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A Miscellaneous

A.1 Examples

We begin this section with an example of self-excitation in jumps. In this example, only
those jumps with size in & = (—o00, —€) U (¢,00) can excite the jump intensity process.

Example A.1. Let £ and € be two positive constants and consider
o = 5,(7571') =¢- 1{|x\>e}'
Then, for any t € (0,71,

Z AN (W) LA ()20, AX 4 (w)£0} = Z §-1yax,>e-

0<t<T 0<t<T

Therefore, in this example, an outcome w € § exhibits self-excitation in jumps on (0,T] if
there is a log-price jump with magnitude larger than € on (0,T].

This example demonstrates clearly that we define the concept of self-excitation in a
path-wise fashion. Note that §’ above is a nonnegative function of x and yields (strictly)
positive values for |x| > e. Thus, this specification allows to generate paths with self-
excitation in jumps; but it does not guarantee that, with probability one, an outcome
w € 2 has such property. In general, P(w : Vt € (0,77, |AX¢(w)| <€) > 0. In this example,
only jumps with absolute sizes larger than some threshold trigger the self-excitation effect.
In fact, this is quite a plausible assumption since one would expect that large log-price
jumps, especially negative ones, are more likely to provoke chain reactions than small ones.

Below are some examples of auxiliary functions g that satisfy condition (b) in Assump-
tion 3 and that are employed in the paper. These examples are based on Jing et al. (2012),
where a similar auxiliary function is used for the purpose of integrated (rather than spot)
jump intensity estimation.

Example A.2. Let p > 2 be an even integer. An example of a function g satisfying
condition (b) in Assumption 3 is given by

2P, |z <1,
Ql,p() {

1, |z| > 1.

Note that with this choice g1 p(x) — go(z) := 1yz>1y as p — 0.
Another example is

el 2| < a,
- pa’~!

92’p(33’): C ! <a”+2(b_a)((b—a)2—(|x|—b)2)> 5 a< ‘LIZ‘| Sb,
1, |z| > b,



where 0 < a < b < 0o are two constants, and ¢ = a? + paP~1(b — a)/2. Note that this is a
smoother version of the previous example and equivalence arises if a = b= 1.

Below are some examples of the H function used for testing. First, consider the follo-
wing smooth function:

H(xy1,22,y1,y2) = |2 — 21|” ha(y1, ¥2),
with

exp(—1/(y2 —w1)) if y2 > yi;
0 if yo < 1.

ha(y1,y2) = {

Here and in the remainder of this section, p > 2. This function satisfies H € C™ in (y1, y2)
for any integer n > 2 and any derivative w.r.t. y; and ys is zero on the area {y; > y2}.
In sum, it would be very hard, if not impossible, to derive a CLT with non-degenerate
limiting processes when condition (3.3) in the paper is true. Therefore, we will avoid using
a function H satisfying this condition when it comes to testing.

To give a different example of a function H satisfying the degeneracy condition (3.12)
and Assumption 5, consider the following function:

H(z1,22,91,y2) = |xg — 1P

: <2 o8 (W) —log(y1) — log(y2)> : (A1)

Additionally, it also satisfies (3.2).
An example of a function H for which the degeneracy condition fails is simply

H(x1,22,y1,y2) = |v2 — 21/ (2 — 91)- (A.2)

It satisfies Assumption 4. Additionally, it also satisfies (3.4).

A.2 Additional simulation results

Finally, we provide some additional details and results on the Monte Carlo study. We
choose the value of A\, in such a way that the following tail probability is 0.25%:

205X A,
P([AcATY| > aAY) = W + smaller order term,

where

c —F(ﬁ—i_l)sin(w)
R 2 )



Here, we set o = 5v/6 and recall that 3 is the jump activity index. The calibrated value
of A is around 20 when 5 = 1.25.

When we set & = 0, there is no self-excitation in jumps on any sample path. There may,
but need not, be self-excitation in jumps whenever £ > 0. In Figure I we plot a simulated
sample path of the jump intensity process, adopting a benchmark parameter specification
of £ = 50. It is clearly visible that intensity jumps occur on days 2 and 4. (Each label
along the z-axis indicates the end of a trading day.)
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Figure I: A simulated sample path of the jump intensity process A specified in (5.1). Each
label along the z-axis indicates the end of a trading day. We observe intensity jumps on
days 2 and 4. (The parameter values are given in the text.)

Remark I. Observe that

P(|(Aoo + OATY| = aAT) (Aoo +¢
P(AAIY|> A7) T\ Ay

)" = 1+ e/an)” (A.3)

With & = 50, the ratio of tail probabilities is around 4.79, implying an economically signifi-
cant change in the tail probability following the occurrence of a (large, threshold-exceeding,
self-exciting) jump. Instead, if one would choose a small value of &, for instance & = 1,
then the above ratio is 1.06. In this case, the self-excitation effect will only increase the tail
probability by 6% (in relative terms), an increment too small to be economically significant.

Remark II. Although we do not require the jump intensity process to be stationary in
Assumption 2, we include a mean reverting drift term in the above simulation models,
specifically in the third equation. The reason is that, without a mean reversion term, the
intensity process could be explosive (when & > 0) and its path might look like a deterministic
process. Consequently, log-price jumps would become larger and larger (in absolute value),
which is a phenomenon that is at odds with what we observe in practice.

In Tables A.1 and A.2, we present additional Monte Carlo simulation results for the
various alternative sets of parameter values displayed in Table 1 in the paper: one with



10-min sampling frequency and 1 year horizon, and the other with 5-sec sampling frequency
and 1 week horizon.

To assess the performance of our tests under various data generating processes, we
provide further simulation results in Tables A.3 and A.4. We consider two major scenarios,
either with (“SE” scenario) or without (“NO” scenario) self-excitation in jumps. In each
scenario, we further consider four different data generating processes: in case I, price jumps
follow the stable process as in Assumption 2 and the volatility process does not jump; in
case II, we allow for price and volatility co-jumps; case III is the same as case I, except
that price jumps are now generated from a CGMY process; whereas case IV includes
both CGMY type price jumps and volatility jumps. For simplicity, we fix the size of the
volatility jumps to be 6, i.e. the long-run mean when there are no volatility jumps. To
avoid simulating an exploding volatility process, we increase the mean-reversion parameter
to make it a stationary process and put a threshold on price jumps for them to trigger
volatility co-jumps (the average number of price and volatility co-jumps is around 10). As
for the specification of the CGMY process, we note that Andersen et al. (2016a) estimate
a tempered stable process, which is an extension of the CGMY process. The estimated
values for the two parameters controlling negative and positive jumps are around 10 and
65 (larger values mean that it is more likely to have small jumps). For simplicity, we set
both to 70 (note that the larger this value is, the more we deviate from the stable process).

The first columns of Tables A.3 and A.4 indicate the type of tests with the specific
choices of g and H functions: “NO” and “SE” stand for the No-Self-Excitation test and
the Self-Excitation test, respectively. Hence, the upper-left panel gives the size of the No-
Self-Excitation test, while the upper-right panel gives its power. On the other hand, the
lower-left panel shows the power of the Self-Excitation test, while the lower-right panel
shows its size.

Strictly speaking, the identification of the intensity and jump size related parameters
in the case of tempered stable processes is not the same as in the current setting (of stable
processes). Even in the simplest CGMY setting, there is one additional parameter that
controls the jump size distribution. Hence, the estimation procedure is more involved in
such cases. To the best of our knowledge, Andersen et al. (2016a,b) estimate this process
using additional options data. Yet these authors still find that the o (3 here) parameter
therein can not be estimated with high precision. From a theoretical point of view, it
remains very challenging to design (no) self-excitation test(s) in such a general setting. In
particular, it is not clear what the limiting distributions of our test statistics would be if
the price jumps followed a general tempered stable process. However, according to the
simulation results in Tables A.3 and A.4, it seems safe to say that the testing functions
we used in the empirical study (H(0,1) for the “NO” test and H (0,2) for the “SE” test)
wouldn’t generate false detection of self-excitation, even if the data generating process were
a tempered stable process. Note that when there is no self-excitation in jumps, the rejection
rates of the two H(0,1)- and H (0, 2)-tests roughly remain the same when deviating from
case . When the truth is self-excitation, the “NO” test becomes less likely to reject its



Table A.1: Simulation results: 10-min sampling frequency and 1 year horizon

Size of self-excitation test Power of no self-excitation test

H(0,2) H(6,2) H(0,1) H(6,1)
92,6 g0 92,6 90 92,6 9o 92,6 9o
1% 2.24%  0.24% 2.24% 0.24% 7.20% 2.46% 7.20% 2.46%

1 5%  3.94% 0.64%  3.94% 0.64% | 22.14% 12.70% 22.14% 12.70%
10%  7.28% 1.74%  7.28% 1.74% | 34.38% 24.54% 34.38% 24.54%

1%  1.94% 0.26%  1.94% 0.26% | 13.64%  5.50% 13.64%  5.50%
2 5%  518% 1.10%  518% 1.10% | 32.58% 21.24% 32.58% 21.24%
10% 10.58% 2.94% 10.58% 2.94% | 46.44% 35.20% 46.44% 35.20%

1%  2.34% 028%  2.34% 0.28% | 5.36%  1.46%  5.36%  1.46%
3 5%  3.72% 0.54%  3.72% 0.54% | 19.34% 11.16% 19.34% 11.16%
10%  6.16% 1.42%  6.16% 1.42% | 30.72% 22.04% 30.72% 22.04%

1%  2.44% 0.14%  2.44% 0.14% | 6.74% 2.22%  6.74%  2.22%
4 5%  3.46% 0.32%  3.46% 0.32% | 25.78% 14.26% 25.78% 14.26%
10%  5.96% 0.90%  5.96% 0.90% | 39.78% 28.12% 39.78% 28.12%

1% 1.66% 0.34% 1.66% 0.34% | 7.42%  3.08% 7.42%  3.08%
5 5%  4.34% 1.12%  4.34% 1.12% | 21.48% 13.22% 21.48% 13.22%
10%  8.84% 2.92%  8.84% 2.92% | 32.98% 24.06% 32.98% 24.06%

1%  1.98% 0.18% 1.98% 0.18% | 10.88%  4.16% 10.88%  4.16%
6 5%  4.22% 0.82%  4.22% 0.82% | 29.58% 18.44% 29.58% 18.44%
10%  8.08% 2.30%  8.08% 2.30% | 42.80% 32.60% 42.80% 32.60%

1%  244% 020% 2.44% 0.20% | 3.64% 1.36%  3.64%  1.36%
7 5%  3.84% 0.54%  3.84% 0.54% | 17.72%  9.68% 17.72%  9.68%
10%  6.12% 1.58%  6.12% 1.58% | 28.94% 20.24% 28.94% 20.24%

1% 1.98% 0.22% 1.98% 0.22% | 9.04% 3.04% 9.04%  3.04%
8 5%: 4.08% 0.82%  4.08% 0.82% | 24.96% 16.12% 24.96% 16.12%
10%:  8.20% 2.14%  8.20% 2.14% | 37.08% 26.96% 37.08% 26.96%

1% 2.10% 0.24%  2.10% 0.24% | 6.56% 2.36%  6.56%  2.36%
9 5% 3.62% 0.40% 3.62% 0.40% | 22.10% 12.48% 22.10% 12.48%
10%:  5.58% 1.32%  5.58% 1.32% | 34.54% 24.70% 34.54% 24.70%

Note: The first column indicates which parameter set of Table 1 is considered. The second column
displays the significance level. The remaining columns display the size or power of the relevant test,
distinguishing between the employed g and H functions.
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Table A.2: Simulation results: 5-sec sampling frequency and 1 week horizon

Size of self-excitation test ‘ Power of no self-excitation test
H(0,2) H(6,2) H(0,1) H(6,1)
92,6 g0 92,6 390 92,6 g0 92,6 90

1%  3.14% 088%  2.92% 0.98% | 73.80% 58.48% 67.16% 49.66%
1 5% 11.00% 3.98%  8.62% 3.56% | 87.98% 80.96% 84.40% 75.48%
10% 18.64%  9.48% 15.72% 7.40% | 92.70% 88.60% 90.32% 84.74%

1%  4.56%  2.24%  4.06% 2.52% | 79.48% 66.08% 70.22% 54.56%
2 5% 11.70%  5.82% 10.36% 5.14% | 90.86% 85.56% 86.42% 78.80%
10% 19.00% 10.72% 16.78% 9.34% | 94.98% 91.82% 91.74% 87.48%

1% 3.16%  0.92%  2.42% 0.74% | 68.22% 52.14% 60.66% 43.86%
3 5% 11.02%  4.08%  8.58% 2.80% | 84.26% 76.04% 79.66% 69.68%
10% 19.68%  9.22% 16.38% 6.94% | 90.72% 85.86% 87.50% 81.42%

1%  3.04% 0.92%  2.86% 1.06% | 73.88% 59.38% 66.70% 49.12%
4 5% 10.56%  3.64%  8.66% 3.02% | 88.64% 81.64% 85.18% 76.34%
10% 18.28%  8.60% 15.90% 7.34% | 93.58% 89.38% 91.32% 85.86%

1% 3.20%  0.96%  2.50% 1.04% | 73.20% 58.76% 64.80% 48.28%
5 5% 10.38%  4.22%  8.40% 3.32% | 87.14% 79.86% 82.96% 73.62%
10% 19.06%  9.26% 16.26% 7.18% | 92.42% 87.96% 89.40% 83.86%

1%  2.24% 0.68%  2.30% 1.08% | 59.42% 41.26% 50.78% 31.98%
6 5% 6.84% 234% 5.94% 2.38% | 79.20% 68.32% 73.48% 60.12%
10% 13.56%  5.80% 11.64% 5.00% | 86.88% 80.20% 82.66% 74.40%

1%  4.50% 1.72%  3.80% 1.70% | 83.66% 71.94% 78.42% 63.76%
7 5% 14.06% < 6.10% 11.24% 4.62% | 93.08% 88.18% 90.60% 84.20%
10% 22.78% 12.32% 20.26% 9.64% | 96.26% 93.58% 94.56% 91.18%

1% 4.36%  1.52%  3.32% 1.50% | 79.34% 66.42% 69.94% 54.78%
8 5% 13.20% 5.84% 10.50% 4.40% | 91.26% 85.14% 86.20% 77.72%
10% 22.10% 11.94% 17.94% 9.20% | 94.90% 92.16% 91.62% 87.52%

1%  2.58%  0.66%  2.20% 0.66% | 68.24% 51.46% 61.56% 42.60%
9 5% 826% 2.84% 6.88% 2.54% | 85.08% 76.26% 81.06% 71.22%
10% 16.02%  6.92% 13.32% 6.14% | 91.12% 85.92% 88.72% 82.38%

Note: The first column indicates which parameter set of Table 1 is considered. The second column
displays the significance level. The remaining columns display the size or power of the relevant test,
distinguishing between the employed g and H functions.
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Table A.3: Robustness check with volatility jumps and the CGMY model (10-min)

No self-excitation in jumps Self-excitation in jumps
NO: T NO:II NO:III NO: 1V SE: T SE: II SE: III SE: IV

NO: 1% | 0.50%  0.52%  0.80%  0.84% | 7.20%  6.08%  3.60%  3.12%
I (bgi’)fj 5% | 3.08%  3.26% = 4.42% = 4.56% | 22.14% 21.16% 17.86% 17.64%
’ 10% | 6.88%  6.78%  9.06%  8.86% | 34.38% 33.78% 30.38%  30.06%

NO: 1% | 0.18%  0.12% 0.96% 0.90% 2.46%  2.20% 1.70%  1.80%
H(O % 5% 1.58%  1.58%  4.84% 4.80% | 12.70% 12.08% 13.38% 13.46%
’ 10% | 4.54%  4.26% 9.92%  10.04% | 24.54% 24.36% 25.84% 25.44%

NO. 1% | 020% 0.20%  0.44%  0.50% | 7.20%  6.08%  3.60%  3.12%
H ('69%6 5% | 2.16%  2.02%  3.56%  3.48% | 22.14% 21.16% 17.86% 17.64%
’ 10% | 5.60% 5.10%  7.16%  7.78% | 34.38% 33.78% 30.38%  30.06%

NO: 1% | 0.08%  0.08%  0.52% 0.76% 2.46%  2.20% 1.70%  1.80%
H(6 % 5% | 1.04%  1.00%  3.78% 3.88% | 12.70% 12.08% 13.38% 13.46%
’ 10% | 3.70%  3.08%  7.94% 8.62% | 24.54% 24.36% 25.84% 25.44%

SE. 1% | 84.00% 84.02% 70.44%  70.04% | 2.24%  2.06% = 3.62%  3.38%
" {0921’;3 5% | 93.54% 93.18% 86.90% 87.00% | 3.94%  3.50%  4.76% = 4.54%
’ 10% | 95.94% 95.76% 92.32%  92.68% | 7.28%  6.28%  5.86% = 5.80%

SE: 1% | 71.38% 70.28% 71.74% 71.02% | 0.24%  0.34%  0.24%  0.20%
H(O 910) 5% | 88.16% 87.50% 88.04% 87.92% | 0.64%  0.72%  0.68%  0.68%
’ 10% | 92.62% 93.10% 92.64% 92.54% | 1.74% 1.32% 1.22%  1.28%

SE. 1% | 81.50% 80.68% 66.12% 65.10% | 2.24%  2.06%  3.62%  3.38%
o ('69'?; 5% | 92.54% 92.14% 84.94%  84.46% | 3.94%  3.50% = 4.76%  4.54%
’ 10% | 95.28% 95.06% 91.06% 91.24% | 7.28%  6.28%  5.86%  5.80%

SE: 1% | 66.96% 65.92% 67.98% 66.96% | 0.24%  0.34%  0.24%  0.20%
H(6 910) 5% | 86.08% 85.50% 86.16% 85.34% | 0.64%  0.72%  0.68%  0.68%
’ 10% | 91.56% 91.68% 91.34% 91.18% | 1.74% 1.32% 1.22%  1.28%

Note: The first column indicates the type of tests with the specific choices of g and H functions: “NO” and
“SE” stand for the No-Self-Excitation test and the Self-Excitation test, respectively.




Table A.4: Robustness check with volatility jumps and the CGMY model (5-sec)

No self-excitation in jumps Self-excitation in jumps
NO:I NO:II NO:III NO:IV | SE:I SE:II SE:III SE:IV
NO: 1% | 0.90% 0.72%  0.72%  0.54% | 82.72% 82.92% 57.32% 58.16%
I ('ng’)ﬁ 5% | 4.22%  3.82%  3.86% = 3.76% | 92.94% 92.98% 80.86% 81.72%
’ 10% | 8.28%  8.16%  824%  7.90% | 96.36% 96.16% 89.52%  89.88%
NO: 1% | 0.18%  0.16%  0.14%  0.18% | 70.66% 71.74% 39.54% 41.04%
H(d % 5% | 1.70%  1.66%  2.14%  2.22% | 88.04% 88.10% 70.74% 70.72%
’ 10% | 5.22%  5.06%  5.90%  5.60% | 93.86% 93.58% 83.54%  84.42%
NO: 1% | 0.62%  0.72%  0.06%  0.02% | 76.12% 76.92% 56.08% 57.22%
H('Gg'f)ﬁ 5% | 3.62%  3.68%  1.04%  1.08% | 89.64% 90.00% 80.28% 81.10%
’ 10% | 7.86%  7.66%  3.82%  3.52% | 94.34% 94.40% 89.08%  89.54%
NO. 1% | 0.02%  0.14%  0.02%  0.04% | 61.64% 62.02% 38.62% 39.72%
H(é 51’3 5% | 1.64%  1.84%  0.80%  0.58% | 83.24% 82.96% 69.74%  70.20%
’ 10% | 4.86%  4.72%  2.82%  2.40% | 90.92% 90.78% 82.96% 83.76%
- 1% | 99.62% 99.02% 99.18% 98.96% | 4.84%  4.86%  1.74%  1.84%
" ('0922’;”) 5% | 99.86% 99.66% 99.68%  99.56% | 14.36% 14.04% 4.84%  5.34%
’ 10% | 99.94% 99.80% 99.88%  99.78% | 23.54% 22.66%  9.64%  10.22%
SE: 1% | 99.18% 98.16% 98.68% 98.60% | 1.80%  1.82%  0.84%  0.76%
0 ((') gg)) 5% | 99.72%  99.46%  99.62%  99.48% | 6.40%  6.16% = 2.26% = 2.52%
’ 10% | 99.84% 99.72%  99.74%  99.70% | 12.84% 12.44% 4.52%  5.24%
SE: 1% | 47.46% 43.96% 78.70% 76.66% | 4.12%  3.84% = 1.68%  1.82%
H(~6922,)6 5% | 66.90% 63.40% 91.78%  90.58% | 11.68% 10.76%  4.46%  5.14%
’ 10% | 76.40% 72.38% 95.38%  94.76% | 20.62% 18.78%  9.40%  10.02%
SE. 1% | 32.16% 28.86% 67.04% 65.76% | 1.80%  1.78%  0.80%  0.84%
= (é 5;)) 5% | 55.08% 51.30% 85.96% 85.32% | 5.04%  4.76% = 2.26% = 2.38%
’ 10% | 66.32% 62.88% 92.64% 91.78% | 10.24%  9.30%  4.30%  4.96%

Note: The first column indicates the type of tests with the specific choices of g and H functions: “NO” and
“SE” stand for the No-Self-Excitation test and the Self-Excitation test, respectively.

null, which is “no self-excitation in jumps”, while the “SE” test remains to give adequate
sizes.

Furthermore, the impact of volatility jumps on the size and power of the tests appears
to be limited. Intuitively speaking, if the volatility jumps at the same time with the price
but the intensity doesn’t, the tests won’t suggest self-excitation. The reason is as follows.
We adopt an adaptive threshold level a A}, where « is chosen to be 5 times the estimated
annualized local volatility. If the volatility jumps together with the price, then the value
we choose for o will also increase. That is to say, although price increments will be larger
after a volatility jump, most of them will still be smaller than the new threshold level,



hence will not lead to an artificial jump in the estimated intensity process.

B Empirical Application

Supported by the Monte Carlo results, we now apply our tests to real equity data. In our
empirical application, we analyze equity returns data on 30 individual stocks, which cover
all 11 sectors of the Global Industry Classification Standard (GICS): Consumer Discreti-
onary (CD), Consumer Staples (CS), Energy, Financials, Health Care (HC), Industrials,
Information Technologies (IT), Materials, Real Estate (RE) and Utilities. Many of these
stocks are constituents of the Dow Jones Industrial Average and those that are not also
have large market capitalization; they are all very liquid. We downloaded 1-min price
data of these stocks from TAQ, filtered out obvious price outliers and then computed 10-
min returns from 2006 to 2013. The lower sampling frequency should reduce the risk of
microstructure noise considerably, and indeed we find no evidence of noise in our data.
We then implement the tests introduced in Sections 4.1 and 4.2 on a yearly basis to each
individual stock.

Our choices of the constants and sequence w, p, k, and w exactly mimic our Monte
Carlo study, to which we refer for details. Furthermore, throughout this section, aAY is
taken to be the square root of the integrated volatility over [0, 7] times 5y/A, /T, and 3
is again estimated using Jing et al. (2012).

For each individual stock, we picked up the largest K number of jumps in each year and
tested sequentially (with Benjamini-Hochberg corrections for multiple hypothesis testing)
if each such jump exhibits self-excitation or not. The choice of K is inspired by Li et al.
(2017). In their paper, the number of identified large market (SPY') jumps over 2007 to 2012
ranges from 8 to 20. Since individual stocks may jump more frequently than the market
index, we set K = 20 for simplicity (but the overall pattern is similar for K = 10,20, 30
and 40).

We note that this number K is not the sample size. It is more like the number of
regressors in a linear regression. The true sample size is the local window size, i.e. k,, which
goes to infinity as the sampling frequency increases. In linear regressions, it is possible that
some of the regressors have significant coefficients while others don’t. What we are testing
here is somewhat similar to testing how many of those regressors are significant. Since we
are testing multiple hypotheses at the same time, we employed the Benjamini-Hochberg
procedure to correct for the multiple testing bias.

The results are summarized in Table B.1. We conclude that the jump being tested
shows evidence of self-excitation (SE) if the self-excitation test does not reject its null,
and the no self-excitation test does reject the null hypothesis, both at the 5% significance
level (with Benjamini-Hochberg corrections). This classification is similar to Jacod and
Todorov (2009, 2010). By design, our procedure is less likely to yield false detection of self-
excitation than using only one test. Moreover, the finite-sample simulation results show
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that the power of the no self-excitation test can be rather low at the 10-min frequency,
which implies that even if there is self-excitation, the probability of finding it by our
procedure could be as low as 20%. Despite this, there is still quite substantial evidence
for the existence of self-excitation: All individual stocks exhibit self-excitation during the
sample period. These results reveal that price jumps exert a positive feedback effect and
such dependence should be taken into consideration in both theory and practice.

Our results also show that the numbers of identified jumps that excite the intensity
(or scale) during the two crisis periods (the financial crisis of 2007-2008 and the peak of
the European debt crisis of 2010-2011) are substantially larger than those during the other
years. This overall pattern remains broadly the same for K ranging from 10 to 40.

Finally, we also implemented the price and volatility co-jump tests introduced by Jacod
and Todorov (2010). At the 5% significance level (with Benjamini-Hochberg corrections),
we identified in total 146 price jumps associated with simultaneous volatility jumps, and
only 25 of these coincide with the self-excitation jumps identified above. This finding,
which is consistent with the corresponding simulation results (in this online appendix),
confirms that the above evidence of self-excitation is not a spurious result due to price and
volatility co-jumps.

C Preliminary Technical Results

Proposition C.1. Suppose that Assumptions 1 and 2 hold. Furthermore, let the function
g(+) satisfy Assumption 3. Then, for some a >0 and w € (0,1/2),

[t/An} |AnX| 8 t
An . A@B J - P .
P =A7 ]z; g( Y > Col) —>/0 As—ds = Ay,

with
Ci(k) = / " (@) 2 P,

for any integer k. Note that Cg(k) =1 for g = go.

Proposition C.1 synthesizes the results of the two relevant papers: Ait-Sahalia and
Jacod (2009) employ the indicator function go(z) = 1¢;>1}, i.e., case (a) of Assumption 3.
Jing et al. (2012) suggest to use a smoothed and bounded function g satisfying case (b)
of Assumption 3 in order to extract information from relatively small increments, while
keeping the contribution from the Brownian part asymptotically negligible.

However, the above result is not sufficient for the purpose of our paper. We need to
derive the asymptotic properties of the spot intensity estimator given in (3.6). In the
sequel, we are going to accomplish this goal in several steps.
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Table B.1: Number of self-exciting jumps per year for 10-min individual equity returns
data

Symbol Sector 2006 2007 2008 2009 2010 2011 2012 2013 Sum

DIS CD 1 3 1 1 1 7
HD CD 1 1 1 3 6
MCD CD 2 1 2 1 6
PG CS 1 3 1 7
WMT CS 2 1 1 1 1 1 7
WMB Energy 1 2 2 4 1 10
XOM Energy 3 1 1 2 1 8
AXP Financials 2 4 6
BAC Financials 1 1 3 5 6 1 17
JPM Financials 1 4 1 1 3 1 1 12
WEFC Financials 2 4 1 1 8
PFE HC 1 1 1 1 1 1 6
UNH HC 1 3 1 1 1 2 1 10
BA Industrials 2 1 1 2 6
CAT Industrials 4 2 3 9
GE Industrials 1 1 3 2 1 8
MMM  Industrials 1 2 1 1 1 8
UTx Industrials 1 1 1 3 6
AAPL 1T 3 1 2 3 4 2 15
CSCO 1T 2 1 3 2 1 1 10
INTC 1T 1 2 2 3 3 11
DD Materials 1 1 1 1 4
FCX Materials 2 4 1 2 3 1 13
AMT RE 2 1 2 1 2 8
CBG RE 1 1 1 1 3 7
CCI RE 2 1 1 1 2 7
T TS 1 3 1 1 8
VZ TS 1 2 2 3 9
AEP Utilities 2 2 1 1 8
PCG Utilities 1 2 5 8
Sum 24 35 40 22 47 54 12 21 255

Note: The integers in the third to tenth columns represent the number of jumps among the
20 largest jumps for each stock and year that is identified with self-excitation (SE) by both
tests. That is, we conclude that the jump being tested shows evidence of self-excitation (SE)
if the self-excitation test does not reject its null, while the no self-excitation test does reject
its null, both at the 5% significance level. We use H(6, 1) with g2,6 for the self-excitation test
and H(6,2) with g2, for the no self-excitation test. Since we are testing multiple hypotheses
at the same time, we use the Benjamini-Hochberg procedure to correct for the multiple
testing bias. The total number of SE jumps in the un-adjusted case would be 789.
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By localization, a standard technique used in high frequency analysis (see e.g., Jacod
and Protter (2011) and Aft-Sahalia et al. (2016)), we may replace the local boundedness
assumptions in Assumptions 1 and 2 by boundedness. We state this stronger assumption
as follows:

Assumption C.1. The processes b and o are both bounded by some constant L, and
Assumption 2 holds with Li(w) = L, hence X is also bounded by L. Furthermore, §(w,t,x) <
v(x), where ¥(-) is a nonnegative bounded function satisfying [ (v(z)? A 1)Fy(dz) < oo,
uniformly in t.

Throughout this appendix, we suppose this assumption holds and primarily consider
functions ¢ satisfying part (b) of Assumption 3. As for part (a) of Assumption 3, upon
noticing that g1 ,(x) — go(x) as p — oo, the results we derive below can easily be extended
to cover this case, too, by applying the dominated convergence theorem. Also, throughout
this appendix we denote by K a positive constant, which we allow to change from line to
line. Finally, we denote by E}l_l and [E; the conditional expectations with respect to ]:t;;_
and Fy, respectively.

We start by decomposing X; as X; = X§ + X, where X{ = X + fot bsds + fg osdWs,
and

1

Xi =2 Ljpjcay * (0= v)e + 2 L{jgysy * e
=T Ljg)sey * e + T Lijai<sy * (0 — V)t — @ Lscpei<ay *
= X(6) 4+ X(6) + B(9).

Next, denoting 6, = aAY and g,(x) = g(x/dy) and recalling (3.6), we consider the follo-
wing decomposition:
Ak A LA
n—An = ———(lo+ 1+ Lo+

where Iy is the partial sum of a martingale difference involving gn(A?X ); the summand
in I is the conditional expectation of the deviation of g,(A7X) from its compensator
over each small time interval; Is represents the discretization error of the jump intensity
process over each small time interval; and I3 represents the discretization error of the jump
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intensity process over the entire local window. Formally:

Iy = EA (gn(AnX) E (gn(A X)))
n nj:i+1
Awﬁ i+kn t;-”
gn(A?X)—/ /Rgn(a:)Fs(da:)ds ,
] i+1 tn—l
o o (C.1)
I =— AZALED / /n — A s

itk
1 J Cj(1 Cjs(1
=13 A Z() A 80D
" j=it+1

(We use the notation S\(k:n)t? and A(ky); interchangeably.) For notational convenience, we

let
t
C; :/ /gn(x)FS(da:)ds. (C.2)
tr_ JR

The remainder of Appendix C is organized as follows. First, we provide in Lemmas C.2
and C.3 upper bounds to |I1]| and |I3] given in (C.1), respectively. Next, we prove in Lemma
C.4 the asymptotic negligibility of the sum |I; 4 I2+13| as well as a conditional independence
result. These three lemmas will prove very useful in the proofs of the consistency and
the associated CLT of the spot jump intensity estimator A given in (3.6). The stable
convergence of Iy, which, in light of Lemma C.4, is equivalent to the CLT of the spot
jump intensity estimator 5\, is proved in Proposition C.6. Finally, for the consistency of
the spot jump intensity estimator )\, we refer to the first part of the proof of Theorem 1.
The following lemma is adapted from Jing et al. (2012).

Lemma C.2. Let ¢ = (1 —wB) Aw(B—B)Awy and ¢ = p A (p(1/2 —w —€) — (1 —
wh)) A (1/2 —w —€). If p > 2, we have

[E7 ) (gn(AFXT) — CF)| < KAL=PH9, (C.3)
B} (gn(A7X) — CF)| < KA=PF, (C.4)

Furthermore, let h = 1 — wfB/2 and b/ = (—wph) A (— Then, for any

bounded martingale M and 0 < s < A,

l—w
).

|E¢(Mits — M) gn(Xigps — Xy

/ , .5
< K(AQ=HOMN e Al 4 AN s /By (Myys — My)?), (€5

where €, | 0 as A, — 0.
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Proof. See the proofs of Lemmas 1, 2 and 4 in Jing et al. (2012). O

Lemma C.3. Let ¢ = 3 Aw(B— ') A (wv). Then,

Cs(1)
B

AFPTYED(CF) = A, < KAY". (C.6)

Proof. Recall that Assumption C.1 includes Assumption 2. We consider the following
decomposition:

wB—1pn  (om Cs(1)
Anﬁ lEj,I(Cj ) - )\t;’.tlziﬁ - H]_ + HQ + H37
where
_ Cs(1)

_ AwpB—1 — on B
Hl—An E /;n /IR ’x|1+/3 Atj_l 04’8 }

_ AwB—1mn J |$‘7h(8 1")
Hy = ATPEL / A 7|x]1+5 gn(x)Asdxds,

—1
_ AwB—1mn "
Hy = AZO-1E? / /gn VY (dz)d
tn

Recall that 0, = aAY and g,(z) = g(x/dy). By the change-of-variable technique (x —
xd,,) and Jensen’s inequality, we obtain

tn
_ | AwB-1n 7B g(x) Cﬁ(l)
j—1
Co(D) | (5 .,
j—1
CB( ) 7 n 2\ 1/2
< WA, / (B 1 (As = A )*) " "ds
-1
K n
§ K \/gds < K\/ An
n Jo

Next, from Assumption C.1 and the properties of g and F”, it is easy to verify that
|Hy| < KAZY and |Hs| < KAZY?) Then the result readily follows. O

Lemma C.4. Assume condition (3.7) holds together with (3.10). Then,

lenAn AW’B i’“: . Cp(1)

n P

)
—~
Q
-3
SN—

j =i+1
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Furthermore, if M is a bounded martingale, we have

Z [E? | (gn(ATX)ATM)| — 0. (C.8)
] i+1

Proof. The left-hand side of (C.7) is smaller than
VI ALFD2(|1| 4 1| + 1)),

The first two terms in the expression above converge to zero in probability, as direct
consequences of (C.4) and (C.6). From the Markov and Jensen’s inequalities, for any
e >0,

i+kn

- L1-wB—p) 1
(\/ kAL > €) < *N T 2 By, =)
Jj=i+1
i+k
K la-wp—p) 1 e 1/2
< A O3 B, =AY
" j=it1
K  l(1-wp—p) 1 K 1-wppt=t
< ST B < AT By,
€ n €

according to condition (3.10). Thus, (C.7) readily follows.
It remains to show (C.8). The following result readlly follows from (C.5) (recall that,

n (C5), h=1—-wfB/2 and b = (—wf) A (— L=wby).
Awﬁ jasiy —3(1=wf—p)—p '
DB (ga(ATX)ATM)| < KA, (AQ==BEON e A
j =i+1
1 z—i—kn
Jj=i+1
$(1—wB—p) [ NP Ns=B iwp p—%+wB+h e
< KA (A7 4 euad™ 4 AL > JAE (A7),
j=i+1
By the Cauchy-Schwarz and Jensen’s inequalities, we have
l—‘rkn it+kn /
> AE (ATMP < Vi ( Y El(AFM)?) T < KA.
j=i+1 Jj=i+1

Hence, it is straightforward to verify that the left-hand side of (C.8) is smaller than

ll—wp— 'New ! w w w o
KAZUTFAmpt QIR | e A2 )—|-KA2[(1 FH1=pN(1-wf—ptl-wh+1-2w)]
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Note that 2¢' < (1—wf) (by its definition), 1 > @/, 1 > p and (1 —2w) > 0 (by condition
(3.7)). Then, under the assumptions of this lemma, condition (3.10) in particular, it is
easy to verify that all powers of A,, in the above expression are positive, hence that (C.8)
is true. O

w8 ~j=itkn mn n P Cs(2
Corollary C.5. We have kﬁAn Z; zil E7 <gg(AjX)> — Mg ig )|
Proof. Replace g,(+) by its square g2(-), and Cg(1) by Cp(2) in (C.7). O

Proposition C.6. Given any finite number of time points {t,}!
random variables:

p=1, the following vector of

koA,
AT

(X(kn)tp - (C.9)

w)
?J1<p<p’

converges stably in law to a vector of Gaussian random variables (th);::l independent of
F, with

Proof. Let i, = [t,/Ay] + 1 and

n AWB a’ n n n
Cj ko A, C,B( ) (gn(A X) - Ej—l (gn(A]X))) . (C.10)

Note that ¢} is a martingale sequence for fixed n. In view of (C.7) in Lemma C.4, it suffices
to show that, for any p # ¢,

iptkn

> EL —>Etp(wtp)

J=ip+1

igtkn

> EL Hth(Wtq) (C.11)
J=iq+1

ip+kn igtkn

S By —0
J=ip+1 k=ig+1

(iptkn

> ER (CPATM) 5 0,
Jj=ip+1

ig+kn

> ER (CArM) S50,

J=iq+1

(C.12)
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and

ip+hn

4 P
Z ]E;l—l(g;n) —)07
j:ip+1
iqthn

SR () o

\J=iq+1

(C.13)

First of all, from (C.10), we have

w3 Oé’B
G = i () (B (@) = (4 (a1 x0)°).

Using Corollary C.5 and the assumption that A has right-continuous paths almost surely,
we can conclude that

wf 8 9 ipt+kn , ) ) 2
on () 2 B ae0) 5 gt B S
k (Cs(1)) (Cp(1))
Furthermore, from (C.4) and (C.6), we obtain
AZ'B a/g 2 7"P+k‘n . . )
knAn<Cﬁ(1)) Z (Ejfl(gn(AjX)))
j=ip+1
1 Zp+k‘n
B |

Hence, the first two statements in (C.11) are true.

Next, note that for n large enough, we have k,A, < miny,[t, — t,|, or equivalently
kn < ming, 4 |3, — iq|. This fact yields the last equation of (C.11). Moreover, it is easy to
see that (C.12) follows directly from (C.8).

As for (C.13), we have

wf O[B

260 = (5) (o) (B @) — (21 (A1 X) (51 (0n(81X))
6B (92 (A7) (Bf_1(9a(A7X)))* = 3(E)_, (9(A7 X)) ).

Lemmas C.2 and C.3, together with Assumption C.1, yield

E? (g (ATX))| < |E}, m))| + 0p(AL7F) < KAL==F,
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where C7'(m) is defined by replacing g, (-) by (gn())m in C7'. As a consequence, we obtain

E E;.‘_l(cjn)ll < K( n ) Z A}L_WB — K=" _ KA?Ber—l‘
a knAp/ & knAy,
J=ipt+1 j=ip+1

According to condition (3.10), wf + p — 1 > 0. Therefore, the right-hand side converges
to zero as n goes to infinity. Hence, the desired result readily follows. O

Lemma C.7. The conclusion of Proposition C.6 also holds when (C.9) is replaced by its
feasible counterpart

oA,
ATP

(X(g> kn)t, — )\tp)

1<p<p’

where B is a consistent estimator of 3 (see Ait-Sahalia and Jacod (2009) and Jing et al.
(2012)).

Proof. First, we note that it is sufficient to show that the difference between the feasible and
the infeasible estimation error process is asymptotically negligible, that is, it is sufficient

to prove that
kggg (/)\\@\ a /\> B \/@(X(ﬁ) — )\) =op(1).

Here we omit the argument k,, for ease of notation.
Simple calculations yield that

[0 3) - s o
<

~—

NP knA,
Xl (A(ﬁ)—/\) R = =
- iz (0 —3) - (s - 525) (-

Hence, it is sufficient to show that the above two terms are of order op(1).
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Second, Proposition C.6 shows that

koA,
AZP

(75 =) = 0p(1).

Therefore, if ATE-H) B, 1, the second term above will be of order op(1).
Third, the convergence rate for § (see Ait-Sahalia and Jacod (2009) and Jing et al.

(2012)) is 1/1/AZF”. Therefore,
1

Amgﬁ—ﬂ)zopuy

ﬁ

From the expression of X, we can see that A is a continuous function of (. Then the
continuous mapping theorem yields

-~

L_(33) - 28)) = 0p(1).
AWB

j

Note that k,A,, — 0. Consequently, if Af(ﬂ RN 1, the first term above will also be of
order op(1).

What remains now is to show that Af(ﬁ Bl I fact, we can prove that

lim,_ 0, 2°*" = 1 for some a > 0 and |¢| < co. Let y(x) = 2" and note that Iny(z) =

cx®Ilnzx = Cxl%f Then, according to I’'Hopital’s rule, we have
. . clnz . c/x c ..
lim logy(z) = lim = lim % =—— lim 2 =0.
z—0+ z—0+ ¢ =0+ —ar %" a z—0+

Therefore, lim, o1 y(z) = lim,_,os 2°*" = 1. This result further implies that

lim AZF-H) L,
Ap—0+

by observing that B — B =0p(1) Afﬁ /2 The conclusion then follows. O

D Proofs of the Limit Theorems

Before proceeding to the proofs of the main theorems, we introduce some additional no-
tation used in the sequel; this notation is more commonly used in high frequency analysis
with jumps, see e.g., Jacod and Todorov (2010) and Ait-Sahalia et al. (2016). First, for
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each integer m > 1, we define (S(m,q) : ¢ > 1) to be the successive jump times of the
Poisson random measure given by

X <[0,t] X {x:;<'y(x)§ m11})'

(Please refer to (2.1) for X and to Assumption C.1 for 7(-).) One may relabel the two-
parameter sequence (S(m,q) : m,q > 1) to become a single sequence (7, : p > 1) that
exhausts the jumps of X. Next, we define

A= {2222 < Umb s = [ (1) Fdo)

={p:Ip>landm’ € {1, --- ,m}st. T, =S(m',q) <[t/A,]A,},
i(n, p) = the unique integer such that T, € (¢}, }],
T(nm,t) = {i(n,p) s p € TEY, T mym,t) = {1, [t/ Aal} \ J(n,m, ),
T_(n,p) = ti{np—1> T4(n.p) =i, )

Qe = () ATy < [t/An]An = 3knA, or T, > 3knAy; and [T, — Ty| > 6k Ay}
P#4P,9€Tm

Observe that, for any m,

lim P(Qpm) = 1.

n—o0

Hence, it is sufficient to prove all the desired results on this set. Furthermore, we sometimes
decompose X in an alternative way, using A,,, as follows:

Xy = X'(m)¢ + L(m)¢ + J(m)s,

where

by / zF,(dx), if B> 1, / / )(ds, dx), if 5> 1,
b(m); = (Am)e L(m
by, if B <1, / / zu(ds, d), if <1,

t t
X'(m) = Xy +/ V' (m)sds +/ osdWs, m)e —/ / w(ds, dx).
0 0

In the sequel, we first prove each theorem with true S and in the last subsection we show
that the same conclusions hold for the feasible estimators as well.
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D.1 Proof of Theorem 1

We first prove consistency of the spot jump intensity estimator /)\\(kn)tl given in (3.6). Recall
the first equation in (C.1) and equation (C.10). One easily verifies that

wﬁ ’LJrk‘n
] i+1

Because E?A(C}l) = 0, in order to show I N 0, it is sufficient to prove that

Aw’B z+kn

1€j

" =i+l
Lemmas C.2 and C.3 yield that
1 (gn(A]X)) = Op(A,777),
(B 1(92(A5 X)) = Op(AF1 7)),
Hence,
Awﬁ itkn ATS i+kn

S s« () S

< K(AZPH= 4 AP,

1 (g7 X)) — (B (92(A7 X)) |

The right-hand side of the expression above converges to zero as soon as p > 0 (condition
(3.7)) and p > 1 — wf. Thus, in view of (the proof of) Lemma C.4, one readily gets the

desired consistency result: X(kn)tl £, A
Next, on the set €2y, , +, we decompose U(H, k;,) into two parts, as follows:

U(H, ky) = U™(m)+U"(m),
with

ﬁn(m)t = Z H(Xi(n,p)—lvXi(n,p)7/):(kn) )‘(k )IH—) 1{|A i, >X\>ocA§f}7
PETn

U'(myr= > H(Xj1, X5, AMkn)j—ko—15 A(Kn)j) L{jar x|>ang}-
jeJ (n,m,t)

Observe that, for p € J(n, m,t), we have

Xi(n,p) = Xi(n,p)—l + AXTP + Op( \/ An)
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Furthermore, by (3.8), one easily verifies that P(AX7, € R) = 1. Since H is continuous on

D(R) x R? and X(kn)pi is a consistent estimator of A, , the continuous mapping theorem
yields that for any m and ¢,

U™(m)e — U(m)y := Z H(X1,_, X1, A1, s ATy ) Liaxy, 20}
PET

Consider case (a) stated in the theorem. For that given €, choose m > 2/e. Then, for
any j € J'(n,m,t), |A}X]| < €/2 on Qp ¢ with sufficiently large n. Therefore, we have
U"(m), = 0 for all u < t. On the other hand, U(m) = U(H). Hence, the result readily
follows.

Next, we turn to case (b) stated in the theorem. By the assumption, for any s such
that |[AX;| < e, we have

H(Xoo, Xop, dsmy Asy) < K[AX[7.

(Recall that by Assumption C.1, A is bounded.) Furthermore, because f is the jump
activity index, . |AX,|? < co. Then, by the dominated convergence theorem, one
readily gets U(m) — U(H) a.s., locally uniformly in time, as m goes to infinity. Thus,
what is left, is to prove that, for all t > 0 and 1 > 0,

lim hmsup[P’(sup\U (m)u| >n) = 0.

m—=00 n—oco

First let m be large enough, next let n be sufficiently large, so we have ]A?X | =

|AT(X'(m) + J(m))| < €/2 for any j € J'(n,m,t) on Q¢ In addition, the Markov
inequality (in the extended version for monotonically increasing functions) yields

E(|A7X(m)]")

<KAk(1/2—w)
O D

P(|A2X(m)| > AT /2) <

for any integer k > 1. Henceforth, we choose k > . Now consider the set

1
1/2—w
[t/An]
Ot = Qume (] {IATX (m)] < aAT/2}. (D.1)

It is easy to see that if w < 1/2,

[t/An]
[t/An]
>1—-0— lim Z KAk(1/2 @) =1— lim KAk(1/2 @)1 _ 1

n—oo n—oo
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Furthermore, if |2/| < A% /2, |2"| < €/2 and aAT < € (easily satisfied with n sufficiently
large), then

|2 + 2" > aAT = 2| + |2"| > aAT = |2'| < aAT /2 < |2"|.
As a consequence, the assumed property of H yields that

|H(z1, 21+ 2" + 2", 51, 02) | Lo sanzy < Kla”|P(1+y1+ y2).
Therefore, on the set (277, , we obtain

T (myl <K 37 IAFTm)P (14 M) jp—1 + Alkn);)-
jeJ (n,m,t)
On the other hand,
E(|A7T(m)|* (14 Akn)j -k, -1+ Mkn);)) < KymAn,

where 7, := sup; Y+ < 00, according to Assumption C.1. Observe that as m goes to
infinity, v, — 0. Then, by first letting n and next letting m go to infinity, the desired
result readily follows from the Markov inequality. This completes the proof of Theorem 1.

D.2 Proof of Theorem 2

We continue to use the notation U"(m) and U (m) as in the proof of Theorem 1 when
the bandwidth is k,, and we write U™ (m) and U (m) instead when dealing with wk,. In
addition to U(m), we also define

U(m):=Up —U(m)r = Y H(Xr,_, Xz, M, A1,,) LyAxy, 20}
PETY,

That is, U(m) represents the part of the limiting process that is associated with “small”
log-price jumps, while U (m) represents the part associated with “large” jumps. Our proof
is subdivided into 7 steps.

Step 1. We first focus on the approximation error to U (m). Denote

3 3
U"(m)e—U(m)i =Y > X(m,j)y, and  U™(m)y—U(m)= > > (mj),
PETm I=1 PET, 3=1
where
XOm, 1) = H(Xi(0)-15 Xingp)s Mn)p— s Mbn)pt) (1{|A;L(n’p)X|>aAﬁ} — 1{aXz, 20})
Km,2)p = (H(Xin )15 Xin.p)s Mk )p—s Mk )ps)
— H(X1,, X1 Mbin)ps A(kn)p+)) 1{axs, 20},
X(m,3)" = (H(X7,_, X1,0 s Min)pms MEn)ps) — H(X1,_, X130 A1y Ay ) 1 AXr, 40}
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In addition, we also set

X(m, )7 = (H3(X1,_, X1, , A1, A1, ) (A (kn) 1, — ATy)
+ Hy(X1,, X1, ATy A1y ) ARn) T = A1) L{axy, 20)-

Similarly, we define each x'(m, J)p in the same way, except that the bandwidth k, is

replaced by wk,.
When p € T}, we must have AXr, # 0. In this case,

knAn n w
E([lqjan,  X>aaz) = Haxs,zop]) = 4/ WPOAi(n,p)X‘ < aAy)
< K\ ASPTEPR(|AL, X — AXp | > 1/m — aAF)

n . 9 PEp—

knAn
AZP

(1/m—adg)? (1/m—alF)?

For any integer m, the right-hand side term will converge to zero as n goes to infinity.
Then, as convergence in L'-norm implies convergence in probability, we can conclude that,

for any p € T,

knlp
lim lim sup A7 xX(m,1)7 0. (D.2)

m—0o0 noo n

Next, in view of condition (c¢) of Assumption 4, we obtain

knAn
ATP

- k., A / / ’
[X(m, 25| < [ =g K (1 Ximp) 1 — X1, | + [ Xin ) — X, |%) |AXT, |7

pl — wf
n

< Kk 0,(VE) = 0,y 818 ) Lo,

The last line results from the assumptions that ¢.,¢;, > 1,1 —p > 0 and 1 — wf > 0,
and the fact that |[AXr,| (p € Th), ﬁ’Xi(n,p)fl — Xr,_| and ﬁ|Xi(n,p) — Xr,. | are
bounded in probability. Hence, (D.2) also holds for y(m, 2);.

Moreover, by Taylor expansion, we also have

knl\y [ o §
A (X0m, 3 = X(m, 4))
ken Ay, ~ R

N Awﬁ Op<(>\(kn)Tp7 B ATP7)2 + (A(kn)Tp+ )\Tp+)2) i) 0
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The last convergence result follows from the fact that , /’Z"%;(X(kn)gpp + — A7, ) is bounded

in probability and that A(kn)7,. —— M. -
Note that the same line of argument also applies to the case where the bandwidth is
wky,. Thus, we have proved that for each p € T,

”Awﬁ’(ZXm] m4)>i>0and1/ (ZX m,j), (m4)>i>0.

The above convergence results also hold when we aggregate over p € 7,.
Step 2. Now we turn to study the asymptotic properties of (x(m,4)y, X'(m,4);). For

the set of finite number time points {7}, }p_l, the conclusion of Proposition C.6 can be
generalized to include different values of bandwidths. Recall that, for any finite m, the set
7.t is finite for any given ¢. Consequently, one can verify that

L 3 (Ko X m ) Lt (Um)e, - Um)s+ o~ TU(m),)),

where U(m); and U'(m); are defined just like U and U] in (3.9), except that the sum is
taken over p € T, instead of over p € T*.

Together with the results from the previous Step 1, for any integer m, we obtain the
following result:

knAn
ATP

(G m)e = Ty, T () — Tlam)e) 225 (W4, - @)+ Vo = 1U (m)) ).

Furthermore, it is straightforward to verify that

_ B0
E(Ith — t(m)f2|F) = 220802 QZ No H(X o, Xy Asmy Ns)?

(CIB( )) s<t
+ A HZIL(XS s Xy As—y As )2) 1{|AXS|<1/m}

<KZ|AX ’ ql{\AX |<1/m}<K/ ’)/mst

s<t

Thus, as m goes to infinity, the right-hand side shrinks to zero a.s. because sup;<; Ym+ — 0
Uu.C.p.

as m goes to infinity (by assumption). This implies that U(m) —— U (convergence

in probability, uniformly in time). Following the same line of reasoning, we also obtain
u.c.p.

U'(m) —= U’. Hence, so far, we have proved that

kZﬁg (ﬁn(m)t —U(m)e, U™ (m); — ﬁ(m)t> ELIN (Z/{t, %(L{t + MU£)>
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Note that if condition (a) in the theorem is satisfied with some € > 0, then one can set
m > 2/e. Then, U"(m) = 0 for sufficiently large n and U(m) = 0. This completes the
proof of part (a) of the theorem.

Step 3. Now let us turn to study the approximation error to U(m). What is left to be
proved is that for all ¢ < co and 1 > 0,

lim limsup ]P( "Aﬁn |T" (m), — U(m)| > 7]) =0, (D.3)

m—=00 n—oo

and the same for U’n(m)t — U(m);. Tt is sufficient to prove (D.3) only.

Define Y(m) = X’(m) + L(m), i.e., the sum of the continuous component and the
“small” jumps of X. Hence, for any i € J'(n,m,t), we have A'Y(m) = A'X. As a
consequence, we may rewrite U (1m); as

U"(m); = Z H(X;—1, Xim1 + APY (m), Akn) j—k,—1, A(kn) ;) L{jary (m)>anw
1€J’(n,m,t)

Define I(n,i) = ((i — 1)Ap,iA,] and J(n,t) = (0, k, Ay U (([t/A] — kn)Ap, t]. Observe
that on the set £2(n,m,t), although “large” jumps do not fall in J(n,t), this does not hold
for “small” jumps. Another important issue to note is that for each p € 7.}, “small” jumps
may still occur within the interval I(n,i(n,p)), hence contribute to U(m);. For simplicity,
let I} := I(n,i(n,p)) and )\(k‘n)l, = )\(k‘ Yiekp—1-

In view of the discussion above, we can decompose U (m); — U(m); as

3 2
U"(m), — U(m); = > x(m,4)f + ZVmJt,
ieJ (n,m,t) j=1 j=1

where

m 1t = Z Z H Xs y Xs— +AY( ) )\sfv)‘s) 1{AY(m)S7$O}a
peTt selp

Vi(m,2)} = — Z H(Xo—, Xo + AY (m)s, A=, As) LAy (m), 20}
seJ(n,t)
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and
X(m, D) = (H(Xi—1, Xi1 + APY (1), MEn) j— o, —1, A7)
— H(Xi-1, Xi—1 + A7Y (m), Ai—1, M) L{jary (m)[>anz}s
X(m,2)i = H(X;—1, Xi—1 + A7Y (m), Xi—1, Ai) Ljjany (m)>anw)

— ) H(Xe, Xo+ AY (m)s, X1, M) Lay (m). 20}
s€l(n,i)

Xm,3)f = Y (H(Xe, Xy + AY(m)s, Aio1, M)

i
s€l(n,i)

- H(XS—7 Xs+ AY<m)37 As—, )\s)) 1{AY(m)S;£0}-

Step 4. We are going to prove that

Jim_lim sup \/WE(‘V(mJ)t ) =0, (D.4)
for j =1,2.

By condition (b) of Assumption 4, we have

> |H(Xeo, Xoo + AY (M), Asm, As)| < K|AY (m)o]? =: a(n, 4).
sel(n,i)

Moreover, by the property of Y (m), we obtain
tn
E(a(n,i)) <K [’ / E((v(z))!Fi(dz)) < KymAn.
S Ap

Recall that for any m, {p € 7,.} is a finite set. Then, it is straightforward to obtain
that

knA —
limsup [ ——> E(|[V(m, j)f|) <limsup > Ky, AJ-#H-=0HD/2 — g,
n—oo n n—oo

peTY,

The last equality readily follows from condition (3.7). Hence, (D.4) holds for j = 1.
As for j = 2, we have the following result:

lim sup kzgg E(|V(m,)}]) < limsup AJ=P2k, K, A,

n—o0 n n—oo

3(1—p— 2
= lim sup K*ymAfl(l pm=htz=h) _ 0.

n—oo
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The last equality follows from the assumption that p < 1 — wf + %wﬂ (recall condition
(3.10)). Hence, (D.4) is also true when j = 2.
Step 5. What we will show in this step is that

lim limsup knﬁ; Z E(}X(m,])ﬂ) =0, (D.5)

m—00 5y
e noqed (n,mit)

holds for j = 1.
First, condition (b) of Assumption 4 yields

|x(m, 17| < K|A?Y(m)|q(|}:(kn)i7 — it | + Akn)i — Ail) Lyary (m)|>anz}-

Next, Proposition C.6 implies that

N A
\/;D\(kn)z —Xi-1] and \/;{)\(kn)l — Al

are bounded in probability. Moreover, following the same argument as in the previous
subsection, we obtain that for sufficiently large n

|ATY (m)|? 1y any (m)>aaz) < K|AFL(m)[?

on the set Q2 , (see (D.1)). Consequently, on this set it is easy to obtain the following

evaluation by successive conditioning:

koA,
AZP

> E(\X(m,l)ﬂ)ﬁ > EymAn < Kty

ieJ'(n,m,t) ieJ'(n,m,t)

Since limy,—00 Ym = 0, we readily deduce (D.5) for j = 1.
Step 6. Now we prove (D.5) for j = 3 on the set Q% One can verify that

n,m,t*

X(m,3)f < K Y [AY (m)s]? (|hsm = Aict] + A = As).
s€l(n,i)

By successive conditioning, we obtain

IE( S AY ()] (A —Ai_l\) gym/ E(|As- — Ai_1|)ds

s€l(n,i) I(nyi)

< Ym /( | \/E(\As_ — Ni1[2)ds < Kym A2,
I(n,i
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and
B( 3 AV (N - Al £ [ E(AY(m).Jrys)ds < Kopad
s€l(n,i) I(ni)

These results yield that

k/'nAn Z E(’X(m, 3)?‘) S Z K’}/mAnAng_p+1_w'B)/2

wf
An 1€J’ (n,m,t) i€J (n,m,t)
< Kty AU=p1=w8)/2

Then the desired result readily follows from the assumption that p < 1, w < 1/2 and
B <2.
Step 7. Now we turn to the case 7 = 2. We introduce a new random variable:

xX(m,4);" = H(X;—1, Xi—1 + ATY (m), Xim1, Ai) Lyany (m)[>anz}

= Y H(Xe, Xoo + AY(m)s, Aim1, \) LAy (m).|>aa5) -
s€l(n,i)

Observe that

[X(m, 2)7 — x(m, )F| = Y H(Xe, Xoo + AY(m)s, Mi—1, ) LAy (m).|<arz}-
s€l(n,i)

For any m, we can always have « AT < 1/m when n is sufficiently large. Hence, we deduce
from Assumption 4 that

E(|x(m,2)f — x(m,4)}]) < K Z E(JAY (m)s|'1{ay (m).|<an=})

sel(n,i)
<K/m/ <aAw v(z))?Fy(dz)ds) (D.6)
< KAZ(=F /1 - / 2))? Fy(dx)ds)

< Ky ALr=a=h),

So condition (b) in the theorem implies that, for any m,

knAn _ _ . 1= wo(g—
lim sup Z E(}X(m, 2)1 — X(m,4)?‘> — limsup K”ymA%(l p=wp)tw(a—F) _ 0.

wf3
— —
e An i€ (nm,t) e

To conduct a detailed analysis of x(m,4)?, we need additional notation. The basic idea
consists in further distinguishing “small jumps” according to whether they are “close” to
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the truncation level. For some [ € (1,1/(2wf)), we denote ¢, = [(«AZ)~!] and we suppose
that n is sufficiently large so that 1/¢, < aAjy < 1/m. Next, define

A= A 0(AZ), NP = ([0, X AL,
t
L, = / S(w,u, 2)p(du,dz), L(g,) = L(m)— L,
0o Jar
G(n, i) = {|AZX"(m)| < A /4} 1 {|APL(gn)] < aAT 4} 0 {APN" < 1},

Accordingly, let Y (g,) = X'(m) + L(gn)-
We then evaluate the probability of w € G(n,i). First, for ¢ > (3 it is easy to see that

5(t, z)1Fy(dx) = 59697 PFy(dx) < KA=(—P) 8P Fy(dz) < KAF@=0),,
AQn AQn A(In

And, for any ¢ > 3, we have
E(JAPX'(m)|) < K(AY?) and E(|ATL(gy)[?) < ALH=(eA),

These results, applied with ¢ = 1f2w

one, and the Markov inequality yield

to the first term and with o = zl;&lf T’) to the second

P(|A?X'(m)| > aAT /4) < KA? and P(|ATL(g,)| > aAZ /4) < KAZ2.
Second, N™ is a Poisson process with parameter A\(A}) < K ’qug . We therefore obtain
P(APN™ =1) oc Ap Py, and P(APN™ > 2) < KAZ =042
Let Q(G)nt = Mi<i<ii/a,) G(n,i). Then we have

[t/An]
P(QUG), ) < Y P(G(n,i)°) < tKAL202 — 0.

n,t) =
=1

Hence, it is sufficient to prove the desired results on the intersection of 27, ; and Q(G),, ;.
Observe that on the set G(n,i) we have

APY (gu)] < JAZX/(m)| + [APL(gn)| < aAZ /2 < a AT,
Therefore, for any i € J'(n,m,t), if APN™ =0, i.e., |AY (m)s| < g, for all s € I(n, i), then

|AFL(m)| = [A7 L(gn)| < A7 /4,
[ATX| = |ATY (m)] = |ATY (ga)] < |ATX(m)] + |AT L(gn)| < @A /2.
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Then it is obvious that, conditional on AP N"™ = 0, x(m,4)] = 0. When A’ N" = 1, there
is one and only one s € I(n,) such that |[AY (m)s| > g,. In view of these results, define

X(m,5)7 = > (H(Xs—, X + ATY (M), Xim1, 20) L{AnY (m)[>0A% | AY (m)e| >0}
s€l(n.i)
C H(Xoo, Xeo + AY ()5, M1, \s) 1{|Ay(m)s‘>(m5}).
Again, condition (c) in Assumption 4 implies that
E(x(m,4)i — x(m,5))
< KE( (X, = Ximal% + X, = Xioa]%) - JATY ()% - 16y (my.[>0) )

a a2 n 24y} '/?
< K<E((‘XS_ — X%+ | X — X1 C) ) E(’Az Y (m)] d)) (D.7)

< K((af + A1) AL, )

< KA (AL TR | A2t 12

Therefore, as long as 1 — p —wf + (¢, — 1 +w(2¢;, — B)) A 2w(q. + ¢;;, — B) > 0, we obtain
(on the set Qy, mt N Q(G)p+) the following result:

L EnAy, - n_ n
Jim Hmsup 7625 5 B{jtm, )F - x(m. 511 0.

no e (n,m,t)

Hence, it is sufficient to prove (D.5) for j = 5.
For any ¢ and any s € I(n, 1), define the following function:

f(x)l = H(XS—7 Xs— + 2z, )\i—h )\z)

S

So Assumption 4 implies that f(z)! < K|z|? and |f(z + )% — f(z)}] < K|y|%|z|%. Con-
sequently, some elementary calculations show that

X(m,5)F[ < D0 | FAFY (m))L - Lary (m)>aa |AY (m). a0}
s€l(n,i)

— FIAY (m)o)} - Lay(m)s>anz}|

<K Y (IATY ) gy, <avm.<ang)  1AY (M)l Lay(m), aaz)
s€l(n,i)

Lgapy(mangy + [ATY (m) = AY (m)s|% - [AY (m)il% - 1ay(m).[>an7))

< K(JATY (m)| A20AF)" + K3 ((|AY(m)syA2aAg)q
s€l(n,i)

IAPY (m) = AY ()| % - [AY (m)|%) - LAY (). [>ans)-
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Recall that on the set G(n, i), there is at most one s € I(n,4) such that |[AY (m)s| > aAT.

For simplicity, let 1(Y)7 1= 1(ay (m).|>aax) and >, Z[t/A” > sel(ni)- In view of the
previous calculations, we obtain

[t/An] [t/An]
Z E( (IA7Y (m |A2aAw Z / / §(s,2) Fy(dx)ds < KAT=P), 1.
(i—1)A 2aA%
ZE((]AY( )s| A 2aAZ) l(Y / / (s,2)1Fy(dx)ds < KA ¢,
1,8 2aA%

Moreover, we obtain

D~ E(JAFY (m) — AY (m)s[ - [AY (m).[% - 1(Y)? )

< 37 \E(ATY (m) = AY (), - 1(Y)3) E(AY (m).[h - 1(Y)z)

S(ZE(M?Y(m)—AY(m)sF%- ZE [AY (m)s[*e- 1(Y >s>)m

[t/A

Z / . /q (5, 2)204 F, (dz)ds /O /q 5(s,x)2quFs(dx)ds)l/2

n

< KAn (qc""qd ﬁ)p)/mt

As a consequence, we have the following estimate:

> E([xm,5)]) < Kty AT, (D.8)
i€J’ (n,m,t)

Therefore, when condition (b) of Theorem 2 is satisfied, we have (D.5) for j = 5. This
completes the proof.

D.3 Proof of Theorem 3

The adopted notation is the same as in the proof of Theorem 2, except that x(m,4); will
be replaced by

N _
gp Awﬂ (H (XTP_’XTP’ AT, )‘Tp)()‘(kn)Tp— - )\Tp—)Q
+ HY (X, X1y, A=y Ay ) (M kn) 1, — A,)? (D.9)
+ 203, (X1, -, X1, Aty Ay ) (M) 7, — — Ay =) (A (Kin) T, — ATp))-
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Our proof is subdivided into 3 steps.

Step 1. Using the calculations we performed in Step 1 of the proof of Theorem 2, we
obtain

kn A, KA ==0)
k'nAn
AZP

E(|x(m,2)n]) < KA, P==F12,

Then the following conclusion readily follows from the assumption that p < 1, w8 < 1 and
condition (3.10):

. . knAn ~ an P
W}gnoo hTrL11_>sol<1jp TSB x(m,j), — 0, (D.10)

for j=1and j = 2.
Taking the Taylor expansion of the function H up to the second order, we obtain

H(x1, 22,91, 92) — H(x1,22,Y1,Y2)
~ Hy(x1, 2z, y1,y2) (01 — y1) + Hy(z1, 22,91, y2) (G2 — ¥2)
1 . N
+ 9 <H§/3($17 z2, Y1, yg)(yl - y1)2 + Hffz;(fﬂl, x2, Y1, yz)(y2 - y2)2
+ 2H3, (x1, T2, y1,Y2) (91 — y1) (G2 — yz))-

Now set 1 = X1,—, v2 = X1, 1 = A1,,— and y2 = A7,. The degeneracy condition induces
that the first order terms are all zero. Thus, we obtain
knA,
AFP

~ n n knAn
(X(m') 3)p - fp) = W

Op((//\\(kn)Tpf - )\Tp,)g + (/):(kn);pp+ — )\Tp+)3> Poo.

Furthermore, we can obtain the following result using a similar argument as in Step 2
of the proof of Theorem 2: Zpef% E;L LN U(m);. Similarly, from Assumption 5, we obtain
E([U(m),—Uy| | F) < K)ot |1AXs|1ax,|<m} < Kymt. Then, invoking the same line of
reasoning as in Step 2 of the proof of Theorem 2, we prove part (a) of Theorem 3.

Step 2. Now we turn to part (b). First, based on the results in Step 4 of the proof of
Theorem 2, it is easy to verify that, for j = 1 and j = 2 respectively,

lim sup FnBn E(|V(m,5)}|) <limsup Z K AU—P+0-=0) — o

n—00 Afﬁ n—00 peTt
knA — e 1
limsup ~=2 B ([V(m, j)7|) < limsup Ky, An 777279 _ g,
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Next, condition (b) of Assumption 5 yields
[x(m, D)7 | < KIAFY (m) |9 (|AM(Kn)ie — Aic1? + [A(Bn)i = Ai?) 1{jary (m)>aaz}
X(m,3)7 < K> JAY (m)o|? (A = M1 + [ = Adl?).

sel(n,i)
Then we readily obtain
o knAp _ n :
n}l_rgohyrlrisolip A I[*:(}X(m,l)Z ‘) < WP—I)%Ome 0,

e (n,mit)

knAn —
lim limsup =5 Z E(‘X(m, D < lim limsup Kt’ymA(l p+1-wp) _ (.
m—0o0 n_soo An i (mm.t) m—o0 n_yoo

Finally, note that all the evaluations in (D.6), (D.7) and (D.8) remain valid. Therefore,
we obtain

Awﬁ 72 _Elx K, 4)7]) < Kt ALr=h=(0-5),
1—p—wB+(¢.—1+w(2¢,—B)) /2Anw(d.+q,— B
Awﬁ ZE [X(m, 47 — x(m,5)}]) < KtymAn (4 (24;=5)) /21w (4 +4,=5)
ZE <Kt7 Al p—wB+w(gN(g.+q})—B)
Awﬁ m ,

where the sum ), denotes >, (nm,t)- Under condition (b) of Theorem 3, the above three
terms are all asymptotically negligible. This completes the proof of Theorem 3.

D.4 Feasible estimators with B

Note that H is a continuous function of the spot intensities, hence it is also a continuous
function with respect to 8. Then following the same argument as in the proof of Lemma
C.7, one can show that

knA ~

"2 (H(NB) - H)) -
Ay
where we omit other arguments of H for simplicity. Therefore, the same conclusions hold
for the feasible estimator as well.

En A,
AZP

(HO®) - HO) = op(1),
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