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Abstract

We introduce a generalized version of Orlicz premia, based on possibly
non-convex loss functions. We show that this generalized definition covers
a variety of relevant examples, such as the geometric mean and the expec-
tiles, while at the same time retaining a number of relevant properties. We
establish that cash-additivity leads to Lp-quantiles, extending a classical
result on ‘collapse to the mean’ for convex Orlicz premia.

We then focus on the geometrically convex case, discussing the dual
representation of generalized Orlicz premia and comparing it with a mul-
tiplicative form of the standard dual representation for the convex case.
Finally, we show that generalized Orlicz premia arise naturally as the only
elicitable, positively homogeneous, monotone and normalized functionals.
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1 Introduction

Orlicz premia were introduced in the actuarial literature by Haezendonck and
Goovaerts in [28], the very first issue of Insurance: Mathematics and Economics.
They constitute a class of extensively studied premium principles, defined by

HΦpXq :“ inftk ą 0|E rΦpX{kqs ď 1u,

where the loss (or Young) function Φ: r0,`8q Ñ r0,`8s is convex and satisfies
Φp0q “ 0 and Φp1q “ 1. The standard actuarial interpretation is that HΦ is
a multiplicative version of the zero (or equivalent) utility premium principle
that is positively homogeneous by construction and whose convexity is implied
by the convexity of Φ. From a mathematical point of view, Orlicz premia are
very attractive because the corresponding Orlicz (or Luxemburg) norms are
a generalization of Lp-norms with a rich and well-understood duality theory.
Furthermore, Orlicz premia are the basis for the definition of the Haezendonck-
Goovaerts risk measures, introduced in [27] by a construction that resembles the
notion of optimized certainty equivalent introduced by Ben-Tal and Teboulle
in [11, 12] and that gives rise to a family of coherent risk measures whose
properties have been widely studied. We refer to [6, 7, 13, 16, 17, 34, 9, 10] and
the references therein for main results on Orlicz premia, applications of Orlicz
spaces to risk measures and premium principles, and for Haezendonck-Goovaerts
risk measures.

Our first step is to notice that a more general definition of Orlicz premia
in which the requirement that the Young function Φ is convex and positive-
valued is removed allows for the inclusion of many relevant examples, such as
the geometric mean (or equivalently the logarithmic certainty equivalent) and
the general family of generalized quantiles as in [8], of which the usual quantiles,
expectiles and the Lp-quantiles introduced in [15] are prominent examples.

We show in Proposition 8 that the basic properties of Orlicz premia still
hold in the generalized case, with the exception of convexity that essentially
holds if and only if Φ is convex. Furthermore, we show in Theorem 9 that
adding cash-additivity implies that the resulting Orlicz premia are necessarily
Lp-quantiles, or expectiles if also convexity or concavity is assumed. This gives a
novel point of view on expectiles as the only convex Orlicz premia that are also
cash-additive, complementing Proposition 6 in [8] in which they are described
as the only convex generalized quantiles that are positively homogeneous. Re-
markably, Theorem 9 extends the classical result about ‘collapse to the mean’ of
cash-additive, convex Orlicz premia (see [28, 26]) that is obtained under more
restrictive assumptions on the Young function Φ to a more general ‘collapse to
expectiles’.

Removing the requirement of convexity of the Young function Φ allows for
the consideration of the more general notion of geometric convexity, whose role
in the axiomatic theory of risk measures parallels the one of the usual (arith-
metic) convexity, in particular with respect to the class of the so-called return
risk measures.1

1Recently, [9] introduced the class of return risk measures, consisting of normalized, mono-
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In Proposition 14 we show that Orlicz premia are geometrically convex if and
only if the Orlicz function Φ satisfies a suitable generalized convexity condition.

In Section 4 we present in Theorems 18, 21 and 24 a comparison of dual
representations for convex and geometrically convex risk measures. Interest-
ingly, in the geometrically convex case the dual representation takes the form
of a multiplicatively penalized supremum of geometric means, to be compared
with the multiplicatively penalized supremum of arithmetic means in the convex
case. This result can be seen as a special case of a general duality theory for
geometrically convex functions introduced in [3] that goes beyond the positively
homogeneous case of return risk measures. The special case of Orlicz premia is
then studied in Proposition 19 and Corollary 22.

Finally, in Section 5 we provide an alternative to the axiomatization of Orlicz
premia given in Theorem 2 of [9] as the only law-invariant return risk measures
whose level sets are convex with respect to mixtures, i.e., satisfying the so-
called CxLS property. This is relevant because the CxLS property is a necessary
condition for elicitability, as has been extensively discussed in the literature
(see, e.g., [39, 25, 5, 19, 45, 21]). The main results given here in Theorem 28 and
Corollary 29 under the assumption of either geometric convexity or convexity
allow for the removal of a few technical hypotheses in [9].

The paper is organized as follows. In Section 2 we introduce generalized Or-
licz premia and discuss their properties. In Section 3 we focus on the geometri-
cally convex case. In Section 4 we discuss and compare dual representations in
the convex and geometrically convex cases. In Section 5 we provide the axiom-
atization of convex and geometrically convex Orlicz premia based on the CxLS
property. Section 6 concludes. All proofs are in the Appendix.

2 A generalization of Orlicz premia

The natural domain of Orlicz premia, for random variables X : Ω Ñ R repre-
senting losses on a probability space pΩ,F , P q, is the Orlicz space

LΦ :“ tX P L0pΩ,Fq | ErΦpX{kq ď 1s for some k ą 0u. (1)

An important role in this definition is played by the convexity of the Young
function Φ that implies that HΦ is indeed a norm and LΦ a Banach space.

Our starting point is to notice that the definition of Orlicz premia can be
extended by allowing also for non-convex and non-positive-valued Young func-
tions. From a mathematical point of view, the possibility of such an extension
is mentioned in Chapter 10 of [40], leading to the notion of generalized Orlicz

tone and positively homogeneous functionals. Return risk measures provide relative (or ge-
ometric) assessments of risk, evaluating how much additional riskless log-return makes a fi-
nancial position acceptable—whence their name. They constitute the relative counterparts
of the class of monetary risk measures ([22, 18]), reminiscent of how relative risk aversion
relates to absolute risk aversion. Their dynamic extensions have been studied in [10]; return
risk measures that allow for probability distortion were recently analyzed in [44]; star-shaped
generalizations were recently studied in [29, 30, 31, 32]; applications of return risk measures
to capital allocation can be found in [35] and [14]; see also [4].
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spaces, of which the Lp-spaces with 0 ă p ă 1 are the simplest case. Interest-
ingly, the generalized definition retains a number of remarkable properties and
allows the inclusion within the enlarged family of generalized Orlicz premia of
the following important examples.

Example 1 (Geometric mean) Let Φpxq “ 1 ` logpxq. Then,

HΦpXq “ inf tk ą 0 | E r1 ` log pX{kqs ď 1u “ exp pE rlogXsq ,

which is the geometric mean of X. Here Φ is concave and Φp0q “ ´8.

Example 2 (Lp-norm with 0 ă p ă 1) Let Φpxq “ xp, with 0 ă p ă 1.
Then, HΦpXq “ }X}p. Here Φ is concave with Φp0q “ 0 and Φp1q “ 1.

Example 3 (Quantiles) Let 0 ă α ď 1 and

Φαpxq “

#

α if 0 ď x ď 1,

1 ` α if x ą 1.

Then,

HΦα
pXq “ inf tk ą 0 | E rΦα pX{kqs ď 1u

“ inf tk ą 0 | αP pX ď kq ` p1 ` αqp1 ´ P pX ď kq ď 1u

“ inf tk ą 0 | P pX ď kq ě αu ,

which is the left α-quantile of X. Notice that if α “ 1 then HΦα
pXq “

ess suppXq. Here Φα is neither convex nor concave and satisfies Φαp0q ą 0
and Φαp1q ă 1.

Example 4 (Expectiles) Let 0 ă α ă 1 and Φαpxq “ 1 ` αpx ´ 1q` ´ p1 ´

αqpx ´ 1q´. Then,

HΦαpXq “ inf tk ą 0 | E rΦα pX{kqs ď 1u

“ inf tk ą 0 | 1 ` αE rpX{k ´ 1q` ´ p1 ´ αqpX{k ´ 1q´s ď 1u

“ inf tk ą 0 | αE rpX ´ kq`s ď p1 ´ αqErpX ´ kq´su

“ eαpXq,

which is the α-expectile of X introduced in [36]. Here Φαp0q ą 0 and Φα is
convex if 1{2 ď α ă 1 and concave if 0 ă α ď 1{2.

Example 5 (Lp-quantiles) Let 0 ă α ă 1, p ą 0 and Φα,ppxq “ 1 ` αpx ´

1q
p
` ´ p1 ´ αqpx ´ 1q

p
´. Then, as before,

HΦα
pXq “ inf tk ą 0 | E rΦα,p pX{kqs ď 1u

“ inf
␣

k ą 0 | αE
“

pX ´ kq
p
`

‰

ď p1 ´ αqErpX ´ kq
p
´s
(

,

which is an Lp`1-quantile as defined in [15].
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These examples illustrate that removing the convexity and the normalization
assumptions on Φ produces several relevant examples that have a number of rel-
evant properties. We refer to these possibly non-convex Φ as Orlicz functions in
the definition below in order to distinguish them from classical Young functions.

Definition 6 An Orlicz function Φ: r0,`8q Ñ R Y t˘8u satisfies:

a) Φpxq ą ´8 if x ą 0, Φpxq ď 1 if x ď 1, Φpxq ą 1 if x ą 1

b) Φ is nondecreasing

c) Φ is left-continuous.

If Φ is not convex, the set LΦ introduced in (1) is not necessarily a vector space
anymore, so we will consider L8

` :“ tX P L8 | X ě 0 P -a.s.u as domain.

Definition 7 For X P L8
` , the Orlicz premium is defined by

HΦpXq “ inftk ą 0 | E rΦpX{kqs ď 1u.

If P pX “ 0q ą 0 and Φp0q “ ´8, we set by definition HΦpXq “ 0.

The properties required to the Orlicz function Φ in Definition 6 are necessary
to preserve the fundamental properties of Orlicz premia, with the exception of
convexity. Henceforth, equalities and inequalities between random variables are
meant to hold P -a.s. without further mentioning.

Proposition 8 Let Φ and HΦpXq be as in Definitions 6 and 7. Then:

a) HΦ is monotone (i.e., X ď Y ñ HΦpXq ď HΦpY q), positively homogeneous
(i.e., HΦpλXq “ λHΦpXq, @λ ě 0) and satisfies HΦp1q “ 1

b) If u :“ suptx | Φpxq ă `8u, then ess supX
u ď HΦpXq ď ess supX

c) If HΦpXq ą 0, then HΦpXq “ mintk ą 0|ErΦpX{kqs ď 1u

d) It holds that HΦpXq ď 1 ðñ ErΦpXqs ď 1

e) If Φ is finite, strictly increasing and continuous, then HΦ is the unique so-
lution of the equation E rΦ pX{HΦqs “ 1

f) If Φ is convex, then HΦ is convex (i.e., HΦpαX ` p1 ´ αqY q ď αHΦpXq `

p1 ´ αqHΦpY q, @α P p0, 1q) )

g) If there exists u1 ă 1 with Φpu1q ă 1 and u2 ą 1 with Φpu2q ă `8, then HΦ

is convex only if Φ is convex

h) HΦ is law-invariant in the sense that X
d
“ Y ñ HΦpXq “ HΦpY q.

If the Orlicz function Φ does not satisfy left-continuity, then properties c) and
d) in Proposition 8 may not hold. Notice also that HΦpXq “ 1 does not imply
ErΦpXqs “ 1. A classical result about convex Orlicz premia is that they are cash-

additive (i.e., HΦpX ` hq “ HΦpXq ` h, @h P R) if and only if they collapse to
the mean, as has been proved in [28, 26] under the additional assumption that
the Young function Φ is differentiable. Remarkably, enlarging the class of loss
functions as in Definition 6 enlarges the class of cash-additive Orlicz premia as
established in the following.
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Theorem 9 Let Φ and HΦpXq be as in Definitions 6 and 7 with Φ finite,
continuous and strictly increasing. Then:

a) If HΦ is cash-additive, then there exist a ą 0, b ą 0 and p ě 0 such that

Φpxq “ 1 ` apx ´ 1q
p
` ´ bpx ´ 1q

p
´.

b) If HΦ is cash-additive and convex (resp. concave), then

Φpxq “ 1 ` apx ´ 1q` ´ bpx ´ 1q´,

with a ě b (resp. b ď a).

In both cases, letting α “ a{pa ` bq leads to Examples 3, 4 and 5, so we can
conclude that a cash-additive generalized Orlicz premium is an Lp-quantile that
is necessarily an expectile if additionally convexity or concavity holds.

Example 10 (Lp,q-quantiles) An interesting generalization of Example 5 is
given by the family of Orlicz functions

Φpxq “ 1 ` apx ´ 1q
p
` ´ bpx ´ 1q

q
´,

with a, b ě 0 and p, q ě 1. As a consequence of Theorem 9, cash additivity holds
if and only if p “ q, as can be verified directly. Here, Φ is convex if and only if
a ě b and p “ q “ 1. Note that the Lp,q-quantile is cash-subadditive if p ě q and
cash-superadditive if p ď q. Suppose that HΦpXq “ k, then e) in Proposition 8
implies that

aE
„ˆ

X ´ k

k

˙p

`

ȷ

“ bE
„ˆ

X ´ k

k

˙q

´

ȷ

.

For any m ě 0, assuming p ě q we have
`

m`k
k

˘p´q
ě 1, which gives

aE
„ˆ

X ´ k

k

˙p

`

ȷ

ď bE
„ˆ

X ´ k

k

˙q

´

ȷˆ

m ` k

k

˙p´q

ñ aE
„ˆ

X ´ k

m ` k

˙p

`

ȷ

ď bE
„ˆ

X ´ k

m ` k

˙q

´

ȷ

ñ aE

«˜

X ` m ´ k̃

k̃

¸p

`

ff

ď bE

«˜

X ` m ´ k̃

k̃

¸q

´

ff

,

where k̃ “ k ` m. By the definition of Orlicz premia, we have

HΦpX ` mq ď k̃ “ HΦpXq ` m.

The case p ď q follows by a similar argument.

6



3 Geometric convexity

Having relaxed the assumption of convexity on Φ and HΦ allows us to study
other, more general forms of convexity. We start by recalling the definitions of ge-
ometric convexity (called GG-convexity in the sequel) and geometric-arithmetic
convexity (called GA-convexity) for functions of a single variable.

Definition 11 A function f : r0,`8q Ñ r0,`8s is GG-convex if for each x, y P

r0,`8q and λ P p0, 1q it holds that

fpxλy1´λq ď fλpxqf1´λpyq,

where we set 0 ¨ `8 “ `8 by definition.
A function f : r0,`8q Ñ r´8,`8s is called GA-convex if for each x, y P

r0,`8q and λ P p0, 1q it holds that

fpxλy1´λq ď λfpxq ` p1 ´ λqfpyq,

where we set ´8 ` 8 “ `8 by definition.

GG and GA-convexity are types of algebraic convexity owing their name to the
presence of both the Geometric and the Arithmetic means in their definitions.
We refer to e.g., [37, 38] for further properties of these functions. As for the
case of the usual convexity, the definitions of GG-convexity and GA-convexity
for functionals such as premium principles and risk measures are similar. More
specifically, in the following we consider premium principles or risk measures
defined on L8pΩ,F , P q or on its subsets L8

` and L8
`` :“ tX P L8

` | X ě c ą

0 P -a.s.u, where pΩ,F , P q is a fixed nonatomic probability space.

Definition 12 A functional ρ : L8
` Ñ r0,8s is GG-convex if for each X,Y P

L8
` and λ P p0, 1q

ρpXλY 1´λq ď ρλpXqρ1´λpY q,

where we set 0 ¨ p`8q “ `8 by definition. A functional ρ : L8
` Ñ r´8,`8s is

GA-convex if for each X,Y P L8
` and λ P p0, 1q

ρpXλY 1´λq ď λρpXq ` p1 ´ λqρpY q,

where we set 8 ´ 8 “ `8 by definition.

In the next proposition, we recall some elementary implications among the var-
ious forms of convexity that essentially follow from the AM-GM inequality. We
refer to [3] for further discussions on this topic.

Proposition 13 Let f and ρ be as in Definitions 11 and 12. Then:

a) f is GG-convex if and only if log fpexq is convex

b) f is GA-convex if and only if fpexq is convex
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c) If f is GG-convex then it is GA-convex

d) If f is nondecreasing and convex then it is GA-convex

e) If ρ is monotone, positively homogeneous and convex then it is GG-convex.

From Proposition 8 items f) and g) we know that the convexity of Φ is equiv-
alent to the convexity of HΦ, under very general assumptions on Φ. The next
proposition shows that a similar characterization applies to GG-convexity.

Proposition 14 Let Φ and HΦpXq be as in Definitions 6 and 7. If Φ is GA-
convex, then HΦ is GG-convex. Conversely, if there exist u1 ă 1 with Φpu1q ă 1
and u2 ą 1 with Φpu2q ă `8, then HΦ is GG-convex only if Φ is GA-convex.

So, under general assumptions on Φ, the GG-convexity of HΦ corresponds to the
GA-convexity of Φ. This is consistent with items e) and d) in Proposition 13,
which imply that the class of geometrically convex Orlicz premia is strictly
larger than the class of Orlicz premia, and that the corresponding class of non-
decreasing and GA-convex Orlicz functions is strictly larger than the class of
nondecreasing and convex Orlicz functions, respectively. Reconsidering the ex-
amples at the beginning of Section 2, it is not difficult to verify that the Orlicz
function Φ is GA-convex in Examples 1, 2, and in Example 10 in the case a ě b
and p “ q “ 1 that corresponds to convex expectiles, while it does not satisfy the
GA-convexity property in all the other cases. As a corollary of Proposition 14,
we obtain the following stronger formulation of item b) in Theorem 9.

Corollary 15 Let Φ and HΦpXq be as in Definitions 6 and 7 with Φ finite, con-
tinuous and strictly increasing. If HΦ is cash-additive and geometrically convex
(resp. concave), then Φpxq “ 1`apx´1q` ´ bpx´1q´, with a ě b (resp. b ď a).

Convex expectiles are thus the only geometrically convex and cash-additive Or-
licz premia. That is, in the presence of cash-additivity, the distinction between
geometric convexity and the usual convexity for Orlicz premia is non-existent,
but when relaxing cash-additivity, the class of geometrically convex Orlicz pre-
mia is strictly larger than that of convex Orlicz premia. Another interesting
example representative of a large class of GG-convex functionals is the follow-
ing.

Example 16 (Geometric expectiles) Let Φpxq “ 1 ` aplog xq` ´ bplog xq´,
with a, b ě 0. Then,

HΦpXq “ inftk ą 0 | EraplogX ´ log kq` ´ bplogX ´ log kq´s ď 0u

“ expppinftu P R | EraplogX ´ uq` ´ bplogX ´ uq´s ď 0uq

“ exp peαplogXqq ,

where α “ a{pa ` bq, which we call the geometric α-expectile. From Propo-
sition 13 items b) and a) it is immediate to verify that if a ě b then Φ is
GA-convex and HΦ is GG-convex, as in the thesis of Proposition 14.
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4 Dual representations

In this section, we study duality formulas for convex and geometrically convex
Orlicz premia, and we discuss some issues in the construction of Haezendonck-
Goovaerts risk measures in the non-convex case. We first recall from [9] the
notion of a return risk measure, and prove two general results about the dual
representation of convex and geometrically convex return risk measures.

Definition 17 A return risk measure ρ : L8
` Ñ r0,`8q is a positively homo-

geneous and monotone risk measure satisfying ρp1q “ 1. Its multiplicative ac-
ceptance set is Bρ “ tX P L8

` | ρpXq ď 1u. Furthermore, ρ satisfies the Fatou

property if Xn
P
Ñ X, }Xn}8 ď k ùñ ρpXq ď lim infnÑ`8 ρpXnq, and the

Lebesgue property if Xn
P
Ñ X, }Xn}8 ď k ùñ ρpXnq Ñ ρpXq.

If P,Q are probability measures on pΩ,Fq, we say that Q is absolutely contin-
uous with respect to P and we write Q ! P if, @A P F , P pAq “ 0 ñ QpAq “ 0.
In the following, we denote by P the set of probability measures on pΩ,Fq

that are absolutely continuous with respect to the reference measure P , with
φQ “ dQ{dP the Radon-Nikodym derivative of Q with respect to P and with
qXpαq any version of the quantile function of the real random variable X.

Theorem 18 Let ρ : L8
` Ñ r0,`8q be a convex return risk measure satisfying

the Fatou property. Then,

ρpXq “ sup
QPP

tβpQqEQrXsu, (2)

where β : P Ñ r0, 1s is given by

βpQq “

”

sup
XPBρ

EQrXs

ı´1

, (3)

where Bρ is the multiplicative acceptance set of ρ introduced in Definition 17.
If ρ satisfies the Lebesgue property, then the supremum in (2) is attained. Fur-
thermore, if ρ is law-invariant then

ρpXq “ sup
QPP

"

βpQq

ż 1

0

qXptqqφQ
ptqdt

*

,

where

βpQq “

«

sup
XPBρ

ż 1

0

qXptqqφQ
ptqdt

ff´1

.

The interpretation is straightforward: any convex return risk measure satisfying
the Fatou property can be represented as a multiplicatively weighted supre-
mum of expectations with respect to different probabilistic models Q P P.
The ‘discount factor’ βp¨q can be interpreted as an index of model plausi-
bility under ambiguity. This representation is a multiplicative version of the
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classical one for cash-additive convex risk measures in [24, 23]. In the specific
case of convex Orlicz premia, the duality formula admits a more explicit rep-
resentation involving the convex conjugate of the Orlicz function Φ, defined by
Ψpyq :“ supxě0txy ´ Φpxqu.

Proposition 19 Let Φ and HΦ be as in Definition 6, with Φ convex. Then, (2)
holds with

βpQq “

ˆ

inf
λą0

1

λ
E
„

1 ` Ψ

ˆ

λ
dQ

dP

˙ȷ˙´1

, (4)

where Ψ is the convex conjugate of Φ defined above.

This result appears to have a nice interpretation in terms of Orlicz space theory.
From Theorem 13 on p. 69 of [40], recalling that φQ “ dQ{dP , it follows that

βpQq “ p}φQ}Ψq
´1

,

where }X}Ψ :“ suptErXY s | HΦpY q ď 1u is the so-called Orlicz norm.
In Proposition 13, item e), we showed that a convex return risk measure is

also geometrically convex, so we move now to the derivation of an alternative
and more general dual representation for the geometrically convex case. To this
aim, the Fatou and Lebesgue properties have to be slightly modified as follows.

Definition 20 We say that ρ satisfies the lower-bounded Fatou property if

Xn
P
Ñ X, }Xn}8 ď k,Xn ě c ą 0 ùñ ρpXq ď lim inf

nÑ`8
ρpXnq,

and the lower-bounded Lebesgue property if

Xn
P
Ñ X, }Xn}8 ď k,Xn ě c ą 0 ùñ ρpXnq Ñ ρpXq.

Theorem 21 Let ρ : L8
`` Ñ p0,`8q be a geometrically convex return risk mea-

sure satisfying the lower-bounded Fatou property. Then,

ρpXq “ sup
QPP

tαpQq exp pEQrlogXsqu, (5)

where α : P Ñ r0, 1s is given by

αpQq “

«

sup
XPBρ

exppEQrlogXsq

ff´1

, (6)

with Bρ the multiplicative acceptance set of ρ. If ρ satisfies the lower-bounded
Lebesgue property, then the supremum in (5) is attained. Furthermore, if ρ is
law-invariant, then

ρpXq “ sup
QPP

"

exp

ˆ

αpQq

ż 1

0

qlogXptqqφQ
ptqdt

˙*

,

where

αpQq “

«

sup
XPBρ

exp

ˆ
ż 1

0

qlogXptqqφQ
ptqdt

˙

ff´1

.
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In comparison with (2), the basic building block of (5) is the geometric mean.
This theorem shows that any geometrically convex return risk measure can
be expressed as the supremum of multiplicatively weighted geometric means,
computed with respect to different probability measures Q P P. The analogy
with (2) in Proposition 18 is evident: here the geometric mean replaces the usual
(artihmetic) expectation. Incidentally, we mention that in the related paper
[3] we show that dual representations similar to (5) and (6) hold for general
geometrically convex functions, also without the monotonicity and the positive
homogeneity assumptions, and are instances of a generally defined geometrically
convex transform whose properties parallel those of the Fenchel transform. In
the specific case of geometrically convex Orlicz premia, from Proposition 8, item
d), we immediately get the following.

Corollary 22 Let Φ and HΦ be as in Definitions 6 and 7, with Φ GA-convex.
Then, equation (5) holds with

αpQq “

«

sup
ErΦpXqsď1

exppErlogXsq

ff´1

.

From Proposition 13, item e), it follows that the dual representation given in
Theorem 21 is a generalization of the one given in Proposition 18. Interestingly,
it is possible to establish an explicit link between the multiplicative penalties
αpQq in equation (5) of Theorem 21 and βpQq in equation (2) of Theorem 18.
Recall the definition of relative entropy or Kullback-Leibler divergence.

Definition 23 If R,Q are probability measures on pΩ, P q, then the relative
entropy of R with respect to Q is given by

HpR,Qq :“

#

EQ

”

dR
dQ log dR

dQ

ı

if R ! Q

`8 otherwise.

Proposition 24 Let ρ : L8
`` Ñ p0,`8q be a convex return risk measure with

a dual representation given as in (2). Then, ρ admits a dual representation as
in (5) with

αpRq “ sup
Q!P

"

βpQq

exppHpR,Qqq

*

.

We end the section by recalling the definition of the Haezendonck-Goovaerts
(HG) risk measure given in [27] (see also [6, 9, 10] and the references therein),
i.e.,

ρHGpXq “ inf
xPR

␣

x ` HΦ

`

pX ´ xq`

˘(

. (7)

The idea of this construction goes back to the notion of optimized certainty
equivalent introduced in [11] and [12] and is, in fact, applicable to any return
risk measure, also beyond the case of generalized Orlicz premia, thus yielding

11



‘optimized return (OR) risk measures’. From the definition, it follows immedi-
ately that ρHG is cash-additive, and inherits from HΦ the properties of mono-
tonicity, positive homogeneity and convexity, so, when Φ is convex, ρHG is a
coherent risk measure. Its dual set has been derived in Proposition 4 of [7] in
terms of the Orlicz norm, and its dual representation can be simply written with
the notations of Proposition 18 by

ρHGpXq “ sup
QPQ

EQrXs,

where Q :“ tQ P P | β̃pQq “ 1u. Indeed, as has been observed in [7], the HG
risk measure can be seen as the inf-convolution of HΦ with the functional

gpXq :“

#

x if X “ x

`8 otherwise,

whose effect on the dual representation is simply to select probability measures
among possibly non-normalized measures, which corresponds to selecting only
those Q such that βpQq “ 1 in Proposition 19. Finally, having discussed the
relaxation of convexity to GG-convexity, a natural question is whether also GG-
convexity is inherited by the HG risk measure introduced defined by means of
(7). Interestingly, this is not the case, as the following example shows.

Example 25 Let X be a random variable such that logX P L1pΩ,F , P q and
let

ρpXq “

#

exppErlogXsq if P pX “ 0q “ 0

0 if P pX “ 0q ą 0
.

Then, ρ is geometrically convex and from equation (7)

ρHGpXq “ inf
xPR

tx ` exp pErlogpX ´ xq`squ “ inf
xPR

gpxq,

where gpxq :“ x ` exp pErlogpX ´ xq`sq. Letting X “ 1
2 ¨ 1A ` 2 ¨ 1Ac with

P pAq “ 1{2, it follows that

gpxq “

#

x if x ě 1{2

x `
a

x2 ´ 5{2x ` 1 if x ă 1{2,

and it is not difficult to verify that ρHGpXq “ 1{2. Setting Y “ 1{X, it follows

that X
d
“ Y so also ρHGpY q “ 1{2. Since XY “ 1, we have

1 “ ρHGpX1{2Y 1{2q ą rρHGpXqs1{2 ¨ rρHGpY qs1{2 “ 1{2,

which shows that ρHG is not geometrically convex.

12



5 Elicitability and the CxLS property

As is well-known, law-invariant functionals such as generalized Orlicz premia can
be seen as functionals defined on sets of distribution functions. An important
property that these functionals can have, is the convexity of their level sets with
respect to mixtures, referred to for short in the literature as the CxLS property.

Definition 26 Let M be a convex set of distribution functions of probability
measures on R. A functional ρ : M Ñ R has the CxLS property if

ρpF q “ ρpGq “ γ ñ ρpλF ` p1 ´ λqGq “ γ,

for each γ P R, F,G P M and λ P p0, 1q.

The CxLS property is a necessary condition for the elicitability of a functional,
which can be informally defined as the property of being the minimizer of a
suitable expected loss function. The relevance of this notion has been thoroughly
discussed in the financial and statistical literature; we refer to e.g., [25, 5, 45, 42].

A stream of literature has studied elicitable coherent or convex risk measures,
by characterizing coherent or convex risk measures satisfying the CxLS property;
see, e.g., [43, 5, 45, 19]. Most of the attention has been given to the cash-additive
case, with the exception of [9], in which the case of return risk measures has been
considered, leading in Theorem 2 of [9] to an axiomatization of Orlicz premia
based on the CxLS property. In Theorem 28 below, we present a variant of
this result that under the additional assumption of geometric convexity allows
for the removal of some technical assumptions of [9]; the proof is based on a
corresponding result in the additive case in [19]. First, we verify in the following
lemma that generalized Orlicz premia indeed satisfy the CxLS property.

Lemma 27 Let Φ and HΦ be as in Definitions 6 and 7. Assume that HΦpXq “

HΦpY q “ γ P r0,`8q, with X „ F and Y „ G. Then, for each λ P p0, 1q,

Z „ λF ` p1 ´ λqG ñ HΦpZq “ γ.

As anticipated, the next theorem shows that any law-invariant and geometrically
convex return risk measure with the CxLS property is necessarily a geometrically
convex Orlicz premium. This result can be seen as a multiplicative version of
Theorem 3.10 of [19], where, remarkably, also unbounded Orlicz functions are
possible. In order to exploit the one-to-one correspondence between convex
shortfall risk measures and geometrically convex return risk measures outlined
in [9], we suitably restrict the domain to L8

``.

Theorem 28 Let ρ : L8
`` Ñ p0,`8q be a law-invariant geometrically convex

return risk measure with CxLS. Then, there exists a GA-convex Orlicz function
Φ: p0,`8q Ñ R Y t`8u such that ρpXq “ HΦpXq.

Since from Proposition 13, item e), it follows that a convex return risk measure
is also geometrically convex, we can derive as a corollary the following similar
axiomatization in the convex case.

13



Corollary 29 Let ρ : L8
`` Ñ p0,`8q be a law-invariant convex return risk

measure with CxLS. Then, there exists a convex Orlicz function Φ: p0,`8q Ñ

R Y t`8u such that ρpXq “ HΦpXq.

Recalling that the CxLS property is a necessary condition for elicitability, we
thus find that generalized Orlicz premia naturally arise as the only elicitable
geometrically convex or convex return risk measures. The study of families of
loss functions consistent with Orlicz premia and their actuarial and financial
applications is being pursued in a separate paper.

6 Concluding remarks

Our analysis has shown that possibly non-convex Orlicz premia constitute a
viable and promising generalization of convex Orlicz premia. Our extended def-
inition allows for a connection with various functionals, such as expectiles and
other generalized quantiles, that appears to have not yet been recognized in the
literature. We have established that cash-additive generalized Orlicz premia do
not collapse to the mean, contrary to conventional wisdom, but instead give rise
to Lp-quantiles.

Furthermore, relaxing convexity naturally leads to the broader concept of
geometric convexity, which may be more appropriate for multiplicative quanti-
ties such as simple returns, as suggested in the referenced literature on return
risk measures. As we have seen, geometric convexity exhibits an elegant duality
theory, with the geometric mean as its fundamental building block. We be-
lieve this structure offers a beautiful parallel to the duality theory for the usual
(arithmetic) convexity.

Finally, we have shown that generalized Orlicz premia naturally emerge as
the broadest class of elicitable, positively homogeneous and monotonic premium
principles. As such, they provide the natural framework for applying loss-based
statistical methods to actuarial premium calculation. We believe that the gen-
eralized definition of Orlicz premia introduced in this paper should be adopted
as the new canonical and standard one.

A Proofs

Proof of Proposition 8. (a) From the assumptions on Φ, the set IX :“
tk ą 0 | ErΦpX{kqs ď 1u is a nonempty unbounded interval and ess supX P

IX . Monotonicity of HΦ follows from the monotonicity of Φ and the proof of
positive homogeneity of HΦ is standard. Since ErΦp1{kqs ď 1 for k ě 1 and
ErΦp1{kqs ą 1 for k ă 1, we have HΦp1q “ 1.
(b) From Definition 6, it follows that X{HΦpXq ď u, which implies u ¨HΦpXq ě

ess supX, yielding the thesis.
(c) Let gpkq :“ E rΦpX{kqs. Let k ě HΦpXq. If kn Ó k, then, from left continuity
of Φ, it follows that ΦpX{knq Ò ΦpX{kq ď Φpess suppXq{kq. There are two cases
now. If Φ does not take the value `8, from the dominated convergence theorem
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it follows that g is right-continuous. If Φpxq takes the value `8 for some finite
x, then from b) it follows that

Φ

ˆ

ess supX

k

˙

ď Φ

ˆ

ess supX

ess supX{u

˙

“ Φpuq ă `8,

so again the right continuity of g follows from the dominated convergence the-
orem. Hence, HΦpXq “ inftk | gpkq ď 1u “ mintk | gpkq ď 1u.
(d) Follows from Definition 6 and (c).
(e) Under these assumptions, the function gpkq “ E rΦpX{kqs introduced in the
proof of (c) is continuous and strictly decreasing, from which the thesis follows.
(f) The proof is standard.
(g) Assume by contradiction that Φ is not midconvex, i.e., there exist x1, x2 P

p0,`8q with Φpx1q ă `8, Φpx2q ă `8 such that

b :“ Φ ppx1 ` x2q{2q ą pΦpx1q ` Φpx2qq{2 :“ a.

We want to prove that there exist z P p0,`8q and c “ Φpzq such that

#

λc ` p1 ´ λqb ą 1

λc ` p1 ´ λqa ď 1
(A.I)

for some λ P p0, 1q, or equivalently that

c P Iλ :“

ˆ

1 ´ bp1 ´ λq

λ
,
1 ´ ap1 ´ λq

λ

ȷ

.

There are three cases. If a ď 1 ă b, then c “ 1 satisfies (A.I) for each λ P p0, 1q.
If a ă b ď 1, then z “ u2 and c “ Φpu2q satisfies (A.I) since any c ą 1 is
contained in some Iλ, while if 1 ď a ă b, then z “ u1 and c “ Φpu1q satisfies
(A.I) since any c ă 1 is contained in some Iλ. As a consequence,

λΦpzq ` p1 ´ λqΦ ppx1 ` x2q{2q ą 1 ě λΦpzq ` p1 ´ λq
Φpx1q ` Φpx2q

2
. (A.II)

Let A,B,C P F be disjoint sets with P pAq “ λ, P pBq “ P pCq “ 1´λ
2 and let

X “ z1A ` x11B ` x21C

Y “ z1A ` x21B ` x11C

Z “ z1A `
x1 ` x2

2
1BYC “

X ` Y

2
.

From (A.II), we have ErΦpZqs ą 1 ñ HΦpZq ą 1 and ErΦpXqs ď 1 ñ HΦpXq ď

1, ErΦpY qs ď 1 ñ HΦpY q ď 1, which contradicts the convexity of HΦ. As a
consequence, Φ is midconvex where it is finite, and since it is also nondecreasing,
it is convex where it is finite.
(h) Follows immediately from the definition.
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Proof of Theorem 9. Let x1 ă 1 and x2 ą 1. From the assumptions on Φ,
there exists p such that pΦpx1q ` p1 ´ pqΦpx2q “ 1, and from Proposition 8 it
follows that HΦpXq “ 1, where X “ x11A`x21Ac with P pAq “ p. From positive
homogeneity and cash-additivity, it follows that HΦpcX ´ c ` 1q “ c ´ c ` 1 “

1 for any c ě 0, so again from Proposition 8 it follows that pΦpcpx1 ´ 1q ` 1q `

p1 ´ pqΦpcpx2 ´ 1q ` 1q “ 1, for any c ě 0.
Let u :“ x1 ´ 1 ă 0 and v :“ x2 ´ 1 ą 0. The previous arguments have shown

that if
pfpuq ` p1 ´ pqgpvq “ 0, (A.III)

then
pfpcuq ` p1 ´ pqgpcvq “ 0, for any c ě 0,

where f and g denote the restrictions of the function hpxq :“ Φpx ` 1q ´ 1 to
the domains p´1, 0q and p0,`8q, respectively. Since from the assumptions on
Φ it follows that for any u P p´1, 0q and v P p0,`8q it is possible to find p such
that (A.III) holds, we find that for each u and v,

fpuq

gpvq
“

fpcuq

gpcvq
, for any c ą 0,

which can be recast into a multiplicative Pexider functional equation (see, e.g.,
[1], Theorem 4 in Section 3.1), whose general solution is

#

fpuq “ ´ap´uqp if u ď 0

gpvq “ bvp if v ě 0,

with a ą 0, b ą 0 and p ě 0 from the assumptions on Φ, from which a) follows.
To prove b), notice that convexity or concavity holds if and only if p “ 1, and
is determined by the inequality between a and b.

Proof of Proposition 13. Items a) and b) follow immediately from the
definitions of GG- and GA-convexity. Items c) and d) follow easily from the
AM-GM inequality. To show e), let X,Y P L8

` and λ P p0, 1q. If ρpXq “ 0
or ρpY q “ 0, the thesis is trivial. By using the AM-GM inequality and the
monotonicity and convexity of ρ, we get

ρ

˜

ˆ

X

ρpXq

˙λˆ
Y

ρpY q

˙1´λ
¸

ď ρ

ˆ

λ
X

ρpXq
` p1 ´ λq

Y

ρpY q

˙

ď λρ

ˆ

X

ρpXq

˙

` p1 ´ λqρ

ˆ

Y

ρpY q

˙

“ 1.

Next, from positive homogeneity it follows that

ρ
`

XλY 1´λ
˘

ď ρpXqλρpY q1´λ,

which completes the proof.
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Proof of Proposition 14. We first prove the ‘if’ part. Let X,Y P L8
` and

λ P p0, 1q. From the GA-convexity of Φ it follows that

E

«

Φ

˜

ˆ

X

HΦpXq

˙λˆ
Y

HΦpY q

˙1´λ
¸ff

ď λE
„

Φ

ˆ

X

HΦpXq

˙ȷ

` p1 ´ λqE
„

Φ

ˆ

Y

HΦpY q

˙ȷ

ď 1,

which from Proposition 8 implies

HΦ

ˆ

XλY 1´λ

HΦpXqλHΦpY q1´λ

˙

ď 1,

which from positive homogeneity gives

HΦ

`

XλY 1´λ
˘

ď HΦpXqλHΦpY q1´λ.

To prove the ‘only if’ part, we first assume by contradiction that Φ is not GA-
midconvex, i.e., there exist x1, x2 ě 0 with Φpx1q ă `8 and Φpx2q ă `8

such that Φ
`?

x1x2

˘

ą pΦpx1q ` Φpx2qq{2. Then, reasoning as in the proof of
Proposition 8 item (g), there exist z P r0,`8q and λ P p0, 1q such that

λΦpzq ` p1 ´ λqΦp
?
x1x2q ą 1 ą λΦpzq ` p1 ´ λq

Φpx1q ` Φpx2q

2
. (A.IV)

Take disjoint sets A,B,C P F with P pAq “ λ, P pBq “ P pCq “ 1´λ
2 and let

X “ z1A ` x11B ` x21C

Y “ z1A ` x21B ` x11C

Z “ z1A `
?
x1x21BYC “

?
XY .

From (A.IV), we have ErΦpZqs ą 1 and ErΦpXqs “ ErΦpY qs ă 1, which contra-
dicts with the geometric convexity of HΦ. As a consequence, Φ is GA-midconvex
and since it is also nondecreasing, the thesis follows.

Proof of Corollary 15. From Theorem 9, item a), it follows that Φpxq “

1 ` apx ´ 1q
p
` ´ bpx ´ 1q

p
´ with a ą 0, b ą 0 and p ě 0. From Proposition 14 it

follows that Φ is GA-convex, so from Proposition 13, item b), it follows that

Φpexq “

#

1 ` apex ´ 1qp for x ě 0,

1 ´ bp1 ´ exqp for x ă 0,

is convex, which by a direct check implies p “ 1.

Proof of Theorem 18. The first part of the statement is easily derived from
Proposition 4.3 in [33]. We can write ([33])

βpQq “ suptλ ě 0 : λEQrXs ď ρpXq for all X P L8
` u.
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Therefore, we obtain

βpQq “ sup

"

λ ě 0 : λ ď inf
XPL8

`

ρpXq

EQrXs

*

“ inf
XPL8

`

ρpXq

EQrXs
“ inf

ρpXq“1

1

EQrXs
,

where we use the positive homogeneity of ρ in the last equality. (When X ” 0,
we set 0{0 “ 1.) Now, let us show that

sup
XPBρ

EQrXs “ sup
ρpXq“1

EQrXs.

It directly follows that supXPBρ
EQrXs ě supρpXq“1 EQrXs since tX P L8

` :

ρpXq “ 1u Ď Bρ. For the other side, let us take X P Bρ and define X̃ “ X
ρpXq

.

Note that ρpX̃q “ 1. Then, we have

EQrXs ď
EQrXs

ρpXq
“ EQrX̃s ď sup

ρpY q“1

EQrY s.

Since this inequality is valid for any X P Bρ, if we take the supremum of the
left-hand side, we obtain supXPBρ

EQrXs ď supρpXq“1 EQrXs, which completes
the proof. For the second part, it follows from the proof of Proposition 4.3 in
[33] that

ρpXq “ sup
ZPH

ErXZs,

where H “
␣

Z P L1
` : ErZY s ď ρpY q for any Y P L8

`

(

. If we take Y “ 1, then
ErZs ď 1 for any Z P H, which gives the norm-boundedness of the set H.
Furthermore, H is weakly closed, since it is an intersection of weakly closed
sets. Let us take a decreasing sequence pAnqn P F of which the intersection
is the empty set. For any Z P H, we have ErZ1An

s ď ρp1An
q for every n.

Therefore, by using the Lebesgue property of ρ, we have

lim
nÑ`8

sup
ZPH

ErZ1An
s ď lim

nÑ`8
ρ p1An

q “ 0,

which gives thatH is uniformly integrable. BecauseH is bounded, weakly closed
and uniformly integrable, it is weakly compact as a consequence of the Dunford-
Pettis theorem (see, e.g., Theorem A.67 in [22]). Therefore, the supremum is
attained as a result of the Weierstrass Theorem (see, e.g., Corollary 2.35 in [2]).
Suppose the supremum is attained for Z̃ P H. Then, the supremum is attained

for Q̃ such that dQ̃
dP “ Z̃

ErZ̃s
.

Now suppose that ρ is law-invariant. Hence, X P Bρ if and only if X̃ P Bρ

for all X̃ „ X. Using (3), we obtain

βpQq “

«

sup
XPBρ

EQrXs

ff´1

“

«

sup
XPBρ

sup
X̃„X

ErφQX̃s

ff´1

“

«

sup
XPBρ

ż 1

0

qXptqqφQ
ptqdt

ff´1

,
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where we used Lemma 4.60 in [22] in the last equality. This result implies that
the penalty function only depends on the distribution of φQ. Then, using (2),
we have

ρpXq “ sup
QPP

tβpQqEQrXsu “ sup
QPP

sup
Q̃„Q

tβpQqErφQ̃Xsu

“ sup
QPP

βpQq sup
Q̃„Q

tErφQ̃Xsu “ sup
QPP

"

βpQq

ż 1

0

qXptqqφQ
ptqdt

*

,

where we used Lemma 4.60 in [22] in the last equality.

Proof of Proposition 19. The penalty function in the general dual repre-
sentation (2) now takes the following specific form:

1

βpQq
“ sup

XPBHΦ

EQrXs “ sup
XPL8

`

tEQrXs : ErΦpXqs ď 1u.

Since Φ is convex, Slater’s condition holds and using strong duality, we obtain

1

βpQq
“ inf

λą0

#

sup
XPL8

`

rEQrXs ´ λErΦpXqs ` λs

+

“ inf
λą0

#

λ ` sup
XPL8

`

E
„

dQ

dP
X ´ λΦpXq

ȷ

+

“ inf
λą0

#

λ ` λ sup
XPL8

`

E
„

dQ

λdP
X ´ ΦpXq

ȷ

+

“ inf
λą0

"

λ ` λE
„

sup
xě0

dQ

λdP
x ´ Φpxq

ȷ*

“ inf
λ̃ą0

1

λ̃
E
„

1 ` Ψ

ˆ

λ̃
dQ

dP

˙ȷ

,

where we used Theorem 14.60 in [41] in the one but last equality, and the change
of variable λ “ 1{λ̃ in the last equality.

Proof of Theorem 21. From Lemma 2 in [9] it follows that ρ̃pXq :“
logpρpexppXqqq is a convex monetary risk measure, and since ρ has the lower-
bounded Fatou property it follows easily that ρ̃ has the Fatou property so it
admits a dual representation of the form (see, e.g., [22, 18])

ρ̃pXq “ sup
QPP

tEQrXs ´ α̃pQqu, (A.V)

where α̃pQq “ supXPAρ̃
EQrXs, and Aρ̃ is the acceptance set of ρ̃. Since ρpXq “

exppρ̃plogpXqqq, it follows that

ρpXq “ exp

ˆ

sup
QPP

tEQrlogXs ´ α̃pQqu

˙

“ sup
QPP

texp pEQrlogXs ´ α̃pQqqu

“ sup
QPP

tαpQq exppEQrlogXsqu ,
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where α : P Ñ r0, 1s is given by

αpQq “ expp´α̃pQqq “
1

exp
´

supY PAρ̃
EQrY s

¯ “
1

exp
´

supXPBρ
EQrlogXs

¯ ,

where we set Y “ logpXq in the last equation. From ρp1q “ 1, it follows that
supQPP αpQq “ 1. If ρ satisfies the lower-bounded Lebesgue property, then ρ
has the Lebesgue property, and by Theorem 4.22 and Exercise 4.2.2 in [22], the
supremum in (A.V) is attained, so the supremum in (5) is also attained.

Now suppose that ρ is law-invariant. Hence, X P Bρ if and only if X̃ P Bρ

for all X̃ „ X. Using (6), we obtain

αpQq “

«

sup
XPBρ

exppEQrlogXsq

ff´1

“

«

exp

˜

sup
XPBρ

sup
X̃„X

ErφQ log X̃s

¸ff´1

“

«

sup
XPBρ

exp

ˆ
ż 1

0

qlogXptqqφQ
ptqdt

˙

ff´1

,

where we used Lemma 4.60 in [22] in the last equality. This result implies that
the penalty function only depends on the distribution of φQ. Then, using (5),
we have

ρpXq “ sup
QPP

tαpQq exp pEQrlogXsqu “ exp

˜

sup
QPP

sup
Q̃„Q

tαpQqErφQ̃ logXsu

¸

“ exp

˜

sup
QPP

αpQq sup
Q̃„Q

ErφQ̃ logXs

¸

“ sup
QPP

"

exp

ˆ

αpQq

ż 1

0

qlogXptqqφQ
ptqdt

˙*

,

where we used Lemma 4.60 in [22] in the last equality.

Proof of Proposition 24. We start from the well-known variational formula
linking the exponential certainty equivalent and relative entropy (see, e.g., [20])

logEQrexppY qs “ sup
R!Q

tERrY s ´ HpR,Qqu , (A.VI)

where HpR,Qq is the relative entropy as in Definition 23. Letting X “ exppY q

and exponentiating both sides of (A.VI), we obtain

EQrXs “ sup
R!Q

tαpRq exp pERrlogXsqu , (A.VII)

where
αpRq “ exp p´HpR,Qqq .

Now note that αpRq “ 0 when R is not absolutely continuous with respect to
Q. Using this fact, we can rewrite expression (A.VII) for Q P P, as follows:

EQrXs “ sup
R!Q

tαpRq exp pERrlogpXqsqu

“ sup
RPP

tαpRq exp pERrlogpXqsqu , (A.VIII)
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since we take a supremum of nonnegative numbers, αpRq “ 0 when R R Q and
Q Ă P, where Q denotes the set of probability measures absolutely continuous
with respect to Q. Substituting the expression for EQrXs derived in (A.VIII)
in (2), we get

ρpXq “ sup
QPP

tβpQqEQrXsu “ sup
QPP

"

βpQq sup
R!Q

tαpRq exp pERrlogXsqu

*

“ sup
QPP

"

βpQq sup
RPP

tαpRq exp pERrlogXsqu

*

“ sup
RPP

sup
QPP

tβpQq texp p´HpR,Qqq exp pERrlogXsquu

“ sup
RPP

tcpRq exp pERrlogXsqu ,

where
cpRq “ sup

QPP
βpQq exp p´HpR,Qqq .

Proof of Lemma 27. Let us first consider the case Φp0q “ ´8 and either
P pX “ 0q ą 0 or P pY “ 0q ą 0. This implies that P pZ “ 0q ą 0, so
HΦpZq “ 0. Otherwise, from the definition of the Orlicz premium there must
exist two sequences hn, kn Ó γ such that

ErΦpX{hnqs ď 1 for each hn, ErΦpY {knqs ď 1 for each kn,

and γ1 ă γ implies ErΦpX{γ1qs ą 1 and ErΦpY {γ1qs ą 1. Letting ℓn :“
maxphn, knq it follows that ℓn Ó γ,

ErΦpZ{ℓnqs ď λErΦpX{hnqs ` p1 ´ λqErΦpY {knqs ď 1

and ErΦpZ{γ1qs “ λErΦpX{γ1qs ` p1 ´ λqErΦpY {γ1qs ą 1, so HΦpZq “ γ.

Proof of Theorem 28. For ease of reference, we recall in the following
proposition some of the results given in Theorem 3.10 and Lemma 3.7 of [19],
given without proof and adapted to the sign conventions of the present paper.

Proposition 30 Let ρ : L8 Ñ R be a convex, law-invariant, monotone and
cash-additive risk measure with CxLS. Then, there exists a nondecreasing, con-
vex and left-continuous φ : R Ñ R Y t`8u satisfying φp0q “ 0 such that
ρpXq ď 0 ðñ ErφpXqs ď 0.

From the hypotheses and Lemma 2 in [9], it follows that ρ “ log ˝ ρ ˝ exp is a
convex law-invariant monetary risk measure, given at the level of distributions
by ρpF q “ log pρpF ˝ logqq . If ρpF q “ ρpGq “ γ, then ρpF ˝ logq “ ρpG ˝ logq “

exppγq, and since ρ has the CxLS property, ρpλpF ˝ logq ` p1 ´ λqpG ˝ logqq “

exppγq, so ρppλF ` p1´λqGq ˝ logq “ exppγq, implying that also ρ has the CxLS
property, hence it satisfies all the assumptions of Proposition 30.

From Proposition 30, it follows that there exists a nondecreasing convex and
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left-continuous φ : R Ñ RYt`8u satisfying φp0q “ 0 such that ρpXq ď 0 if and
only if ErφpXqs ď 0. From convexity, it follows that φ is continuous where it is
finite. Letting Φpxq :“ 1 ` φplogpxqq, it follows that Φ is an Orlicz function in
the sense of Definition 6, and

ρpX{kq ď 1 ðñ ρplogpX{kqq ď 0 ðñ ErφplogpX{kqqs ď 0

ðñ ErΦpX{kqs ď 1,

so ρpXq “ HΦpXq. Finally, from the convexity of φ, for each x, y ą 0 and
λ P p0, 1q,

Φpxλy1´λq “ 1 ` φplogpxλy1´λq “ 1 ` φpλ logpxq ` p1 ´ λq logpyqq

ď 1 ` λφplogpxqq ` p1 ´ λqφplogpyqq “ λΦpxq ` p1 ´ λqΦpyq,

which shows the GA-convexity of Φ.

Proof of Corollary 29. Since a positively homogeneous, monotone and
convex functional defined on L8

`` is geometrically convex from Proposition
13, it follows from Theorem 28 that there exists a GA-convex Orlicz function
Φ: p0,`8q Ñ R Y t`8u such that ρpXq “ HΦpXq. Since from Proposition 8
HΦ is convex only if Φ is convex, the thesis follows.
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