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A Proofs

A.1 Assumptions and Notation

In all proofs that follow, the constants C may vary from line to line, or even within one line. We add a

subscript par if they depend on some parameter par. In the sequel, we will employ Lemma VIII.3.102

in Jacod and Shiryaev (2003) repeatedly, and we will refer to it as the JS-Lemma.

Adopting the standard localization procedure (see e.g., Jacod and Protter (2011) for further details),

we may assume that:

Assumption A.1. The efficient price X satisfies the Assumption 2.1 with bt and σt bounded (uniformly

in ω and t).

This implies that for all stopping times 0 ≤ S ≤ T ≤ 1 we have

E (|XT −XS |p |FS ) ≤ CpE (T − S |FS ) , ∀p ≥ 2. (A.1)

|E (XT −XS |FS ) | ≤ CE (T − S |FS ) .

We first introduce some notation that is used to prove the results in Section 4.1:

Gni (s) :=

kn−1∑
j=1

gnj 1{((i+j−1)∆n,(i+j)∆n]}(s);

Hni := Fni ⊗ Gi;

βnm := n1/4
(
σmkn∆nW

n

mkn + U
n

mkn

)
;

ξnm := n1/4Y
n

mkn − β
n
m;

ηnm :=
nr/4

θ
E
(∣∣∣Y nm∣∣∣r ∣∣Hnmkn ) ;

η̃nm :=
µr
θ

(
θψ0σ

2
mkn∆n

+
ψ1

θ
ΣU

) r
2

;

PAVn :=

Mn−1∑
m=0

ηnm;

P̃AV
n

:=

Mn−1∑
m=0

η̃nm.

To prove the results presented in Section 4.2 we will also need the following:

Ĝni (j, j′) =

∫ ∞
0

Gni+j(s)G
n
i+j′(s)ds,

G
n

i (j, j′) =

∫ ∞
0

Gni+j(s)G
n
i+j′(s)ds

∫ s

0

Gni+j(u)Gni+j′(u)du,

Xn
i (t) = Bni (t) +Mn

i (t);
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where Bni (t) =
∫ t

0
bsG

n
i (s)ds, and Mn

i (t) =
∫ t

0
σsG

n
i (s)dWs. Furthermore, we define

Kni = Fni ⊗ Gi−b kn
2 c
, J (p)nj = Knj(p+1)kn

, J ′(p)nj = Knj(p+1)kn+pkn
, IVt =

∫ t

0

σ2
sds;

ĉni =

kn−1∑
j=1

(
gnj
)2

∆n
i+jIV, αn = E

((
U
n

i

)2
)
, Ûni =

(
U
n

i

)2

− αn, X̂n
i = (X

n

i )2 − ĉni ;

Ψn
i =

(
Y
n

i

)2

− ĉni − αn = X̂n
i + Ûni + 2X

n

i U
n

i , ζ(p)ni =

i+pkn−1∑
j=i

Ψn
j ;

η(p)nj =

√
∆n

θψ0
ζ(p)nj(p+1)kn

, η(p)nj = E
(
η(p)nj

∣∣J (p)nj
)

;

η′(p)nj =

√
∆n

θψ0
ζ(1)nj(p+1)kn+pkn

, η′(p)nj = E
(
η′(p)nj

∣∣J ′(p)nj ) ,
and let Kp

n = b 1
(p+1)kn∆n

c − 1, Ipn = (Kp
n + 1)(p + 1)kn. We can then decompose ĨVn − IV into the

following terms:

F (p)n =

Kp
n∑

j=0

η(p)nj , M(p)n =

Kp
n∑

j=0

(
η(p)nj − η(p)nj

)
;

F ′(p)n =

Kp
n∑

j=0

η′(p)nj , M ′(p)n =

Kp
n∑

j=0

(
η′(p)nj − η′(p)nj

)
;

Ĉ(p)n =

√
∆n

θψ0

n−kn+1∑
i=Ipn

Ψn
i ;

Ĉ ′(p)n =
(n− kn + 2)αn

√
∆n

θψ0
− ψ1

θ2ψ0

γ̂(0)n + 2

`n∑
j=1

γ̂(j)n

;

Ĉ ′′n =

√
∆n

θψ0

n−kn+1∑
i=0

ĉni − IV,

since we have

ĨVn − IV = M(p)n +M ′(p)n + F (p)n + F ′(p)n + Ĉ(p)n + Ĉ ′(p)n + Ĉ ′′n . (A.2)

A.2 Auxiliary Lemmas

We will often need the following two useful results based on the JS-Lemma.

Let Z be an integrable random variable with finite variance and measurable with respect to Gk′+k
(see Assumption 2.2 for the definition of this σ-algebra) and define

CkZ := E
(

(E (Z |Gk′ )− E(Z))
2
)
, ΛZ :=

E (Z |Gk′ )− E(Z)√
CkZ

.
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Then we have by the JS-Lemma

E (Z |Gk′ ) = E(Z) + ΛZ

√
CkZ , (A.3)

with E
(
Λ2
Z

)
= 1 and CkZ ≤ Ck−2v.

Another application of the JS-Lemma gives that if Zi, Zj are Gi- and Gj-measurable random variables

respectively, with mean zero and bounded variance, then we have for all k ≤ i < j that

E(|E (ZiZj |Gk )|) ≤ C (j − i)−v . (A.4)

To see this, we use the JS-Lemma to obtain (since the Zj have bounded variance):

cij := E
(

(E (Zj |Gi ))2
)
≤ C (j − i)−2v

. (A.5)

Then,

E(|E (ZiZj |Gk )|) ≤
√
C (j − i)−2vE

(∣∣∣∣E(ZiE (Zj |Gi )√
cij

|Gk
)∣∣∣∣).

Now applying the Cauchy-Schwarz inequality and using the fact that the variance of the Zi is bounded,

we obtain (A.4).

Next, in the setting of Section 4, we recall some useful estimates (see Jacod et al. (2009)) for pre-

averaged sequences defined in (19):

∣∣∣E(Xn

i |Fni
)∣∣∣ ≤ C√∆n, E

(∣∣∣Xn

i

∣∣∣q |Fni ) ≤ Cq∆q/4
n , (A.6)

for any q > 0, and

E
((

W
n

i

)2

|Fni
)

= kn∆nψ0 +Op(∆
3/4
n ). (A.7)

The following lemma, which establishes a central limit theorem for general pre-averaged noise, plays

a central role in the proofs of the results in Sections 4 and 5.

Lemma A.1. Assume that the noise satisfies Assumption 2.2 and that (14) is satisfied. Then, the

following central limit theorem holds for U
n

i :

n1/4U
n

i
L−→N

(
0,
ψ1ΣU
θ

)
. (A.8)

Proof. Let anj = −gnj
√
kn/φn1 (0). First, a Riemann sum approximation implies

φn1 (0) = ψ1 + o(∆1/4
n ). (A.9)
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Next, for any ` ∈ Z, the Lipschitz property of g′ implies
∣∣gnj − gnj−`∣∣ ≤ C|`|k−2

n , so

|φn1 (`)− ψ1| ≤ C|`|/kn + o(∆1/4
n ). (A.10)

Since E
((∑kn−1

j=0 anj Ui+j

)2
)

= 1
φn

1 (0)

∑
|`|≤kn φ

n
1 (`)γ(`), we have

∣∣∣∣∣∣∣E

kn−1∑

j=0

anj Ui+j

2
− 1

φn1 (0)

∑
|`|≤kn

ψ1γ(`)

∣∣∣∣∣∣∣ ≤
C

φn1 (0)

∑
|`|≤kn

|γ(`)`|
kn

≤ C
√

∆n, (A.11)

where we used that |γ(`)`| ≤ C|`|1−v with v > 2, and kn = O(n1/2). Then
∑
|`|>kn γ(l) ≤ Ck1−v

n gives

∣∣∣∣∣∣ 1

φn1 (0)

∑
|`|≤kn

ψ1γ(`)− ΣU

∣∣∣∣∣∣ ≤ C
√

∆n, (A.12)

and we see that E
((∑kn−1

j=0 anj Ui+j

)2
)
→ ΣU .

Since we assume the existence of moments of noise of all orders, and v > 1, we have for sufficiently

large r that v − 2
r−2 > 1, which implies

∑
k∈N∗

k
2

r−2 ρk <∞,

where the {ρk} are the ρ-mixing coefficients. This is sufficient for the following CLT, according to Rio

(1997)1:

kn−1∑
j=0

anj Ui+j
L−→ N (0,ΣU ) .

Since n1/4U
n

i =

√
φn

1 (0)

∆
1/2
n kn

∑kn−1
j=0 anj Ui+j , we obtain by (A.11) and (A.12), using (18) and (A.9), that

E
((

n1/4U
n

i

)2
)

=
ψ1ΣU
θ

+ o(∆1/4
n ), (A.13)

and the stated result follows.

The result of Lemma A.1 for the asymptotics of pre-averaged noise will allow us to prove the results

in Subsection 4.1 using a similar strategy as in Podolskij and Vetter (2009a,b). However, their proofs

need to be modified for our setting. The following lemmas will therefore turn out to be useful.

Lemma A.2. Assume the conditions of Theorem 4.1 are satisfied. Then there is, for any q > 0, some

1Rio (1997) discusses strongly mixing or α-mixing, which is implied by ρ-mixing.
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constant Cq > 0 (depending on q), such that for all m:

E(|ξnm|
q
) + E

(∣∣∣n1/4X
n

i

∣∣∣q) < Cq; (A.14)

E(|βnm|
q
) + E

(∣∣∣n1/4Y
n

i

∣∣∣q) < Cq. (A.15)

Proof of Lemma A.2. The boundedness of the moments of n1/4X
n

i follows from (A.6), which also es-

tablishes the same bound for n1/4W
n

i if we take the drift of X equal to zero and the volatility con-

stant. This, together with the boundedness of σ, gives the boundedness of E(ξnm) since we can write

ξnm = n1/4
(
X
n

mkn − σmkn∆nW
n

mkn

)
.

Now we show the boundedness of E
(∣∣∣n1/4Y

n

i

∣∣∣q). Hölder’s inequality implies

E
(∣∣∣n1/4Y

n

i

∣∣∣q) ≤ Cq (E(∣∣∣n1/4X
n

i

∣∣∣q)+ E
(∣∣∣n1/4U

n

i

∣∣∣q)) .
Boundedness of E

(∣∣∣n1/4X
n

i

∣∣∣q) has already been established, while E
(∣∣∣n1/4U

n

i

∣∣∣q) is known to be bounded

by Lemma A.1 and the well known fact that convergence in distribution implies convergence in moments

under a uniformly bounded moments condition, see, e.g., Theorem 4.5.2 of Chung (2001). The result for

E(|βnm|
q
) follows by similar arguments.

Lemma A.3. Assume the conditions of Theorem 4.1 are satisfied. Then we have for all even integers

r > 2 that, uniformly in m,

E
(

(βnm)
2 ∣∣Hnmkn ) =

(
θψ0σ

2
mkn∆n

+
ψ1ΣU
θ

)
+ op(n

−1/4), (A.16)

E
(
(βnm)

r ∣∣Hnmkn ) = µr

(
θψ0σ

2
mkn∆n

+
ψ1ΣU
θ

)r/2
+ op(1), (A.17)

with µr the moment of order r of a standard normal random variable.

Proof. Let {rn} be a sequence of integers satisfying

rn � nϑ,
1

4v
< ϑ <

1

4
. (A.18)

For any process Z, denote

Z
n

m,rn := −
rn−1∑
j=0

gnj Z
n
mkn+j ,

Z
n

rn,m+1 := −
kn−1∑
j=rn

gnj Z
n
mkn+j .

Let

β
n

m,rn := n1/4U
n

m,rn β
n

rn,m+1 := n1/4
(
σmkn∆n

W
n

mkn + U
n

rn,m+1

)
. (A.19)
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This implies that βnm = β
n

m,rn +β
n

rn,m+1. We first prove (A.16) by establishing the following three results:

E
(

(βnm)
2 ∣∣Hnmkn )− E

((
β
n

rn,m+1

)2 ∣∣Hnmkn) = op(n
−1/4), (A.20)

E
((

β
n

rn,m+1

)2 ∣∣Hnmkn)− E
((

β
n

rn,m+1

)2 ∣∣Fnmkn) = op(n
−1/4), (A.21)

E
((
βrn,m+1

)2 ∣∣Fnmkn )− (θψ0σ
2
mkn∆n

+
ψ1ΣU
θ

)
= op(n

−1/4). (A.22)

1. To prove (A.20), it is enough to show that

E
((

β
n

m,rn

)2 ∣∣Hnmkn) = op(n
−1/4), (A.23)

E
((
β
n

rn,m+1

)(
β
n

m,rn

) ∣∣Hnmkn ) = op(n
−1/4). (A.24)

To establish (A.23), we write

(
β
n

m,rn

)2

= n1/2
(
U
n

m,rn

)2

= n1/2
rn−1∑
j=0

rn−1∑
j′=0

gnj g
n
j′U

n
mkn+jU

n
mkn+j′ .

Taking conditional expectations we see that the left-hand side in (A.23) is smaller than

rn−1∑
j=0

(gnj )2E
(

(Umkn+j)
2 ∣∣Hnmkn )+ 2

rn−2∑
j=0

rn−1∑
j′=j+1

∣∣gnj gnj′ ∣∣ ∣∣E (Umkn+jUmkn+j′
∣∣Hnmkn )∣∣.

Since
∣∣gnj ∣∣ ≤ C√∆n for all j, we find by (A.4),

E
((

β
n

m,rn

)2 ∣∣Hnmkn) ≤ C√∆n

rn + 2

rn−2∑
j=0

rn−1∑
j′=j+1

(j′ − j)−v
 ≤ C

√
∆nrn, (A.25)

and this proves (A.23) due to (A.18). To prove (A.24) it is enough to show that

√
nE
(
U
n

m,rnU
n

rn,m+1 |Gmkn
)

= Op(n
−1/2), (A.26)

n
1
4E
(
E
(
β
n

m,rnW
n

mkn

∣∣Hnmkn )) = op(n
−1/4). (A.27)

The first result follows since the left-hand side equals

E

n1/2
rn−1∑
j=0

kn−1∑
j′=rn

gnj g
n
j′U

n
mkn+jU

n
mkn+j′ | Gmkn

 ≤ Cn1/2
rn−1∑
j=0

kn−1∑
j′=rn

√
∆n

√
∆n |j′ − j|−v

by (A.4), and since v > 2 we get (A.26).

For (A.27), we note that the independence of G,F , and the estimates (A.6) and (A.23) imply

n
1
4E
(∣∣∣E(βnm,rnWn

mkn

∣∣Hnmkn )∣∣∣) ≤ Cn 1
4

√
∆nE

(∣∣∣E(βnm,rn |Gmkn )∣∣∣) ≤ C∆
1
4
n

√
n−

1
4 . (A.28)
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This proves (A.24) and hence (A.20) has now been established.

2. To prove (A.21) we note that the left-hand side of (A.21) is

E
((

n
1
4U

n

rn,m+1

)2 ∣∣Hnmkn)− E
((

n
1
4U

n

rn,m+1

)2
)
,

which is of order Op(r
−v
n ) by (A.3), so (A.21) follows from (A.18).

3. Finally, we prove (A.22). We have by Lemma 4 of Podolskij and Vetter (2009a) that

E
((

n1/4σmkn∆nW
n

mkn

)2 ∣∣Fnmkn) = n1/2σ2
mkn∆n

kn∆nψ0 + op(n
−1/4) = σ2

mkn∆n
ψ0θ + op(n

−1/4),

where the last equality follows from (18). Due to the independence of G and F we therefore only

need to show that

E
((

n1/4U
n

rn,m+1

)2
)

=
ψ1ΣU
θ

+ op(n
−1/4).

We know from (A.13) that

E
((

n1/4U
n

mkn

)2
)

=
ψ1ΣU
θ

+ o(∆1/4
n ),

so the desired result follows if we can show that∣∣∣∣E((n1/4U
n

mkn

)2
)
− E

((
n1/4U

n

rn,m+1

)2
)∣∣∣∣ = op(n

−1/4). (A.29)

But this follows from

E
((

n1/4U
n

m,rn

)2
)
≤ C∆nrn; E

(
U
n

m,rnU
n

rn,m+1

)
≤ C∆n,

which can be obtained from (A.23) and (A.26).

This completes the proof of (A.16). To establish (A.17), we show that

E
(
|βnm|r

∣∣Hnmkn )− E
(
|βnrn,m+1|r

∣∣Hnmkn ) = op(1), (A.30)

E
(
|βnrn,m+1|r

∣∣Hnmkn )− E
(
|βnrn,m+1|r

∣∣Fnmkn ) = op(n
−1/4), (A.31)

E
(
|βrn,m+1|r

∣∣Fnmkn )− (θψ0σ
2
mkn∆n

+
ψ1ΣU
θ

)r/2
= op(1). (A.32)

1. For (A.30), we use the Mean Value Theorem and (A.23) to write

E
(

(βnm)
r −

(
β
n

rn,m+1

)r ∣∣Hnmkn ) = E
(
r
(
β
n

rn,m+1

)r−1 (
β
n

m,rn

) ∣∣Hnmkn)+ op(1).

Application of the Cauchy-Schwarz inequality yields that the right-hand side is op(1) due to (A.25)
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and Lemma A.2.

2. We now turn to (A.31). For any l ≤ r, apply (A.3) to write

E
((

n1/4U
n

rn,m

)l ∣∣Hnmkn) = E
((

n1/4U
n

rn,m

)l)
+ Crn,lΛl,

with E
(
Λ2
l

)
= 1 and Crn,l ≤ Cr−vn ≤ Cn−1/4 because of (A.18). This means we can replace the

conditional moments by the unconditional moments plus a correction term that vanishes asymp-

totically. Using the notation Ckr = r!
k!(r−k)! for the binomial coefficients, this gives:

E
((
β
n

rn,m+1

)r ∣∣Hnmkn )
= E

(
r∑

k=0

Ckr σ
k
mkn∆n

(
n1/4W

n

mkn

)k (
n1/4U

n

rn,m

)r−k ∣∣Hnmkn
)

=

r∑
k=0

Ckr σ
k
mkn∆n

E
((

n1/4W
n

mkn

)k ∣∣Fnmkn)E
((

n1/4U
n

rn,m

)r−k
|Gmkn

)

= E
((
β
n

rn,m+1

)r ∣∣Fnmkn )+
r∑

k=0

Crkσ
k
mkn∆n

E
((

n1/4W
n

mkn

)k ∣∣Fnmkn)Crn,r−kΛr−k.

Clearly, the last term is op(1) since (A.6) shows that the conditional expectation in the summation

is bounded for all k, while Crn,l ≤ n−1/4. This proves (A.31).

3. The equality (A.32) is a consequence of the asymptotic distribution of βnm, which follows from

Lemma A.1, the fact that the sequence of the moments of the noise is uniformly bounded, and the

independence of W and U .

This concludes the proof of Lemma A.3.

Lemma A.4. Assume that the conditions of Theorem 4.2 hold and let

Ln := n−1/4
Mn−1∑
m=0

(
(βnm)

2 − E
(

(βnm)
2 ∣∣Hnmkn )) . (A.33)

We have the following stable convergence in law:

Ln
L−s−→

√
2

θ

∫ 1

0

(
θψ0σ

2
s +

ψ1ΣU
θ

)
dW ′s, (A.34)

where W ′ is a standard Wiener process independent of F .

Proof. Let ϑnm := n−1/4
(

(βnm)
2 −

(
θψ0σ

2
mkn∆n

+ ψ1ΣU

θ

))
. Then, since Mn ≤ C

√
n,

Ln =

Mn−1∑
m=0

ϑnm + op(1),

9



by Lemma A.3. We also have

Mn−1∑
m=0

E
(
ϑnm
∣∣Hnmkn ) P→ 0, (A.35)

again by Lemma A.3, and

Mn−1∑
m=0

E
(

(ϑnm)
2 ∣∣Hnmkn ) =

1

θMn

Mn−1∑
m=0

E
(

(βnm)
4 ∣∣Hnmkn )+

1

θMn

Mn−1∑
m=0

(
θψ0σ

2
mkn∆n

+
ψ1ΣU
θ

)2

− 2

θMn

Mn−1∑
m=0

E
(

(βnm)
2 ∣∣Hnmkn )(θψ0σ

2
mkn∆n

+
ψ1ΣU
θ

)
+ op(∆

1/4
n ).

The last remainder term op(∆
1/4
n ) is due to the approximation Mn =

√
n/θ + o(n1/4). Now it follows

from (A.17) and a Riemann approximation that

Mn−1∑
m=0

E
(

(ϑnm)
2 ∣∣Hnmkn ) P→ 2

θ

∫ 1

0

(
θψ0σ

2
u +

ψ1ΣU
θ

)2

du. (A.36)

Next, denote Ğ∆n
mZ = Zn(m+1)kn

− Znmkn , for any process Z. We will show that

Mn−1∑
m=0

E
(
ϑnm

Ğ∆n
mN

∣∣Hnmkn ) P→ 0, (A.37)

for any bounded martingale N defined on the probability space (Ω,F , (Ft)t≥0,P).

According to Jacod et al. (2009) and the proof of Theorem IX 7.28 of Jacod and Shiryaev (2003)

it suffices to consider martingales in N 0 or N 1, where N 0 is the set of all bounded martingales on

(Ω,F , (Ft)t≥0,P) which are orthogonal to W , and where N 1 is the set of all martingales having a limit

N∞ = f(Yt1 , . . . , Ytq ), where f is any bounded Borel function on Rq, t1 < . . . < tq and q ≥ 1.

First, let N ∈ N 0 and let F̃ ′t =
⋂
s>t Fs⊗G. Then, for any t > mkn∆n, ϑ

n

m(t) := E
(
ϑnm

∣∣∣F̃ ′t ), condi-

tional on σmkn∆n
, is a martingale with respect to the filtration generated by {Wt −Wmkn∆n

|t > mkn∆n}.

By the martingale representation theorem, we have ϑ
n

m(t) = ϑ
n

m(mkn∆n) +
∫ t
mkn∆n

τudWu for some pre-

dictable process τ . The orthogonality of W and N and the martingale property of N imply that

E
(
ϑnm

Ğ∆n
mN

∣∣∣F̃ ′mkn∆n

)
= E

((
ϑnm − ϑ

n

m (mkn∆n)
)

Ğ∆n
mN + ϑ

n

m (mkn∆n) Ğ∆n
mN

∣∣∣F̃ ′mkn∆n

)
= 0,

which gives

E
(
ϑnm

Ğ∆n
mN

∣∣Hnmkn ) = 0, (A.38)

since Hnmkn ⊂ F̃
′
mkn∆n

.

Next, assume that N ∈ N 1. It can be shown (see Jacod et al. (2009)) that there exists some

f̂t such that for all t ∈ [tl, tl+1), Nt = f̂t(Yt0 , Yt1 , . . . , Ytl):= E(f(Yt0 , . . . , Ytl , Ytl+1
, . . . , Ytq )|Ft) with

10



t0 = 0, tq+1 =∞, and such that it is measurable in (Yt1 , . . . , Ytl). Hence, Ğ∆n
mN = 0 if it does not cover

any of the points t1, . . . , tq+1. But such intervals (to compute Ğ∆n
mN) that contain any of the points

t1, . . . , tq+1 are at most q + 1 in number. Furthermore, by the boundedness of N and the conditional

Cauchy-Schwarz inequality, we have the following:

E
(∣∣ϑnmĞ∆n

mN
∣∣ ∣∣Hnmkn ) ≤√E

(
(ϑnm)

2 ∣∣Hnmkn )
√
E
((

Ğ∆n
mN

)2 ∣∣Hnmkn ) = Op(n
−1/4).

Now (A.37) follows since there are at most finitely many such intervals.

Due to the fact that ϑnm is an even functional of n1/4W
n

mkn and n1/4U
n

mkn we know that both have

a symmetric asymptotic distribution, and

E
(
ϑnm

Ğ∆n
mW

∣∣Hnmkn ) P→ 0. (A.39)

From (A.17), we deduce that (ϑnm)21{|ϑn
m|>ε} = op(n

−1/2) for any ε > 0, so we have

Mn−1∑
m=0

E
(
(ϑnm)21{|ϑn

m|>ε}
∣∣Hnmkn ) P→ 0. (A.40)

Now the proof is complete in view of (A.35)-(A.40), and Theorem IX.7.28 of Jacod and Shiryaev (2003).

Lemma A.5. Assume that the conditions of Theorem 4.2 hold. We then have that

Mn−1∑
m=0

(
Y
n

mkn

)2

− 1√
n

Mn−1∑
m=0

(βnm)
2

= op(n
−1/4). (A.41)

Proof. Denote

Ỹ nm = n−1/4βnm = σmkn∆n
W

n

mkn + U
n

mkn . (A.42)

Then,

E

(∣∣∣∣∣
Mn−1∑
m=0

(
Y
n

mkn

)2

− 1√
n

Mn−1∑
m=0

(βnm)
2

∣∣∣∣∣
)
≤
Mn−1∑
m=0

√
E
((

Y
n

mkn − Ỹ nm
)2
)√

E
((

Y
n

mkn + Ỹ nm

)2
)
.

Since

√
E
((

Y
n

mkn + Ỹ nm

)2
)

= O(n−1/4) by (A.6), the result is proven if

Mn−1∑
m=0

√
E
((

Y
n

mkn − Ỹ nm
)2
)
→ 0. (A.43)

But this follows directly from Lemma 7.8 in Barndorff-Nielsen et al. (2006).
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A.3 Proofs of the Results in Section 3 and Subsection 4.1

A.3.1 Proof of Proposition 3.1

Proof. For any process Z, we write ∆n
i,jZ := Zni+j − Zni , for j = 1, 2, . . . , n − i. The process Y then

satisfies
n−j∑
i=0

(∆n
i,jY )2 =

n−j∑
i=0

(∆n
i,jX)2 + 2

n−j∑
i=0

∆n
i,jX ∆n

i,jU +

n−j∑
i=0

(∆n
i,jU)2. (A.44)

We now analyze the asymptotic properties of the three components on the right-hand side of (A.44):

(i) First note that
∑n−j
i=0 (∆n

i,jX)2/j
P→ [X,X], where [X,X] is the quadratic variation of X.

(ii) By the independence of X and U , we have

n−j∑
i=0

E
((

∆n
i,jX ∆n

i,jU
)2)

=

n−j∑
i=0

E
((

∆n
i,jX

)2)E((∆n
i,jU

)2) ≤ Cj. (A.45)

The last inequality follows from the fact that U has bounded moments and from an application

of (A.1). Next,

∑
i,i′:i<i′

E
(
∆n
i,jX ∆n

i,jU ∆n
i′,jX ∆n

i′,jU
)

=
∑

i,i′:i<i′

E
(
∆n
i,jX ∆n

i′,jX
)
E
(
∆n
i,jU ∆n

i′,jU
)

≤Cj∆n

 ∑
i,i′:i+j<i′

E
(
∆n
i,jU ∆n

i′,jU
)

+
∑

i,i′:i+j≥i′>i

E
(
∆n
i,jU ∆n

i′,jU
)

≤Cj2.

(A.46)

The first inequality follows from the Cauchy-Schwarz inequality and (A.1). To establish the second

inequality, we apply the Cauchy-Schwarz inequality, (A.5), and the fact that v > 1, to obtain

∑
i,i′:i+j<i′

E
(
∆n
i,jU ∆n

i′,jU
)

=
∑

i,i′:i+j<i′

E
(
∆n
i,jU E

(
∆n
i′,jU

∣∣F(i+j)∆n

))
≤ C

∑
i

∑
i′:i+j<i′

√
E
((

E
(

∆n
i′,jU

∣∣F(i+j)∆n

))2
)

≤ C
∑
i

∑
i′:i+j<i′

(i′ − (i+ j))−v ≤ C∆−1
n .

(A.47)

Equations (A.45) and (A.46) imply that E
((∑n−j

i=0 ∆n
i,jX ∆n

i,jU
)2
)
≤ Cj2, so

n−j∑
i=0

∆n
i,jX ∆n

i,jU = Op(j). (A.48)

(iii) Turning to the last sum of (A.44), let νj := E
(
(Uni+j − Uni )2

)
= 2(γ(0)−γ(j)). For i > j, we obtain
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the following, using similar arguments as the ones used to prove (A.47):

∣∣Cov
(
(Unj − Un0 )2, (Uni+j − Uni )2

)∣∣ ≤ C(i− j)−v,

which implies

E

(n−j∑
i=0

(
(∆n

i,jU)2 − νj
))2

 ≤ C∆−1
n j. (A.49)

For any fixed j and any jn satisfying ∆njn → 0, jn →∞, we have by (A.48), (A.49) and (4) that

〈̂Y, Y 〉(j)n − (γ(0)− γ(j)) = Op

(√
∆nj

)
;

〈̂Y, Y 〉(jn)n − γ(0) = Op

(
max

{√
∆njn, j

−v
n

})
.

(A.50)

Now the stated result follows.

A.3.2 Proof of Proposition 3.2

Proof. By Itô’s isometry, we have

Eσ

(
n−j∑
i=0

(∆n
i,jX)2

)
=

n−j∑
i=0

i+j−1∑
h=i

∫ (h+1)∆n

h∆n

σ2
sds =

n−1∑
h=0

(n−j)∧h∑
i=0∨(h−j+1)

∫ (h+1)∆n

h∆n

σ2
sds

=

n−j∑
h=j−1

h∑
i=h−j+1

∫ (h+1)∆n

h∆n

σ2
sds+ o(j2∆n) = j

∫ (n+1−j)∆n

(j−1)∆n

σ2
sds+ o(j2∆n),

where we reversed the order of summation in the second equality, while the stochastic orders follow from

the regularity conditions on the volatility path around 0 and 1. Hence, we have

2(n− j + 1)Eσ
(
〈̂X,X〉(j)n

)
= j

∫ 1

0

σ2
sds+Op(j

2∆n).

Furthermore, it is immediate that Eσ
(∑n−j

i=0 (∆n
i,jU)2

)
= 2(n − j + 1)(γ(0) − γ(j)). Thus, we have, by

the independence of X and U ,

Eσ
(
〈̂Y, Y 〉(j)n

)
=

j
∫ 1

0
σ2
sds

2(n− j + 1)
+ γ(0)− γ(j) +Op(j

2∆2
n).

A.3.3 Proof of Proposition 3.3

Proof. We note that |ΣU − Σ̂Un | is smaller than

2

`n∑
j=0

|γ(j)− γ̂(j)n|+ 2

∞∑
j=`n+1

|γ(j)|.
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The last sum is of order (`n)1−v with v > 3 and `n ≥ Cn1/8 by (14), so it is o(n−1/4). For the first sum

we use definitions (6)-(8) and then apply (A.50) to conclude that for j ≤ `n:

|γ(j)− γ̂(j)n| = |γ(j)− 〈̂Y, Y 〉(jn)n + 〈̂Y, Y 〉(j)n| = Op

(
max

{√
∆njn, j

−v
n ,

√
∆n`n

})
.

Our restrictions in (14) then guarantee that |γ(j)− γ̂(j)n| = Op((∆n)5/12) while `n = o((∆n)−1/6), so

`n∑
j=0

|γ(j)− γ̂(j)n| = op(n
−1/4); |ΣU − Σ̂Un

| = op(n
−1/4). (A.51)

This establishes the result.

A.3.4 Proof of Theorem 4.1

Proof. We present the proof in three steps, which correspond to the following three equations:

PAV(Y, r)n −
1

Mn
PAVn P→ 0, (A.52)

1

Mn
PAVn − 1

Mn
P̃AV

n P→ 0, (A.53)

1

Mn
P̃AVn − PAV(Y, r)

P→ 0. (A.54)

We invoke Lemmas A.2 and A.3, which in turn rely on Lemma A.1.

(i) To prove (A.52), recall our choice2 of Mn =
⌊
n
kn

⌋
. The difference on the left-hand side of (A.52) is

a sum of martingale differences:

PAV(Y, r)n −
1

Mn
PAVn

=

Mn−1∑
m=0

1√
n

(∣∣∣n 1
4Y

n

mkn

∣∣∣r − E
(∣∣∣n 1

4Y
n

mkn

∣∣∣r ∣∣Hnmkn )) .
In light of Lemma 2.2.11 in Jacod and Protter (2011), it suffices to show that

1

n

Mn−1∑
m=0

E
(∣∣∣n 1

4Y
n

mkn

∣∣∣2r ∣∣Hnmkn) P→ 0. (A.55)

But this follows from the boundedness established in Lemma A.2 and the choice of Mn.

(ii) To establish (A.53), we proceed in several steps:

(a) We first note that the error when approximating n1/4Y
n

i by βnm, denoted by ξnm, is small in

the sense that

1

Mn

Mn−1∑
m=0

E
(
|ξnm|

2
)
→ 0. (A.56)

2We interchangeably use kn∆n and 1/Mn in the sequel; the difference of the two is always negligible.
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To see this, we write

ξnm = n1/4

(∫ (m+1)kn∆n

mkn∆n

bsG
n
mkn(s)ds+

∫ (m+1)kn∆n

mkn∆n

(σs − σmkn∆n
)Gnmkn(s)dWs

)
.

Since b and G are bounded, we have

E

n1/2

(∫ (m+1)kn∆n

mkn∆n

bsG
n
mkn(s)ds

)2
 ≤ Cn1/2(kn∆n)2 ≤ C

√
∆n.

By Itô isometry,

E

n1/2

(∫ (m+1)kn∆n

mkn∆n

(σs − σmkn∆n
)Gnmkn(s)dWs

)2


≤ C∆−1/2
n

∫ (m+1)kn∆n

mkn∆n

E
(

(σs − σmkn∆n
)
2
)

ds,

and hence

1

Mn

Mn−1∑
m=0

E
(
|ξnm|

2
)
≤ C

(
∆1/2
n +

∫ 1

0

E
((

σs − σkn∆nb s
kn∆n

c

)2
)

ds

)
→ 0,

by Lebesgue’s dominated convergence theorem, since σkn∆nb s
kn∆n

c → σs and σ is bounded.

(b) Next, define the approximation error

ζnm :=

∣∣∣n1/4Y
n

mkn

∣∣∣r − |βnm|r
θ

.

We note that this error is also small:

1

Mn

Mn−1∑
m=0

E(|ζnm|)→ 0, (A.57)

which follows from

1

Mn

Mn−1∑
m=0

E
(
|ζnm|

2
)
→ 0. (A.58)

This can be proved using similar arguments as in the proof of (A.56). Equation (A.57) then

follows, and it implies

1

Mn

Mn−1∑
m=0

E
(
ζnm
∣∣Hnmkn ) P→ 0, (A.59)

by the Markov inequality.

(c) By Lemma A.3 we have

E
(
|βnm|

r ∣∣Hnmkn ) = µr

(
θψ0σ

2
mkn∆n

+
ψ1ΣU
θ

) r
2

+ op(1), (A.60)
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which holds uniformly in m for any even integer r ≥ 2. Now (A.53) follows from (A.59)

and (A.60).

(iii) Following Proposition 2.2.8 in Jacod and Protter (2011), we see that (A.54) boils down to conver-

gence of a Riemann approximation.

This finishes the proof of Theorem 4.1.

A.3.5 Proof of Theorem 4.2

Proof. We have, by the definition of ÎVn and (A.16) of Lemma A.3 that

n1/4ÎVn = n1/4(ψ0)−1

(
Mn−1∑
m=0

|Y nmkn |
2 − ψ1θ

−2Σ̂Un

)
,

n1/4IV = n1/4(ψ0)−1

(
1

θMn

Mn−1∑
m=0

E
(

(βnm)
2 ∣∣Hnmkn )− ψ1θ

−2ΣU

)
+ op(1).

Subtraction gives, due to (A.41) of Lemma A.5 and because θMn =
√
n, that n1/4(ÎVn − IV) equals

(ψ0)−1Ln + Cn1/4(ΣU − Σ̂Un
) + op(1),

with Ln as defined in (A.33) of Lemma A.4. The first statement of Theorem 4.2 now follows from that

Lemma and (A.51), while the second statement is implied by the consistency result in (21).

A.4 Proofs of the Results in Subsection 4.2

In this subsection we first establish several lemmas to facilitate the proofs of our results in Subsection 4.2.

We follow the classical approach in Jacod et al. (2009) and also use several estimates that have been

derived in Jacod et al. (2019). Our proofs are often less involved than those in the last paper. This is

partly due to our Lemma A.1, which we proved under relatively mild assumptions and from which the

higher order moments of the pre-averaged noise process can be easily obtained. Moreover, our setting is

not as general as in Jacod et al. (2019).

A.4.1 Auxiliary Lemmas for Subsection 4.2

In the following Lemmas A.6 to A.10, we assume the conditions of Theorem 4.3 are satisfied.

Lemma A.6. For any q ≥ 1, we have

∣∣∣E(X̂n
i |Fni

)∣∣∣ ≤ C∆n; E
(∣∣∣X̂n

i

∣∣∣q |Fni ) ≤ Cq∆q/2
n . (A.61)

Proof. Using the decomposition in the proof of Lemma 5.2 in Jacod et al. (2009), we have by Itô’s
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formula that
X̂n

i

2 =
∑3
`=1D

n
i,`, where

Dn
i,1 =

∫ (i+kn−1)∆n

i∆n

Xn
i (t)dMn

i (t), Dn
i,2 = bi∆n

∫ (i+kn−1)∆n

i∆n

Mn
i (t)Gni (t)dt,

Dn
i,3 =

∫ (i+kn−1)∆n

i∆n

Mn
i (t)(bt − bi∆n

)Gni (t)dt+

∫ (i+kn−1)∆n

i∆n

Bni (t)dBni (t).

The boundedness of b, σ and g imply that we have that E (|Mn
i (t)|q |Fni ) ≤ C(kn∆n)q/2 and that

E (|Bni (t)|q |Fni ) ≤ C(kn∆n)q, and since kn = θ∆
−1/2
n + o

(
∆
−1/4
n

)
this gives

E
(∣∣Dn

i,2

∣∣q |Fni ) ≤ Cq∆3q/4
n ; (A.62)

E
(∣∣Dn

i,3

∣∣q |Fni ) ≤ Cq∆q
n. (A.63)

The boundedness of σ and g also establish that |E (Mn
i (t) |Fni )| = 0 which gives, together with the

boundedness of b and g, that

∣∣E (Dn
i,2 |Fni

)∣∣ ≤ C∆n. (A.64)

The martingale property of M yields E
(
Dn
i,1 |Fni

)
= E

(∫ (i+kn−1)∆n

i∆n
Xn
i (t)dMn

i (t) |Fni
)

= 0 and com-

bining this with (A.63) and (A.64) proves the first part of (A.61). The second part of (A.61) follows

from (A.62), (A.63) and

E
(∣∣Dn

i,1

∣∣q |Fni ) ≤ Cq∆q/2
n ,

which can be obtained by applying the Burkholder-Davis-Gundy inequalities. This finishes the proof.

Lemma A.7. For any p ≥ 2, we have

E
(
E
(

(ζ(p)ni )
4 |Kni

))
≤ Cp; (A.65)

E
(

(E (ζ(p)ni |Kni ))
2
)
≤ Cp∆n. (A.66)

Proof. We have by Lemma A.1 that

E
((

U
n

i

)8
)
≤ C∆2

n, E
((

U
n

i

)4
)
≤ C∆n, αn = E

((
U
n

i

)2
)
≤ C∆1/2

n . (A.67)

This implies

E
(
E
((

Ûni

)4

|Kni
))
≤ C

(
E
((

U
n

i

)8
)

+ α4
n

)
≤ C∆2

n. (A.68)

Hölder’s inequality gives
((
ζ(p)nj

)4) ≤ Cpk
3
n

∑i+pkn−1
j=i

((
X̂n
i

)4

+
(
Ûni

)4

+ 2
(
U
n

i

)4 (
X
n

i

)4
)

. Now

(A.67), (A.68), together with the second part of (A.61), the independence of X and U , and (A.6)
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yield (A.65).

We now turn to (A.66). By (A.4) we have

i+pkn−1∑
j=i

E
((

E
(
Ûnj

∣∣∣Gi−b kn
2 c

))2
)
≤
i+pkn−1∑
j=i

C

(j − i+ bkn/2c)2v
≤ C

k2v−1
n

≤ C(∆n)v−
1
2 . (A.69)

On the other hand, for any i ≤ j ≤ i+ pkn− 1 we have, by again applying (A.4) and using |gnk | ≤ C/kn,

that

E
((

E
(

sUnj

∣∣∣Gi−b kn
2 c

))2
)

= E

(kn−1∑
k=0

gnkE
(
Unj+k

∣∣∣Gi−b kn
2 c

))2


≤ kn(C/kn)2
kn−1∑
k=0

E
((

E
(
Unj+k

∣∣∣Gi−b kn
2 c

))2
)

≤ (C/kn)

kn−1∑
k=0

1(
j + k − i+ bkn2 c

)2v ≤ C

kn
(
j − i+ bkn2 c

)2v−1 ,

whence

i+pkn−1∑
j=i

E
((

E
(
U
n

j

∣∣∣Gi−b kn
2 c

))2
)
≤ C

k2v−1
n

≤ C(∆n)v−1/2. (A.70)

By the independence of X and U , (A.6) and (A.61), we deduce

E (ζ(p)ni |Kni ) =

i+pkn−1∑
j=i

E
(
X̂n
i + Ûni + 2U

n

i X
n

i |Kni
)

≤ Cp∆1/2
n +

i+pkn−1∑
j=i

E
(
Ûnj

∣∣∣Gi−b kn
2 c

)
+ 2∆1/2

n

i+pkn−1∑
j=i

E
(
U
n

j

∣∣∣Gi−b kn
2 c

)
. (A.71)

Since v > 2, we can now apply Hölder’s inequality to the square of this expression to get (A.66)

from (A.69), (A.70) and (A.71).

Lemma A.8. Let tnj,p = j(p+ 1)kn∆n and define Ξij = −
∫ 1

0
sφi(s)φj(s)ds, and Λij(p) = pΦij + Ξij for

i, j ∈ {0, 1}. We then have

E

(∣∣∣∣∣E
((
η(p)nj

)2 − 4k2
n∆2

nσ
4
tnj,p

ψ2
0

Λ00(p)− 4∆nΣ2
U

θ2ψ2
0

Λ11(p)−
8∆nσ

2
tnj,p

ΣU

ψ2
0

Λ01(p)
∣∣J (p)nj

)∣∣∣∣∣
)
≤ Cp∆5/4

n .

(A.72)

Proof. First, we note that

(ζ(p)ni )2 =

pkn−1∑
j,j′=0

(X̂n
i+jX̂

n
i+j′ + Ûni+jÛ

n
i+j′ + X̂n

i+jÛ
n
i+j′ + Ûni+jX̂

n
i+j′ + 4X

n

i+jU
n

i+jX
n

i+j′U
n

i+j′

+ 2X̂n
i+jX

n

i+j′U
n

i+j′ + 2X
n

i+jU
n

i+jX̂
n
i+j′ + 2Ûni+jX

n

i+j′U
n

i+j′ + 2X
n

i+jU
n

i+jÛ
n
i+j′).
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Applying the estimate (A.20) in Jacod et al. (2019), we get

E

∣∣∣∣∣∣
pkn−1∑
j,j′=0

E
(
X̂n
i+jX̂

n
i+j′ − 4(σni )4G

n

i (j, j′) |Fni
)∣∣∣∣∣∣
 ≤ Cp∆1/4

n . (A.73)

Another estimate gives (see the proof of Lemma A.5 in Jacod et al. (2019)):

∣∣∣E(Xn

i+jX
n

i+j′ − (σni )2Ĝni (j, j′) |Fni
)∣∣∣ ≤ C∆3/4

n ,

which yields, since X and U are independent while E
(
U
n

i+jU
n

i+j′

)
≤ C∆

1/2
n , that

E

∣∣∣∣∣∣
pkn−1∑
j,j′=0

E
(
X
n

i+jU
n

i+jX
n

i+j′U
n

i+j′ − (σni )2Ĝni (j, j′)E
(
U
n

i+jU
n

i+j′

)
|Kni

)∣∣∣∣∣∣
 ≤ Cp∆1/4

n . (A.74)

A direct application of the JS-Lemma then leads to

E

pkn−1∑
j,j′=0

∣∣∣E(Ûni+jÛni+j′ ∣∣∣Gi−b kn
2 c

)
− E

(
Ûni+jÛ

n
i+j′

)∣∣∣
 ≤ Cpk−(v−2)

n ≤ Cp∆1/4
n , (A.75)

since v > 5/2.

We now find bounds for the six remaining terms in the conditional expectation of (ζ(p)ni )2 using

symmetry. We first apply the JS-Lemma (A.5) to derive

E
(
E
(
Ûni+j

∣∣∣Gi−b kn
2 c

)2
)
≤ CE

((
Ûni+j

)2
)

(j + kn/2)−2v ≤ C∆n(j + kn/2)−2v, (A.76)

E
(
E
(
U
n

i+j

∣∣∣Gi−b kn
2 c

)2
)
≤ CE

((
U
n

i+j

)2
)

(j + kn/2)−2v ≤ C
√

∆n(j + kn/2)−2v. (A.77)

We use this to find, by the independence of X and U and using (A.61), that

E

∣∣∣∣∣∣E
pkn−1∑
j,j′=0

X̂n
i+jÛ

n
i+j′ |Kni

∣∣∣∣∣∣
 ≤ Cpkn∆n

pkn−1∑
j=0

E
(∣∣∣E(Ûni+j ∣∣∣Gi−b kn

2 c

)∣∣∣)

≤ Cp
√

∆n

pkn−1∑
j=0

√
∆n(j + kn/2)−2v ≤ Cp∆(v+1)/2

n . (A.78)

For a second estimate, we apply the Cauchy-Schwarz inequality, the bounds of (A.6) and (A.61) and the

independence of X and U to derive

E
(
X̂n
i+jX

n

i+j′U
n

i+j′ |Kni
)
≤ E

(
(X̂n

i+j)
2 |Kni

)1/2

E
(

(X
n

i+j′U
n

i+j′)
2 |Kni

)1/2

≤ C∆1/2
n E

(
(X

n

i+j′)
2 |Kni

)1/2

E
(

(U
n

i+j′)
2 |Kni

)1/2

≤ C∆3/4
n E

(
(U

n

i+j′)
2 |Kni

)1/2

.
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Therefore, using (A.77),

E

∣∣∣∣∣∣E
pkn−1∑
j,j′=0

X̂n
i+jX

n

i+j′U
n

i+j′ |Kni

∣∣∣∣∣∣
 ≤ C∆3/4

n pkn

pkn−1∑
j′=0

√√
∆n(j′ + kn/2)−2v ≤ C∆v/2

n . (A.79)

For a third estimate, we use that we know from (A.67) and (A.68) that n1/2Ûni+j and n1/4U
n

i+j are

sequences of stochastic variables with variances that converge to one. Together with the estimates in

(A.6), this gives

E

∣∣∣∣∣∣E
pkn−1∑
j,j′=0

Ûni+jX
n

i+j′U
n

i+j′ |Kni

∣∣∣∣∣∣
 ≤ C∆1/2

n

pkn−1∑
j,j′=0

∆3/4
n E

(∣∣∣∣∣E
(
U
n

i+j′

∆
1/4
n

Ûni+j

∆
1/2
n

∣∣∣Gi−b kn
2 c

)∣∣∣∣∣
)

≤ Cp∆5/4
n kn ≤ Cp∆3/4

n . (A.80)

Lemmas A.9 and A.10 in Jacod et al. (2019) yield∣∣∣∣∣∣
pkn−1∑
j,j′=0

G
n

i (j, j′)− k4
n∆2

nΛ00(p)

∣∣∣∣∣∣ ≤ Cp∆1/2
n ;

∣∣∣∣∣∣
pkn−1∑
j,j′=0

Ĝni (j, j′)E
(
U
n

i+jU
n

i+j′

)
− 2k2

n∆nΛ01(p)ΣU

∣∣∣∣∣∣ ≤ Cp∆1/2
n ; (A.81)

∣∣∣∣∣∣
pkn−1∑
j,j′=0

E
(
Ûni+jÛ

n
i+j′

)
− 4Λ11(p)Σ2

U

∣∣∣∣∣∣ ≤ Cp∆1/2
n .

Now the result follows from (A.73)-(A.81).

Lemma A.9. For any p ≥ 2, we have

∆−1/4
n F (p)n

P→ 0; (A.82)

∆−1/4
n F ′(p)n

P→ 0; (A.83)

∆−1/4
n Ĉ(p)n

P→ 0; (A.84)

∆−1/4
n Ĉ ′(p)n

P→ 0; (A.85)

∆−1/4
n Ĉ ′′n

P→ 0; (A.86)

E
(

sup
t≤T

(M ′(p)n)
2
)
≤ C

√
∆n/p. (A.87)

Proof. We prove these equations in a number of separate steps.

(1) Proof of (A.82) and (A.83). First, we note that due to (A.76) we have E
(∣∣∣E(Ûni |Kni )∣∣∣) ≤

Ck−vn
√

∆n. Together with (A.61), and the independence of X and U , we get

E(|E (Ψn
i |Kni )|) ≤ C∆n, E(|E (ζ(p)ni |Kni )|) ≤ Cpkn∆n.
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Since Kp
n ≤ C

pkn∆n
, we have E(|F (p)n|) ≤ C∆

1
2
n . The same result holds for F ′(p)n. Now (A.82)

and (A.83) follow.

(2) Proof of (A.84). From the estimates (A.61), (A.6) and (A.67), we have

E
(

(Ψn
i )

2
)
≤ C∆n. (A.88)

Since n− kn − Ipn ≤ Cp/
√

∆n, the claim follows.

(3) Proof of (A.85). Let Γn =
∑
|`|≤`n γ(`). Then (18) implies

αn −
ψ1Γn

θ
√

∆n(n− kn + 2)
= αn −

ψ1Γn
kn

+ o(∆
3
4
n ). (A.89)

Since αn = 1
kn

∑
|`|≤kn−1 φ

n
1 (`)γ(`), we have

∣∣∣∣αn − ψ1Γn
kn

∣∣∣∣ =
1

kn

∣∣∣∣∣∣
∑

|`|≤kn−1

φn1 (`)γ(`)− ψ1

∑
|`|≤`n

γ(`)

∣∣∣∣∣∣
≤ 1

kn

∣∣∣∣∣∣ψ1

∑
`n<|`|≤kn−1

γ(`)

∣∣∣∣∣∣+
1

kn

∣∣∣∣∣∣
∑

|`|≤kn−1

γ(`) (φn1 (`)− ψ1)

∣∣∣∣∣∣
≤ C

kn`
v−1
n

+
C

kn

∑
|`|≤kn−1

γ(`)`

kn
≤ C∆

1∧( 1
2 +(v−1)κ)

n , (A.90)

where the second inequality is due to (A.10) and the last inequality follows from the fact that v > 2

so that
∑
γ(`)` <∞, while `n � ∆−κn . Then (A.89) and (A.90) imply

∣∣∣∣ (n− kn + 2)αn
√

∆n

θψ0
− ψ1

θ2ψ0
Γn

∣∣∣∣ ≤ C∆
1
2∧(v−1)κ
n + o(∆1/4

n ).

Since (v − 1)κ > 1/4 we have

∆−1/4
n

(
(n− kn + 2)αn

√
∆n

θψ0
− ψ1

θ2ψ0
Γn

)
→ 0. (A.91)

On the other hand, we have by (A.51) that

∆−1/4
n

 ψ1

θ2ψ0

Γn −
∑
|`|≤`n

γ̂(`)n

 P→ 0. (A.92)

Now (A.85) is proven by (A.91) and (A.92).

(4) Proof of (A.86): see Lemma 5.5 of Jacod et al. (2009).

(5) For (A.87), we apply Hölder’s inequality and (A.88) to conclude that E
((
η′(p)nj

)2) ≤ Cp∆n. Doob’s
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inequality and the fact that Kp
n ≤ C/(p

√
∆n) then together imply

E
(

sup
t≤T

(M ′(p)n)
2
)
≤ 4

Kp
n∑

j=0

E
((
η′(p)nj

)2) ≤ C√∆n/p.

Lemma A.10. For any p ≥ 2, the sequence ∆
−1/4
n M(p)n of processes converges stably in law to

Υ1(p) =

∫ 1

0

V (p)sdW
′
s, (A.93)

where W ′ is as in Theorem 4.3 and V (p)t is the square root of

V (p)2
t =

4

ψ2
0(p+ 1)

(
Λ00(p)θσ4

t + 2Λ01(p)
σ2
tΣU
θ

+ Λ11(p)
Σ2
U

θ3

)
. (A.94)

Proof. In view of the classical central limit theorems for triangular arrays of martingale differences in,

e.g., Theorem IX.7.28 in Jacod and Shiryaev (2003), it suffices to prove the following:

1√
∆n

Kp
n∑

j=0

(
E
((
η(p)nj

)2 ∣∣J (p)nj

)
−
(
η(p)nj

)2) P→
∫ 1

0

V (p)2
sds, (A.95)

1

∆n

Kp
n∑

j=0

E
((
η(p)nj

)4 ∣∣J (p)nj

)
P→ 0, (A.96)

1

∆
1/4
n

Kp
n∑

j=0

E
((
η(p)nj

)
∆(N, p)nj

∣∣J (p)nj
) P→ 0, (A.97)

where ∆(Z, p)nj = Z(j+1)(p+1)kn∆n
−Zj(p+1)kn∆n

, and N is any bounded martingale on (Ω,F , (Ft)t≥0,P)

orthogonal to W , or N = W .

1. Proof of (A.95). Equation (A.66) implies E
((
η(p)nj

)2) ≤ Cp∆2
n, whence 1√

∆n

∑Kp
n

j=0

(
η(p)nj

)2 P→ 0.

The estimate (A.72), plus Riemann integration, and (18) yield

1√
∆n

Kp
n∑

j=0

E
((
η(p)nj

)2 ∣∣J (p)nj

)
P→
∫ 1

0

V (p)2
sds.

2. Proof of (A.96). By (A.65) we have ∆−2
n E

((
η(p)nj

)4) ≤ C so the Markov inequality gives

E
((
η(p)nj

)4 ∣∣J (p)nj

)
= Op(∆

2
n). Then (A.96) follows since Kp

n ≤ Cp∆
− 1

2
n .

3. Proof of (A.97). Let `(p)nj = j(p+ 1)kn. It is equivalent to prove

∆1/4
n

Kp
n∑

j=0

E
(
ζ(p)n`(p)nj

∆(N, p)nj
∣∣J (p)nj

)
P→ 0.
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In view of (5.62) of Jacod et al. (2009), it then suffices to prove that

Ln(p) := ∆1/4
n

Kp
n∑

j=0

E

`(p)nj +pkn−1∑
i=`(p)nj

(Ûni + 2X
n

i U
n

i )∆(N, p)nj
∣∣J (p)nj

 P→ 0, (A.98)

where we may assume that N is a square-integrable martingale.

Since N is a process on (Ω,F , (Ft)t≥0,P), the independence of F and G implies that

`(p)nj +pkn−1∑
i=`(p)nj
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)
Θ(p)nj ;
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i=`(p)nj

∣∣E (Xn
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n
i ∆(N, p)nj

∣∣J (p)nj
)∣∣ ≤√E
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∆(N, p)nj

)2 ∣∣∣Fn
`(p)nj

)
Θ(p)nj ;

where

Θ(p)nj :=

`(p)nj +pkn−1∑
i=`(p)nj

∣∣∣E(Ûn
i

∣∣∣G`(p)nj −b kn
2
c

)∣∣∣ ; Θ(p)nj :=

`(p)nj +pkn−1∑
i=`(p)nj

∣∣∣E(Un
i

∣∣∣G`(p)nj −b kn
2
c

)∣∣∣√∆
1/2
n .

Note that we have used (A.6) to bound E
((

X
n

i

)2 ∣∣∣Fn`(p)nj
)

by ∆
1/2
n . We find that

Ln(p)2 ≤
√

∆n

Kp
n∑

j=0

√
E
((

∆(N, p)nj
)2 ∣∣∣Fn`(p)nj )(Θ(p)nj + 2Θ(p)nj )

2

.

Repeated applications of the JS-Lemma and the independence of G and F give

E
((

Θ(p)nj
)2) ≤ Cp

k
2(v−1)
n

; E
((

Θ(p)nj
)2) ≤ Cp

k2v
n

, (A.99)

so we have

E
(

(Ln(p))
2
)
≤
√

∆nE

Kp
n∑

j=0

(
∆(N, p)nj

)2E

Kp
n∑

j=0

(
Θ(p)nj + 2Θ(p)nj

)2
≤ CpE

(
(N1 −N0)

2
)

∆v−1
n → 0.

The first inequality is an application of Cauchy-Schwarz inequality, and the second one is due to the

fact that N is a square-integrable martingale, the estimate (A.99) and the fact that Kp
n ≤ Cp/

√
∆n.

This completes the proof of Lemma A.10.
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A.4.2 Proof of Theorem 4.3

Proof. We invoke Lemmas A.9 and A.10, which in turn rely on Lemmas A.6, A.7 and A.8. Recalling the

decomposition in (A.2), we note that we have proved in Lemma A.9 that

lim
p→∞

lim sup
n→∞

P(|Q(p)n| ≥ ε) = 0,

for any ε > 0, where

Q(p)n := ∆−1/4
n

(
M ′(p)n + F (p)n + F ′(p)n + Ĉ(p)n + Ĉ ′(p)n + Ĉ ′′n

)
.

Lemma A.10 shows convergence of ∆
−1/4
n M(p)n to Υ1(p), and for the fixed Brownian motion W ′ we

have that V (p)t(ω) converges pointwise to Vt(ω) so Υ(p)1
P→ Υ1. This proves Theorem 4.3.

A.4.3 Proof of Corollary 4.2

Proof. The result Σ̂n
P→
∫ 1

0
V 2
t dt follows from the following convergence in probability results:

Σ̂Un

P→ ΣU , ĨVn
P→ IV;

n−kn+1∑
i=0

(
Y
n

i

)4 P→
∫ 1

0

(
3θ2ψ2

0σ
4
t + 6ψ0ψ1σ

2
tΣU +

3

θ2
ψ2

1Σ2
U

)
dt.

The first two statements follow from Proposition 3.3 and Theorem 4.3, whereas the last one is due to

(5.65) in Jacod et al. (2009) when we replace the asymptotic variance of pre-averaged noise (called αt in

that paper) by ΣU , and this can be done because of our Lemma A.1.

A.5 Proofs of the Results in Section 5

A.5.1 Proof of Theorem 5.1

Proof. By Theorem 4.3 we have ĨVn
P→ IV, by Proposition 3.3 we have Σ̂Un

P→ ΣU and by Proposition 3.1

we have Σ̃
(1)
Un

= 〈Y, Y 〉 (1)n
P→ γ(0)− γ(1). Therefore

ĨV
(1)

n = ĨVn +
ψ1(Σ̂Un − Σ̃
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Un

)

θ2ψ0

P→ IV +
ψ1(ΣU − γ(0) + γ(1))

θ2ψ0
.

This shows that

γ̃(0)
(2)

n − γ̂(0)n = Op(jn∆n), 〈̃Y, Y 〉(j)(2)
n − 〈̂Y, Y 〉(j)n = Op(∆nj),

which gives
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n

)
−
(
γ̂(0)n − 〈̂Y, Y 〉(j)n

)
= Op(∆n(j ∨ jn)),

Σ̃
(2)
Un
− Σ̂Un

= γ̃(0)
(2)
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`n∑
j=1

(
γ̃(j)

(2)

n − γ̂(j)

)
= Op((`

2
n ∨ jn`n)∆n).
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The asymptotic conditions (14) then imply that ∆
−1/4
n

(
Σ̃

(2)
Un
− Σ̂Un

)
P→ 0. This proves (43) for K = 2

and the consistency Σ̃
(2)
IVn

P→
∫ 1

0
V 2
t dt. It also immediately yields ∆

−1/4
n

(
ĨV

(2)

n − ĨVn

)
P→ 0.

Now assume we have for a certain k ≥ 2 that

∆−1/4
n

(
Σ̃

(k)
Un
− Σ̂Un

)
P→ 0; (A.100)

∆−1/4
n

(
ĨV

(k)

n − ĨVn

)
P→ 0; (A.101)

Σ̃
(k)
IVn

P→
∫ 1

0

V 2
t dt. (A.102)

A direct calculation shows

Σ̃
(k+1)
Un

− Σ̃
(k)
Un

=

− (2`n + 1)jn
2(n− jn + 1)

+

`n∑
j=1

j

n− j + 1

 (ĨV
(k)

n − ĨV
(k−1)

n ) = Op((`
2
n ∨ jn`n)∆n);

ĨV
(k+1)

n − ĨV
(k)

n =
ψ1

(
Σ̃

(k)
Un
− Σ̃

(k+1)
Un

)
θ2ψ0

= Op((`
2
n ∨ jn`n)∆n).

Assumption (14) then implies that (A.100) and (A.101) hold for k+ 1 as well, and (A.102) then follows.

This proves Theorem 5.1.
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B Additional Simulation Studies

In this section, we provide additional Monte Carlo simulation results that assess the effects of price

discreteness and correlation between X and U . Price discreteness renders dependence between X and

U . The results in Section B.1 show that the presence of minimal ticks has relatively little impact on the

estimation of the moments of noise and the IV. Furthermore, the results in Section B.2 show that in the

situation when X and U are correlated our multi-step estimators still appear to be performing well.

B.1 Price Discreteness

We consider a setting in which the observed price is rounded to 1 cent. The observed logarithmic price

is then given by:

Y rd
t = log ([100 exp(Yt)]/100) , (B.1)

where [x] denotes the integer that is closest to x. Now the microstructure noise has two components:

U rd
i = Y rd

i∆n
−Xi∆n = Y rd

i∆n
− Yi∆n︸ ︷︷ ︸

error due to discreteness

+ Yi∆n −Xi∆n︸ ︷︷ ︸
error due to market microstructure

. (B.2)

Figure B.1 compares our two-step estimators of the second moments of U rd to the true values for the

model setup of Section 6. The two-step estimators still yield accurate estimates, although there is a

small bias. In the estimation of the integrated volatility, we have a bias of 4.47 × 10−5 and a standard

deviation of 3.55 × 10−5; these are relatively small compared to the expected value of the integrated

volatility which is 4.44× 10−4.

B.2 Correlation between X and U

We also provide simulation evidence on the robustness of our estimators when dependence between X and

U is introduced by choosing a fixed correlation ρεW between the process ε in (45) and the increments of

the Brownian motion W . Table B.1 shows the centered means and standard deviations of ĨV
(2)

n . Results

are shown for the cases ρεW = 0, ρεW = 0.7 and ρεW = −0.7, and for three different values of the tuning

parameter: θ = 0.4, θ = 0.6, and the value θ = θ∗ defined in (28). The results show that our estimator

is relatively insensitive to the choice of the tuning parameter θ and to the correlation between X and U

for this model specification.

In a second simulation experiment, we investigate the performance of our two-step estimators for the

second moments of noise when the increments of the Brownian motion W and the noise component e

in (45) are correlated. The fixed correlation coefficient ρeW was taken to be either 1 or −1. The results

in Figure B.2 show that the biases in the estimates are very small, both for a fixed value of θ and for

the optimized value θ∗.
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ι -0.7 -0.3 0 0.3 0.7
θ = 0.4
ρεW = 0 -1.33 (3.72) -0.96 (3.71) -0.62 (3.71) -0.14 (3.72) 1.00 (3.78)
ρεW = 0.7 -1.39 (3.71) -1.01 (3.72) -0.60 (3.72) 0.04 (3.74) 2.00 (3.88)
ρεW = −0.7 -1.26 (3.71) -0.90 (3.70) -0.62 (3.70) -0.31 (3.71) 0.02 (3.73)
θ = 0.6
ρεW = 0 -1.00 (4.33) -0.93 (4.33) -0.86 (4.33) -0.77 (4.34) -0.56 (4.38)
ρεW = 0.7 -1.00 (4.33) -0.93 (4.33) -0.85 (4.34) -0.72 (4.35) -0.35 (4.43)
ρεW = −0.7 -0.99 (4.33) -0.92 (4.33) -0.87 (4.33) -0.81 (4.33) -0.76 (4.34)
θ = θ∗

ρεW = 0 -1.18 (3.87) -0.97 (3.91) -0.80 (3.91) -0.59 (3.96) -0.24 (4.13)
ρεW = 0.7 -1.21 (3.88) -0.99 (3.90) -0.79 (3.92) -0.48 (4.00) 0.00 (4.28)
ρεW = −0.7 -1.15 (3.90) -0.96 (3.89) -0.82 (3.90) -0.67 (3.92) -0.59 (3.95)

Table B.1: Estimation of the IV using ĨV
(2)

n when X and U are correlated. The numbers represent
the centered means with standard deviations between parentheses, based on 1,000 simulations for each
scenario. All numbers in the table are multiplied by 105. The time step is ∆n = 1 sec and the number
of observations n is 23,400. For the tuning parameters we took jn = 20 and `n = 10 while the value of
θ varies, as shown in the first column of the table.

C Empirical Study of Transaction Data for General Electric

We collect 2,721,475 transaction prices of General Electric (GE) over the month January 2011. On

average there are 5.8 observations per second. In contrast to the analysis of Citigroup transaction

prices in Sections 7.2 and 7.3, bias correction plays a very pronounced role here. Despite the high data

frequency, the finite sample bias can be very significant if the underlying noise-to-signal ratio is small

(recall Remark 3.3). This is indeed the case as Figure C.1 reveals: compared with Citigroup, the data

frequency of the General Electric sample is typically lower but the noise-to-signal ratio is also (much)

smaller. While the data frequency is immediately available, the noise-to-signal ratio is latent. Therefore,

one should always be wary to rely solely on asymptotic theory in practice.

The top panel of Figure C.2 shows that both the realized volatility (RV) and local averaging (LA)

estimators indicate that the noise is strongly autocorrelated, while the bias corrected realized volatility

(BCRV) estimator reveals that the noise is only weakly dependent. Such a pattern also appears in our

simulation study, where we have seen that it is the finite sample bias that induces this discrepancy. Since

the dependence in noise is quite weak, we would expect the estimators ĨV
(1)

n and ĨV
(2)

n to be close to

each other, if the latter is accurate. This is indeed the case, as the bottom panel of Figure C.2 shows.

However, the other two estimators ĨVn and ĨV
JLZ

n , which don’t apply finite sample bias corrections, seem

to be biased downwards.
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Figure B.1: Estimation of the autocovariances of microstructure noise with rounded prices as specified

in (B.1) and (B.2) for the model setup of Section 6. The estimators γ̃(0)
(2)

n , γ̃(j)
(2)

n are defined in (38)
and (39). The AR(1)-coefficient of U equals ι = 0.7. The number of simulations is 1,000 and the time
step is ∆n = 0.2 sec. The tuning parameters are jn = 20 and `n = 10 and θ is selected according to (28).
The “true autocovariances” were determined as the means of the 1,000 sample autocovariances of U rd.
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Figure C.1: Number of daily observations of transaction prices (top panel) and noise-to-signal ratio
(bottom panel) for Citigroup (C) and General Electric (GE). Sample period: January, 2011, consisting

of 20 trading days. In the bottom panel, the noise-to-signal ratio,
Σ2

U∫ 1
0
σ2
sds

, is estimated by
Σ̃

(2)
Un

ĨV
(2)

n

, where

Σ̃
(2)
Un

and ĨV
(2)

n are defined in (40) and (41), respectively. We set jn = 30, `n = 10 and θ is selected
according to (28).
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