

omit the index ¢ when m = 1.

B.1 The Univariate Case

Theorem S.1. For the univariate model , the moments are given in closed form up
to order A? by the following expressions:

E[AY] = (n+AM [Z,1])A + o(A?)
E [(AY; - E[AY])?] = (0 + AM [Z,2)A

B (M 26(2).1] +

E[(AY; - E[AY:))?] = AM [Z,3] A

M [Z,1] M [$(Z),2]
2(a = M [¢(Z),1])

) M [Z,1] A + o(A?)

+ g (n0p" + B\ (M [2,2] M [Z$(Z),1] + M [Z2,1] M [Z2¢(Z), 1]
2

[
BM [Za 1]M[Z7 2]M[¢(Z)’ ] 2 2
T - M B2 )) A%+ old)

2
E[(AY; —E[AY)])!] = AM [Z,4] A + (33" +36% + 60AM [Z,2]
K

+ BA(2M [Z2,3] M [Z$(Z),1] + 3M [Z,2) M [Z*¢(Z),1] +2M [Z,1] M [Z°$(Z),1])

B2M [6(2),) )

+9 (M = paregy) M4
AN (Z0) MZ.3MHZ).2)\ o ro
T (a—BMB(Z),1) )A ol8%).

Furthermore, the autocovariance function of the process is given by

1
2(a = M [¢(Z),1])

E[(AY; — E[AY])(AYira — E[AYia])] = 1
x(2aM [Z(2),1] = 2B8M [¢(2), 1] M [Z¢(Z), 1] + BM [Z,1] M [¢(Z), 2)) A% + o(A?).

BAM [Z,1]

Remark S.1. The model reduces to a Poissonian jump-diffusion when 8 = 0. Then,

E[AY;] = (u+ AM [Z,1])A + o(A?)
E [(AY; — E[AY}])?] = (6 + AM [Z,2])A + o(A?)
E [(AY; —E[AY)])?] =AM [Z,3] A + gnﬁpVAz + o(A?)

2

E[(AY; - E[AY))'] =AM [Z, 4] A +3 (92% +(0+ M [Z, 2])2) A? +0(A?),



and the autocorrelation is identical zero.

Theorem S.2. For the model with m = 1, the autocovariance function of the squared
process s given in closed form up to order A by the following expression:

B [(AY: ~ EAYDR(AVisa ~ E[AViga)?] = 50— — ST (2.2

x(2aM [Z*¢(2),1] — 2BM [¢(Z), 1] M [Z*¢(Z),1] + BM [Z,2] M [$(Z),2]) A% + o(A?).

Theorem S.3. For the model with m = 1, the cqf is given in closed form up to order

A? by the following expression:

K(A,u)

_ (W n “22“2 A (L(u, Z) — 1)) A

L AL, 2) — 1) (2L(u, ¢(Z))(a — BM [$(Z),1]) + BM [¢(Z), 2] (L(u,
Ao = M [9(2),1])

Z) = 1) —2aM [¢(Z),1] + 28M [6(Z), 1]°) A2

+o(A?),

where L(u, Z) = E [¢"4] and L(u,$(Z)) = E [¢(Z)e"?].

Theorem S.4. For the extended univariate model (A.8)), the cgf is given in closed form up

to order A? by the following expression:

K(A u)
_ (,w+ % FA(L(w, Z) — 1)> At %’MN
N BA(L(u, Z) = 1) (2L(u, $(Z))(a — BM [$(2),1]) + BM [$(2), 2] (L(u, Z) — 1) — 2aM [¢(Z), 1] + 28M [$(Z),1]%) A
4(a— BM [¢(Z),1])
+o(A?),

where L(u, Z) = E [¢*#] and L(u,$(Z)) = E [¢(Z)e"#].

10



B.2 The Bivariate Case

Theorem S.5. For the model with m = 2, the first and second moments are given in
closed form up to order A? by the following expressions:

E[AY1] = (m + MM [Z1,1]) A+ o(A?)
E[AY24] = (u2 + XM [Z3,1]) A + o(A?)
E [(AY1: —E[AY14])?] = (o + MM [Z1,2]) A
+ (g = MM [Z1,1] + Bra MM [Z1¢1,1(Z1),1]) M [Z1,1] A* + o(A?)

E [(AYVLt —E [AYI,tD(A}/&t —E [AYQ,t])] = palagA

1
—|— 5 (2 (1/172 — )\1)\2) M [Zl, 1] M [ZQ, 1]

+ L1220 M [Z1,1] M [Z2¢1,2(Z2), 1]
+ Baa MM [Z2,1] M [Z1621(Z1),1]) A% + o(A?)
E [(AYy: — E[AY24])?] = (05 + MM [Z5,2]) A
+ ((v2,.2 = A3)M [Z2,1] + BopAaM [Z2p2 2(Z2),1]) M [Z2,1] A? + o(A?).

11
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Theorem S.6. For the model with m = 2, the third and fourth moments are given in
closed form up to order A? by the following expressions:

E[(AY1, — E[AY1,])?] = MM [Z,3] A
+ g (BiaMM [Zy,2) M [Z1¢1,1(Z1),1] + M [Z1,1] (2(v1,1 — M))M [Z1,2]
+ BiaMiM [Z3¢11(Z1),1])) A% + o(A?)
E [(AYa; — E[AY5,])?] = AoM [Z5,3] A
+ g (Ba2AaM [Z2,2] M [Zo22(Z2),1] + M [Z3,1] (2(va,2 — A3) M [Z5,2]
+ Bap oM [Z3¢22(Z5),1])) A% + o(A?)
E[(AY1; — E[AY1])2(AY2, — E[AYs,))] = % (212 — M A2)M [Z1,2] M [Z5,1]
+ Br2AeM [Z1, 2] M [Z261,2(Z2), 1]
+ Boi MM [Zo, 1) M [Z}2,1(Z1),1]) A% + o(A?)
E [(AY1: — E[AY1,]))(AY2, — E[AY:,])?] = % (2(v1.2 — MAa)M [Z1,1] M [Z3,2)]
+ Boa MM [Za, 2] M [Z19.1(Z1),1]
+ BroAeM [Z1,1] M [Z3¢12(Z2),1]) A? + o(A?)
E[(AY1, — E[AY )] = MM [Z1,4] A
+ (308 + 6N oM (Z1,2) + a1 M (21,2 + 4 — XM [Z1,1] M (23]
+ 281101 (M [Z1,3] M [Z1611(Z1),1]) + 3M [Z1,2) M [ Z3 ¢1,1(Z1), 1]
+ M [Z1, 1) M [Z3¢1,1(Z1),1])) A® + o(A?)
E [(AYa; — E[AYs,])*] = Ao M [Z5,4] A
+ (303 4 602 M [Zs,2] + 3va.aM [Zo, 2 + A(van — N2)M [Zo,1] M [Zs, 3]
+ 28220 (M [Z2,3] M [Z22,2(Z2),1] + 3 M [Z,2] M [ Z5 2 2(Z2), 1]
+ M [Z2,1] M [Z3¢2,2(Z2),1])) A% + o(A?).
Theorem S.7. For the model with m = 2, the auto- and cross-covariances of the

reqular and squared processes are given in closed form up to order A% by the following
ETPTESSIONS:

E[(AYis = E[AY;4])(AYjesa — E[AYjqa])] = M [Z5,1] ((vij — Xidj) M [Zi, 1]
81\ M [Z:6,4(Z:),1]) A?
+ 0(A?)
E [(AY:: — E[AYi4))*(AYjura — E[AYja))?] = M [Z;,2] ((vij — NiXj)M [Z;,2]
+BiNM [Z79;.(Z;),1]) A?
+0(A7),

ij=12.

13



Theorem S.8. For the model with m = 2, the marginal cqgf is given in closed form up
to order A? by the following expression:

= ofui
K(A,Ul) = | H1uU1 + D) + )\1 (L(ul, Zl) — 1) A

+ % (BraAi(L(ur, ¢11(Z1)) = M [¢1.1(Z1), 1)) + (v10 = AT) (L(ua, Z1) — 1)) (L(u1, Z1) — 1)A?
+o(A?),
where Lius, 21) = E [e"4] and Lim, 614(21)) = E [p1,(Z2)en ],

Theorem S.9. For the model with m = 2, the bivariate cqf is given in closed form up
to order A® by the following expression:

= otui + ojul
K(A,ul,m) = | pr1ur + poug + f + uuapoi102 + A (L(ul, Zl) — ].) + Ao (L(UQ, Z2) — 1) A

1((ﬁm/\l (L(u1, ¢1,1(Z1)) — M [¢1,1(Z1),1]) + Bi,2A2 (L(u2, $1,2(Z2)) — M [p1,2(Z2), 1])

+o(A?),

where L(u;, Z;) = E [e"%] and L(u;, ¢:;(Z;)) = E [¢1;(Z;)e"%].
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C Saddlepoint Approximations: General Expressions

Throughout this and the next sections, we let X;; A 1= —(Y;11a — Yi:) denote bank i’s
sign-changed P&L over a time interval of length A. Furthermore, in the univariate case
(m = 1, omitting the index 7), we denote its cumulative distribution function (cdf) by
P(A,z) = P[X;a <z with associated probability density function (pdf) p(A,z) and

decumulative distribution function (ddf) P(A, z); and similarly in the bivariate case (m =
2, with i = 1,2).

C.1 Univariate Saddlepoint Approximations

Saddlepoint approximations are of great use if the cgf is known analytically but the corre-

sponding pdf is not. We start by considering the cgf of X; A, defined aﬂ
K(A,u) =logE [e"*2], u e R.

As is well-known, the cgf is connected to the pdf p(A,z) of X; A by the Fourier inversion
formula .
u+100

p(A,x) = (2#1)_1/ exp (K(A,u) — ux) du. (C.1)

The saddlepoint method, dating back to Daniels (1954)), suitably chooses the path of inte-
gration @ in (C.1J).
Let @ = u(A, z) be the solution of
0K (A
Ki(A u) =z, with Ki(Au) = % (C.2)

u

Then an approximation to (C.1)) can be taken to be (see Section |C.3.1)

(C.3)

K (A, a)\
Ou? '

p(o)(A,x) = (27r)_1/2 exp (K (A, 0) — uzx) (

The approximation (C.3) can be seen to feature a Gaussian leading term (see Sec-
tion [C.3.2). To obtain a non-Gaussian leading term — particularly important in our

setting with jumps — we let w = w(z) be the solution of
OKo(A, w)
ow

3In this and the next sections, we use K to denote the cgf of X¢ A, just like in the main text. In
Sections [A| and [B we use K to denote the cgf of —X; .

K()J(A, ’UJ) =, with Ko’l(A, U)) = (C4>
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for some (non-Gaussian) cgf Ky, with corresponding pdf fy and cdf Fy. Then an approxi-

mation to (C.I]) can be taken to be (see Section [C.3.2)f]

PO(A z) = fo(A, z)exp (K(A, ) — 4x) — (Ko(A, ) — )
y (M>/ (w>/ (©5)

ow? ou?

The accuracy of this approximation may be optimized further with an alternative, judicious
choice of z in (C.4) so that the exponential term in the approximation vanishes; see e.g.,
Butler (2007)), Section 16.1. We do not pursue this here and throughout.
To obtain an approximation to the cdf, following Lugannani & Rice| (1980) and Wood
et al.| (1993), we start by considering the Fourier inversion formula
. N d+ioo du
PXia > 2] = P(A,z) = (27i) exp (K (A, u) — ux) —. (C.6)
u—ioco u
Then, after a change of variables and an isolation of the singular part (see Section |C.3.3)),
an approximation to ((C.6]) can be taken to be

F(O)(A, x)
—exp (K (A, ) — i) — (Ko(A, @) — i)

« (1 — (A7) + folA, 2) {% (W)w (W) o é}) @)

We next consider the problem of deriving saddlepoint approximations to the Expected

Shortfall. We start by considering the Fourier inversion formula (Martin|2006])

U-+ioo
LA z)=E [Xyal(x, a5a)] = (27ri)_1/ exp (K (A, u) —ux) Ky (A, u>cL_u (C.8)

u—ioo

4Saddlepoint approximations may alternatively be derived by first exponentially tilting the pdf to obtain
a family of densities constituting a regular exponential family, and next expanding it by computing an
Edgeworth approximation. This alternative approach was initiated by [Esscher| (1932) who argued that
indirect Edgeworth approximation, by first exponentially tilting the density and next approximating it
for a well-chosen point of approximation, achieves much higher accuracy especially in the tails of the
distribution. In particular, the saddlepoint approximation for the pdf agrees with Esscher’s approach given
by the indirect Edgeworth expansion; see Section 5.3 of [Butler| (2007)) for details.
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To isolate the singular part, we write

LA, x) = (27i)7! /u h exp (K (A, u) — ux) Kl(A,O)%

U—ioco

atioo u
+ (271) / exp (K (A u) —ux) (K1 (A, u) — Ki(A, 0))%,

—ioco
which gives rise to the following approximation:

T — Kl(A,O)

u

LOA, z) = K1(A,0P(A, 2) + pO(A, z). (C.9)
Notice that K;(A,0) = E[X; .

An appropriate (non-Gaussian) base in the setting of our Hawkes pure jump model with
Xia=/ A Ztd Ny, taking for ease of exposition Z to be the sign-changed counterpart of the
jump magnitude Z in the main text and in Sections [AHB] is

Fo(A,z) = (1 = AA) + AAF(2), x>0,

which can be viewed as the cdf of the terminal value of a process that has at most one
jump, with cdf Fz, over an interval of length A, with jump probability AA. It is henceforth

referred to as the Bernoulli base. In this case,
Ko(A,w) =log(l — AA + AA L(w, Z)),

where L(-, Z) is the moment generating function of Z. With exponential jump size dis-
tribution Fy(x) = 1 — exp(—yz), v > 0, hence L(u,Z) = E [e“Z} = v%u, u < 7, and
M[Z,n|=E[Z"] = ;‘—fz, n=1,2,..., this specializes to
( Fo(A,z) =1—MAexp(—rx);

fo(A,z) = AAyexp(—yx);

Ko(A,w) = log (1 A+ AA#) :

N _ 2vz—AAvyz—/AAyT/A—ADNA+ ANz
L w(A,z) = 2(z—AAz) :

Notice the explicitness of these formulae.
The final step in obtaining the saddlepoint approximations, is to specify K(A,u). In

the case of a Poissonian jump model,

Kpoi(A,u) = AA (L(u, Z) — 1).
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Hence, with exponential jump size distribution, we obtain

Kpoi<A,U) = )\A ( v — ].) .
Y—Uu

Notice that Kpei(A,u) and Ko(A,u) are equal at the leading order in A. While the cgf
K(A,u) for the (affine) Hawkes jump model considered here may be obtained by numer-
ically solving two ODE’s, see |Duffie et al.| (2000) and |Errais et al. (2010), to maintain
explicitness, we rather use the expansions in A of the cgf K(A,u) derived explicitly in

Section [B] of this Supplement.

C.2 Bivariate Saddlepoint Approximations

The cgf of the bivariate vector X; o = (X114, X21.4) is given by
K (A uy,us) = logE [exp (ug Xys.a + 2 Xora)]s u = (uy,uy) € R%

We suppose that the set A := {(uy, ug)| K (A, uy,uz) < 0o} takes the product form A = A1 A,
where A; = [—c¢;,d;], ¢;,d; >0, ¢;+d; > 0,1=1,2, so the origin (0,0) is included in A and
the intervals are non-empty.

We start with the Fourier inversion formula for the pdf p(A, z1, z2) of (X114, Xora):

U1 +ioco Ug+ico

P(A, x1,29) = (27?1)_2/ / exp (K (A, uy, ug) — (u1z1 + usxs)) duydus. (C.10)
w1 —ioco Qo —ico

The vector (y,7;) € R? in the limits of integration is chosen so as to ensure that on

the path of integration —c; < @; < dy and —cy < Uy < dy S0 —¢; < Re(u;) < di and

—co < Re(ug) < dy is satisfied. An appropriate choice of (4, s) dictating the path of

integration is the key to the saddlepoint approximation.

We determine (uy, tg) = (U (21, x2), Uz(x1, x2)) as the solution to the equations

Note that K (A, uy,us) is convex in both variables ensuring the existence of a solution to
this set of two equations.

We also determine @y = Go(z1) as the solution to the equation

QK(A, Uy, 0)

= 12
aul L1, (C )
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and 4, = U,,(x1) as the solution to the equation

3K(A, Uy, UQ)

aul = X. (C13>

Similarly, for the base cgf Ky(A,w), we consider the associated saddlepoint w = ()
as the solution to the equation
KO,I(Aa w) = T9. (C14)

Following Section 16.3 in Butler (2007)), this leads to the following saddlepoint approx-
imation for the conditional pdf:
PO(A, 2alr1) = Fol A, g K03 ) ity 1) (< (A 0) o) iz (oA, —e2)

5 <82K0(A,1Z;))1/2 <82K(A,ﬂ0,0

ow? du?

1/2
)) (K"(A, i, a2)]) "2, (C.15)

where K” denotes the Hessian of K and |- | denotes the determinant. The accuracy of this
approximation may again be optimized further with an alternative, judicious choice of x4
in so that the exponential term in the approximation vanishes. We do not pursue
this here and throughout.

Furthermore, we have the following saddlepoint approximation for the conditional ddf:

?(0)(A,752|$1)
= exp ((K(A, dgy, t2) — Ug,71) — (K(A, 10, 0) — Goz1) — laxs — (Ko(A, W) — 02))

X (1 — Fo(A,x9) + fo(A, x9) (C.16)

1 (02Ko(A,0)\"? (P K(A,ag, 0N ., s 1

In view of the generic identity

f($17$2) = f(x2|$1)f(951)7

which expresses the bivariate probability density f(x1, z2) as the product of the conditional
density of X, evaluated at x, given X; = x; and the probability density of X; at x;, we
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have the following saddlepoint approximation for our bivariate pdf:

PO(A, 21, 25)
= fo(A, z1) exp (K(A, Gy (1)) — t1(21)71) — (Ko(A, w(21)) — W(21)21))
P2Ko(A, ()2 (2K (A, (z1))\
X
ow? ou?
X fo(AA, xQ)g(K(A,ﬁﬁQ,ﬂg)fﬁﬂQxl)f(K(A,ﬁo,O)fﬁoxl)fﬁgng(Ko(A,ﬁ))fwwg)

PKo(A, 1 12 s 92 ¢ A, i, 0 1/2 ) )
X (%) (%) (K" (A, iy, is)]) /2 (C.17)
1

Here, (1) and w(x;) are the saddlepoints of the first marginal cgf’s K and K, as a

function of z; (not x5).

C.3 Derivations
C.3.1 Derivation of (C.3)

Note that the function
ur— K(A u) — uz,

is minimal at u = 4 (observe that K is convex in u, which guarantees existence and
uniqueness of this minimum), and a second-order Taylor series expansion around u = @

given by

| ) (aQK(A,a)
2

K(Aju) —uxr = K(A,4) —ax + =(u — @) 907 ) + O(Ju — af*),

leads to . K (A d)

K(Aju) —uxr = K(A, 1) — ax + 51)2 (T) +O(Jv]?),
using v = 4 + iv, v € R, on the path of integration in (C.1)). Therefore, upon suitably
substituting this Taylor series expansion up to the second order in one obtains the

following expression, which one may take as the leading term in an approximation to ((C.1)):

00 9 .
PO(A, ) = (27) " exp (K(A, @) — i) / exp (_%Uza I;(qu,u)) "

—00

The right-hand side in the expression above readily simplifies to the right-hand side of
(C.3). If desired, one may normalize to unity the integral over x of the right-hand side of
(C.3). This is simply achieved by dividing the right-hand side of ((C.3]) by the integral over
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C.3.2 Derivation of (C.5)

Rather than Tayloring u — K(A,u) — ux around 4, one may consider another (“base”)
cgf Ko, analytic at 0, and approximate the quadratic behavior of u — K(A, u) — uz in the
neighborhood of 4 by invoking the function

w — Ko(A,w) — wxy,
with zy a fixed point inducing @ through Ky (A, w) = x¢, such that
(K(A,u) —uz) — (K(A,0) —uz) = (Ko(A,w) — wxg) — (Ko(A,w) —wxy),  (C.18)

which implicitly dictates the change of variable u(w). Now take zq = x for a given x. Then,

with the change of variable u(w),

(A, x) = (2mi) texp (K (A, 4) — ax) — (Ko(A, ) — x))

X /w a exp (Ko(A, w) — wx) dzgzu)dw, (C.19)

wW—ioco

and an approximation at the leading order is given by

p(o)(A, x) = (27m) texp (K(A,4) — ax) — (Ko(A, ) — wx))

w4-ioco N
X / exp (Ko(A,w) — wr) dwdz(w), (C.20)
. w

wW—ioco

which reduces to (C.5)), upon realizing from (C.18)) with xo = = that

du(@) [ PEo(A,0)\"? (2K (A, a)\
dw ow? ou? ‘

When Ky(A,w) = “’72, which corresponds to a standard Gaussian distribution, (C.3|) occurs.
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C.3.3 Derivation of (C.7)

Invoking the change of variable u(w) defined in (C.18) with zq = = yields

P(A,x) = 27i) texp (K (A, 4) — az) — (Ko(A, ) — wx))
X /wﬂoo exp (Ko(A, w) — wr) (%du(w)) dw.

wW—ioco (U)) dw

We isolate the singular part, as follows:

P(A,x) = (27i1) texp (K (A, 0) — ax) — (Ko(A, 0) — wx))

w-+ico
X < exp (Ko(A, w) — wz) dw

w—ioco w
wotico 1 du(w) 1
+ - exp (Ko(A, w) — wx) (M T E) dw) :

Hence,

P(A,z)
= exp ((K(A, a) — ax) — (Ko wz))

(A, w
rtico 1 du(w) 1
X | 1= Fo(A,z)+ (27m1)~ exp (Ko(A,w) —wx) | — —— | dw ).

u(w) dw w

Finally, invoking a Taylor series expansion of i 1w) dﬁ”) — % around w,
1 (92Ko(A, ) PK(A W)\ 1 )
2 (T) (T i T O =D,
yields
Y(a,2)
= exp ((K(A, @) — ax) o(A,

(1 — Fy(A2) + folAa {l 92K§wﬁ2 w)) (%)m _ %}) - (C21)
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D Saddlepoint Approximations: Explicit Expressions

and Proofs

In this section, we first provide detailed technical derivations of our saddlepoint approx-
imations for the univariate case. Next, we provide detailed technical derivations of our
saddlepoint approximations for the marginal tail in the bivariate model and for the bivari-

ate case.

D.1 The Univariate Model

Let us first assume that 4 = o = 0 and ¢(Z) = 1. Then, we state the following results:

Lemma S.1. The saddlepoint approximation to the pdf of the Hawkes jump model ,
— with m =1 and p = 1 is given at order A? by the following expression:

p(A, z)
= Ay exp(—x)
% exp (w(?a(ﬁ +A) - BB+ 2>\))A)

4(a—p)
(w (e

64
+ o(A?).

Lz — 4)) A)

Lemma S.2. The saddlepoint approximation to the pdf of the Hawkes jump model given
in Lemma satisfies the relative error property:

p(A, z)
PO(A, z)

Theorem S.10. The saddlepoint approximation to the ddf of the Hawkes jump model ,

=1+0(A"Y?).
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f with m =1 and p = 1 is given at order A? by the following expression:

ﬁ(o)(A, x)

(108X = B(B+2)
= o < 1o —p) A)

X <)\A exp(—vyx) + MAy exp(—vx)

86X (202 — 3a8 + B2) + 36%7(2a — B)2x + 4N (o — B)% (7 + 4) )
X A
64y A (o — [3)?

+ o(A?).

Corollary S.1. The saddlepoint approximation to L(A, x) defined in in the univariate
Hawkes jump model of Theorem[S.10 takes the following form:

LOA, z) = %AF(O)(A,x) + % O(A, z),

with ?(0)(A,x), @ and p (A, x) given by Theorem |S.10, Equation (D.1)) and Lemma

respectively.

D.1.1 Proof of Lemma

We start with an expansion of the cgf of the univariate Hawkes jump-diffusion model, up

to the second order in A (see Theorem in this Supplement):

K(A )

- (uu + "22“2 + A (L(u, Z) — 1)) A

L AL 2) — 1) (2L(u, ¢(2))(a = BM [¢(Z),1]) + BM [$(Z), 2]
(CM - ﬂM [d)( )7

(L(u, 2) = 1) = 2aM [$(2),1] + 2BM [¢(2), 1) >
1)

+o(A?%),

where L(u, Z) = E [¢"?] and L(u, ¢(Z E [¢(Z)e"#]. When restricting attention to the

special case in which p =0 = 0 and gb( ) =1, he expression for the cgf reduces to

ﬂ)\(ZCM — 6)(L(u7 Z) — 1)2A2 + O(AQ).

K(Au) = ML(u, Z) = 1)A + 1o — B)

With (one-sided, positive) exponential jump size distribution Fz(z) = 1 — exp(—yz),
v > 0, hence L(u, Z) = -, u < v, taking for ease of exposition Z to be the sign-changed
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counterpart of the jump magnitude Z in the main text and in Sections [AHB] this specializes

to

_ BAU%(2a0 — )
HE0 =08 =

A%+ o(A?).

Henceforth, we omit terms of 0o(A?) in K (A, u).

We next compute a Taylor series expansion of the saddlepoint @ = (A, x) solving

OK (A, u)

Ki(Ayu) =z, with  Ki(Au) = —
U

It is given by (the coefficient of VA in the expansion below is chosen such that it induces

<)
\/>\/— 57204 ))A

_ BVIRa =P )( 35735(204—5)—8)\(@—6))
32V \(a — B)2\/z

>
||

AY2 1 O(A?). (D.1)

We consider a Bernoulli base. Indeed, an appropriate (non-Gaussian) base in the setting

of our Hawkes pure jump model is given by
Fo(A z) = (1 — AA) + ANAF(x), x>0,

which can be viewed as the cdf of the terminal value of a process that has at most one
jump, with cdf Fz, over an interval of length A, with jump probability AA. The Bernoulli
base strikes a balance between accuracy and simplicity of the fy and Fy functions that
appear in the saddlepoint approximations. Other bases (such as a triangular jump model
or a Poissonian jump model) may be considered at the expense of more complex fy and Fj

functions. In this case,
Ko(A,w) =log (1 — AA 4+ NA L(w, 7)) .
With (one-sided, positive) exponential jump size distribution this specializes to
Fy(A,x) = 1 = M exp(—7a),  fol, x) = Ay exp(—ya),

Ko(A, w) = log (1 A+ AAL> .
¥ —w
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Note that Ky and K are equal up to order A.
We next compute the exact as well as a Taylor series expansion of the saddlepoint

w = w(A,z), solving

aKo(A, w)

K()J(A, w) =x, with KOJ(A, U}) = p) .
w

They are given by the following expressions, respectively:

(2 = AA)z — VAANA 2 (VA (e — 4) + 4)
2(1 = \A)z ’

w =

and

- A A (=N =N ) 2
=7 —/=VA+ A A2 4 O(A?). D.2
w’y\/x\/_+2+ W +0(A?%) (D.2)
For consistency with our treatment of @, we will henceforth use in our computations the
latter Taylor expansion of w instead of the former exact expression for w. Note that @ and
W agree up to order A2,
We next compute an expansion up to the first order in A of (K (A, @) —ux)—(Ko(A, w)—
wz). It is given by
2 A) — 2\
(K (8, 8) — i) — (Fo(A, ) — i) = P2 A = SEH 2]
Ao — P)
+0(A%?).

82K0(A,ﬁz)>1/2 (82K(A,ﬁ)

~1/2
We finally compute ( 57 5.7 ) up to the first order in A. It is given

by

PKy(A,0)\'"? (PK (A, 2)\
< ow? ) ( ou? )

1 (_86(2a —5) . 3% (2a — B)°
64 a—p Ma — )2

=1+ ’ +4)\(7x—4)) A+O(A3/2).
Then the stated result follows from ((C.5)) upon collecting the terms we derived above.

D.1.2 Proof of Lemma

To prove the relative error property, we compute the higher-order terms in the saddlepoint

expansion. Before proving the result, it is instructive to first consider a Gaussian base
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and show that the relative error property does not hold if one uses a Gaussian base. In
particular, the Gaussian base is useful to demonstrate the computation of the higher order
terms.

So consider the saddlepoint expansion with a Gaussian base, using the change of variable

from w to w in

1
(K(A,u) —ux) — (K(A,0) — ux) = 5 (w—w)”,
where w is chosen such that .
K(A, ) -tz = —Ew{
SO .
K(Au) —ux = §w2 — W, (D.3)

and the minima on the LHS and RHS of (D.3) agree.
By repeatedly differentiating both sides of (D.3)), with K™ (A, ) and u(-) shorthand

notation for the n-th order derivative of K (A,-) and u(-), respectively, we obtain:

By evaluating the last two equations at w = w and recalling that K'(A,4) = z, u(w) =

@ and v/ () = (K®(2))~"/2, we obtain:

o KON (W (@) —KO(A, )
u® () = OB, aEe.0) (D.4)

2

u® () = —

(D.5)
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Note that, with the change of variable u(w),

U+ico
p(A, (27i) 1/ exp (K (A, u) — uz)du

w+ioco d
(27mi)~ / exp ( w? — ww) Z(w) dw.
w—ioco w
du(w)

3~ nhear the saddlepoint w = w by

Next, we approximate

1
u'(w) = ' (1) + u® (D) (w — W) + §u(3)(w)(w — )2
Specifically, as w = @ + iv, v € R, over the integral path, we have u'(w) ~ u/(w) +1i -

u®(w)v — $uB (w)v?. This yields

e8] 2 o] 2
DA, z) = (2%)1/ exp (% - wu?) o' (w)dv +1 - (27r)1/ exp <w7 - wu?) u® (w)v dv

—00 o0
S/

-~

M (1

1 o 2
— (2n)7t- §u(3)(u})/ exp <% - ww) v?dv.

— 00

-

(I1T)

Term (I) is equal to p® (A, z), the leading term of the saddlepoint approximation. As
for term (II),

o0

=i-(2m) W@ (W) exp ( — %) : /: exp ( — E)Udv = 0.

o 1
(Il) =i~ (27r)’1u(2) (w) - / exp (5 [@2 + 2ivw — v2] —w? = imb)v dv
_ ) .

Similarly,

(I11) = (27) - —u® () exp ( - %2> : /_OO exp ( — g) v? dv
= (2m)7V2 . Zu® (@) () h exp ( — %2>112 dv  where ¢ is the standard normal pdf
= (20) 2 S @)o@) - VET = 20 ()0()
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In summary,

P4, 2) = (1) — () = 6() [(K@)(A, i) - %u@(w)]
. ) L2 1 u® ()
= ¢(w) <K< )(A,u)) : [1 -3 (K(2>(A,a))—1/2]
0 1 u®(A W)
— p( )(A, T)- -3 (K@ (a)) 172

Finally, by substituting (D.4)-(D.5), and «'(@) = (K® (A, @))~2, we arrive at:

1 ul® ()
2 (KO(A, )12
KA, @) (u' ()" + 6K(A, a) (v (@) *u® (@) + 3KO(A, @) (u® (b))
)

8
J KO@ 1 (KO@)T 1 (KO )
So(EO@) 4 (Ko@) 2 (KO0, )’
1 KO@Ae) 5 (KO(A, @)
T8 (k@A) 24 (KA, a)

In the case of the Hawkes jump model, however, the Gaussian base leads to an inaccurate
saddlepoint approximation. This can be seen from the fact that, when using a Gaussian
base, p (A, r) = O(AY*) in the tails, whereas the jump model is of order O(A) in the
tails. Thus, the relative error property is not satisfied for the Hawkes jump model when
using a Gaussian base.

Now let us consider a non-Gaussian base and proceed similarly. By repeatedly differ-
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entiating both sides of (C.18) with xy = = we obtain:

K'(A, u(w))u'(w) "(w)x = K{(A,w) —

u
K® (A u(w)) (u/ >2 + K'(A, u(w )u(z)(w) —u®(w)z = K(g2)(A, w),
= K© ( w)) (u )3 + 3K (A u(w))u (w)u® (w) + K' (A, u(w) ) u® (w) — u® (w)x
0 (A, w),
w)) (w()) "+ 6K, u(w)) (o () 0 (w) + BEO(A, u(w)) (u? w))
+ 4K (A, u(w))u (w)u® (w) + K'(A, u(w))u® (w) = u® (w)e = K5 (A, w).
Next, by evaluating at w = w and using K'(A,4) = x, u(w) = 4, we obtain:
u/ (@) = (K¢ (A,@)"7 - (KO @a,a) 7, (D.6)
o KD (A 0) - KO ) (ol (@)
u® () = =2 KT (A ) (0) 7 (D.7)
(1) = K (A ) + KO, a) (w' ()" + 6K@ (A, a) (' () *u® (@) + 3K (A, 1) (ul® (@)
N 4K (A, 4)u () '
(D.8)
With the change of variable u(w), we have
p(A, z) = (2mi) L exp (K(A, 1) — dz) — (Ko(A, ) — wx))
wW—+ioco
X / exp (Ko(A, w) — wx) dZS;U)dw.
Under the approximation of du) pear the saddlepoint w = w given by
o (w) ~ o (1) + u® () (w — ) + %u@) () (w — )2,
we obtain pM(A, z) = (I) + (II), where
(1) = (27i) L exp ([K(A,ﬂ) - ux} - [KO(A,w) —wxD
wW—+100
X / exp (KO(A,w) - wx)u'(u?) dw,
(I1) = (21) " exp ([K(A,a) - ux} . [KO(A,w) - wxD
W+100 @) A 1 (3)( s .
X - exp (KO(A,w) - wx) u (W) (w —w) + U (0)(w — w)* | dw.
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Term (I) yields p(® (A, z), the leading term of the saddlepoint approximation, which
for the Hawkes jump model under the non-Gaussian, Bernoulli base is O(A) in the tails;
see Lemma . As for term (II), as w = W + iv, v € R, over the integral path, we have

u(w) m /(W) +i-u® (w)v — 2u® (w)v?, hence,

(Hy:@m4a@(paA¢u—a4—[KdAmn—w4>

X / exp (KO(A, W+ 1iv) — (W + iv)m) {i cu® ()v — —u® ()v? | do.

—00

For the Hawkes jump model under the non-Gaussian base, we have from 1) that

u? (@) = O(A?),
u®(w) = 0(A™Y?),

Thus, in a neighborhood in w of order O(A'/?) of the saddlepoint @, we have that (II) =
O(A%?), which is dominated by the leading term (I). This, along with an argument as
in |Ait-Sahalia & Yul (2006) that shows that the approximation error induced by using the
expansion of K at order A? is of higher order, proves the relative error property for the

Hawkes jump model using the non-Gaussian base.

D.1.3 Proof of Theorem

To obtain the saddlepoint approximation to the ddf, we also need to compute Taylor series

expansions of the reciprocals of the saddlepoints 4 and w. They are given by

By(2a=p) | 4
1 VA aB T
fb_lz——l— +< B >A—|—O(A3/2),
v P 4ry?
A
1 VA (- 2)A
Wl == 4 S L PN IN )
v 2a 27’z
A

1

Clearly, 4! and ™" agree up to order A'/2,

We finally compute a Taylor series expansion of the following term,

1 (PEy(A )P (PR @)\ 1
U ow? ou? w |’
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that appears in the ddf saddlepoint approximation. It is given by

[1(osaey” (220

_ (88A (207 = 3aB + %) + 36%(2a — B)’x + AN’ (a — B)*(yx + 4))
B 647\ (a — B)?

A

+ O(A%?).
Then the stated result follows from ((C.7)) upon collecting the terms we derived above.

D.1.4 Proof of Corollary

The proof of Corollary now follows from (|C.9)).

D.2 Jump Amplification Function

So far, we have set the jump amplification to unity in this Supplement. With the jump am-
plification function of Section [2| added, the saddlepoint approximation to the pdf becomes:

Lemma S.3. The saddlepoint approzimation to the pdf of the Hawkes jump model ,
f with m =1 and p = 1 is given at order A? by the following expression:

pO(A, z)

= Ay exp(—7yx)

o (" ﬁql(aqzﬂfh)) )
X e p<2 <>\+§q2(0z—6) A

X (1 + (22X — B) (B (728 + 47268 + 29€%(28 + X) + 263(B + 2X)) — aga (Y?8 + 27EB8 + 2(8 + N)€?))

+ (3675 (g2 — 18)* + N*€%¢5 (e = )?) )

1
) T

with g1 = v+ & and go = v + 2€.

Furthermore, with the jump amplification function added, the saddlepoint approxima-
tion to the ddf is given in Theorem [T} and the approximated saddlepoint becomes:

(hﬁ“Y g2t — Q15)
u= \/7f 2¢26 (o — ) T pla—p) °
BV (3aEBy(qea — @1 B)*x — 2¢2M (e = B) (g2a(7® + 296 +26%) — B(7° + 49%E + 496 +26%)))
8VAG3E2(a — B)2V/z
+ O(A?). (D.9)

A3/2
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D.3 The Marginal Tail in the Bivariate Model

For ease of exposition, we restrict attention to the special case in which u; = o; = 0 and
¢ij(Z;) = 1. We state the following results:

Lemma S.4. The saddlepoint approximation to the first marginal pdf of the Hawkes jump
model , f with m = 2 and p; = 1, j = 1,2, is given at order A? by the following

ETPTESSION.:

p(o) (A, 331)

= M A exp(—m121)
X exp (711‘1()\1(2)\17‘ + S) + )\gt) A)

4)\17‘
X <1+

A2 (4)\%7'2(71301 —4) —8\irs + 3'7152x1) + 22X Aot (31871 — 4Mi7) + 3y A3t2m A>
64X3r2

+o(A?),

with v, s and t defined in (D.11)—(D.13).

Theorem S.11. The saddlepoint approximation to the first marginal ddf of the Hawkes

Jump model , f with m = 2 and p; = 1, j = 1,2, is given at order A? by the
following expression.:

A, )

— exp Y121 (AL (2A17 + 5) + Aot) A
4)\17’

X <)\1A exp(—vy121) + A\ Ay exp(—y121)

y A2 (4)\%7"2(7@1 +4)+8\rs+ 37152301) + 22X Aot (417 + 31 811) + 31 N3t A
641 A3r2

+ 0(A?), (D.10)

with r, s and t defined in (D.11)—(D.13).

Corollary S.2. We have the following saddlepoint approximation for L(A,x1) defined in
in the bivariate Hawkes jump model of Theorem |S.11|:

1 — K1(A,0
1 Al( )p(o)

LO, 1) = Ky(A,00P(A,a1) + = (A, 1)
1
= AP )+ ERINR 0 ),
1 1

33



with ]_3(0)(A, x1), 41 and p© (A, 1) given by Theorem|S.11}, Equation (D.14)) and LemmalS./

respectively.

D.3.1 Proof of Lemma

We start with an expansion of the cgf of the bivariate Hawkes jump-diffusion model, up to
the second order in A (see Theorem in this Supplement). We restrict attention to the
special case in which y; = 0; =0 and ¢, ;(Z;) =1,4,j =1,2:

KA w) =\ (L(w, Z) — 1) A

+(Ms+AﬂﬂLthQ—1f
4r

A2

+0(A%),
where L(ui, Z1) = E [¢"#] and

ri= (a1 + a2 — Bi1 — Ba2)((ar — Bra) (e — Ba2) — Br2B21); (D.11)
s := 203 B11(as = Baa) + a1 fia((@2 — Ba2)(200 — 3611 — 2022) — 2B12621)

— (a2B1,1 + Bi2B21 — Br,1822)(q2B1,1 — Bi2B21 — Br1(Bra + Ba2)); (D.12)
t:= B g(an(ar + a2 — B11) — Br2B21 + Pap(Brn — an)). (D.13)

With (one-sided, positive) exponential jump size distribution Fyz, (x) = 1 — exp(—m12),

7 > 0, hence L(uy, Z1) = —2—, w3 < 71, taking for ease of exposition Z; to be the sign-

Yi—ui’

changed counterpart of the jump magnitude Z; in the main text and in Sections [AHB] this

specializes to

K(A,uy) = 21U A
71—
()\18 + /\gt)u% AZ
dr(uy — )2
+ o(A?).

Henceforth, we omit terms of 0(A?) in K (A, uy).

We next compute a Taylor series expansion of the saddlepoint 4, = @ (A, z1) solving

aK(A, 'U,l)
8u1

Kl(A,ul) =Ty, with Kl(A,ul) ==

It is given by (the coefficient of VA in the expansion below is chosen such that it induces
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ﬂl < ’71)

U1 ="

- AL \/Z
o
_ ’)/1<)\15 + )\275)
4M\r
V(AL + Xot) (=3m21(A1s + Aat) — 8A3r) A3/
32V AN N2 /7]

+ O(A?). (D.14)

As before, we consider a Bernoulli base:
Fo(A,z) = (1 — MA) + MAFz (x), x>0,

and
Ko(A, w) = 10g (]_ — )\1A + AlAL(w, Zl)) .

With (one-sided, positive) exponential jump size distribution this specializes to

Fo(A,z) =1 — MAexp(—mix);
Jo(A,z) = M Ay exp(—m12);

Ko(A, w) = log (1 —MA A ) .
M- w

Note that Ky and K are again equal up to order A.
The exact as well as a Taylor series expansion of the saddlepoint w = w(A,x;) are

given by the following expressions, respectively:

71(2 — )\1A)I1 — \/’)/1>\1A\/$1(>\1A(’71.7}1 - 4) + 4)
2(1 — )\1A)3§'1 ’

W =
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and

W=
o 71)\1\/Z
T
M1
A
+ 2
(~aymn? — 2a))
+ A3/2
8\/x_1
+ O(A?).

For consistency with our treatment of u;, we will henceforth use in our computations the
latter Taylor expansion of w instead of the former exact expression for w. Note that
and @ agree up to order A2,

We next compute an expansion up to the first order in A of (K (A, u) — 4y2q1) —

(Ko(A, ) — xy). It is given by

- 71%1()\1(2)\17" + 5) + )\Qt)

(K(A, ’&1) — ﬁ,1$1) — (K()(A, ’LD) — UA)I’l) A
4)\17’
+ O(A3?),
L\ 1/2 N\ —1/2
We finally compute (%) (%) up to the first order in A. It is given
1
by
PERo(A, )\ (KA i)\
Ow? ou?

=1

A2 (4)\%7“2(7@1 —4) —8M\rs+ 3’7182581) + 2X Aot (31821 — 4N17) + 3y A3t
+ A

64A3r2

+0(A%?),

Then the stated result follows from ((C.5)) upon collecting the terms we derived above.
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D.3.2 Proof of Theorem

Taking the components derived in the proof of Lemma as input, we next compute

Taylor series expansions of the reciprocals of the saddlepoints 4, and w. They are given by

al—l = 4 + r 1 A+O(A3/2),

Mo [ i
A1

and

1 VA - 2)A
,uA]—l - — 4 + ( 711‘12—’_ ) 1A +O(A3/2)
M Vi1 27171
A1

U agree up to order A2

Clearly, 4 * and @~
We finally compute the following Taylor series expansion of the following term that

appears in the ddf saddlepoint approximation:

1 (9PKo(A,9)\"? (KA a)\ 7 1
Gy Ow? ou? W

_ A2 (4)\%7”2(7@1 +4) 4+ 8A\irs + 3715%1) + 22X Aot (4M17 + 3y1811) + 3y A3t2m
6471)\‘;’7'2

A

+0(A%?).
Then the stated result follows from ((C.7)) upon collecting the terms we derived above.

D.3.3 Proof of Corollary

The proof of Corollary now follows from ((C.9)).

D.4 The Bivariate Model

For ease of exposition, we restrict attention to the special case in which y; = o; = 0 and
¢i;(Z;) = 1. We state the following lemma:

Lemma S.5. The saddlepoint approzimation to the conditional pdf of the Hawkes jump
model , f with m =2 and p; = 1, j = 1,2, is given at order A* by the following
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ETPTesSSIon:

p(O)<A7 $2|l’1)

= M Ay exp(—212)

VYA Y2 AT 1 Ty 22
X exp (f Y1 A2 A1 + Y1 A1 T2 (C + ’yQAQ)A

271 A172A
A A
y (1+ f(\/’Yl 171 + V72 A02)

Al/?

871 1722

—30%7911 + VAT (—2(f + dvy2) + A2 Ae(ezs — 4)) )
+ 313 A
1677 A7 y2

+ o(A?).
Here,

b 712 (r1g 4+ (Bii— A)A1)
73 (122 + (B2,2 — A2)A2)
d=—71 211+ 212+ BioAe + M (2611 + o1 —2(M1 + A2))),

=77 Q2rig+ Boi i + (B2 — 2M1)Ae) .

C

D.5 Monte Carlo Simulations

In this subsection, we analyze the accuracy of our saddlepoint approximations by comparing
them to estimates obtained using Monte Carlo simulation. In particular, we compare our
saddlepoint approximation to the pdf p(A,x), given in Lemma , to its Monte Carlo
simulated counterpart. We first specialize the P&L model to the Poissonian case, i.e., 8 = 0,
which admits a closed-form expression for the pdf. In this case, we separately compare the
tail probabilities obtained from our saddlepoint approximations and from Monte Carlo
simulations to the tail probabilities obtained from the exact, closed-form expression. This
allows us to benchmark the accuracy of both our saddlepoint approximation and the Monte
Carlo simulated values against the known exact expression.

The results in the Poissonian case, displayed in Figure [S.1], show that the saddlepoint
approximations provide more accurate estimates of the tail probabilities than the Monte
Carlo simulations, even with > 107 simulated increments. Only when we increase the num-
ber of replications to more than 108, the Monte Carlo simulated values become competitive
to the saddlepoint approximations in terms of accuracy. Accurately sampling tails is known

to be challenging.
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Figure S.1: Univariate pdf: Poisson model

Note: This figure plots the exact and saddlepoint approximation to the Poissonian pdf against the Monte
Carlo simulated pdf, including a zoomed-in version. We simulate 2.51 * 107 increments. The parameter
values are A = 1.0, v = 1/100 and A = 1/251. The exact and saddlepoint approximation to the pdf are
nearly indistinguishable.

Next, we consider the Hawkes case, i.e., 8 > 0, which does not admit an exact, closed-
form expression for the pdf. The results are displayed in Figure [S.2] Under moderate
degrees of excitation, there is a reasonable match between the saddlepoint approximations
and the (noisy) Monte Carlo simulated estimates of the tail probabilities. The plot also
includes the exact Poissonian pdf for comparison. As expected, the Poissonian tail is thinner

than that of the Hawkes self-exciting model, which is approximated by the saddlepoint.
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Figure S.2: Univariate pdf: Hawkes self-exciting model

Note: This figure plots the saddlepoint approximation to the Hawkes pdf against the Monte Carlo simulated
pdf, including a zoomed-in version. We simulate 2.51 * 107 increments. The parameter values are a = 1.5,
B =125 XA=10,~v=1/100 and A = 1/251. The plot also includes the exact Poissonian pdf (which is
misspecified for this model) with A = 1 for comparison.
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E Preliminaries on Eigenvector Centrality

In the nomenclature of graphs and networks, the mutual excitation matrix 3 is a “weighted
adjacency matrix of a directed graph with self-loops”. To understand this, we first recall
the definition of an adjacency matrix associated with a directed graph. The adjacency
matrix A of the directed graph (V, E), with V a set of vertices (or nodes) and E C V x V
a set of directed edges, where the directed edge (v;,v;) goes from node v; to node vj, is
the square matrix that satisfies A;; = 1 if (vj,v;) € E and 0 otherwise. Note the indexing
convention: A;; refers to (v;,v;). If multiple edges between nodes are allowed, one speaks
of multigraphs; in this case, A;; equals the number of directed edges between node v; and
v;. Undirected graphs occur if A;; = Aj;, @ = 1,..., m, with m the number of nodes, that
is, if A is symmetric. A node v; has a self-loop if there is a directed edge (v;,v;). When
edge weights are introduced, associating weights, assumed to be non-negative throughout,
to directed edges, one speaks of weighted graphs. If the weights are positive integers, then
they can be mapped onto multigraphs (Newman|2004). The representing adjacency matrix
has entries equal to the edge weights. See e.g., Brouwer & Haemers| (2011)) for further
details. Hence, in our Hawkes jump model, the matrix consisting of the cross-excitation
parameters [3; ; can be seen as a weighted adjacency matrix, for a directed graph with
self-loops, so that 3; ; = Aj;.

An important measure of “centrality” is that of eigenvector centrality (Bonacich/ 1972
and Bonacich||1987). It identifies the “most influential” node in a graph by summing a
node’s connections to other nodes, weighing by their centralities. For an unweighted and
undirected graph, the eigenvector centrality is given by the eigenvector x, associated with

the dominant (leading or principal) eigenvalue £y, of the adjacency matrix, solving
CUnaxX = AX.

Existence and uniqueness is guaranteed by the Perron-Frobenius Theorem discussed later.
Of course, this notion of centrality is related to the spectral decomposition of A. The
appropriate generalization of this centrality notion to weighted graphs is still the dominant
eigenvector of the adjacency matrix with edge weights as entries (Newman|2004). The
change from integer to non-integer entries, i.e., from multigraphs to weighted graphs, can
be achieved by a change of the unit of flow. Furthermore, the natural generalization of this
centrality notion to directed graphs is the leading eigenvector of the “forward operator”

A’ (Canright & Engg-Monsen [2007)), i.e., the eigenvector x, associated with the leading
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eigenvalue £, of A’ solving

lmaxX = A'x.

It is a measure of “out-centrality”. The leading eigenvector of the “backward operator” A
provides a measure of “in-centrality”.

Finally, one may divide each non-zero column of A by the column sum of its elements
yielding the standardized adjacency matrix Ay with principal eigenvalue equal to unity.
The associated principal eigenvector is related to Google’s “Pagerank” centrality measure.
Specifically, Pagerank is given by the principal eigenvector x solving

1—d

x = ——1 4+ dApx,
m

with 0 < d < 1 a damping factor and 1 a column vector of length m containing ones. That
is, apart from dampening, Pagerank is the principal (right) eigenvector of the standardized
adjacency matrix (Canright & Engg-Monsen 2007). Pagerank centralities automatically
sum to unity.

Formally, by the Perron-Frobenius Theorem, for a square matrix A with non-negative
entries, if for any 4, j there exists a k(i, j) such that (A¥);; > 0 so that A is irreducible, then
A has a unique principal positive real eigenvalue £,,,, such that for all other eigenvalues ¢
of A we have |¢| < {,.x. Furthermore, the eigenvector x associated with £y,., can be taken
to satisfy x > 0 (i.e., all entries of x are positive). See e.g., Brouwer & Haemers| (2011)) for
details.

Against the previous backdrop, we finally point out four differences between the square
matrix B and the more familiar matrix of linear (Pearson’s) correlations coefficients i.e., a
square symmetric matrix that is positive semi-definite with entries taking absolute values in
the unit interval, fully characterizing the dependence structure in a multivariate Gaussian
model. (i) Asymmetry vs. Symmetry: First, the matrix 3 is allowed to be asymmetric,
contrary to a linear correlation matrix. In fact, the asymmetry in mutual excitation is
a key feature we seek to capture. (ii) Non-standardized and non-negative vs. Standard-
ized and real: Second, the entries of the matrix B are arbitrary non-negative numbers
(though we will assume that stationarity of the process is maintained), not standardized
to the unit interval. In this respect the matrix 3 is perhaps somewhat more similar to
a variance-covariance matrix than to a matrix of linear correlation coefficients: both the
variance-covariance matrix and the linear correlation matrix are symmetric, but the former
is non-standardized. We note, however, that covariances and correlations can be negative,

while the f3;;’s are restricted to be non-negative (i.e., we restrict to mutual excitation,
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and do not allow for mutual dampening). (iii) Marginals and Dependence Structure vs.
Dependence Structure: Third, note that the f; j-parameters do not just dictate the de-
pendence structure but that also the marginal distributions in our model already depend
upon the f3; ;-parameters, thus impacting the tails of the marginal loss distributions, unlike
in the Gaussian model in which the dependence structure, as characterized by the matrix
of linear correlation coefficients, is separated from the marginal parameters given by the
means and variances. We note, however, that outside the Gaussian model, this separation
does no longer hold in the sense that outside the Gaussian model linear correlation coeffi-
cients generally depend upon the marginal distributions. (iv) Cross-Sectional and Serial vs.
Cross-Sectional Correlation: Finally, the mutually exciting model induces contemporane-
ous as well as serial cross-correlations. The latter are absent in the multivariate Brownian

model, where all correlation is instantaneous.
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