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This text serves as an appendix to the paper “Goodness-of-Fit Testing for Copulas: A Distribution-
Free Approach.” For context, notation and definitions, see the paper. We provide the proofs of
Theorems 2.1 and 3.1.

Proof of Theorem 2.1

By Skorohod’s representation theorem (see Billingsley (1999), Theorem 6.7) there is a
probability space where all random elements in (5) are defined and the convergence (5)
holds in probability. We work on this probability space.

Let us introduce the notation 6 = (y,...,uq)" for u € (0,1)%, with

u; = Fp, (Qéj (uj)), j=1,...,d
It is then easy to verify that

n(w) = V/n[Cp (1) — C(A)] + vn[C(W) — C(u)] + vn[C(u) — Cx(w)] 5.1)
=: Nin (W) + 12, (0) + 730 (W). .

We will show that the three components 11, 721, 73, produce the three components of
the process 1 in the limit.
Let us first prove the auxiliary result that

Sl?p | IVl —uj) — Fa,(Qo, (u))T¢,| 50, j=1,....d. (S.2)
uj€le,T

The proof of (S.2) will be identical for each index j, so we will suppress it below for ease
of notation. For any u € [, 7], we can use the Mean Value Theorem to write

V(i —u) = Vi [Fa(Qq(u) — Fy(Qp(u)] = F5(Q(w)Tv/n(6 - 6)
1
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for some 6 = é(u) that lies on the line segment connecting 8 to  in R™. It follows that

|v/n( — u) Fo(Qa(u |
< |Fy( Qg(u))T ( ONE M (6—6)

+ | F5(Qa(w)" Fo(Qe DRE |f 6-0) (S.3)
+|F0 Qo(u)) "‘\/59—9 -
where absolute values of vectors should be interpreted component-wise. Assumptions Al
and A3 ensure that each summand on the right-hand side of (S.3) is op(1) uniformly

over u € [g, 7], so the convergence (S.2) is established.
Now recall the decomposition (S.1) of n,. The first component, 71, (u), is equal to

ap (1) by definition. By virtue of (S.2), the convergence (5) in probability, and the (uni-
form) continuity of B¢ over [0,1]%, we can now conclude that

sup |nin(u) — Bo(u)| 5 0. (S.4)

u€le,r]?

Moreover, by the Mean Value Theorem, the process 72, can be rewritten for each
ucle 7] as

772n ZC(]) — ’U/])

for some 1 lying on the line segment connectmg u to u. Therefore,

M@“

‘772n Fe QO (UJ))TC]"

Z (S.5)
Z |C(J V(i — uj) — C(j)(u)]*:’gj (Qo, (u]))TCJ‘

Consider the j*® summand on the right-hand side of (S.5). It is bounded from above by

|CO@)||vn(i; —u;) — Fo, (Qa, (1;)) "¢,

: S.6
+ | Fo,(Qo, (u;)) ¢, |CP () — CY) (u)]. (5.6)

The term in the first line of (S.6) is op(1) uniformly over u € [g, 7], because of (S.2)
and the fact that 0 < C) < 1 on [0,1]%. The term in the second line of (S.6) is also
op(1) uniformly over u € [g,7]%, because its first factor is a.s. bounded for u; € [g,7]
(Assumption A3), and its second factor is uniformly op(1) by virtue of (S.2) and the
(uniform) continuity of CU) over [¢/2, (7-+1)/2]¢ (Assumption A2). We therefore conclude
that

Nan (1 ZC(J) )E, (Qo, (u;)T¢,| 5 0. (S.7)

sup
u€le,r]4
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Finally, another application of the Mean Value Theorem gives us

n () = Cx(W)TVi(Ao = ),
for some X = X(u) between Ag and A. But then,

730 (1) — C(W)T¢o| < |Cx)T[|Vr(Xo = A) = ¢

. . (S.8)
+]C5 ()" = Cw)T|[¢o]-

Assumptions Al and A2 ensure that both terms on the right-hand side of (S.8) are op(1)

uniformly over u € [¢,7]¢, so we obtain
. P
sup |n3n(u) — C’(u)TCO| = 0. (S.9)
ucle,r]?
Combining (S.4), (S.7) and (S.9) finishes the proof. O

Proof of Theorem 3.1

Before presenting the proof of Theorem 3.1, we first state a general transformation result,
Theorem S.1 below, which is simply a d-variate version of the bivariate Theorem 3.1 in
Can et al. (2015). The proof of the bivariate result applies almost verbatim to the d-
variate case as well, after obvious notational changes.

Note that the process 1 in (8) is of the general form

) = Ve(u) + ) K;(w)Z;, ue(0,1)%, (5.10)
j=1
where Vi is a C-Wiener process, v is a positive integer, K1,..., K, are deterministic
functions mapping (0,1)% into R and Zi, ..., Z, are random variables.

As in Can et al. (2015), we will consider the set-indexed version of (S.10) restricted
to [0,7]4, for 0 < § <7 < 1:

§(B) =Ve(B)+ Y K;(B)Z; =Vo(B)+ K'(B)Z. (S.11)
j=1
Here, B is a Borel subset of [6, 7]¢, Vi is a set-indexed C-Wiener process, and K, ..., K4
are deterministic signed measures. K denotes the column vector of K;y,...,K, and Z
denotes the column vector of Z1,...,Z,.

Let us call a collection of subsets {Ag : 0 < s < 1} of [§, 7] a scanning family over
[6,7]¢ if the following hold:
(i) Leb(Ag) =0, Leb(A;) = (1 — §),
(i) As C Ay if s < ¢,
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(ili) Leb(Ay\As) = 0if s | s,

with Leb denoting Lebesgue measure. Note that for any j € {1,...,v} and Borel subset
B of [§,7]¢, the function s — K;(B N Ay) generates a signed measure on [0, 1].

Theorem S.1. Let £ be a set-indexed process of the form (S.11). Suppose there are
functions k; : [d, 7]4 = R, 1 < j < v, that are square-integrable with respect to C' and
that satisfy

:/ ki(w)dC(u), 1<j<v,
B

for any Borel set B C [0,7]%. Let {4, : 0 < s < 1} be a scanning family over [6, 7]<.
Then, the process

1
We(B) =€) - [ K50 a1 (49 [ Kw)d(u) (8.12)

is a C-Wiener process, where k denotes the column vector consisting of k1,...,k,, and
the matrices I(A¢S) are defined by

1049 = [ Kk WdC@),  se ),
and are assumed to be invertible.
Proof of Theorem 3.1. We apply Theorem S.1 to the process 7 in (8). We let 7 =
1—4/2, and instead of arbitrary Borel sets B, we consider hyperrectangles [8,u] C [6, 7]%.

We also introduce the scanning family A, = [6, 7] x [§, (1 —s)d +s7] for 0 < s < 1. Tt
is now a direct consequence of Theorem S.1 that

We(u) = /M dn(s) - /M " (1500 [ ) ) ) acs)

is a C-Wiener process on [§,1 — §]<.
From standard theory of multivariate Gaussian processes (see, e.g., the Lemma pre-
ceding Theorem 3 in Khmaladze (1988)), we know that the normalized process

dWe(s)

W(“):/su]F

- /[5,11] ﬁdﬁ(s)
_ /[&u] k(s)" <1g1(8d) /smd) k(s') dn(s’)> Jel(s) ds
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is a standard Wiener process on [§,1 — §]?. Using the scale invariance property of the
standard Wiener process, we conclude that the re-scaled process

1 —
1 / 1
- dn(s
(1 —20)4/2 l [6,6+(1—25)u] v/c(s) n(s)
—/ k(s)T<Ié_1(sd)/ k(s") dn(s’)) c(s)ds
[6,6+(1—24)u] Ss(sa)
is indeed a standard Wiener process on [0, 1]%. O
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