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A Proofs

A.1 Assumptions and Notation

In all proofs that follow, the constants C' may vary from line to line, or even within one line. We add a
subscript par if they depend on some parameter par. In the sequel, we will employ Lemma VIII.3.102
in Jacod and Shiryaev (2003) repeatedly, and we will refer to it as the JS-Lemma.

Adopting the standard localization procedure (see e.g., Jacod and Protter (2011) for further details),

we may assume that:

Assumption A.1. The efficient price X satisfies the Assumption 2.1 with by and o¢ bounded (uniformly

inw andt).

This implies that for all stopping times 0 < .S < 7T <1 we have

E (X7 — Xs” |Fs) < C,E(T — S|Fs), Vp>2. (A1)
|E (X7 — Xs|Fs)| < CE(T - S|Fs).

We first introduce some notation that is used to prove the results in Section 4.1:
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To prove the results presented in Section 4.2 we will also need the following;:
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0
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Xi'(t) = Bi'(t) + M (1);



where Bl'(t) = fot bsG?(s)ds, and M[*(t) = fot 0sG?(s)dW;. Furthermore, we define
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A.2 Auxiliary Lemmas
We will often need the following two useful results based on the JS-Lemma.
Let Z be an integrable random variable with finite variance and measurable with respect to G/ g
(see Assumption 2.2 for the definition of this o-algebra) and define
E(Z|Gy)—-E(Z
ck ;:E((E(mgk,) —]E(Z))2), Ay = EZ1G )k (2),
Cz




Then we have by the JS-Lemma

E(Z161) = E(Z) + Az [, (A3)

with E(A%) =1 and C} < Ck™2".
Another application of the JS-Lemma gives that if Z;, Z; are G;- and Gj-measurable random variables

respectively, with mean zero and bounded variance, then we have for all k¥ < ¢ < j that
E(E (Z:Z;16:)]) < C ( — )" (A.4)
To see this, we use the JS-Lemma to obtain (since the Z; have bounded variance):
¢y =B((E(2;16:)7) <C (G- i)™ (A.5)

Then,

B2 (225 100D < /o - )5 (e (2225 16, ).

)

Now applying the Cauchy-Schwarz inequality and using the fact that the variance of the Z; is bounded,
we obtain (A.4).
Next, in the setting of Section 4, we recall some useful estimates (see Jacod et al. (2009)) for pre-

averaged sequences defined in (19):

® (X )| <ovan B(X

) < At (A.6)
for any ¢ > 0, and
—n\ 2
E ((Wz- ) |E”> = knQntho + Op (A3 (A.7)

The following lemma, which establishes a central limit theorem for general pre-averaged noise, plays

a central role in the proofs of the results in Sections 4 and 5.

Lemma A.1. Assume that the noise satisfies Assumption 2.2 and that (14) is satisfied. Then, the

following central limit theorem holds for UZ—L:

AT LN <0, wler) : (A.8)

Proof. Let a? = —g7+/kn/#7(0). First, a Riemann sum approximation implies

@7 (0) = b1 + o(AY/). (A.9)



Next, for any ¢ € Z, the Lipschitz property of ¢’ implies \g? — E?_Z‘ < C|llk;,; 2, so

|67(0) — 1| < O] /Ky + o(AY). (A.10)
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Since E((EJ 01 aj UiH) ) = m > j01<k, 91 (€)7(€), we have

2
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El | Y oty O 5 b0 o oyR, (A.11)
=0

|e|<k - o0 €| <kn Fon

where we used that |y(£)¢| < C¢|'~? with v > 2, and k,, = O(n'/?). Then 2ok, YO < CkL=" gives

¢ Z Diy() = Su| < OVA,, (A.12)

|€|<kn

2
and we see that E((Zf"ol aj i+j) ) — 3y.
Since we assume the existence of moments of noise of all orders, and v > 1, we have for sufficiently

large r that v — % > 1, which implies

Z k77 py < o0,

keN*

where the {p;} are the p-mixing coefficients. This is sufficient for the following CLT, according to Rio
(1997)":

kp—1
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7=0
Since n'/4T; = ¢11/(20 Zf 61 a}Uiyj, we obtain by (A.11) and (A.12), using (18) and (A.9), that
o\ 2 Y
E((nl/‘*U?) ) _ iy o(AL/%), (A.13)
0
and the stated result follows. O

The result of Lemma A.1 for the asymptotics of pre-averaged noise will allow us to prove the results
in Subsection 4.1 using a similar strategy as in Podolskij and Vetter (2009a,b). However, their proofs

need to be modified for our setting. The following lemmas will therefore turn out to be useful.

Lemma A.2. Assume the conditions of Theorem j.1 are satisfied. Then there is, for any q > 0, some

1Rio (1997) discusses strongly mizing or a-mizing, which is implied by p-mixing.



constant Cy > 0 (depending on q), such that for all m:

E(l¢519) +E(|n X7

q) <y (A.14)

E(551%) + E(|n1/ 177

q) <, (A.15)

Proof of Lemma A.2. The boundedness of the moments of n'/4X follows from (A.6), which also es-
tablishes the same bound for n!/ 4W£L if we take the drift of X equal to zero and the volatility con-

stant. This, together with the boundedness of o, gives the boundedness of E(£))) since we can write
& =nt/t (Y:mn - UmknAnWZmn)-

Y
Now we show the boundedness of E(‘nl/ 1y, ‘ ) Holder’s inequality implies

)

Boundedness of E (‘nl/‘lyy‘q) has already been established, while E(‘nl/‘lﬁ? ’q> is known to be bounded

(v

)< s

q) + E(‘nlMU?

by Lemma A.1 and the well known fact that convergence in distribution implies convergence in moments
under a uniformly bounded moments condition, see, e.g., Theorem 4.5.2 of Chung (2001). The result for

E(|8%]?) follows by similar arguments. O

Lemma A.3. Assume the conditions of Theorem 4.1 are satisfied. Then we have for all even integers

r > 2 that, uniformly in m,

E (500" M, ) = (000020, + L5 ) + 0,070, (A16)
nA\T n 2 leU r/2
B ()" (M, ) = s (86002,5, + 2572 ) 400, (a17)

with ., the moment of order r of a standard normal random variable.
Proof. Let {r,} be a sequence of integers satisfying

s 1 1

rp,Xn’, — <9< -, A.18
n " 1 (A.18)
For any process Z, denote
Tn—1
—n .
Zm,rn = Z g;l ;L'Lkn+j7
j=0
kn—1
—n .
Zr it == Y T g
J=rn
Let
—=n L 1 4*” —=n L 1/4 =N =N
/B'Inﬂﬂ71 =n / Umﬂ“n 6rﬂ/,m+1 =n / (UmknAnkan + Urmm—&-l) . (A'lg)



n —-n

This implies that 87, = B,, . +B,. 1. We first prove (A.16) by establishing the following three results:

E((8)° My, ) —E ((5&,%1)2 |H:;kn) — op(n~ 1), (A.20)
E ((ﬁfmm+1)2 !H%kn> ~E (( TWH) ka ) — o, (n—11Y), (A.21)
E(Brmr) [Fone ) - (9¢003nknAn n wlng) = op(n~114). (A.22)

1. To prove (A.20), it is enough to show that

E((ﬁmm) ‘Hmkn> 017(71_1/4)7 (A.23)
E (87 1) (Brur, ) [, ) = 0pln™1%). (A.24)

To establish (A.23), we write
9 9 rn—1r,—1
—n I
(6m,rn) 1/2 (Um r,,) = n1/2 Z Z g;ng;b’ ngn—&-jU:rLLkn—Q—j"
§=0 j'=0

Taking conditional expectations we see that the left-hand side in (A.23) is smaller than

rp—1 T™h—2 rTp—1

—n 2 n n
Z (9j)2]E ((UmknJrj) |Hmkn) +2 Z Z ‘gj gy Umk,+;U )|
J=0 J=0 j’'=j+1
Since |§?| < CVA, for all j, we find by (A.4),
—n 2 2
E((ﬂm,,n> }H%kn> <CVA, |1, +2 Z Z =" < CVALr,,  (A25)
J=0 j'=j+1
and this proves (A.23) due to (A.18). To prove (A.24) it is enough to show that
\/>E( m,Tn rmerl |gm/€ ) = Op(n_1/2)7 (A26)
niE(]E (B;TRWZL,% ‘Hﬁmn )) = op(n_1/4). (A.27)
The first result follows since the left-hand side equals
rn—1 k,—1 rn—1 kp—1
E(n'2 > > G0 Unk, Uy | Gk, | < Cnt2 303 0 VAAL L =17
J=0 j'=rn Jj=0 j'=rn

by (A.4), and since v > 2 we get (A.26).

For (A.27), we note that the independence of G, F, and the estimates (A.6) and (A.23) imply

NI

nﬂE(‘]E( B W yH;gkn)D %fE(‘E( . Gk, )D <CAIVn i (A28)



This proves (A.24) and hence (A.20) has now been established.

2. To prove (A.21) we note that the left-hand side of (A.21) is

which is of order O,(r;, ") by (A.3), so (A.21) follows from (A.18).

3. Finally, we prove (A.22). We have by Lemma 4 of Podolskij and Vetter (2009a) that
2
E <(”1/4UmknAnkan> |‘F7T;Lkn) = n1/2a'r2nknAn knAntho + 0p(n~1*4) = Tk, 00 + op(n™*),

where the last equality follows from (18). Due to the independence of G and F we therefore only
need to show that

—n 2 b))
E((nl/‘lUTmmH) ) = djle v +0p(n71/4).

We know from (A.13) that

so the desired result follows if we can show that

‘E((nl/‘lU;kn)Q) - ]E<<n1/4U:mm+1)2> ‘ = o,(n"1/*%). (A.29)
But this follows from
E((nmen )2> < OAprrp; E(Ufn,rﬁﬁmmﬂ) < OA,,
which can be obtained from (A.23) and (A.26).

This completes the proof of (A.16). To establish (A.17), we show that

E (181" (M, ) = B (1B, " [, ) = 0p(D), (A.30)
E (1B, sl [Hie, ) = E (1B " [ Fis, ) = 0p(n™7%), (A.31)

= o\
E(wrn,mﬂmkn—(ewoa;iknAﬁ - ) = 0,(1). (A.32)

1. For (A.30), we use the Mean Value Theorem and (A.23) to write

B (850 = (Brunes) i, ) =B (+ (Frir) ™ (B ) [Mis, ) + 000

Application of the Cauchy-Schwarz inequality yields that the right-hand side is 0,(1) due to (A.25)



and Lemma A.2.

2. We now turn to (A.31). For any [ < r, apply (A.3) to write

—n l —n l
E <(n1/4Ur”,m) |/H:Lnk) = E((nl/‘lU”,m) ) + Cr, 1Ay,

with E(A?) = 1 and C,, ; < Cr;;” < Cn~Y* because of (A.18). This means we can replace the
conditional moments by the unconditional moments plus a correction term that vanishes asymp-

totically. Using the notation C* = Wlk)' for the binomial coefficients, this gives:

E ((B:”Ln,m-&-l) |H;nnk7,)
r —n \Fk — r—k
=E Zcfo'fnknAn ("1/4kan) (”1/4U7-n,m) |H::zkn
k=0
" —n k —n r—k

= Z CfarknknAnE ((”1/4ka") ’}—Tan> E <<n1/4U’r,“m) |gmk)

k=0

—n r T —n k
=EK ((ﬁrmm+1) |‘Frrrlzkn> + Z ClzafnknAnE ((n1/4wmkn> {‘T_Zrlzkn) Crn,rkarflv
k=0
Clearly, the last term is 0,(1) since (A.6) shows that the conditional expectation in the summation

is bounded for all k, while C,, ; < n~'/4. This proves (A.31).

3. The equality (A.32) is a consequence of the asymptotic distribution of 87, which follows from

m?

Lemma A.1, the fact that the sequence of the moments of the noise is uniformly bounded, and the

independence of W and U.
This concludes the proof of Lemma A.3. O

Lemma A.4. Assume that the conditions of Theorem 4.2 hold and let

My,—1

Lo i=n"0 S (857 —E (80 Mo, ) ) - (A.33)
m=0

We have the following stable convergence in law:

1
L, =3 \/g / (9%03 + wlazU) aw’, (A.34)
0

where W' is a standard Wiener process independent of F.

Proof. Let 97 :=n~1/4 ((6,’}1)2 - (quoofnknAn + @)) . Then, since M,, < Cy/n,

M, —1
Ln= Y 9% +op(1),
m=0



by Lemma A.3. We also have

> EWh M) S0, (A.35)
m=0
again by Lemma A.3, and
Mn—1 Mn—1 M, -1 2
n 1 n 1 n Z
5B () < 3 (0 )+ g 3 (e, + )
m=0 ™ m=0 " m=0
g Mnol 0
A SE ((6;;)2 !’Hﬁmn) (ewoa;k,An + 19 U) + 0, (ALY,

m=0

The last remainder term op(A,l/ %) is due to the approximation M, = /n/0 + o(n'/4). Now it follows

from (A.17) and a Riemann approximation that

M, —1 9 1 w » 2
Y E ((19;)2 |’H§;kn> 52 / (91/)00—3 + U) du. (A.36)
m=0 0
Next, denote A”, Z = Zzlm—&-l)kn — Zp, » for any process Z. We will show that
M,—1
ST EWLALN [Hi, ) 0, (A.37)
m=0

for any bounded martingale N defined on the probability space (Q, F, (Ft)t>0, P).

According to Jacod et al. (2009) and the proof of Theorem IX 7.28 of Jacod and Shiryaev (2003)
it suffices to consider martingales in N'° or N'!, where N is the set of all bounded martingales on
(2, F, (Ft)t>0,P) which are orthogonal to W, and where A'! is the set of all martingales having a limit
Noo = f(Y4,,...,Ys,), where f is any bounded Borel function on RY, ¢; < ... <t, and ¢ > 1.

First, let N € N and let F| = Nsst Fs ®G. Then, for any t > mk, A, o (t) :=E (ﬁ"m f{), condi-

tional on o1, A, , s @ martingale with respect to the filtration generated by {W; — Wi, A, |t > mkn Ay}

By the martingale representation theorem, we have 0., (t) = 0., (mknAy) + f;kn , TudW, for some pre-

dictable process 7. The orthogonality of W and N and the martingale property of N imply that
E (080N (B, ) =B (95 = T (mkadn)) AN 4T, (mhkn) AN | P s, ) =0,
which gives
E (9p,ALN |Hiy, ) =0, (A.38)
since M, C ]?;nknAn'

Next, assume that N € N'. It can be shown (see Jacod et al. (2009)) that there exists some
fi such that for all ¢ € [t;,t111), Ny = fi(Yig, Yirs- -, Y0,):=E(f (Vg - - - Yo, Yo oo, Yy, )| Fe) with

10



to = 0,t4+1 = 00, and such that it is measurable in (Y;,,...,Y},). Hence, A%, N = 0 if it does not cover
any of the points t1,...,t5+1. But such intervals (to compute A7 N) that contain any of the points
t1,...,tq4+1 are at most ¢ + 1 in number. Furthermore, by the boundedness of N and the conditional

Cauchy-Schwarz inequality, we have the following:

B (9 ST 5, ) < (B (90" P, )/ (R P, ) = 00,

Now (A.37) follows since there are at most finitely many such intervals.
Due to the fact that 97, is an even functional of n'/4W, , and n'/4T,,, we know that both have

a symmetric asymptotic distribution, and

E (9% AW [HLy, ) 5 0. (A.39)

From (A.17), we deduce that (97,)?1{jgn >} = 0p(n~1/2) for any € > 0, so we have
M, —1 .
> E((05) 1g0n 5e) [Himg, ) = 0. (A.40)

m=0

Now the proof is complete in view of (A.35)-(A.40), and Theorem IX.7.28 of Jacod and Shiryaev (2003).

O
Lemma A.5. Assume that the conditions of Theorem /.2 hold. We then have that
M, —1 . 9 1 M, —1 )
> (Vo) == X (B2 =0, (n1). (A.41)
m=0 m=0
Proof. Denote
Y =080 = 0 W + Ui (A.42)

Then,
M, —1 9 1 M,—1 My —1 2 ~ \2
(|5 (7o) - o 3 0n]) < 52 o (P 2)) o (P + 5)°).
m=0 m=0 m=0

O(n~'/*) by (A.6), the result is proven if

N
=
Q
@
Q
&=
N
~
~|
33
>
+
33
~—
[\v}
N—
Il

M, —1

W;) ]E((ankn - f%)z) 0, (A.43)

But this follows directly from Lemma 7.8 in Barndorff-Nielsen et al. (2006). O

11



A.3 Proofs of the Results in Section 3 and Subsection 4.1
A.3.1 Proof of Proposition 3.1

Proof. For any process Z, we write A}, Z = ZI' . — Z, for j = 1,2,...,n — 4. The process Y then

satisfies

—7 n—j n—j
(A7 V)2 =3 (A7 X)2+2) ATLX AU+ (AT, U)2. (A.44)
=0 =0 1=0

K3

.

Il
=]

%

We now analyze the asymptotic properties of the three components on the right-hand side of (A.44):

(i) First note that 31~/ (A} X)?/5 5 [X, X], where [X, X] is the quadratic variation of X.

(ii) By the independence of X and U, we have

n—j n—j
n n 2 n 2 n 2 .
S E((arx ar0)?) = S E((anX)°)E((A1,D)) < ¢, (A.45)
i=0 1=0
The last inequality follows from the fact that U has bounded moments and from an application

of (A.1). Next,

Z E(A}, X AT,U A} X A} U)
1,4 :<4!
= Y E(A}X AL X)E(ALU AL U)

Qi<

(A.46)
<CjA, | Y E(ARU AU+ Y E(ARU Ap,U)

1,4/ i <i! Qi >0 >0

<Cj*.

The first inequality follows from the Cauchy-Schwarz inequality and (A.1). To establish the second
inequality, we apply the Cauchy-Schwarz inequality, (A.5), and the fact that v > 1, to obtain

> BQALUAU) = >, EALUE(ADU|Fia.)

iyl i< iy i<
<cy Y ]E((]E (A;eJny(iﬂ)An))Q) (A.47)
iilig<i
<Oy Y (@ —(i+]) " <CALL
i i<

, 2
Equations (A.45) and (A.46) imply that E((Z:‘zoj A7 X A%U) > < Cj2, so
n—j
S OALX ALU = 0,(j). (A.48)
i=0

(iii) Turning to the last sum of (A.44), let v; := E((Uﬁj —U")?) =2(v(0)=~(j)). For i > j, we obtain

K2

12



the following, using similar arguments as the ones used to prove (A.47):
|Cov (U — U2, (UL, — UM < Cli—5)7",

which implies
2

E (ij ((A7;0) - Vj)> < CALY. (A.49)

=0

For any fixed j and any j, satisfying A, j, — 0, j, — 0o, we have by (A.48), (A.49) and (4) that

YY) (i) = (1(0) = 7)) = Oy (VA0i ) 5 s
<Y’/?>(]n)n - 7(0) = Op (max{ V Anjnvjr:v}) . '
Now the stated result follows. O

A.3.2 Proof of Proposition 3.2
Proof. By Itd’s isometry, we have

n—j n—jitj=1 (h+1)A, n—1  (n—j)Ah (h4+1)A,,
E, (Z(A?’ij) :Z Z / o2ds = Z Z / o2ds
. h h

i=0 i=0 h=i “hAn h=0 i=0V(h—j+1) A"
n—j h (h+1)A, (nt+1—5)A,
=3 Y [ tasseian =g o2ds + o(jA,),
h=j—1i=h—j4+1" hAn (G-DA,

where we reversed the order of summation in the second equality, while the stochastic orders follow from

the regularity conditions on the volatility path around 0 and 1. Hence, we have
o 1

2(n — j + DEo (X, X)(7)n) :j/ o2ds + 0,(°A,).
0

Furthermore, it is immediate that E, (ZZZOJ (A%U)z) =2(n—j+ 1)(7(0) = v(4)). Thus, we have, by
the independence of X and U,

o (W7100) = 3220 1 5(0) = 200) + 0,0

A.3.3 Proof of Proposition 3.3

Proof. We note that [Sy — Sy, | is smaller than

ln o oo
2> G =)l +2 D )]
J=0 J=ln+1

13



The last sum is of order (£,)'~? with v > 3 and £, > Cn'/® by (14), so it is o(n~'/*). For the first sum
we use definitions (6)-(8) and then apply (A.50) to conclude that for j < ¢,,:

9G) = Y@l = 1) = oY) G+ VYV G)al = O (ma {V/AuGu i7" VB })

—

Our restrictions in (14) then guarantee that |v(5) —v(5),,| = Op((A,)%/12) while £, = o((A,,)~Y/°), so

Ly
> 1vG) = 1)l = op(n™ Y 1Sy = Su, | = op(n4). (A.51)
§=0

This establishes the result. O

A.3.4 Proof of Theorem 4.1

Proof. We present the proof in three steps, which correspond to the following three equations:

PAV(Y, ), — MLPAV" 5o, (A.52)
L opave - eyt & (A.53)
M, M, ’ '

1 P
5 PAV" —PAV(Y.7) 5o. (A.54)

n

We invoke Lemmas A.2 and A.3, which in turn rely on Lemma A.1.

(i) To prove (A.52), recall our choice” of M,, = {ﬁJ The difference on the left-hand side of (A.52) is

a sum of martingale differences:

1
PAV(Y,r), — PAV"
SEL T
My —1 1 r r
1—=n 1—n
= Z = (‘nZYmkn —E (‘nZYmkn ’ankn)) .
m=0 \/rﬁ

In light of Lemma 2.2.11 in Jacod and Protter (2011), it suffices to show that
M, —1
1 1—n 27 n P
=S B (V| [, ) o (A.55)
n
m=0

But this follows from the boundedness established in Lemma A.2 and the choice of M,,.
(ii) To establish (A.53), we proceed in several steps:
(a) We first note that the error when approximating n'/4Y; by 8, denoted by £7, is small in

the sense that
M, —1

Y E(lg) »o. (A.56)
" m=0

2We interchangeably use k, A, and 1/M,, in the sequel; the difference of the two is always negligible.
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(c)

To see this, we write

(m+1)knAp (m+1)kn Ay
g = pl/d / bsG™ . (s)ds +/ (05 = Omk,a,) G, (8)dAWs | -

mkn An mkn An

Since b and G are bounded, we have

(MA1)kn An 2
E [ nt/2 / bGl (5)ds | | < Cnl2(kaAA)? < CVA,.

mkn, A,

By It6 isometry,

(m+1)k, A, 2
w0 ( [ (s — omns,) Gy (s)dIW,

(m+1)k, A, 9
< CA;W/ E((Gs ~ Omk,A,) )ds,

and hence
M,—1

Min E(|§:;l\2) <C (A}L/Q L /01E<(Us - gknAnLknsAan)ds) — 0,

=0

by Lebesgue’s dominated convergence theorem, since oy, a | — 05 and o is bounded.

s
nl knAn

Next, define the approximation error

N T r
’n1/4ymkn - |B777L1|
(o= 7 .
‘We note that this error is also small:
] Mat
— E(|¢n 1) — 0, (A.57)
" m=0
which follows from
| Mat ,
2 E( n ) 0. A58
I (54 (A.58)

This can be proved using similar arguments as in the proof of (A.56). Equation (A.57) then

follows, and it implies

M, —1
1 & n 1am P
7 ZO E (¢ Mk, ) = O, (A.59)
by the Markov inequality.
By Lemma A.3 we have
. ADUAN
(051 [He, ) = e (0000%,, + 252 ) 40,00, (A.60)
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which holds uniformly in m for any even integer r > 2. Now (A.53) follows from (A.59)

and (A.60).

(iii) Following Proposition 2.2.8 in Jacod and Protter (2011), we see that (A.54) boils down to conver-

gence of a Riemann approximation.

This finishes the proof of Theorem 4.1. O

A.3.5 Proof of Theorem 4.2

Proof. We have, by the definition of IV,, and (A.16) of Lemma A 3 that
—~ Mn—1 ~
n1/4lvn _ n1/4(w0)—1 ( Z |?:lnkn|2 _ ¢19_22U7L> ,
m=0

M, —1
nMAIV = /4 (1) 7! (91\14,, > E(8) M, ) - qple?zU) +0p(1).

m=0

Subtraction gives, due to (A.41) of Lemma A.5 and because OM,, = \/n, that n1/4(I/\\/n —1IV) equals
(%) Ln + Cn'A(Zy — S, ) + 0,(1),

with L,, as defined in (A.33) of Lemma A.4. The first statement of Theorem 4.2 now follows from that

Lemma and (A.51), while the second statement is implied by the consistency result in (21). O

A.4 Proofs of the Results in Subsection 4.2

In this subsection we first establish several lemmas to facilitate the proofs of our results in Subsection 4.2.
We follow the classical approach in Jacod et al. (2009) and also use several estimates that have been
derived in Jacod et al. (2019). Our proofs are often less involved than those in the last paper. This is
partly due to our Lemma A.1, which we proved under relatively mild assumptions and from which the
higher order moments of the pre-averaged noise process can be easily obtained. Moreover, our setting is

not as general as in Jacod et al. (2019).

A.4.1 Auxiliary Lemmas for Subsection 4.2

In the following Lemmas A.6 to A.10, we assume the conditions of Theorem 4.3 are satisfied.

Lemma A.6. For any q > 1, we have

B (ir177)| < s (fi

! |]-'i”> < C,AY2, (A.61)

Proof. Using the decomposition in the proof of Lemma 5.2 in Jacod et al. (2009), we have by It6’s
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formula that Xzi

3
=> - D'y, where

(i+kn—1)A, (itkn—1)Ay
o= [ XP(OAMP(0), Dl =bis, | MG (2t

A, N
(i+hkn—1)An (i+kn—1)An
Dy = / M(t)(by — bia, )GT(t)dE +/ BI(t)dB(t).
(AN [7ANS

The boundedness of b, ¢ and g imply that we have that B (|M?(t)|?|F") < C(k,An)?? and that
E (|BP(#)|?|F") < CknAn)?, and since k, = 0A; 7% + 0 (A#M) this gives

E (|Dy|" |F1) < ¢ Al (A.62)
E (|DI]" 1) < CuAL. (A.63)

The boundedness of o and g also establish that |E (M (¢)|F*)] = 0 which gives, together with the
boundedness of b and g, that

|E (D}, |F")| < CA,. (A.64)

The martingale property of M yields E (Dgfl |F) =E (fi(i-:k”_lmn Xr(t)dM(¢) |.7:i”) = 0 and com-

bining this with (A.63) and (A.64) proves the first part of (A.61). The second part of (A.61) follows
from (A.62), (A.63) and

E(|Di|"177) < CuAl?,

which can be obtained by applying the Burkholder-Davis-Gundy inequalities. This finishes the proof. O

Lemma A.7. For any p > 2, we have

E(]E ((C(p)?)4 IIC?)) < Cy; (A.65)
E((E ()7 1K) < Cpdn (A.66)

Proof. We have by Lemma A.1 that

]E((U?)8> < OA2, E((U?)4> <OA,, ap = E((U?)Q) < CAL2, (A.67)

This implies
E(E ((ﬁﬁf |/cgl)) <C (E((U?f) + aﬁ) < OA2. (A.68)

, Nd a4 oA 4
Hoélder’s inequality gives ((C(p);‘)4) < Cpkd Z;i’;k”_l ((X[L) + (UZ") +2 (UZ-) (XZ) ) Now
(A.67), (A.68), together with the second part of (A.61), the independence of X and U, and (A.6)
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yield (A.65).
We now turn to (A.66). By (A.4) we have

i+ph,— ) itphy,—1 o c 1
; <( (U Gi- Lk”)) > = ; (G—i+ [kn/2])2 < 2ol < C(AR)" . (A.69)
On the other hand, for any ¢ < j < i+ pk, — 1 we have, by again applying (A.4) and using |g¢| < C/kp,
that
2
E((E(U? Q,-_L%nj)) ) (Z g;;]E( o L’Z"J))
kep—1 ,
2 n
€/ 3 B (2 (U] 1))
k=0
kp—1
< (Cfk) Y < -
i Gk )T T kG )T
whence

i+pky,—1

—n 2 C .
3y E((E (Uj QH%J) > < ey < O(A)" 72 (A.70)
j=i "
By the independence of X and U, (A.6) and (A.61), we deduce
i+pkn—1
ECOIIK) = > E(Xr+00+ 20X 1K)
j=i
i+pky—1 i+pk,—1
< C,AY? 4 Z ( G, LknJ>+2A}/2 Z E(U;‘ gi_L%nJ). (A.71)
Jj=t j=t

Since v > 2, we can now apply Holder’s inequality to the square of this expression to get (A.66)

from (A.69), (A.70) and (A.71). O

, - 1 =
Lemma A.8. Lett}, = j(p+1)k,A, and define Zij = — [ s¢i(s)pj(s)ds, and Aij(p) = p®ij +Zij for
i,7 € {0,1}. We then have

|

Proof. First, we note that

4k2 A2 54, 2 8A, 02,
n\2 n=—n tjp 4An2 nvt U n
E | (n(p)})” — ——5"2Mo0(p) — 55 A1 (p) — ——F—An(p) | T (p); < CpAY™
Yg 024 (0

(A.72)

pkn—1
CoM?= > (XPXr +Un, O + X5 U + U X + 4K U X Uy
7,3'=0

+2Xn" X

n X Ury 42X U X0+ 200 X Uty +2X 0 Ur UL,
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Applying the estimate (A.20) in Jacod et al. (2019), we get
pkn—1
E(| Y B(Xn, X0, — 4060017 )| | < Galt. (A.73)

3:37=0
Another estimate gives (see the proof of Lemma A.5 in Jacod et al. (2019)):
[ (X0, Xy — 002G, 17 )| < cals,
which yields, since X and U are independent while E(Uﬁjﬁ?ﬂ/) < CA,l/Q’ that
pkn—1
E|| > E (Xi+jUi+in+j'Ui+j’ - (O'?)QG?(jvj/)]E(UHjUi-&-j’) \’C?) < CpA/*t. (A.74)
7,3'=0

A direct application of the JS-Lemma then leads to

< Coky 7Y <Al (A.75)

Z ’E( i+j H—J

J,3'=0

;1)) ~B(08, 0% )

since v > 5/2.

We now find bounds for the six remaining terms in the conditional expectation of ({(p)?)? using
symmetry. We first apply the JS-Lemma (A.5) to derive
N 2 . \2
E (E (U;;j gi_L%nJ) > < C’E((U{‘H) >(j Fkp/2)72 < CAWG + K /2)"2, (A.76)

E <]E (77,

We use this to find, by the independence of X and U and using (A.61), that

Ry )2> < C’E((U?H)Q) (G + kn/2) 7% < CV ARG + kn/2) 72 (A.77)

phkp—1 pkn—1
ElE Z Xl+3 i+’ |Kn < Cpknln Z (‘E< ity gift%’”‘J)D
J,3'=0 7=0
pkn—1
<CpVAn Y VAL + ka/2)72 < CALTY2, (A.78)
j=0

For a second estimate, we apply the Cauchy-Schwarz inequality, the bounds of (A.6) and (A.61) and the

independence of X and U to derive

n

E(in+7Y H‘] |1Cn> (( H-J) |K”> QE((Yn-'r z+7) |’Cn) v
< CAYE ((X7,)? |1cn) 21@(( U 1)

< CAY/AE (( ) |/c")1/2.

1/2
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Therefore, using (A.77),

pkn—1 pkn—1
ElE| > Xp,X0 00 K < CA*pk, Z \/\/ (' 4 kn/2)~20 < CAY2. (A79)

J,3'=0

For a third estimate, we use that we know from (A.67) and (A.68) that nl/gl/]\ﬁj and n”‘lﬁ?ﬂ» are

sequences of stochastic variables with variances that converge to one. Together with the estimates in

(A.6), this gives

< Cp A, < Cp A", (A.80)

phn—1 Phn—1
n n n 1/2 3/4
E E Z Ul-‘,—] ’U’L-‘rj "C S CAn/ Z An/ E( E A1/4 A1/2

JJ'= J,j'=0

N
(Um’ Ulks

Lemmas A.9 and A.10 in Jacod et al. (2019) yield

pkn—1
Z Gy (j,5') — ky A2 Ago(p)| < CpAY?;
4,3'=0
pkn—1
> GG E(TL UL ) = 2k 800 (0)Zu | < CpAY™: (A-81)
J»3'=0
phkn—1
> E@ﬁﬁﬁj/) —4A1 (p)SF| < CpAY2.
J»,3'=0
Now the result follows from (A.73)-(A.81). O

Lemma A.9. For any p > 2, we have

ATVAF (p)n = 05 (A.82)
AV (p), 5 0; (A.83)
AYAC(p)n 5 0; (A.84)
AV (p)n > 0 (A.85)
A-Acr 5o, (A.86)
B (sup (01'0))°) < OV . (A.87)

Proof. We prove these equations in a number of separate steps.

(1) Proof of (A.82) and (A.83). First, we note that due to (A.76) we have E(’E ((71” |IC:L)D <
Ck;"/A,. Together with (A.61), and the independence of X and U, we get

E([E (U7 |K)]) < CAn,  E([E(C(p); [Ki)]) < Cpknln.
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Since KP <

and (A.83) follow.

(2) Proof of (A.84). From the estimates (A.61), (A.6) and (A.67), we have
E((qf;l)Q) < CA,.

Since n — k, — I? < C,/v/A,, the claim follows.

(3) Proof of (A.85). Let I'y =3~ <, (). Then (18) implies

1;[}1]-—‘71 ¢1]-—‘n 3
n = Op — A’#L .
O A=k T gy oA
Since a;, = ki 2o jo)<kn—1 @1 () (), we have
il 1 "
Qp — ;{7 = Z o1 (O)v(€) — 1 Z v(£)
" e <kn—1 6] <2,
1 1 .
<[ S oA+ T > A0 (1) =)
n 0 <|€|<ky—1 ™ lel<kn—1
< Ci1 . c ~(0)¢ < CA;/\(%Jr(v—nn)
[€|<k,—1

m%’ we have E(|F(p)n|) < C’A,%L. The same result holds for F(p),. Now (A.82)

(A.88)

(A.89)

(A.90)

where the second inequality is due to (A.10) and the last inequality follows from the fact that v > 2

so that >~ vy(¢)¢ < oo, while £, < A_*. Then (A.89) and (A.90) imply

1

(n_kn+2)an\/A7n _ 1P1
0o 6210

I'n

Since (v — 1)k > 1/4 we have

_ _kn+2)anvAn Y1
AT/A <(n — .| —o.
" O1bo 02100

On the other hand, we have by (A.51) that

AZ1/A (012/’; (rn -y J(?)n)) 5o
0 1<ty

Now (A.85) is proven by (A.91) and (A.92).

(4) Proof of (A.86): see Lemma 5.5 of Jacod et al. (2009).

< CAZNTIR 4 (AL,

(A.91)

(A.92)

(5) For (A.87), we apply Holder’s inequality and (A.88) to conclude that ]E((n’(p)?)2> < CpA,. Doob’s
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inequality and the fact that K2 < C/(pv/A,) then together imply

JE<sup(M’ ) < 4ZE( ) < C\/A/p.

t<T

O
Lemma A.10. For any p > 2, the sequence A;1/4M(p)n of processes converges stably in law to
1
1) = [ V)W, (A.93)
0
where W' is as in Theorem /.3 and V(p); is the square root of
V)2 = ———— (Roo(p)0 + 2801 () Z2Y + Ay (p) L (A.94)
pt—w(g)(p+1) 00\P)V0y 01\P 111?93 . .

Proof. In view of the classical central limit theorems for triangular arrays of martingale differences in,

e.g., Theorem IX.7.28 in Jacod and Shiryaev (2003), it suffices to prove the following:

F ( ( )’ !J(p)?) - (ﬁ(p)?)2) E>/0 V(p)2ds, (A.95)
7=0

A ZE ( (p)?) 0, (A.96)

1/4 Z]E AN, p)2 [T )} =0, (A.97)

where A(Z,p)} = Z(j11)(p+ 1)kn A — Zi(p+1)kn A, > and N is any bounded martingale on (Q, F, (F¢)¢>0, P)
orthogonal to W, or N = W.

1. Proof of (A.95). Equation (A.66) implies E((ﬁ( )7 ) ) < C, A%, whence \/1A7 Z]KPO (ﬁ(p)?)Q Eo.
The estimate (A.72), plus Riemann integration, and (18) yield

P
K’!L

\/%—n ;E ((n(p)}’)2 Ij(p)?> 5 /01 V(p)ids.

2. Proof of (A.96). By (A.65) we have A;2E((n(p)?)4) < C so the Markov inequality gives

E ((n(p);‘)4 |J(p);‘) = 0,(A2). Then (A.96) follows since K? < CPAT_L%

3. Proof of (A.97). Let £(p)} = j(p+ 1)ky. It is equivalent to prove

A1/4ZIE< Py AN ) [T ()] ) 5 0.
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In view of (5.62) of Jacod et al. (2009), it then suffices to prove that

K? 4(p)} +pkn—1
La(p) = AY*YE ST (O 2XTHAW T @) | 5o, (A.98)
§=0 i=L(p)}

where we may assume that N is a square-integrable martingale.

Since N is a process on (€2, F, (Fi)i>0, P), the independence of F and G implies that

(p)} +pkn—1
| ;) = (Gram.p); |76} < \/IE (05" 7 )0
1={(p ;l

(p)? +pkn—1

S RTINS 70| < B (500

i=t(n)}

Fiipy )0

£(p)} +pkn—1 £(p)} +pkn—1

0w = Y. [E(0 G s)]s BWE= > [E(TV

i=L(p)} i=L(p)}

1/2
ge(p);l—L%J)’ Ari

o\ 2
Note that we have used (A.6) to bound E | ( X, Flin | by A}/Q. We find that
4 Z(p)j

2

K7
L) < VA, Y \/E (A2 |7y ) ©0)) + 280)7)
§=0

Repeated applications of the JS-Lemma and the independence of G and F give

E((G(p)?)z) < ey E((@(p)?)Q) < %’; (A.99)

so we have

KP KP

n

E((La(p)?) < VAE| S (AW |E[ Y (0m)] +20();)°

=0 =0

< C,,E((N1 - N0)2) NG}

The first inequality is an application of Cauchy-Schwarz inequality, and the second one is due to the

fact that NV is a square-integrable martingale, the estimate (A.99) and the fact that K2 < Cp/V/A,,.

This completes the proof of Lemma A.10. O
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A.4.2 Proof of Theorem 4.3

Proof. We invoke Lemmas A.9 and A.10, which in turn rely on Lemmas A.6, A.7 and A.8. Recalling the

decomposition in (A.2), we note that we have proved in Lemma A.9 that

lim limsupP(|Q(p)n| > ¢) =0,

P—0 psoo

for any € > 0, where
Q) = AT (M D)o+ F @)+ F )+ Co)a + C' () +C)

Lemma A.10 shows convergence of AElMM(p)n to T1(p), and for the fixed Brownian motion W' we

have that V(p):(w) converges pointwise to V;(w) so T(p)1 5 T, This proves Theorem 4.3. O

A.4.3 Proof of Corollary 4.2
Proof. The result f)n L fol V2dt follows from the following convergence in probability results:
R P . P n—kp+1 - 4 P
So, B8y, W, BV Y (Y?) LA / ( 0220t + Y02 Sy + szfz%,) dt
0

=0

The first two statements follow from Proposition 3.3 and Theorem 4.3, whereas the last one is due to
(5.65) in Jacod et al. (2009) when we replace the asymptotic variance of pre-averaged noise (called oy in

that paper) by ¥y, and this can be done because of our Lemma A.1. O

A.5 Proofs of the Results in Section 5
A.5.1 Proof of Theorem 5.1

Proof. By Theorem 4.3 we have f\7n 5 IV, by Proposition 3.3 we have f]Un 5 3y and by Proposition 3.1
we have Z(l) Y, ) (1), 5 ~v(0) — 4(1). Therefore

S » (@)
~1 ~ iy, -y Y1 (Zy —v(0) +~(1))
I n + ————n I .
v, =1V, + 200 — IV + T
This shows that
—(2) o — —

10, 30, = 0,(n). VTGP ~ TV = OB,
which gives
e S w7 (2) 0V — IV V(i — Vi
20, —vmn—(v() - TTGOP ) - (0, - TTHia) = Ou(AaliV i)

L
~ —(2) ~<2>
=) — Sy, =1(0), - Z(

/\

()

N——
|
)
~—~
—
[
3N
<
)
3
~
S—
>
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The asymptotic conditions (14) then imply that AV (igj - iw) % 0. This proves (43) for K = 2

and the consistency ig,)n 5 fol V2dt. Tt also immediately yields A, 1/4 (IV( . I/\VH) 5o.

Now assume we have for a certain £ > 2 that
A;1/4 (ig?n) — iUn) E) 0;
A1/ (fv;“ _ 1’\7> %0,
~®) B 2
S, —>/ Viede.
0
A direct calculation shows

L

B N 20, +1)j ' v ey
U Un 2(n — j, +1) +;n J+1 ( )
~(k> (k+1
~(k+1 —~—(k 1/11 E E
921/}0

(A.100)

(A.101)

(A.102)

= Op((2 V jnln)Ay);

Assumption (14) then implies that (A.100) and (A.101) hold for k£ + 1 as well, and (A.102) then follows.

This proves Theorem 5.1.
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B Additional Simulation Studies

In this section, we provide additional Monte Carlo simulation results that assess the effects of price
discreteness and correlation between X and U. Price discreteness renders dependence between X and
U. The results in Section B.1 show that the presence of minimal ticks has relatively little impact on the
estimation of the moments of noise and the IV. Furthermore, the results in Section B.2 show that in the

situation when X and U are correlated our multi-step estimators still appear to be performing well.

B.1 Price Discreteness

We consider a setting in which the observed price is rounded to 1 cent. The observed logarithmic price

is then given by:
Y = log ([100exp(Y;)]/100), (B.1)
where [x] denotes the integer that is closest to x. Now the microstructure noise has two components:

U =Y —Xia, = YA —Yia, + Yia, — Xia, : (B.2)

error due to discreteness error due to market microstructure

n

Figure B.1 compares our two-step estimators of the second moments of U™ to the true values for the
model setup of Section 6. The two-step estimators still yield accurate estimates, although there is a
small bias. In the estimation of the integrated volatility, we have a bias of 4.47 x 10~° and a standard
deviation of 3.55 x 107°; these are relatively small compared to the expected value of the integrated

volatility which is 4.44 x 10~%.

B.2 Correlation between X and U

We also provide simulation evidence on the robustness of our estimators when dependence between X and
U is introduced by choosing a fixed correlation p.y between the process € in (45) and the increments of
the Brownian motion W. Table B.1 shows the centered means and standard deviations of IA\ZELQ). Results
are shown for the cases p.y = 0, pew = 0.7 and pyw = —0.7, and for three different values of the tuning
parameter: 6 = 0.4, § = 0.6, and the value § = 0* defined in (28). The results show that our estimator
is relatively insensitive to the choice of the tuning parameter 6 and to the correlation between X and U
for this model specification.

In a second simulation experiment, we investigate the performance of our two-step estimators for the
second moments of noise when the increments of the Brownian motion W and the noise component e
in (45) are correlated. The fixed correlation coefficient p.y was taken to be either 1 or —1. The results
in Figure B.2 show that the biases in the estimates are very small, both for a fixed value of 8 and for

the optimized value 6*.
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. 0.7 -0.3 0 0.3 0.7
0=04
pew =0 133 (3.72)  -0.96 (3.71) -0.62 (3.71) -0.14 (3.72)  1.00 (3.78)
pav =07 | -1.39 (3.71)  -1.01 (3.72) -0.60 (3.72)  0.04 (3.74)  2.00 (3.88)
pav =—0.7| -1.26 (3.71)  -0.90 (3.70) -0.62 (3.70) -0.31 (3.71)  0.02 (3.73)
=06
pew =0 100 (4.33)  -0.93 (4.33) -0.86 (4.33) -0.77 (4.34) -0.56 (4.38)
pav =07 | -1.00 (4.33) -093 (4.33) -0.85 (4.34) -0.72 (4.35) -0.35 (4.43)
pav =—0.7| -0.99 (4.33) -092 (4.33) -0.87 (4.33) -0.81 (4.33) -0.76 (4.34)
0=0"
pew =0 118 (3.87)  -0.97 (3.91) -0.80 (3.91) -0.59 (3.96) -0.24 (4.13)
pav =07 | -1.21 (3.88) -0.99 (3.90) -0.79 (3.92) -0.48 (4.00)  0.00 (4.28)
paw =—0.7 | -1.15  (3.90) -0.96 (3.89) -0.82 (3.90) -0.67 (3.92) -0.59 (3.95)

Table B.1: Estimation of the IV using IT/EIZ) when X and U are correlated. The numbers represent
the centered means with standard deviations between parentheses, based on 1,000 simulations for each
scenario. All numbers in the table are multiplied by 10°. The time step is A,, = 1 sec and the number
of observations n is 23,400. For the tuning parameters we took j, = 20 and ¢,, = 10 while the value of
0 varies, as shown in the first column of the table.

C Empirical Study of Transaction Data for General Electric

We collect 2,721,475 transaction prices of General Electric (GE) over the month January 2011. On
average there are 5.8 observations per second. In contrast to the analysis of Citigroup transaction
prices in Sections 7.2 and 7.3, bias correction plays a very pronounced role here. Despite the high data
frequency, the finite sample bias can be very significant if the underlying noise-to-signal ratio is small
(recall Remark 3.3). This is indeed the case as Figure C.1 reveals: compared with Citigroup, the data
frequency of the General Electric sample is typically lower but the noise-to-signal ratio is also (much)
smaller. While the data frequency is immediately available, the noise-to-signal ratio is latent. Therefore,
one should always be wary to rely solely on asymptotic theory in practice.

The top panel of Figure C.2 shows that both the realized volatility (RV) and local averaging (LA)
estimators indicate that the noise is strongly autocorrelated, while the bias corrected realized volatility
(BCRV) estimator reveals that the noise is only weakly dependent. Such a pattern also appears in our
simulation study, where we have seen that it is the finite sample bias that induces this discrepancy. Since

~(1 ~(2
the dependence in noise is quite weak, we would expect the estimators IV&L) and IV( ) to be close to

n
each other, if the latter is accurate. This is indeed the case, as the bottom panel of Figure C.2 shows.
~ —~—JLZ
However, the other two estimators IV,, and IV,, , which don’t apply finite sample bias corrections, seem

to be biased downwards.
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Figure B.1: Estimation of the autocovariances of microstructure noise with rounded prices as specified

in (B.1) and (B.2) for the model setup of Section 6. The estimators ’y(O)S ,’y(j);) are defined in (38)
and (39). The AR(1)-coefficient of U equals ¢ = 0.7. The number of simulations is 1,000 and the time
step is A,, = 0.2 sec. The tuning parameters are j, = 20 and £,, = 10 and 6 is selected according to (28).
The “true autocovariances” were determined as the means of the 1,000 sample autocovariances of U™,
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Figure C.1: Number of daily observations of transaction prices (top panel) and noise-to-signal ratio
(bottom panel) for Citigroup (C) and General Electric (GE). Sample period: January, 2011, consisting

2 5(2)

. . . . . . 3
of 20 trading days. In the bottom panel, the noise-to-signal ratio, %, is estimated by f\“/%’ where

—~(2
E(UQT? and IVi) are defined in (40) and (41), respectively. We set j, = 30, £, = 10 and 0 is selected
according to (28).
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